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This appendix provides full derivations of the staggered wage and price models discussed in
the Review of Economic Dynamics paper “The Equivalence of Wage and Price Staggering

in Monetary Business Cycle Models.”

The appendix is organized as follows. Section A presents the staggered wage model. Sec-
tions B and C derive the staggered price model with homogeneous and firm-specific factors,
respectively. The final section compares the staggered price model with firm-specific factors
to the corresponding firm-specific factor model derived by Chari, Kehoe, and McGratten
(2000).

In the derivations that follow, I refer to a number of equations from the main text of
the paper. These are denoted with a “p” to distinguish them from the appendix equations.
For example, (5p) refers to equation (5) in the paper (describing the evolution of household
i’s holding of the capital stock), while (5) refers to appendix equation (5) (the demand for
household #’s differentiated labor).

A Derivation of the Staggered Wage Model

A.1 The Firm’s Problem

The firm, taking as given the real wage on aggregate labor w; and the real rental rate of
capital r; chooses aggregate labor h; and capital k; to minimize its cost of producing output

y¢ subject to its production function. Specifically, the firm solves:

min U}tht + T‘tkt Subject to (ht)lia (kt)a 2 Yt
{ht ks }

where « represents the elasticity of output with respect to capital. The Lagrangian is written
as:
£ = wihy + riky = X [(h)' ™ (k) — 1]

The first-order conditions are:
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The first two first-order conditions imply that % = (1_—0‘) (}%) Together with the third

«

first-order condition, this gives the factor demand schedules:
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Substituting equations (1) into wihy + r¢k; yields an expression for real total cost te; =

-«
Yt (fﬂ—ta) (%)a Real marginal cost mc; is therefore

me; = <1wta>1a (%)a. (2)

A.2 The Intermediary’s Problem

The intermediary, taking as given the real wages {wg}ilzo set by each of the ¢ households for
their differentiated labor input, chooses {h}:};o to minimize its production costs subject to

the aggregator function. Specifically, the intermediary solves:
1, o=l N\ooa
min / wihidi subject to </ (hi) 7 di) > hy.
{ni}_ 0

The Lagrangian is written as:

I 1 N =L o—1
ﬁ:/ wgh;di—AK/ (i) ° di) —ht].
0 0

The first-order conditions are:

wi:A(/Jl (hg')gf’ldz)ﬁ (h;’)%w (3)

o

(/O (n) = dz) S (4)

If the left- and right-hand sides of equation (3) are both raised to the power (1 — o) :

— -1 o—1
7 l-o _ 1—0o 7 o i\ o
(wf) "= ( /0 (h) " dz) (1)
and then integrated over the unit interval:
17,'1_U~ l1-0o 1107_1-_1 11‘07_1.
/0 (wf) " di= () ( /0 (n) dz) ( /O (1) dz) ,
_1
we are left with A = (fol (wf;)l_g di) 77 This can be substituted for \ in equation (3) to

yield . )
wh= ([ () ) ()7 ) ()

=(h) ¥




Further manipulation yields the demand curves for each type of differentiated labor:

—0
wi

hl = — hy. (5)
(fo (i)' i)™

To calculate the real cost of aggregate labor, note that the real total cost of producing h;

(call it tc}) is equal to fol wihidi. Substituting in for each h! using equation (5), we obtain

that: . L
e — by ( /0 (i) di) /0 (i) di = ( /0 (i) di) e

The firm sets the real wage on aggregate labor competitively, that is, equal to marginal cost

wy = mel = </01 (w%)lia di) = . (6)

This expression for the aggregate price of labor can be substituted into equation (5) to yield

mcl, so that:

a simpler form for the firm’s demand for household i’s labor:

="t . 7
¢ (w) ¢ (7)

The assumption of two-period wage staggering implies that equation (6) can be written as:

1 1
1 wN l—o 1 w l1—0o 1o w\ l—o w 1-0\ =5
_ 2 (X : t—l) : _ 1 (Xt ) 1 ( t—1>
"”t_(/o (Pt> d”/% ( r ) ") ~\alm) T2\
(8)

where X/’ is defined as the nominal wage that is set in period ¢.

A.3 The Household’s Problem

A household ¢ who is able to reset its nominal wage in period ¢ takes as given the nominal
interest rate, the gross inflation rate, the real rental rate on capital, the real wage rate
on aggregate labor, aggregate labor demand, and N-period wage stickiness, and chooses
its consumption ¢}, real money balances %ﬁi, nominal wage W/, and capital stock ki to
maximize its utility (equation (3p)) subject to its budget constraint (equation (4p)), the

evolution of the capital stock (equation (5p)), and the demand for its differentiated labor



W}/ Py
wt

service (hi = hy - (
periods {Nk};2, solves:

o .
) ). Specifically, a household ¢ who resets its nominal wage W} in

1
i N\ MI"\" wi/p\
max B Zln [(b(cff) —i—(l—b)(Pt) ) +nln 1—(&) ht”
{ct?ﬂj/vl W, kl}t:o t=0 t We
subject to W}Vk =..= W]i\,(k+1)_lv k >0, and

(Wi/P)' "
(wt)”

A household 7 who is unable able to reset its nominal wage in period ¢ solves a similar problem

Bg—l—MtZ < Rt_lB;_l—i-MtZ_l—i-P ht—i-PtTtkt—PtCt Ptk‘tJ (il -1+ 5) . (9)

ki

but takes its preset wage W} as given.

The first-order conditions for real money balances, consumption, and the capital stock

for all households are given by:

g b@ g 0-Y) (%’)”
(1-r) G T @ (10)
ct b ()" +(1—0) (?t) P; b(ch)’ +(1—b) ?
Gl b(c))’ =B LT blci)” —0, and (11)
Py b( ) (1-0) ( P:) Piyiciiy b( i ) +(1-1b) Ptz:-ll

ot (7 (S -14)) (12
b(c)"+(1 - b) (%) ( ki

ﬁtJrl b (Ci+1)v | (Tt+1—J_1 <k§:+2 14 5) 24_2 g <k?t+2 14 5))
Ct+1 b(ci )’ +(1—0b) (MZ+1) t+1 t+1 ki1
Equation (10) simplifies to:

A=) g) 13

Equations (11) and (12) also simplify and equation (13) can be substituted for L to yield:

Ri3
iy

Ue (cty1, Rey1)| and (14)

Ue (ct, Rt) = Ey {




U. (¢, Ry) (Jl’ (% —1+ 5)) (15)

t
k k  (k

= ki {ﬁUc (ct41, Riv1) (Tt+1 —J! <t+2 -1 +5> — 2 gt <t+2 -1 +5>>}
K1 ki1 ki1

1
where U, (¢, Ry) = % F— bllfv — The first-order condition for wages for the
bm_i'_(l_b) T—v (1_%) v

t
households able to set their wages in period t (assuming that N is two periods) is:

0 = " |Ucle R)(X?/Pt>_a el o)) o (Can) i (16)
a e wy B 1_(&/3)70%)@)/3
wt
Xw/Pt —0
X¥/P N\ T b1 (1—0) 9O\ mrens) Mro1
+ﬂt+1Et Uc (Ct-‘tht-‘rl) (H t/ L > t+1f§ )+ ( t;j‘, :1) —0o Xw/p
1 Wit 1 1 1— (H /P ) i /P
t4+1Wt41

Equation (16) simplifies to:

—0
hy —th/npt —— + BE: | hiya (HHEU,ZHI) X,}“/Pz — ]
X o 1_<T) he 1_(Ht+1wt+1) he1
? - o 1 ' 1 -0 ’ (17)
' heUe (¢, By) + BE; [htJrl (Hm) (Htﬁfum) Ue (41, Riq1)

Note that in writing household ¢’s first-order conditions above I have dropped the ¢ superscript
from ¢;, My, and ky; the implication is that the values of these variables are the same across all
households. In general this would not be the case since households receive different wages and
work different hours depending on whether they are members of {0, %} or (%, 1} ; as a result,
their accumulated wealth and thus their ¢;, M, and k; profiles are likely to differ. To allow a
single ¢, My, and k; profile to characterize all households requires the assumption that asset
portfolios can be constructed so as to provide the household with complete insurance against
any idiosyncratic risk. Consequently, a household’s wealth is independent of the period in
which it sets its wage. Since ¢; = fol cidi, My = fol M}di, and k; = fol kidi, this assumption
allows the i superscripts to be dropped from consumption, real money balances, and the
capital stock in equations (13) to (15). The i superscripts remain on hi and W} since wages
and hours worked will vary by household depending on the period in which the firm resets
its nominal wage; the variable h%, however, does not appear in equations (16) and (17) since
it has been substituted out with equation (7) and the variable W} in equations (16) and (17)
appears only for firms resetting wages in period ¢ and has been replaced with the variable
X



A.4 Solving the Fully Specified Model

Equilibrium in this economy consists of an allocation {{hﬁ}3:O,ht,kt,ct,%t,yt}f§0 and se-
quence {Ht,%,wt,n,ut,Rt,mct}lﬁo. The equilibrium allocation and sequence satisfy the
following conditions: (i) the first-order conditions from the firm’s cost-minimization prob-
lem (1p) (equations (1) and (2)); (ii) the first-order conditions from the intermediary’s
cost-minimization problem (2p) (equations (7) and (8)); (iii) the first-order conditions from
the households’ utility-maximization problems (6p) and (7p) (equations (13) to (15) and
(17)); (iv) the monetary authority follows (8p); (v) the goods market clears (y; = ¢ +

kyJ 1 (% -1+ 6)); and (vi) factor markets clear. This is given the initial conditions,
ko, p—1, %, %, and the sequence of monetary policy shocks {e;};2,. The model’s log-

linearized equilibrium conditions are given in table A.1.

Table A.1
fr = CHit—1 + & Eq. (8p)
he = Uy — awy + ary Eq. (1)
k=0 +(1—a)d—(1—a)fy Eq. (1)
mey=(1— o)W +ar, =0 Eq. (2)
i}}/ = iAzt — a%ﬂ + ow; for i € [O, %w Eq. (7)
hi=hy — ot + o+ oll for i € (3.1] Eq. (7)
2@y = 3 + p=t — 1, Eq. (8, 13p)
— T
Foo () ()R | rew
—pecliCir1 — per Bt Rit1 = —pecCi + (1 — per) Ry — Eylliy Eq. (14)
TH0=3 (f{t - Etﬁt-i-l) = Eirp + % <5EtEt+2 — (14 B) kg1 + Et) Eq. (15)
& = 115 (punhi + Bownhiss = pects — Bpectiss — perBe — Bper Bis) Eq. (17)
U= ;—ia + (1 — Z—*) (%EtEtH — %Et) Y-Clearing
Here, pee = —1, per = jl_b)livfl_%)l_i_v 1_”%# =05 Phh = %, and ;—1 = 1—22 (where
bT=v+(1-b)T=v (1— 55 ) T F~ P

p*, the equilibrium real rental rate, is equal to %—14—5). In general, I calibrate the model with
the parameter values used by Huang and Liu (1999); these are summarized and discussed in
section 1.7.1 of my paper. The log-linearized first-order conditions given in table A.1 can be

reduced to the system of difference equations described by equation (9p) in section 1.7.1.



A.5 Solving the Simplified Model

Equilibrium in the core model of section 1.7.2 of the paper is an allocation {y:}?2, and a
sequence {%,Rt};’io that satisfy equations (10p) to (12p), with the equilibrium conditions
noted in points (a) to (e) of section 1.7.2 imposed. Specifically,

1
l-0\1-0¢
11 ruoE | 1 (2 - (X1 /Pia) 7)) a8)
— = t t . * Y
Yt Q—R% Yi+1 Q—ﬁ Xy
w4 3F, (X /P)” ) nYtt1
(X2 /P) 7 o\ =7 CANTZ
Xp o ! yt( i/ t) (27(X;1_J|_1/Pt+1)1 )1 1=yi41 (2—(X;Jju/Pt+1)1 )1
?t_o-_l 2_(Xw /P )1—0 9
1 t+1/1t+1 1
— 4+ GBF + — .
2_1%1, IB ' [ (XZ“/Pt)l 2_Rt1+1
(19)
_1
(2 _ (Xtu)/Pt)l—0'> l1—0o .
and Yt = Ye—1/1" exp [er] . (20)

X /P

.. . Xv .
This is given y_1 and ﬁ and the sequence of monetary policy shocks {e;};=,.

Equations (18) to (20) can be log-linearized to yield equations (14p) to (16p) in section
1.7.2 of the paper. Of the three equations that characterize equilibrium in the simplified
staggered-wage model only equation (19) is somewhat arduous to log-linearize. This equation

log-linearizes as follows:

Sw B 1 S A 1 .
Xr-pP = —((1 Je — XP - P — | R
t t 1‘*‘5(( + Pnh) Ut Uphh( ¢ t)>+1+ﬁ<2—% t)
/8 =~ Tw D v w D
+m ((1 + pnn) Eijis1 + 0 (Xt — Pt) + 0 (1+ prn) (EtXtH - EtPt—i-l))
B % D W D W D
+m ﬁEth—i-l + (1 - 0') (Xt - Pt) + (1 - 0') (EtXt+1 - EtPH-I)
where ppp, the elasticity of labor substitution, is: V‘/}?}:z;ﬁ = 1EL*. This rearranges to:
. . A .
(1 + opnn) (XZU - Pt) = (1 + pnn) (Ut + BEtGr+1) + 5 £ (Rt + ﬁEthH)
~ R*

+B8 (1 + opnn) (Et)?zl-ji-l - EtﬁtJrl) .



Dividing through on both sides by (1 + oppn) and setting 3, the discount factor (and by

implication, R*, the gross nominal interest rate) equal to unity yields equation (15p).

—

The equilibrium paths of ¥, zv, and R, can be found from the log-linearized system
(equations (14p) to (16p)). The equilibrium path of R, can be derived immediately. By
taking equation (16p) forward one period and then taking expectations for period ¢ one finds
that the left-hand side of equation (14p) is equal to zero. This means that Etﬁt+1 = QR‘,,
which implies that Ry = —EtRHl = hmk_m( )k Eth+k = 0. This finding eliminates R; and
E¢R; 41 from the log-linearized labor supply schedule (equation (15p)), so yielding:

X — P, =5 (G + Efjer) + (EtXH_l Etiﬁt—l-l) : (21)

The log-linearized expressions for money demand and the market-clearing condition (]\/J\t —

P=¢= U¢) can be substituted for y; in equation (21) to yield:
Xy - P =y (Mt — B+ E/ My, — Etﬁt—i-l) (EtXt+1 Etﬁt-i-l) . (22)

The price level can be eliminated from equation (22) by noting that equation (13p) log-
linearizes to P, = %th + %)A(g{ 1; substituting this into equation (22) yields a second-order
difference equation in X® with M as the driving process:

+7

2y —~ —~
_7> X+ XpP 1_—ﬁ(Mt+EtMt+1).

EXP, -2 <1

The variables Et)?t’ﬁrl, X';f” , and )A(t“L 1 can be expressed using lag operators and the symmetric

lag polynomial can be factorized to obtain:

_ 1 +’}/ -~ _ _ ~ 27
1 (L2_2(1_ )L+ )X;U_L "(a—1L) (a, 1_L>X§”:—1_7 (Mt+EtMt+1)
(23)
where a = ;g Note that since v > 0, |a| < 1. Equation (23) can be re-written as:

(e ) (- ) R = 2 (Vi + B

-7

and re-arranged to
(al—1) Xp = =28 (B, 4 By ) = - S (a) E (Vs + Eulirs)

t -~y 1—aL 1 t tiVe 41 [ t | Mits tMt41+4s )
or alternatively

w w 2va - s T r
X} =Xy + 7Z(a) By (Myys + BiMysays) (24)
s=0



The money supply process given by (12p) (which log-linearizes to M, = M;_1 + g¢) implies
that Et]\/J\HS = ]T/[\t for all values of s > 0. Equation (24) thus becomes:

2ya i(a)smﬁt:a)?tw_ﬁ 2V NG — XY, 4+ (1—a) M (25)
1-75 L+v7

Equation (25) can be substituted into the log-linearized version of equation (13p) to give:

XY =aXP, +

~

low low 1/ o —\ 1/ o —
B = JXP 4 X = (aXP + (L) M) + 5 (aXP s + (1 - a) M) (26)

1o 1. 1 o IO .
= a <2th_1 + 2)(;”_2) +50-a) (My+ M) = aPiy + 5 (1—a) (M, + Myy).

=P

I substitute for 13,5 using ]3t = M\t — 4 which yields:

— — R 1 -
My —yr=a (Mtfl - ytfl) t3 (1-a) (Mt + Mt71> : (27)
Re-arranging equation (27) yields the equilibrium path of g; given y_; and the sequence of
shocks {e;}2:

1
Et.
1+.7 "

N N 1 — ~
Y = alYe—1 + 5 (1 + a) (Mt — Mt—l) = aYi—1 + (28)

The equilibrium path of {%U}fio can be found by re-writing equation (25) and the log-

linearized versions of equation (13p) (P = %)A(tw + %)A(tw_ 1) as:

)?g” P =a ()?;”_1 — ]313_1) —a (]315 — 1315_1) +(1—a) (]\/4\15 — 1315) and (29)
B Py= (%P B)+ (%P, B). (50

Equation (30) can be substituted for (P, — P,_1) in equation (29) while ; can be substituted
for (]\/Zt — PB,). This yields

(1+a) (X = B) =(1-a)f,

—

which implies that the equilibrium path of XTt:U given y_1 and the sequence of shocks {&;},2

1S

S 3 ~ ~ Y
XV — P = =a _1+ il €t
t t = /YUt VU1 1+\ﬁt

Thus the responses of 7, XT;:, and }A?t, to a monetary shock £y (given that y_; = 0) can be

written as equation (25p).



B Derivation of the Staggered Price Model

B.1 The Firm’s Problem

The first part of firm j’s problem is to choose labor h{ and capital k:g to minimize produc-
tion costs, taking as given the real wage on homogeneous labor, wy, the real rental rate of
homogeneous capital, r, and the production function. Specifically, firm j solves:
min_wh] 4+ rik! subject to (h{)l_a (k‘{)a >yl
{niki}

This problem is very similar to that solved by the firm in the staggered wage model detailed
in section A.1. The only difference is that in section A.1 the variable w; denoted the real wage
on the aggregate labor stock used in the firms’ production process, while now the variable w;
denotes the real wage on the homogeneous labor stock that the firm uses. The steps taken
to solve the problem are exactly the same as those followed in section A.1, and the solutions

that emerge are similar in form, that is:

. 1—a\® . wy —Q i a l-a | wy 11—« wy 11—« e «

J _ J [t J J [t — _
ht_( a > yt(m) i (l—a) yt<7"t) ) ond me <1—a) <a> '
(31)

The problem for firms who set new prices in periods {Nk}72, is to choose {P7122, s0 as

to maximize the present discounted value of their profits, taking as given the real marginal
cost of producing y{ , the aggregate price level, aggregate demand, the nominal interest rate,

N-period price stickiness, and the demand curve it faces for yi . Specifically, the firm solves:

o) t—1
. N 1
max Et {Z Q(Lt (Pt] — Pgrnci) yi} where Q0,0 =1 and QO,t = H R—t > 1

(P}, t=0 o Bs

- j _0 . .
subject to y] = y; (%) and Py, = ... = Pygqy 7k 2 0.

In choosing the price Ptj that will remain in effect for the next N periods (where N here is

assumed to equal two) the firm solves:

i\ —0
; ; P 1
max ( P! — Pymc! Lt + —F
: ( t t t) yt( ) t Pt+1

P} Py Ry

. . pi\ 7!
(Pt] —PthcZH) Yit1 ( L ) } : (32)

The first-order condition is:



1
—F
4—}%t t

-0 -0 ;
P} P/ Pryime] 1y
1-0 +0 +
( ) <Pt ) Yi+1 (Pt+1> Pt]

which can be rewritten as:

—6 —6-1
D¢ XP ;
0 = (1—9)<—Pz> yt—|—9<Pt> mejy;

—0 —6-1
XxXP 1 Xp 1 ;
1—60)( = 0
( ) ( P Ht+1> Yok + ( P Ht+1> Baiartion

1
—F
+Rt t

Where denotes the ratio of prices set this period (X?) to the aggregate price level (P) and

mci denotes the real marginal cost of production for firm j in period ¢. Dividing through by

(%{) - yields:

1 P P

X? ; 1 1\ % x?
1-0) =ty +0mcy+—F 1—9( ) +9(
( ) P, Yt t Yt R, t ( ) - Yt+1 T

-1
) méi+1yt+1] =0,

which when rearranged yields the first-order condition for prices for firm j where j € {O, %]

sp_ oyt B[ o 1)
- (, )

LA Yt + ( )Et Yt+1 (Htl+1>9]

This is equation (31p) in section 2.7.2 of the paper. Note that since the real wage and rental

(33)

rate are the same across all firms, real marginal cost is also the same, so mc; can be written

without the j superscript.

B.2 The Intermediary’s Problem

The intermediary takes as given the prices {PJ} _o set by each firm for its differentiated
output, and chooses {yt }_, to minimize its production costs subject to the aggregator

function. Specifically, the intermediary solves:

r 1 N\ =1 %
max / P}yl dj subject to / (yi) ’ gy > Y.
it Jo 0

{v }j:O

The Lagrangian is written as:

1 1, e\
52/ Plyidj — A (/ (W) dj) ~ e -
0 0

11



The first-order conditions are:

(34)

1 yl %dj mzyt- (35)
(60" a)

If the left- and right-hand sides of equation (34) are both raised to the power (1 —6) :

() = ([ ()7 @) ()7

and then integrated over the unit interval:

() = </01 ()" >_1 </°1 (i) dj)

N 1—0 =]
we are left with A\ = (fol (Ptj) dj) " This can be substituted for A in equation (34) to
yield:

)
|
>
R
\,_.
~
<
~
~—
>
q:‘\
&
N——
]
-
—
<
i
~—
I
=
<
-~

([ ) ([ )7 ) e

=(y)®

Further manipulation yields the demand curves for each type of differentiated output:

—0

pi
yl = L ; Yr. (36)

(h(r) )™

To calculate the price of aggregate output (F;) one notes that the nominal total cost in

period t of producing y; is equal to fol Ptj yi dj. Substituting in for each yg using equation
(36) implies that:

Nominal Total Cost =Y, (/01 (Ptj)l_e dj) = /01 (Ptj)l_e dj =Y, (/01 (Ptj>1—9 dj) e .

Since the intermediary produces aggregate output competitively its price, which is equal to
nominal marginal cost, is given by:

1

jo </01 (Ptj)l_e dj>ﬂ. (37)

12



This expression for the price level can be substituted into equation (36) to yield a simpler

expression for the intermediary’s demand for good j:

i\ —0
. P’
R , 38
Yy < Pt) Y (38)

The assumption of two-period price staggering implies that equation (37) can be written as:

2 -0 . Loop (126 . = Lo oopyv-0 1 op \1-0 =
Py = /0 (X)) di+ /1 (Xi_1) di = (5 (X7) ~+ ) (Xt_1) >
3

where X7 is defined as the price reset in period . Dividing through by P; yields:

1
S \l2\ P 2\ P_; I '

B.3 The Household’s Problem

Household 4 chooses {c, %ﬁi, i, ki}e, to maximize its utility (equation (3p)) subject to its
budget constraint and the evolution of the capital stock (equations (29p) and (5p)), taking
as given the nominal interest rate, the gross inflation rate, the real rental rate on capital,
and the real wage rate on labor. Specifically, household i solves:

Sl so-n(R)) ] -]

max E;
; o0
i Mp i g
St ol
t=0

subject to:

B!+ M} < Ry B! | + M} | + Pawhi + Pkl — Pict — PikiJ ! ( tk*;l —1+ 5) .
t
The first-order conditions for real money balances, consumption, and capital supply are
identical to those given by equations (10) to (12), and can be rearranged in the same way
as they were in the staggered-wage model in order to yield equations (13) to (15). The

first-order condition for Ay is now:

B b(ch)" Bin
- K M oWt — )
Ct b(c@)”+(1—b)(};) 1 —hj

t

13



which simplifies to:

_
1—h

Since all households receive the same real wage and rental rate, and hence supply the same

amounts of labor and capital, their real wealth and thus {ci,%ﬁl,hi,kg}fﬁo will be identical.

As a result, the households’ first-order conditions (equations (13) to (15), and (40)) can be

written without the ¢ superscripts.

Uc (Cta Rt) Wt

(40)

B.4 Solving the Fully Specified Model

Equilibrium is an allocation {{hi ;:O,ht,{kg }:O,kt,ct,%t,{yg };:Ovl/t}?io and a sequence
{Ht,%p,wt,rt,ut,Rt,mct}toio. The equilibrium allocation and sequence satisfy the following
conditions: (i) the first-order conditions from the firms’ cost-minimization problem (26p) and
profit-maximization problem (27p) (equations (31) and (33)); (ii) the first-order conditions
from the intermediary’s cost-minimization problem (28p) (equations (38) and (39)); (iii) the
first-order conditions from the households’ utility-maximization problems (30p) (equations
(13) to (15) and (40)); (iv) the monetary authority follows (8p); (v) the goods market clears
(yr = cr+keJ 1 (’“;—f —1+ 5)); and (vi) factor markets clear (h; = [} hldj and k; = [ kldj).

L. . .- XP .
(This is given the initial conditions, ko, p—1, ]‘1%, ﬁ, and the sequence of monetary policy

shocks {e¢};~,.) The model’s log-linearized first-order conditions are given in table B.1. The
model is calibrated with the parameter values given in table 1 of the paper. The log-linearized
first-order conditions given in table B.1 can be reduced to the system of difference equations

described in section 2.7.1 of the paper.

B.5 Solving the Simplified Model

Equilibrium in the core model of section 2.7.2 of the paper is an allocation {y:}22, and a
P

sequence {X?’;,Rt}?io that satisfy equations (10p), (12p), and (31p), with the equilibrium

conditions noted in points (a) to (f) of section 2.7.2 imposed. Specifically,

1
1-0\ -8
1 1 1 1 (2 - (Xf+1/Pt+l) ) o
Xf’/Pt ’
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Table B.1

fr = CHit—1 + & Eq. (8p)
M. _ g — (%) (1__> R, Eq. (13)
—pecBiCii1 — pcrEtEt+1 = pccct + (1 - pcr) ]:?\vt - Etﬁt+1 Eq. (14)
= = —173)
s (Be = Bl ) = B + {55 (BEdiys — (14 B) ks + i) | Ba. (15)
h] =7 — oy + o Eq. (31)
kj—yt—l—(l—a)wt—(l—a)?t Eq. (31)
mey=(1—a)w +ar, =0 Eq. (31)
XP o o ~
ﬁ = (ﬁ) mcy + (%) Eymegq + (%) Ey L Eq. (33a 13p)
7 =5 — 0% for j € [0, ] Eq. (38)
PU R X7
W= 05t +9Htfor]€(% } Eq. (38)
~ XP
0=+ o Eq. (39, 32p)
Wy = Phhht pccCt — per Ry Eq. (40)
hy = %hk lhl where k € O,% and ! € (% 1 H-Clearing
T = Ll + lkt where k € [0, 3] and L € (4,1 K-Clearing
ge=cct+(1—c¢) (gEt@t_H — %kt) Y-Clearing
0
¥ -(7) (42)
x 146
i (2_%’) —0 +FE; R%nytzﬂ <2_ Rtl‘H ) (TI) 110
X

=0 1+0
T o —9+ oo (X 1-0\ T-0 o (Yot 1-60\ 1=
2 Ppiq Py Piy1

)

Yy + By R%ytﬂ

(2();;111)1—(9) -0
_(x?/p) 7
(2 (Xi/F) ) v = o1 pt" exp el (43)

and
X{ /P

e xP .
This is given y_1 and ﬁ and the sequence of monetary policy shocks {e;};°,.
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Equations (41) to (43) can be log-linearized to yield equations (33p) to (35p) in section
2.7.2 of the paper. Of the three equations that characterize equilibrium in the simplified
staggered-price model, only equation (19) is somewhat arduous to log-linearize. This equation

log-linearizes as follows:

X —-P = 111 ((2+Phh)yt+2fLRt>—l+Lyt
R~ yoad

L L N U N N N
+ 1f*1 ((2 + prn) Etye1+ 5 R*l EiRit1+(1+0) (Xf—Pt—i-EtXfH _EtPt+1) —Rt>
R* ~ R*

1 S . . .
1 f% (Etﬂtﬂ +0 (Xf — P+ EX}, — EtPt+1) - Rt)
v/l(h*)h* h

where ppp, the elasticity of labor substitution, is: VR = 1_2*. This rearranges to:

1
R*

1

1
_ A (s 1 =
Etyt+1> +2R;1 (Rt + _Eth+1> + R

XP—P, = (1+ prn) (ﬂt + 7
~ "

(EXP, - EPua).
Setting (3, the discount factor (and, by implication, R*, the gross nominal interest rate) equal

to unity yields equation (35p) with v equal to (1 + ppp) and ¢ equal to 1.

—~

The equilibrium paths of ¥, X?f, and R, (which are given by equation (36p)) can be found
from the log-linearized equations (33p) to (35p) by following exactly the same steps outlined

in section 1.7.2 of the paper and presented in more detail in section A.6 of the appendix.

C Derivation of the Staggered Price Model with Firm-Specific

Factors

C.1 The Firm’s Problem

As noted in section 3.2 of the paper the problem for firms in the staggered price model with
firm-specific labor inputs is very similar to the problem faced by firms in the staggered price
model with homogeneous labor; the differences are that h{ and k‘i now have the interpretation
of being firm j’s demand for its specific labor and capital inputs and that firms now face real
wage and real rental rates (w{ and 7“{ ) associated with their specific factors. The problem
that firms first solve is therefore:
min wghg + r{ki subject to (h{)lia (kg)a > yg.
{ni.K1}
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The solutions that emerge from the problem are:

a i\ —Q _a i\ 11—« i -« ANEe]
h{=<1_a> o (2 ,ki=( - )1 v (“) ) and e = (2 )
o' 7“? l—-—«a 7",? l—-—«a a
(44)

Firm j’s price-setting problem is identical to that solved in (32) of section B.1 and so the

solution is very similar to that given by equation (33). Note, however, that since the real
wage and rental rate differ across firms, real marginal cost will also differ; consequently mcg
is written with its j superscript. The first-order condition for prices, therefore, for a firm j

which resets its price in periods {2k}72, is:

T ( : el + {(Hgl) Y1l (Fltlﬂ)_e]
= (3 ) |

v ! (45)
P, -1 v + (R%) Ei |yt (Ht1+1> 0]

This is equation (40p) in section 3.7.2 of the paper.

C.2 The Intermediary’s Problem

The intermediary’s problem is identical to that solved in section B.2.

C.3 The Household’s Problem

The household’s problem, that of choosing {ci,%,hi,ki}fﬁo, changes only to reflect the fact
that with firm-specific factors real wages (w}) and real rents (r}) as well as hours worked (h)

and capital supplied (k) vary across households. The household’s problem becomes:

gln Kb () +0-b) (%)v>1] —nln [1—h§;}] (46)

max E;
1 o0
i Mi i g
Ct>p, oTho e
t=0

subject to:

Bl + M} < Ry 1B}_; + M}_, + Pawihi + Pyriki — Pici — PikiJ ™" ( Zjl -1+ 5) :
t

taking as given the nominal interest rate, the gross inflation rate, the real rental rate on
its capital, and the real wage rate on its labor. The first-order conditions for real money

balances and consumption are identical to those given by equation (10) and (11) and can be

17



rearranged in the same way that they were in the two previous models to yield equations

(13) and (14). The first-order conditions for ki and h} are now:

g b(c)" ' <J (ktJrl 1 +5>>
b ()’ +1-b) (%) ki

N dG e (riH J- (Zj” —1+6> Z’;”J v (Zﬁ“ 1+5>>
Ct+1 b (ct 1) +(1 _ b) ( Ptt+11> t+1 t+1 t+1

ﬁ, b(cﬁ)” W — B'n

Cy b(cg)v_'_(l_b)(%ti)v t l—h?

and 0 =

which simplify to:

K
U, (¢t, Ry) <J1 ( Hl )) (47)
ki
i -1 k§+2 k§+2 -1 ké+2
= Ei |pU(ciq1, Rig1) (1141 — J kii_l—f_é _k:iit] ?—1‘1‘5
t+1 t+1 t+1
and U, (¢y, Ry) wy n

ET 1w

I make the same assumption as in the staggered-wage model that asset portfolios can be

(48)

constructed so as to provide the household with complete insurance against any idiosyncratic
risk. Consequently, a household’s wealth is independent of the wage and rental rate that
it faces and the amount of labor and capital that it supplies. This allows me to write
the households’ first-order conditions (equations (13), (14), (47), and (48)) without the 4

subscripts on consumption or real money balances.

C.4 Solving the Fully Specified Model

Equilibrium is an allocation {{h?}1 = _o R (K} i—o: 1k e O,Ct,Pt {yt}j 0:Ut 1520 and a se-
quence {Ht,?t,{w J—o{witiz o {rl o {rit O,Mt,Rt,{mc’}] 0}20- The equilibrium allo-
cation and sequence satisfy the following conditions: (i) the first-order conditions from the
firms’ cost-minimization problem (37p) and profit-maximization problem (27p) (equations
(44) and (45)) ; (ii) the first-order conditions from the intermediary’s cost minimization
problem (28p) (equations (38) and (39)); (iii) the first-order conditions from the households’
utility-maximization problem (39p) (equations (13), (14), (47), and (48)); (iv) the monetary
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k?

authority follows (8p); (v) the goods market clears (y; = ¢ + fol kig—! ( Hl 14 (5) di);

and (vi) factor markets clear (b} = hi, k! = ki, w) = w!, and r/ = r%). (This is given the
P

XP
initial conditions, ko, p—_1, A;[‘l , 5, and the sequence of monetary policy shocks {e;},2.)

The model’s log-linearized first- order conditions are given in table C.1.

Table C.1
[t = Clie—1 + & Eq. (8p)
¥ -a- (&) (25 R Eq. (13)
—pecEiCii1 — ,OcrEtj%thl = _pccct + (1 - pcr) Rt - EtﬁtJrl Eq. (14)
=y — 03 forj e [0 } Eq. (38)
gg’ =G — for j € (3,1] Eq. (38)
~ P XP
I, = ii; + Eq. (39, 32p)
hl =7y - awt + oF! Eq. (44)
H=g+0-a)o wt (1—a)7 Eq. (44)
mel = (1— )@l +afl =0 Eq. (44)
Xp o . o .
3= () mel + () Bomclyy + (15) Bl for j e [0 } | Ba (45, 40p)
= ~ 17(s)
355 (Rt — Edlip1) = Efj o+ {55-5 (»3Et o — (1+B) ki, + kt) Eq. (47)
wt = phhht ,Occct Per Ry Eq. (48)
h] = hi and wt = wiwhere Vi = j € [0,1] H-Clearing
K = ki and 7 = Fiwhere Vi =j € [0,1] K-Clearing
. 1.
g =cc+ (1—c) (}5 [ Bk qdi— 50 [ k;di) Y-Clearing
0 0

The model is calibrated with the parameter values given in table 1 of the paper. The log-
linearized first-order conditions given in table C.1 can be reduced to the system of difference

equations described in section 3.7.1 of the paper.

C.5 Solving the Simplified Model

Equilibrium in the core model of section 3.7.2 of the paper is an allocation {y;:}{2, and a
D
sequence of prices {%,Rt}fio that satisfy equations (10p), (12p), and (40p), with the equi-

librium conditions noted in points (a) to (f) of section 3.7.2 imposed. Specifically, equilibrium
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is characterized by equations (41) and (43) from section B.6, as well as

wi (=7 ) t s Gy (xp/P)™
1=y (xP/P) " _o\ T _o\ 15
Xf 0 ve(XP/P)~ 17yt+1(27(xf+1/13t+1)1 0)1 0 (27(X§’+1/Pt+1)1 9)1 0
P, <9— 1 N
XP/P,
ye + Bt | 7yt (X¢/7) ;

(2_()(£+1/}3+1)179) =
(49)

e x? .
This is given y_; and ﬁ and the sequence of monetary policy shocks {e;};—,.

Equations (41), (43), and (49) can be log-linearized to equations (33p) to (35p), that are
then used in section 3.7.2 of the paper to find the equilibrium paths of 7, p, and R;. Of

the three equations that characterize equilibrium only equation (49) is somewhat difficult to

log-linearize. This equation log-linearizes as follows:

o o~ 1 N B% Opnn ~
XP-P = —— |2+ + LR | - XP - P -
t t 1_1_}%* (( Phh) Ut 2_% ¢ 1 R*( t) 1_‘_%?9
1 1 R
+1+ ((2+Phh)Etyt+1+2 Eth+1+(1+9)(Xp Pt+EtXt+1_EtPt+1) Ry)
R T
Gphh
+1+R* (EtXt+1_EtPt+1) - (Et??tﬂ +9(Xf—Pt+EtXf+1—EtPt+1) _Rt) :

This rearranges to

.
P _ D) — - R* il
(1 + 0pnn) (Xt Pt) (1+ pnn) <yt + 5 Etyt+1) too T <Rt + 5 Eth+1>
1+ Opnn -
—I-T (EtXfH — Etpt+1) .

Dividing through on both sides by (1 + fppp) and setting 3, the discount factor (and by

implication, R*, the gross nominal interest rate) equal to unity yields equation (35p) with ~

1+pnn
1+0pnn

equal to and ¢ equal to m.

o~

p ~
The equilibrium paths of ¥, )1(3—’;, and R; (which are given by equation (41p)) can be found
from the log-linearized system defined by equations (33p) to (35p); the steps involved are
exactly the same as those outlined in section 1.7.2 of the paper and presented in more detail

in section A.6.
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D Comparison with Chari, Kehoe, and McGratten’s Firm-
Specific Factor Results

Chari, Kehoe, and McGratten (2000) incorporate firm-specific factors into their model by
assuming that firms produce their differentiated outputs using homogeneous labor and some
fixed factor specific to their production process. Specifically, Chari et al. assume that firms
face a production function of:
v = (W) ™"

where hg is firm j’s use of the homogeneous labor input, j is firm j’s fixed, undepreciable,
firm-specific input, and v represents the elasticity of output with respect to the firm-specific
input. (Clearly, assuming 1) = 0 returns the model to that of section 2 of the paper.) It is
assumed that all firms are endowed with identical quantities of their firm-specific input and
that each firm’s specific input is useful only to itself. Consequently, firms face no price for
their firm-specific input. The firm’s demand for homogeneous labor can be found by simply

rearranging the production function:

W = () ™7 ) (50)

Since the wage bill (wth{ ) is the only cost of production, total and marginal cost are given
by:

tel = w(y})"" ()T and
1

med = (1) ()T 1)

The firm’s price-setting problem is identical to that solved in section 2.2 (section B.2) and
section 3.2 (section C.2). The first-order conditions for prices for firms who reset their
prices in periods {2k};”, (assuming two-period price stickiness) is given by equation (31p)
in section 2.2 of the paper (with the superscript js on marginal cost retained). The log-
linearized version of equation (31p) is similar to that given in tables B.1 and C.1; since I

will be obtaining analytical solutions, however, I employ the simplifying approximation that
8 =1 (and implicitly R* = 1). This yields:

)/(? 1 1 L 1~ . 1
?Z =5 ol + §Etmcz+1 + §Etl_-[t+1 for j € [07 5} (52)
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where ﬁz\cg and Etﬂ/’L\CZ 41 are given by the log-linear approximations of equation (51):

el = b + %gﬁ and Eyinic] | = Byl + %E@zﬂ. (53)
The intermediary’s problem is identical to that outlined in section 2.3 of the paper; its
demand for the jth good is given by equation (38) while the price index for the aggregate
good is given by equation (32) in section 2.2 of the paper (or equation (39) in section B.2).
The household’s problem is similar to that outlined in section 2.4 of the paper, although
without capital. The simplifying assumption that v — —oo implies that the household’s
money demand curve, Euler equation, and labor supply schedule are those given by %t =y,
equation (10p), and wy = V' (ht) ¢t (2 - }:%) The simplifying assumption that ¢ = 0 allows

the money growth process to be written as equation (12p).

Equation (53) can be simplified by substituting out for g?i and Etg?f 41 (from the interme-
diary’s demand for the differentiated goods) and for w; and E;w;+1 (from the household’s
labor supply curve). The log-linearized approximation of the intermediary’s demand for the
differentiated goods, given in tables B.1 and C.1, implies that for firms who reset their prices

in period t, y7 and E,jj, , are:

— —

G XY i _ X? _
U =7t — 9? and Byl | = Eiljer1 — 9? + O0E I 4. (54)
t t

The log-linearized approximation of the households’ labor supply curve (with R* = 1) implies

that w; and E;wy41 are given by:
@ = prnhe + & + Ry and Ey@ry1 = punEihey + Eiey1 + ErReyy. (55)

Combining equations (53), (54), and (55) implies that:

_ T A
mel = puhi+ ¢+ R+ —— |7 —0—-] and (56)
1—v P,
B - S
Eymel,, = pththt+1+EtCt+1+Eth+l+W Etyt+1—9?+9Eth+1 . (57)
- ¥

o~

~ P
Equations (56) and (57) can be simplified further.! First, I can substitute for EiIl;,1 — )Ii—’z
'Equations (56) and (57) highlight the point (emphasized in section 4 of the paper) that including firm-

specific factors in the model creates a feedback effect between price adjustment and marginal cost. It can be
seen from the last term in each equation that an increase in the price set by the firm for its differentiated
output reduces the demand for its output and in turn reduces its marginal cost. What is also clear from
equations (56) and (57) is that removing firm-specific factors from the model (by setting 1 equal to zero)

eliminates the last term from each equation and thus removes this crucial feedback effect from the model.
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—
Xt
Py

with Ey] | by noting that the price index for the aggregate good (equation (32p) or (39))

1

(tiil/Pt_l)lfg

1-6
can be written as II; = ( =0 ) . This can then be log-linearized, brought
2—(X7/Py)

forward one period, and expressed in terms of period ¢ expectations to yield Etﬁt+1 =

XP P
Ey] Pttill] + )]i—;. Second, goods-market clearing (in the simplified model with no investment)

is ¥y = ¢, which implies that ¢ = §; and E;¢11 = Eiyjir1. Third, labor-market clearing
states that hy = [ hidj. Substituting in the labor demand curve (50) for h! implies that
labor-market clearing can be written as:

1

he = /01 ()™ ) ™o di

Since all firms are endowed with the same amount of the specific factor, j is a constant and

can be taken outside the integral so that:

e Ny
m=0)kﬁ/(%fw@.
0

Substituting in the individual differentiated-good demand curves gives:

1
—0 -0\ 1%
v (1 XP 1 XP 1
h — ) 1—9 — _t _Y t—1 [—
¢ (7) @%<3> +2t<Pt_1 I,
1

1 p\ ¢ p AN
- () Ter () (GR) )

The log-linearized approximation to this expression is:

- 1 0 (X X,
he = (T ( L4 tl—Ht)-

1-4”" 1-¢9\ P " Py

I can thus substitute ¢; = 4, Ficir1 = Eryiiq, ?Lt = ﬁ@t, and Et/ﬂt_i,_l = ﬁE@tH into
equations (56) and (57) to yield:

7l = PGB Y (g -0 58
me; 1_1/}yt+yt+ t+1_w h—0p (58)
. ~ ~ _ ~ X7

Eync],, = 1p_hhwEtyt+1 +Eyii1 +Eth+1+% (Etyt+1 +0LE; Pf:ll]) . (59)
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/p\ —
Xt
Py

Equations (58) and (59), along with EyIl, 1 = Ey |+ Xﬁp, can then be substituted into

equation (52) so that:

X7 1 F\ . 5 6 XT
P _((thh w>yt+Rt__w_t>

P 2 11— 1—¢ P,
1 Phh-l-?/f) _ 5 0y )th:l 1 )Ztiil X7
—1(1 E E:R —F —|E —
+2(<+ 1— 4 tYt+1+ Lot t+1+1_¢ t Pt +2 t Prot +Pt ;
which when rearranged yields:
o \ X7 phhw) _ A)
1+—— )= = 1 R
(i) 3 = () h
Phh—Hﬁ) . S ) ( b1 ) Xftil
1 E E:R 1+—— | E
+<(+ 1— 4 tYt+1 + Lrlvegy | + +1—1/1 " P
or alternatively:
) )Zfo\ Phht+Y 1
Ay s ~ ~ 5 t41 _ 1—¢ _
P =Y+ EtJi+1) +¢<Rt+Eth+1)+Et 7Pt+1 where v = = 19__1@ and ¢ = ! %.
(60)

Equation (60) is nearly identical to equation (34p) in section 2.7.2 of the paper, with the
only difference being the values of the parameters v and ¢. Since the Euler equation and
the money growth rule are all still given by equations (10p) and (12p), and since conditions
(a) to (e) of section 2.7.2 still hold in this model, their log-linearized approximations are
unchanged from those given by equations (33p) and (35p). As in sections 2.7.2 and 3.7.2 of
the paper, therefore, the solution to this model is given by:

o 3 r) = GRA) (5) o (RE) (25) = o), @

1+P}1L}iz¢

where v = . As in the previous models, monotone damped responses require that

1+ 2%
the parameter v is less than one, which occurs when 6 — % > 1, a condition that is easily
satisfied for reasonable parameter values.? Thus, Chari, Kehoe, and McGratten’s approach

to modeling firm-specific factors yields monotone-damped real responses to monetary shocks.

% = %7 the elasticity of output with respect to capital, 1,

need only exceed 0.13 for 6 — % to be greater than 1.

2For example, for 5 < 6 < 20 and ppp =
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