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Irrational Financial Markets

Abstract

We analyze a model where irrational and rational informed traders
exchange a risky asset with competitive market makers. Irrational
traders misperceive the mean of prior information (optimistic/pessimistic
bias), the variance of prior information (better/lower than average
effect) and the variance of the noise in their private signal (overcon-
fidence /underconfidence bias). When market makers are rational we
obtain results identical to Kyle and Wang (1997). However if mar-
ket makers are irrational, we obtain that moderately underconfident
traders can outperform rational ones and that irrational market mak-
ers can fare better than rational ones. Lastly we find that extreme

level of confidence implies high trading volume.



1 Introduction

Economic and financial theory have widely used the assumption that agents
behave rationally. Such an assumption has failed to explain some properties
observed in financial markets such as (i) the low responsiveness or sometimes
high responsiveness of the price to new information [Ritter (1991) and Womack
(1996)], (i¢) the excessive volume traded [Dow and Gorton (1997)], (4i¢) under-
reaction or overreaction of market participants [Debondt and Thaler (1985)],
and (iv) the excessive volatility observed in financial markets [Shiller (1981,
1989)]. In order to explain these properties, financial economists have assumed
that investors may have some psychological traits which would lead them to
behave irrationally.

Our paper follows that line of research as it assumes that some traders are
irrational. All traders are strategic agents and, moreover, irrational investors
have erroneous beliefs about (i) the mean of prior information (returns of the
risky asset) and, (i7) the volatility of the asset returns as well as the vari-

1" The former refers to as the

ance of the noise in their private information.
optimistic/pessimistic bias. The latter, i.e. (i7), refers to as the underconfi-

dent/overconfident bias for the misperception of the variance of the noise and
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Kandel and Pearson (1995) find that people might have different interpretation of pub-
lic signal. This motivates the fact that traders may disagree on the interpretation of prior

information.



the better /lower-than-average effect for the misperception of the variance of the
prior information.? We also explore the possibility for the presence of irrational
market makers who misperceive both the variance and the mean of prior infor-
mation. Following such a framework, we find that a moderately underconfident
trader can outperform a rational trader when the irrational trader and the mar-
ket maker have sufficiently different beliefs concerning the expectation of prior
information (optimism/pessimism bias).

This surprising result can be explained as follows. Due to her misperception
of the mean of prior information, an irrational market maker distorts the price
function. She increases (decreases) the overall level of price, through a price
drift, if she is optimistic (pessimistic). An irrational trader can outperform a
rational trader only if he can successfully commit to trade aggressively. Given
the trader’s optimism/pessimism bias and the fact that he is privately informed,
he has two variables to successfully achieve this commitment: (¢) his trading
on private information and (i¢) his trading due to his optimism/pessimism bias
and due to his response to the price drift. An underconfident trader trades less
intensely on private information than a rational trader. However, if he disagrees

with the market maker’s beliefs of the mean he will trade more aggressively on

In our model, the cognitive biases lead to the different priors formed by the market par-
ticipants. The heterogeneity in the priors is a driving force for the results obtained. The
model could alternatively be understood as a model of heterogeneous beliefs that are not a

consequence of irrationality. The same results would be obtained.



his second component, i.e. the part of his trading due to his misperception of the
mean and to his response to the price drift, than his rational counterpart. The
greater the disagreement, the larger the irrational’s response to the drift. This
can lead to a successful commitment to trade aggressively from a moderately
underconfident trader.

This result relies on two important points: (i) the market maker’s irrational-
ity and (i7) the disagreement about the mean of prior information between the
irrational traders and the irrational market maker.

The first point is documented in two recent papers. First, Oberlechner and
Osler (2007) show that foreign exchange dealers are irrational: they underes-
timate uncertainty (miscalibration) as well as overestimate their own success
(hubris). Moreover, they find that the irrational dealers are not driven out of
the market over time. This study is based on a survey sent out to North Amer-
ican currency market professionals. They find that almost 1 in 2 professional
displays the miscalibration bias.® Second, Greenwood and Nagel (2007) analyze
the trading behavior of experienced and inexperienced mutual fund managers
during the technology bubble of the late 1990s. They show that irrationality,
i.e. optimism, carries over to inexperienced financial market professionals in the
performance of their key job functions, with real money at stake.

Krichene (2004) illustrates the second point. His analysis recovers the euro-
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The miscalibration effect in expert predictions is a well known fact to psychologists. For a

review see Russo and Schoemaker (1991).



dollar rate from option prices for June 2004 as expected by market participants
on May 5, 2004. He finds that the market was constituted with two distinct
groups of traders. One was expecting an appreciation of the dollar with respect
to the euro and one was anticipating a depreciation of the dollar against the
euro. Such a situation with the presence of two groups having distinct beliefs can
occur during a transition period for the market when some market participants
change their beliefs regarding the asset while others keep their beliefs. Our
paper can be viewed in that way when we analyze the case where traders and
market makers do not have the same beliefs.

As said earlier, we interpret the misperception of the variance of prior infor-
mation as being the better /lower than average (positive illusions). This misper-
ception together with the overconfident bias were introduced by Odean (1998b),
however no psychological interpretation of a known bias was given to that mis-
perception.? In addition, we introduce the misperception of the mean of prior
information which extends both Kyle and Wang (1997) and Odean (1998b) and
enables us to have a more complete parameterization of irrationality. We obtain
new results showing the importance of the misperception of the mean onto the
level of price, and onto the expected profits of all traders and market makers.

We also show that only the ratio of the miperceptions of variances matter for
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Hilton (2007) also interprets that misperception as being a representation of the positive

illusions bias.



studying irrationality.?

Overconfidence or miscalibration has been the focus of an abundant liter-
ature in Finance. Most of that literature predicts that overconfident investors
trade to their disadvantage. In other words, overconfident investors fare worse
than their rational counterpart [Odean (1998b), Gervais and Odean (2001), Ca-
ballé and Sdkovics (2003), Biais et al. (2004) among others]. However, Kyle and
Wang (1997) and Benos (1998) find that moderately overconfident traders may
earn larger expected profit than rational ones. Moreover, a common finding to
all these papers except Caballé and Sdkovics (2003) is that trading volume, and
price volatility increase with the level of overconfidence. All these papers differ
from ours as none of them consider the possibility of irrational price setters and
the misperception of the mean. By considering irrational market makers, we
show that trading volume and price volatility may not be monotonic functions
of the traders’ level of relative confidence. The non-monotonicity of the trading
volume is also obtained when traders misperceive the mean of prior information.

Odean (1998b) is the only other paper considering irrational liquidity sup-
pliers, this is done in a Grossman-Stiglitz setting. The risk averse suppliers of
liquidity can buy costly information and are all overconfident about private in-
formation independently of having acquired or not some information. He finds

that overconfident informed liquidity suppliers are outperformed by overconfi-

5

Both Régner et al. (2004) and Glaser and Weber (2007) show the importance of distin-
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dent uninformed ones. Being overconfident, too many traders acquire informa-
tion leading to lower expected utilities for informed traders. Different to Odean
(1998b), we show that an irrational market maker can, in expected terms, fare
better than a rational one.

There is a large body of evidence in the cognitive psychology literature estab-
lishing that people may display, among others, two psychological traits: miscal-
ibration (overconfidence/underconfidence) and “positive illusions” (optimism).
Both traits have, independently, received a lot of attention. Miscalibration is
defined as the tendency for people to overestimate the precision of their knowl-
edge. Tto (1990) shows its occurrence for participants in the foreign exchange
market (for more evidences see Odean (1998b) and Hilton (2001)). The lat-
ter bias has been documented in Taylor and Brown (1988, 1994), Sutherland
(1992) for the better-than-average effect, Langer (1975), Harris and Middleton
(1994), Hoorens (2001) for the illusion of control and Weinstein (1980) for the
unrealistic optimism.

Financial practitioners are also well aware of the existence of such psycholog-
ical traits for investors trading in financial markets. Indeed, they interchange-
ably use optimistic market for bullish market and pessimistic market for bearish
market. The extent of such traits is of great concern for financial institutions as
they impact the market through the agents’ trading decisions. As a result, the

Union des Banques Suisses together with Gallup Organization have launched in



October 1996 the Index of Investor Optimism.5”

Our model’s implications can be related to known empirical regularities.
Indeed, it predicts high trading volume for high level of overconfidence. How-
ever our model also predicts the possibility of excessive volume due to extreme
underconfidence in the market. Trading volume as a function of the level of
confidence can display a U-shape. To the best of our knowledge this is the only
model where the volume traded exhibits that property. Excessive volume traded
is a well known fact [see Dow and Gorton (1997)] and has been explained by
the presence of overconfident traders. We also predict that high level of volatil-
ity as it may increase with the traders’ level of confidence [see Shiller (1980,
1989)]. However, we show that the volatility increases with the market maker’s
perceived variance of prior information.

The paper unfolds as follows. In the next section, the general model is
presented along with the definition of an equilibrium for our model. In section

3, the model is solved for irrational market makers. In section 4, we derive the

A detailed methodology wused to compute the index can be found at
www.ubs.com/investoroptimism. The monthly level of the index is also given from its

launch date up to now.

Other financial institutions also try to assess the market participants’ sentiment. For that
reason, in September 2006, a survey denominated “Fund Manager Survey” was conducted on

behalf of Merrill Lynch.



equilibrium with irrational market makers. The last section summarizes our

results and concludes. All proofs are gathered in the appendix.

2 Model

We study a financial market where a market maker and several traders exchange
a risky asset whose future value v follows a Gaussian distribution with zero mean
and variance 02.% Traders participating in that market can be either informed or
uninformed. The uninformed traders are the so-called noise traders and submit
a market order which is the realization of a normally distributed random variable
@ with zero mean and variance o2. The informed traders are risk neutral and
can be one of two types: rational or irrational. IV traders are rational whereas
M are irrational. Both types of traders have access to private information, i.e.

they observe a noisy signal of the future value of the risky asset

Sk =10+ &k, with & ~ N (0,02) Vk=1,..,N + M.

These two types of traders differ in the beliefs they hold about both the distri-
bution of the risky asset value (prior information) and the noise in the signal
received.

The irrational traders display two psychological traits: an optimism/pessimism
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This is also called prior information distribution.
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bias as well as an overconfident/underconfident one. We define an optimistic
(pessimistic) trader as a trader who has an erroneous belief about the mean of
the prior information. An optimistic (pessimistic) trader underestimates (over-
estimates) this mean and mistakenly believes that it has a value of a (with
a > 0 for an optimistic trader whereas negative for a pessimistic trader). The
second psychological trait concerns the beliefs of the variances of the prior in-
formation and of the noise of the private signal. More formally, an overconfi-
dent/underconfident trader behaves as if his signal, §; = 0+¢&; for j =1,..., M,

were drawn according to the following two distributions

& ~ N(a,ki07),

g ~ N(0,r202).

The parameter Hil embodies the “better than average” effect. When k1 < 1
(> 1) the trader believes that he is “better (lower)-than-average”. The para-
meter ko is the miscalibration parameter: ko < 1 denotes a purely overconfi-
dent trader whereas ko > 1 denotes a purely underconfident one. Whenever
K1 = Ko = 1, the irrational trader does not misperceive both variances. All
irrational traders participating in the market are of the same type, i.e. they
misperceive the mean and the two variances in the same way.

The term irrational trader refers to a trader who displays all of the biases.
However, that trader rationally anticipates the behavior of both the market

maker and the remaining informed traders.
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The strategy of each rational trader ¢ is a Lesbegue measurable function,
X; : ® — R, such that &; = X;(§;) for i = 1,...,N. The strategy of each
irrational trader j is identically defined: X; : ® — R such that Z; = X (§;) for
j=1.,M.

Finally, the market maker is risk neutral and behaves competitively. She

observes the aggregate order flow § = > &; +
i=1 j

N M
Z; +u before setting the price
=1

p. Let P: ® — R denotes a measurable function such that p = P (g).
The trading protocol is identical to Kyle (1985).

We now give the definition of an equilibrium for our model.

Definition (X{, o XN, XL X P) 18 an equilibrium if the price set by

the market marker is such that

and, given that price, the market orders mazimize the traders’ expected profit

conditional on the information received
X; € argmaéE[(f) —P(@§)zils=s)] Vi=1,..,N,
;i €

and

X, € arg mg]%E" (5 —P (@) zj|s=s;] Vji=1,..,M.

The operator E*" denotes the fact that the expectation for the irrational

12



traders is computed given their beliefs about the expectation of the risky asset.

It should be pointed out that all traders know their type. Moreover, all
agents know the number of rational and irrational traders as well as the type of
the irrational traders. Traders behave strategically meaning that they take into

account the impact of their orders onto the price.

3 Rational Market Makers

In this section we derive the equilibrium where the irrational traders have the

S}

o

incorrect beliefs specified above. Let us define 7 = _5.

We now characterize the equilibrium.

Proposition 1 Whenever

2
ME (14 2r)? {ﬂ (17)+27} +N (ﬂ +27) (1+7)>0, (1)
K2 R2 K2

there exists a unique equilibrium of the following form

zi = B's;y, Vi=1,.,N

)

g = Q"4 Bsy, Vi=1,.., M,

N Mo
pu+>\yu+>\<2x§+ Zx§’+u>,
i=1 j=1

where the coefficients are given in the appendiz.

13



The irrational traders outperform the rational traders if and only if

(ﬂl> (ﬂ (1272)+27(1+7)> >0,

Only moderately overconfident traders (%12- > 1) can outperform rational

traders.

Proof. See Appendix. =

It should be pointed out that in the previous result only the ratio % mat-
ters. A trader who believes that he is less confident (whether under- or over-)
than he is “better/lower-than-average”, i.e. k1 < k2, behaves as if underconfi-
dent. On the contrary, a trader believing that he is more confident than he is
“better/lower-than-average” behaves as if overconfident. By taking that into ac-
count in the previous proposition, an over (under) confident trader is re-defined
as a trader with £ >1 (2 < 1). The ratio #2 is then called the relative level
of confidence.

This equilibrium is qualitatively the same as in Kyle and Wang (1997). How-
ever we extend their model in two directions, we have an oligopoly framework
and we introduce the erroneous beliefs regarding the variance and the mean of
prior information. The latter implies the drift, u, of the price function. The
presence of optimistic traders induces an inflated order flow which is corrected
by the market maker by setting a lower price (negative drift). The converse is
true when pessimistic traders are present.

The intuition of the proposition is the same as in Kyle and Wang (1997).

14



The equilibrium does not exist if condition (1) is not satisfied. This corresponds
to the case where the market maker would like to supply infinite liquidity and
traders would like to submit unbounded trading volume.

The expected profits are computed under the true distributions of v and
g. We find as in Kyle and Wang (1997) that when an irrational trader is able
to credibly commit to trade a large quantity, this trader can outperform the
rational trader. This only happens for a moderately overconfident trader. An
underconfident investor can never commit to trade large quantities and therefore
never outperforms a rational trader. The level of optimism or pessimism, a, does
not impact the expected profit. This is due to two reasons. The first one being
that a is independent of any relevant information for the market maker. The
second one comes from the fact that the market maker perfectly evaluates the
part of the order flow coming from the misperception of the mean and therefore

rightly correct for it when setting the price.

4 Irrational Market Makers

We now look at the case where the market makers are irrational as well as M
traders among the M + N traders.

The irrational traders misperceive the distributions of both v and &; as
before. Given the fact that each market maker has no access to any private
signal, she misperceives the expectation and variance of the distribution of prior

information. Each market maker believes that the distribution of the asset is
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such that

o — N (a,Ko?).

v

We denote k = % the parameter of irrationality in variance of the market
maker. Its effect on the variance is then more comparable to the effect of %
for the informed trader. We interpret the parameter % as the “better/lower
than average” effect. In the remainder of the paper we interchangeably use
“variance optimistic” market maker for a “better-than-average” market maker
and “variance pessimistic” market maker for a “lower-than-average” market
maker.

Let us define a “variance optimistic” or a “better-than-average” market
maker as a market maker who believes that the variance of prior information
is smaller than it actually is, i.e. & > 1. A variance pessimistic or a “lower-
than-average” market maker believes that the variance is larger, i.e. & < 1. As
before, an optimistic market maker believes that @ > 0. All irrational market

makers are assumed to be of the same type. Finally, they behave competitively.

Proposition 2 Whenever

=
|
\]
Y
Vv
=]
—
)
N—

M= (14 2r)? [— (L-7) +27’:| +N (:—; +27)2 (27 +1)

there exists a unique linear equilibrium of the following form:
i, = o +p8"s;, Vi=1,..,N,

g = Q"4 Bs;, Vi=1,.., M,

16



N n M Y
p=ptAy=p+A| Y+ Yoy +ul.
i=1 =1

where the coefficients are given in the appendiz.

The irrational traders outperform the rational traders if and only if

K2

o2 (ﬂ - 1) (ﬂ (1-272) +2T(1+T)) > da (Z—; +27’> @r+1)72. (3)

Whenever the irrational traders and the market maker hold sufficiently different
beliefs about the mean of prior information (either a > 0 and @ < 0 or a < 0

and @ > 0) an underconfident trader can outperform a rational trader.

Proof. See Appendix. =

We first comment on condition (2). From this expression, one can see that
a variance optimistic market maker exacerbates the occurrence of the non-
existence of an equilibrium whereas a pessimistic one alleviates it. This can
be explained as follows. A variance optimistic market maker thinks that prior
information is more precise than it is and therefore believes that private infor-
mation is less substantial than it actually is. As a consequence, she adjusts her
price less aggressively and increases market depth. Informed traders respond
by trading more intensely, implying that the non-existence of equilibrium is
more likely to occur. The exact opposite effects take place for a variance pes-
simistic market maker and therefore explains the fact that the non-existence of
equilibrium is less likely to occur in that case.

We now turn to the effect of the market maker’s mean misperception onto

17



the level of price. As before the market maker rationally anticipates the presence
of irrational traders. She reduces (increases) the overall level of prices due to an
inflated (reduced) order flow when optimistic (pessimistic) traders are present.
However, this drift of the price function is now affected by her own beliefs
of mean of prior information.” The combination of the two effects determine
the size and the sign of the drift. For expositional clarity we focus on the
case where the market maker is optimistic. The pessimistic case is symmetric.
An optimistic market maker increases the overall level of price as she wrongly
believes that the expectation of the risky asset is higher than it actually is. The
traders respond by reducing the size of their market order proportionally to the
misperception a. However, the effect of @ on the level of prices can be mitigated
by the effect of the trader’s misperception of the expectation. Whenever the
market maker and the irrational traders hold opposite beliefs about the mean
of prior information, the trading of the irrational trader has the same effect
on the price function as the market maker’s mean misperception. This leads
to unambiguous shifts of the price function (positive shift with an optimistic
market maker). When the market maker and the irrational traders hold the
same beliefs, the effect of the irrational trader’s trading counteracts the beliefs
of the market maker. If the market maker’s misperception is high enough, its

effect dominates and the price function increases with an optimistic market

9

When the market maker does not misperceive the mean, the drift is equal to the drift

obtained in proposition 1.
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maker. If conversely, the irrational traders’ misperception is high enough, the
price function decreases.

The price sets by the market maker incorporates her irrationality possibly
leading to an irrational bubble. Indeed, when the market maker is irrational
and due to her misperception of the risky asset’s mean, she increases the overall
level of prices. This can be understood as the early stage of a price bubble.
However, our model being static, we cannot perform a dynamic analysis of that
bubble.

The market maker, when rational (8 = 1, @ = 0), obtains zero expected
profit. However, when she is irrational, she may obtain an expected profit dif-
ferent from zero. A decrease of % has several effects on the market maker’s
expected profit. A decrease of i increases A which in turn decreases the ag-
gregate order flow. The magnitude of these countervailing effects determine its
overall effect on the market maker’s expected profit. The effect of the misper-
ception of the mean depends on the sign and magnitude of ¢ and a. If the
market maker and the traders hold opposite beliefs the expected profit is de-
creased (the second term is negative). If they are both pessimistic or optimistic,
the market maker’s expected is either increased or decreased.

The following table summarizes, when clear, how an irrational market maker

performs overall
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E [TIMM] E>1 R<l1

a>0 a<0 a>0 a<0

a>0 >0or <0 E[MIMM] <0 | >00r<0|>00r<0

a=0 E[MMM] <0 | E[MMM] <0 | >00r<0| >00r<0

a<0 E[IMM] <0 >0or <0 >0or<0|>00r<0

Irrational Market Maker’s Expected Profit.

When the market maker is variance pessimistic and for any values of the
mean’s misperception, the market maker’s expected profit can either be positive
or negative. This implies that an irrational market maker can fare better than
a rational one.

A question of interest is to know whether the irrational traders can outper-
form the rational traders.

When a = 0, condition (3) is equivalent to the condition found in proposition
1 implying that the irrational traders earn on average more than the rational
traders. Given that the market marker is also irrational, this condition depends
now on both the market maker’s and the irrational trader’s misperception about
the mean, and on the irrational trader’s beliefs about the variances. It should be
pointed out that the condition is independent of . Indeed & affects the market
depth only and has the same effect for the rational and irrational traders.

An irrational trader can outperform a rational trader if he can successfully
commit to trade large quantities. Due to the form of the irrational trader’s
market order, this can be achieved via two variables: /" and 87. As already

explained in section 3, only a moderately overconfident trader can credibly com-

20



mit to trade a larger quantity (6" > 87).!% In addition, beliefs about the mean
of prior information of the market maker and the irrational trader only affect
a'". Contrary beliefs about the mean imply that the irrational trader can com-
mit to trade a larger quantity than his rational counterpart (o' > a”). The
greater the disagreement, the larger the quantity.

Given that a moderately overconfident trader can, using only ", credibly
commit to trade large quantities adding a second variable which increases the
quantity traded exacerbates the credibility of the commitment. This leads less
moderately overconfident traders to be able to successfully commit to trade
large quantities.

An underconfident trader trades less intensely on private information than
a rational trader (3" < "), implying the result of section 3 that an under-
confident trader cannot outperform a rational trader. However, in the current
setting, an underconfident trader can increase the quantity traded via his trad-
ing due to the misperception of the mean and his response to the price drift
(a'™). If the market maker and the irrational trader have sufficiently different
beliefs concerning the mean of prior information, the increase in quantity due
to " can compensate for a lower 5% leading to a credible commitment for an

underconfident trader.

10

In the previous section the irrational trader could not commit to trade larger quantities via
a'". Indeed a rational market maker anticipates the part of the aggregate order flow due to

this component and correct for it when setting the price.
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Lemma (Price Efficiency and Ex-ante Volatility)

o The ex-ante volatility is equal to

o2 (N(%JFZT) +MAEL (2T+1)> <<%+2T) (N+% (27'+1)) +MEL (2T+1))

((Nt2r+1)( 2L 4or) +M 2L @r+1))°

var (p) =

It decreases with K. It can increase, decrease or be mon-monotonic (ini-
tially increasing and then decreasing) with the level of relative confidence
().

o The price efficiency is given by

21l (ry

o, (22427 (1427)

var (v|p) = I “( 2 ) — .
(N-&-E(Z‘r-‘rl)) ;;+2r)+M;;(2r+1)

It decreases with K and decreases with the level of relative confidence ({2).

Proof. Straightforward. m

Both the ex-ante volatility and the price efficiency decrease with x. This

implies that both are lower with an optimistic market maker than with a pes-

simistic one. As described before, an optimistic (pessimistic) market maker sets

prices less (more) aggressively by increasing (decreasing) liquidity, traders re-

spond to it by increasing (decreasing) their trading intensity. For the ex-ante

volatility, the effect on the market depth dominates the effects on the trading

intensity. Regarding now the price efficiency, on the one hand an increase of

K increases the traders’ trading intensity and on the other hand it decreases

volatility.
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Testable implications and numerical application

The objective of this part is to show testable evidence of irrationality. Our model
already provides several implications of irrationality, on the price function for
example. We now explore the effect of each of the parameters defining the
irrationality on the trading volume.

Result (Trading Volume)

N Mo
Let us define Z =Y [&7| + Y |&| + |a|. The trading volume is given by
i=1 j=1

a9 _ - a(2r+1) ir 2ra—a %+27)
E[Z] Na erf(ov\/z(l—“)) + Mo erf< T

2
2 (@@2r+1))2 2raal g +2r
+\/; {a‘u —+ N0'7- exp (7 022(147) > + MU” exp ( 20%(%)22(1-&-7') ’

where erf (z) = 2 [ exp (—t?) dt.
Proof. See Appendix. m

It is a well known fact that overconfidence leads to greater volume traded
(see Odean (1998b), Gervais and Odean (2001), Kyle and Wang (1997) and
Benos (1998) among others). We also find that result when the market maker
is assumed rational (a = 0, K = 1) and when the trader does not misperceive
the mean (a = 0). As a result the trading volume with underconfident traders

is lower than that with overconfident traders. This is shown in the following

figure.
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Trading Volume

K
2 4 6 8 0o
KZ

Figure 1: Expected volume as a function of the relative level of

overconfidence when the market maker is rational (@ = 0 and & = 1) and

a = 0. The simulations are done with 02 =02 =02 =1and M = N = 10.

However when either a # 0, or a # 0 or & # 1, this result is dramatically
changed. Our model predicts high level of volume traded for extreme level of
relative confidence. We obtain that the trading volume can be a non-monotonic
function (U-shaped) of the relative level of confidence. As the relative level of
confidence decreases the volume can increase. When a # 0, or a # 0, traders
trade against the drift (a # 0), i.e. increase their trading if the drift is negative
(lower prices), or trade on the misperception of the mean (a # 0). The effect
of both @ and a is symmetric. Both situations imply an increase of the volume
traded. If this increase is greater than the reduction in volume due to the fact
that traders trade less intensely on private information, we obtain the result

highlighted in figure 2 below.

24



Trading Volume

£

s 10 15 20 —/—
KZ

Figure 2: Expected volume as a function of the relative level of

overconfidence when % =1 and a = 0. The simulations are done with

02=02=02=1and M =N = 10.

As explained before a higher & implies more trading, if this overtrading is

large enough it can result in large volume traded with underconfident traders

(see figure 3 below).
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Figure 3: Expected volume as a function of the relative level of
overconfidence when @ = 0 and a = 0. The simulations are done with

2=0¢2=1and M = N = 10.

To the best of our knowledge, our model is the first one to show that excessive
volume can be a result of underconfidence in the market, and that irrationality
in mean can impact the trading volume..

The question whether this excessive observed volume is caused by overcon-
fidence or underconfidence in the market could be tested empirically as some
indices such as the Index of Investor Optimism or the “Fund Manager Survey”
by Merrill Lynch measures the level of confidence in the market. An experimen-
tal approach such as the one of Bloomfield et al. (2000) could be also be used

to test our model.
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5 Conclusion

We develop a model of financial markets where irrational traders along with
rational traders trade a risky asset with a market maker. We model irrational
traders as traders who, as well as misperceiving the expected returns of the
asset, misperceive the variance of both the volatility of the asset returns and
the noise in the private signal. As a consequence those traders display dif-
ferent psychological traits: a pessimistic/optimistic one (misperception of the
mean), an underconfident /overconfident one (misperception of the variance of
the noise in the private information) and the better/lower-than-average effect
(misperception of the variance of prior information).

We study two scenarios, in the first one market makers are rational whereas
in the second one, they are irrational. In scenario 1, our results are qualitatively
the same as in Kyle and Wang (1997). Nevertheless, we extend their setting in
two different directions (7) our model deals with an oligopoly framework and,
(#3) we allow traders to have erroneous beliefs about the mean and variance of
prior information.

When the market maker is irrational, we show that a variance optimistic
market maker exacerbates the non-existence of equilibrium whereas a variance
pessimistic market maker alleviates it. The introduction of an irrational market
maker affects differently the traders. Rational traders have larger expected prof-
its when the market maker is irrational. The impact on the irrational traders’
expected profit is not as clear cut. Irrational traders can have lower or greater

expected profits due to the introduction of an irrational market maker. We show

27



that a moderately underconfident trader can outperform a rational trader. This
is true for an optimistic or pessimistic trader. The necessary condition to ob-
tain that result is that the irrational traders and the market maker must hold
opposite beliefs about the mean of prior information. This is a striking and
new result. Moreover, we also show that an irrational market maker can in
expected terms fare better than a rational one. Odean (1998b) is the other
paper considering irrational suppliers of liquidity. He looks at the case where all
suppliers are overconfident and shows that informed suppliers are outperformed
by uninformed ones. We show that both the volume traded and the volatility
might be non-monotonic functions of the traders’ relative level of confidence.

Our model predicts high level of volume traded for extreme level of confi-
dence including the case where traders are underconfident. This result raises
the question whether the observed high volume is due to overconfidence or to
underconfidence. This question could be tested empirically as some indices such
as the Index of Investor Optimism or the “Fund Manager Survey” by Merrill
Lynch measures the level of confidence in the market. An experimental ap-
proach could be also be used to test our model. Our model also predicts high
level of volatility.

An interesting extension of the model would be to look at how the results
obtained in the present model would be modified in a dynamic setting. A further
extension of the present model could include different forms of irrationality. This

is left for future research.
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6 Appendix
Proof of Proposition 1 (Rational Market Makers)

1. Equilibrium: Given the expressions of the market orders submitted by
the irrational traders, ', and by the rational traders, 2", the aggregate

order flow is equal to

N Mo : " X i U, ;
y=>Y zi+> zl+u= (NG"+MB")v+p3" Y ei+6" Y ej+Na'+Ma" +u.
=1 =1 i=1 j=1

The irrational trader maximizes his conditional expected profit

max B ((v —p)z¥| s = ;) .
z;r

Substituting the form of the price as well as the market orders from for the
N rational traders, and the M — 1 irrational traders in the above expression,
computing the first order condition and solving it for the market order, we

obtain

o= BTl m ) (- (-0 -NE)

—p— (M —1) Ao’ — NXa'] .
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We now need to compute E (v] s = s;). On one side and given the normal-

ity of the random variables we have that
E" (v]s=s;) =7 (s; — E" (v)) + E" (v)

oV (0.5 , 2
with v = M]L) Given that E” (v) = a and 7 = Z5, we obtain

vari’[s;

K1 RQT
sjt+a .
K1 + KoT K1 + KoT

E' (v|s=s;) =

Replacing the expression of the conditional expectation into the form of the

order (4) and identifying the parameters we have

i k1 (1= ANS")
pr = A((M 4+ 1) k1 + 2627)’ (5)

W T [ (- (-0 ) )

—j— ANa"].

The second order condition is satisfied.
Finally, the rational investor maximizes his conditional expected profit. Given
his first order condition and the fact that E (v|s = s;) = -5, the parameters

1+7°

for the rational investor’s market order are such that

0

Y/ FE Y ™
. 1 e

a" = —m [u-l—)\Ma”]. (8)
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The second order condition is satisfied.

The market maker behaves competitively and sets a price such that
cov (v,y)
p=FEfv|y=0+——2(y—E(y)).

Given the expression of the aggregate order flow, the parameters of the price

schedule are given by

(NB" +MpB™)
(NG +MB") 4+ (N (87 + M (87)") r + %
po= —X(Na"+Ma™). (10)

Solving the above system of six equations defined by equations (5), (6), (7),
(8), (9), and (10) for the six unknowns leads to

for the irrational traders

a” _ 2(1427)70, . a
0'1,\/M%(1+27)2[%]2-(1 T)+27} +N(%+27) (147)

6” _ %1‘(1+27')0‘u )
b

\/M—l 1+27)2 % (1— T)+27'} +N<%+27‘>2(1+7')

for the rational traders

(% +2‘r> ou

)
ov\/M% (1427)2 [%(krwzr} +N(%+27) (147
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for the market maker

_ 2M (1+427)7 a
H (2T+N+1)(ﬂ+27)+M%(2T+1) ’
v \/M—l(1+2r) - T)+27']+N(—L+27-) (147)

Ou [(2T+N+1) (;§+27) +MEL(27+1) ]

2. Expected Profits: The expected profit of any trader, h = ir or r, can

be written as
B() =B ((w-p)a") = B (v —p-2) (5" (0 + 1) +a")).

Given the expression of y and after simplification of some of the terms, the

expected profit is equal to

i=1

sy = 8[(voa (i samnees oo fo )
i=1
X (5h (v+en) +ah>} .

All random variables are independent and have a zero mean, we therefore

)

get

M:

<.
Il
-

E(") =FE <v26h (1= A(NB"+ MB™)) — Ag"e" (6 Lt g
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This expression simplifies to

for the irrational trader
E(II'") = 8" [02 (1 = XA (NB" + MB™)) — AB" 2],
and for the rational trader
E (") =p"[02 (1= X (NB"+ MB™)) = A8"02] .

Using the expressions of 87, and 87" and after some simplifications we obtain

for each type of traders

02 (1+27)* & [gL (1-7) +2T}

E () 7
)\((27+N+1) (g; +2T) + M (2T+1)>

2
o2 (1+71) [:—; +27}

E (") .
A(er+N+1) (&2 +2r) + M2 (27 +1))

Having the expression of the expected profit for irrational traders and for
rational traders, we can compare them. We compute the difference in expected
profits. Given the above expressions, finding the sign of E (II'") — E (II") is

equivalent to finding the sign of

(L4272 |8 (1= 1)+ 27| = (1+7) [g;+2rr.
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It is straightforward to prove that the previous expression is equal to

27 (ﬂq) [ﬂ (17272)+2(1+7)7}. (11)

R2 K2

Whenever 7 < , the expression (11) is of the sign of k1 — k2 and when

S

Iil—:‘i2>0(<0

~—

, we have E(II") < E (II'") (E (II'") < E(II")). Whenever

2(141)1

% < 7, (11) has two positive roots x1 = ko and 2 = 272_)1 . One can prove

that the latter is always greater than the former. For any ko and for k; in
the interval [ﬁz, %Iﬁg} we have E(II") < E (H"), for any ko and for
11 outside the interval we obtain that E (II'") < E (II"). Given the expression
of the irrational’s expected profit, one can see that if 7 > 1 and k1 > %fig,

irrational traders earn negative expected profits.

Proof of Proposition 2 (Irrational Market Makers)

1. Equilibrium: After maximizing the traders expected utility we get for

the different parameters

ir o _ 1 HQT _ _ ir _ r
@ = A(M+1) :‘i1+:‘£27(1 AM=1)p ANBT) |
ir k1 (1 —ANB")
B ;
A((M +1) k1 + 27k2)
_—_— 1 ir
o = 7)\(N+1) [u—l—)\Moz ],
g = 1—AMB™
AN +1427)°
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The market maker sets a price, p, such that

where the upper bar denotes that the expectation, covariance and variance are
computed given the wrong beliefs of the market maker.

Given the market maker’s additive misperception we obtain

(MB" + NB')
(MB" +NET) L+ (MB™ + N ) 7+ %
po= (1-AMB" —ANB")@— AMa'" — A\Na". (13)

Solving the above system of six equations with six unknowns leads to

for the irrational traders

(27‘—}-1)(27‘(1—&(%-}-27’) ) Ou

av\/M% (1+27)? [ (1 —r)+2r] +N (2 +27) (er+1)t-7) 7

ir

BiT . :—; (274+1)0y
= ’

\/M—]- 1-1-2‘1')2 %(%—7‘)-&-27‘} +N<%+27‘> ((27‘-}-1)——7’)

for the rational traders

_(%]2-+27) (27+1)0y,
\/M—L (1+27)? [£L (£ —r)+2r] +N (L +27) *(@r+1)L—r)
%L+2T> O

2
ov\/M% (1427)2 [gk (2 77‘)+27‘} +N(%+27) 2((27+1)%7T) 7

)

=
3
I
—
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for the market maker

(274+1) [a(%ﬂf) (M+N+1)—2Mm]

H M%(2T+1)+(2T+N+l)<%+27'>
v ov\/J\{%(1+27)2 [% (%7T)+27] +N(%+27) 2((27+1)% -7)

[MEL@r+1)+N (L +27) +@r+1) (& +27) |ou

2. Expected Profits Follow the same steps as in proposition 2 for the ex-

pected profits of the traders.

The market maker’s expected profit are equal to

E MM = -NE(II") - ME (II'") + E (IT%9) .

It is straightforward to show that the expected profit of the liquidity traders,
E (HLiq), are equal to A\o2. Plug the expressions found for the two types of
traders and for the liquidity traders into the expression above and after some
manipulations, one can get

for the irrational traders

UV Ko

E[mr] = @’ [am (:—2 (1—-7)+ 27)
—a (g; +27> X <2m - (g; + 27> a) ,
for the rational traders
K1

2
. +27
El"] = 2 [0—5 (t+1) +a*(2r + 1)2} ,
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for the market maker

T £ T
B - (2 +1))\d§2+2 [0

=

(2 -1) (M%(27+1)+N(§;+27>>

+a (2r +1) <2Mm*d (fi‘ HT) (M+N)>} ’

where d = 271+ N +1) (%12- + 27) + M2 (27 +1). The comparison of the

expected profits is straightforward and follows the same steps as in porposition

1.

Proof of Result:

The volume is given by

N M
Y= Zx: + ny’ + u.
i=1 j=1

Given the form of both z] and x;'-", we have that they both follow a normal

distribution such that

o7 ~ N (a",ag (87)? (1+T)) = N (a",0?)

o, ox
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From Leone et al. (1961) we obtain
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where the function erf (z) = 2 [ et dt.

G

The expected volume or trading volume is then defined as
N Mo .
E > i+ |l +|ul | = Eflul]l + NE[|f[] + ME [|]] .
i=1 j=1

This leads to the expected volume equal to

\2 a”‘ 2
\/g {au + No,exp <—(C210_; > + Mo, exp (—%)}

T o ir o'
+Nao" erf (\/E) + Mo« erf( 20%) .

2

Given the expressions of a”, o', o2, and o2, we obtain for the expected

volume

(1 ])3 2ra—a( t+2r ’
\/g {gu + No, exp <—(2(%(71+_&)T))> + Mo, exp ( ( 20%<%<;>22(1+2)> > }

. a(27+1 ir 2Ta—a %L+27‘
+Na" erf (J—Lavm> + Ma erf( %avm .
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