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�j��xzÌqu�w=�Í���3p������{p�ÎW���q�q�P~����2Ì�ÏÐ~���wz~tsvÑLuv�qrbxzÌ{pQo|�[�{����u��.�3~t�zxnÏÐ~tsvuv~Òwnp�s�pC�¶xzuv~t�'�q�P~tÓ{s�p��,�
��s�wz~�Ô[�q~ÕÎ�����w�xPÌqp¸Ö_p��zxz~���×i�C�tØ���Ù9�q�P~tÓ{s�p��,�Õu�wNu��LxP�z~|o|y{��p�o�Ú �¸Ìqu�w ���q�q�P~����2ÌuvwNÓ{��wnpCo
~t�³xzÌ{p�o|y{��sQp�Û|�ÍpC�¶xPp�o�y|xzuvsvu²xi�Ü×Ý���QÞ�ÙxzÌqp�~t�P�8Î�Ìqu��2Ì�u�w�¦�{�t�nxPuv��yqsv�t���s��twPw'~�Ï¸�q~t�|ß
p�Û|�3p���xzp�oÀy|xzuvsvu²xi��xPÌqp�~��z���q�Pp�wzp��LxPp�o�uv��àQ�����PuN×n����áLâ�Ù�ÚNÞ��qsvu�Ô�p�xPÌqp'��s��twPwnu����tsÍp�Û[�3p���xzpCo
y|xPu�svu²xi��×Ð�QÞ�Ù¸xPÌqp�~��z��Ó[��Ñt~t�_ã�p�yq�����{�¦�t�{o¦Ö_~t�Prtp��{wnxzp��P�W×i���t�t�[ÙÁxPÌqp!���QÞäxPÌqp�~��z�
~ÕÑtp��P��~t��p�wbwz~t��p'�{���2�to|~FÛ|pCw�wzy{�2Ì¦�twÒå�s�s���u�w×i�C�����LÙQ�t�{o,�ÁsvsvwzÓÍp��zr_×n���tØ{�CÙ��q�tw�wzÌq~ÕÎ��
uv�8æ�y{u�r�rtuv�³×i�C�t����Ù¶Ú

�j��xzÌ{p�����Þ)ÏÐ�2����p�Îb~t�PÔ�çz�Õxzxzu�xzy{o|pCw.xP~ÕÎb�t�Po��zu�wzÔ[wQ���Pp��2Ì{���2�t��xzp��zuvè�pCo�Ó[����o|uvwnxz~��nß
xzuv~t���t�q�qsvu�pCo�xP~�q�P~tÓ{�tÓqu�svu�xi��o|u�wixP�zuvÓqy|xPu�~���ÏÐy{�{�¶xPu�~��{w��Luv����~t�Lxz�2�twnx xz~p�Û[�3p���xzpCo�y|xzuvs�u�xi�
uv�JÎ�Ì{uv�2Ì��Õxzxzu�xzy{o|pCw xz~ÕÎ¸���2o!�Pu�wnÔ|w.���Pp¸�2Ì{���2�t��xzp��Puvè�p�o�Ó[����y|xzuvs�u�xi�!ÏÐy{�{�¶xPu�~��J~tÏ3Îbp��ts²xPÌ[é
×ÐêW���{rÕë�àÁ~�yq�qr¦×i�C�t�táLÙnÙ�Ú

å�w¸ÏÝ�t�Ò�tw�xzÌ{p!��y|xPÌq~t�2wbÔL�{~ÕÎZuv��ìÍ�{���{��uv�ts����{o,p���~t�q~���uv��s�u�xzp��P��xzyq�Pp�xzÌqp��zp'u�w¸�q~�x
���[�!Îb~t�PÔ���~t�{��p��P�qp�oJÎ�u�xzÌ�xzÌ{p����q�{s�u�����xzuv~t��~�Ï�����Þ�xzÌ{p�~t�P�!xP~!o|�[�{����u���wnp�s�pC�¶xPu�~��J~tÏ
���,�twPwnp�x��3~t�zxnÏÐ~�s�uv~{Ú.�¸Ìqu�w¸���F�JÓ3po|yqp�xz~�xzÌ{p�ÏÝ���¶xbxzÌ{��x�u��ÀàQ�t���Pu.×i�C�táLâtÙ.u�x�uvw¸wzÌq~ÕÎ��
xzÌÍ�Õx�����Þ7xPÌqp�~��z�-svp���oqw�xz~W�q~tx�o|uvÑtp��Pwzu�ì{p�oH�Í~��nxzÏÐ~tsvu�~Lw�Î�Ì{p��íxPÌqp_o|p���uvwzuv~t�H���tÔtp��
Ì{��w'~t�qsv�_xiÎb~¦��wzwzp�x2w�FÑÕ��uvsv�tÓqs�p��=~t�{pJ�Pu�wnÔ[�î�t�{oî~��qp��q~tx�Ú�ïÒ~ÕÎbp�Ñ�p��'uv�Wï��toq�t�ië|ð'yq�
ñ p�~¦×n�������tÙQu�x¸u�wÒwzÌq~ÕÎ���xPÌ{�ÕxÒuv��xzÌqp�q�Pp�wzp��Í��p�~�Ï ���t�[���zu�wnÔ[�À��wzwzp�x2w¸���QÞäxzÌqp�~t�P��uvw
��~��{wzuvwnxzp���x=Î�u�xzÌ�~t�|xPu�����s�Î�p�s�s�o|u�Ñ�p��2wnu�ì{pCo'�Í~��nxzÏÐ~tsvu�~Lw�Ú��¸Ì{uvwqòiy{wixPu²ìÍp�w������QÞ]���q�{�z~L�t�2Ì
xz~JxPÌqp�wz~tsvy|xzuv~t�,~�Ï�xzÌqp�Ö8p��zxz~t�W×i�C�tØ���ÙQ�q�z~�Óqsvp��óÎ�Ìqu��2Ì¦u��,xPÌquvwÒ�{���3p��Òu�w���~��{wzuvo|p��zpCo
Î�u�xzÌ_���{o�Î�u�xzÌq~�y|x�xz�2�to|uv�qr�wnxz�2�Õxzp�rt����~t�{wnxz�2��uv�LxPw�Ú

åÒ�_���{�qs�u�����xzuv~t��uvw¸��s�wz~��q�P~t�3~�wzp�oÀÎ�Ìqp��Pp�xzÌqp'êW���qrJxz�2���ÍwiÏÐ~��z�1u�w¸�2Ìq~�wzp��,�tw¸o|u�wiß
xz~��nxPu�~��ÀÏÐy{�{�¶xPu�~��=Ú��j�_�Í���zxzu���yqs�����u�x�u�wÒwnÌ{~ÕÎ���xPÌ{�Õx�xPÌqp!yq�Í��~t�ÍwixP�P�tu��qpCoÀ~��|xzuv��u�èC�ÕxPu�~��
�q�P~tÓqsvp��ô�toq�Ju�xPw,wz~tsvy|xzuv~t�{w�~t�{s��Üyq�{o|p��,��o|p�õLy{��xzp8Ì[�[�3~�xzÌ{p�wzp�w�Ú÷ö�~t�[Ñ�p��2wnp�s��]u²x,uvw
wzÌq~ÕÎ��¦xzÌ{��x�xPÌqp���~t�{wnxz�2��uv�qp�o,�q�P~tÓ{s�p��,�3uTÚ p�Ú�Î�u�xzÌq~�y|x�wzÌq~t�zxnßjwzp�svs�uv�qr���svsv~ÕÎ�pCo��Í�ts�Î¸�F�|w
�toq�Ju�xPw���wz~tsvy|xzuv~t�,uv��xPÌqp'ÏÐp���wnuvÓqsvp�zp�rtuv~t�=Ú

�¸Ìqp'�zp�����uv�{o|p��b~�Ï�xzÌqp'�{�t�Íp��¸uvw¸wnxz�Py{�¶xPyq�zpCoÀ��wQÏÐ~�s�sv~ÕÎÒw�ÚN�j�,wnpC�¶xPu�~��¦ø�~ty|xPs�uv�qpCw�~tÏ
xzÌ{p��QÞù���{oî���QÞúxPÌqp�~��zuvp�w����Pp!rtuvÑtp��=Ú��j�îwzp���xzuv~t�î��xzÌqp�ì{�{�t�{��u���sN��~[oqp�sNÎ�Ìquv�2Ìîuvw
y{wzp�o³u��Wwzp��¶xPu�~��³�,xP~¦wnxzyÍo|�8xPÌqp�o|�[�{����u����3~t�zxnÏÐ~�s�uv~_wnp�s�pC�¶xPu�~��î�q�P~tÓqsvp��ûÎ�u²xPÌW���QÞ

�



xzÌ{p�~t�P�¦uvwoqp�wP���Pu�Ó3p�o�Ú��j�³wzp��¶xPu�~�����xzÌqp�êW���qr�xz�2���ÍwiÏÐ~��z�&u�w��t�q�qsvu�pCo8xP~,���3~t�zxnÏÐ~tsvuv~
wzp�svp��¶xPu�~����{�z~�Óqs�p��7Î�u�xzÌ_~��qp'�zu�wnÔLßTÏÐ�zp�p���{o�xiÎb~��zu�wnÔ[�À��wzwzp�x2w��FÑÕ��s���uvÓqs�p�Ú.�j�¦xzÌqp'ìÍ�{��s
wzp��¶xPu�~��ÀxPÌqp!��~��{��svy{wzu�~��{w¸���Ppo|�P�FÎ���Ú

ü ýZþ ÿ�����Ç!Æ����	��
 ý)þ ÿ�����ÇÆ�

��~[o{�F�xzÌqp��QÞ xzÌ{p�~t�P��Ó[��Ñt~t��ã�p�yq�����{���t�{o�Ö_~��zr�p��{wnxzp��z�,×i���t�t�[Ù�u�wQwnxzuvsvs|xzÌqp��J~Lwix
�3~t�qyqs��������q�q�P~����2ÌîxP~8�q�P~tÓqsvp���w~tÏ¸oqp���u�wzu�~��-���tÔ[u��qr_y{�{o|p���yq�{��p��zxP��uv�Lxi�t��Ìq~ÕÎ�p�Ñtp��
wzu��{��p�xPÌqp�wzu²Û[xPu�pCw�wzp�Ñ�p��2��sQ�ty|xzÌq~��Pw�Ì{�FÑtpÀp����quv�zu����ts�sv��wzÌq~ÕÎ��WxPÌ{�Õx��t�¶xPy{��s¸o|pC��u�wnuv~t�{w
���Pp��q~�x��ts�Î¸�F�|w���~t�{wzuvwnxzp��Lx¸Î�u�xzÌ_�ts�s=��Þ@xzÌqp�~t�P�À�ÕÛ|uv~t��w�Ú

��ÏNÎ�u�xzÌ
χ
u�wÒo|p��q~�xPp�o�xzÌqp~��q�3~t�zxzyq�qu�xi�Àwzp�x��t�{oÀÎ�u�xzÌ8�����qu�xP�ts�s�p�xnxPp��2wbxzÌqp~��q�Í~��nß

xzy{�qu²xPu�pCw'Î�Ìqu��2Ì������îÓ3p�o|p�rtp��{p��2�Õxzp�~t�'�q~txoqp�rtp��qp��2�ÕxPp��2���Ío|~t�&ÑÕ���Puv�tÓqsvp�w��9xzÌqp��QÞ
xzÌ{p�~t�P�À��Û[uv~t��w¸���Pp��

å!Úv�CÙÒö�~��J�{s�p�xzp��{p�wPw�ë ∀X
�t�{o

Y ∈ χ
u²xÒu�w�p�u²xPÌqp��

X � Y
~��

X � Yå!ÚløtÙ¸���P�t�{wzu²xPu�Ñ[u�xi��ë�u²Ï
X � Y

���{o
Y � Z ⇒ X � Zå!Ú ��ÙÒö�~���xPu��[yqu�xi��ë�u�Ï

X � Y � Z ⇒ ∃p ∈ [0, 1] : Y ∼ pX + (1 − p)Zå!Ú �LÙÁ�j�{o|p��3p��Ío|p��{��p�ë�u�Ï
X � Y ⇒ ∀p ∈ [0, 1] pX +(1−p)Z � pY +(1−p)Zå�Û|uv~t��w�å!Úv�t�bå!Úlø|��å�Ú �W�ts�Î¸�F�|w�Ìq~�svo]Î�Ìquvs�p,xPÌqp¦u��{oqu��3p��{oqp��{��p8�ÕÛ|u�~��¦�Q�tw���s�wz~

wzÌq~ÕÎ��8uv�³åÒsvs���u�wJ×n���L����Ù����{o8�Ás�s�wzÓÍp��zrW×i�C�tØq�FÙ¶�9u�w�Ñ[uv~ts��ÕxzpCo�Ú�j�î~��Poqp���xz~��FÑ�~tu�o¦xzÌ{uvw
�q�P~tÓqsvp��÷wzp�Ñtp��P�tsq��s�xzp��z�{��xzuvÑtp�y|xPu�svu�xi��xPÌqp�~��zuvp�w�������svs�pCo��q~t�qßTp�Û[�3p���xzpCo�y|xzuvs�u�xi�JxzÌqp�~t�Pu�pCw��
Ì{�FÑ�p�Ó3p�p����q�zpCwnp��Lxzp�o�uv��xPÌqp�svu²xPp��2�Õxzy{�zp�Ú��¸ÌqpÒ���QÞ xPÌqp�~��z�!u�wÁ���q~��|ßTp�Û|�ÍpC�¶xzpCoJy|xzuvs�u�xi�
xzÌ{p�~t�P��Î�Ìq~Lwnp'�ÕÛ|uv~t��w����Pp'å!Úv�t�{å�Ú øq�qå!Ú �����{o

å!Ú ���tÙÒö�~t��~t�q~txz~��quv��u²xi�Jë�u�Ï
X
�
Y
�
Z
�t�zp��{��uv�PÎ�uvwzp��~t��~��q~�xP~t�qu��������{o

X � Y

⇒ ∀p ∈ [0, 1] pX + (1 − p)Z � pY + (1 − p)Z

ÞÒ�{oqp����ÕÛ|uv~t��w�å!Úv�t�Qå�Ú øq�Qå!Ú �³�t�{oHå�Ú ���_uv�]àQ�t���Pu'×i����áLâtÙu�xJu�w�wnÌ{~ÕÎ��-xzÌ{��x��
�q~��|ß�oqp����Pp���wnuv�qr�ÏÐyq�{��xzuv~t�

g : [0, 1] → [0, 1]
��Î�u�xzÌ

g(0) = 0
���Ío

g (1) = 1
p�Û|u�wix2w

wzy{�2ÌÀxPÌ{�Õx
X � Y

u�Ï �t�{o,~t�qsv��u�Ï
∫ +∞

−∞
xdg (FX (x)) ≥

∫ +∞

−∞
ydg (FY (y))

Î�Ìqp��zp
FX (x)

���{o
FY (y)

�t�zpQxzÌqp¸�q�P~tÓÍ��Óquvs�u�xi�o|u�wixP�zuvÓqy|xPu�~��!ÏÐyq�{��xzuv~t�{w ~tÏqxzÌ{p��2���{oq~t�
ÑÕ���Puv�tÓqsvp�w

X
�t�{o

Y
Ú

�j��ê��t�qrÕëLàÁ~tyq�qr�×n���t��á�Ù�u�xÁuvwÁwzÌq~ÕÎ��JÌq~ÕÎ]xzÌqp¸ÏÐyq�Í�¶xzuv~t�
g
���3pC�¶x2w xzÌqp��{�z~�Ó{��Óquvsvu²xi�

o|u�wixP�zuvÓqy|xPu�~��ÀÏÐy{�{�¶xPu�~��{w�~�ÏNxzÌ{p�P�t�{o|~t�1ÑÕ�t�zu���Óqsvp�w¸��~t�{wzuvoqp��Pp�o�Ú
�¸Ìqp����{�ts��Lxzu����ts=ÏÐ~��z�&~�Ï

g
p���ÓÍpCoqw�xzÌqp�o|p�r��zp�p!~�Ïb�FÑtp��2wzu�~���xP~ÕÎb�t�Po{w��zu�wzÔ�~tÏÁxzÌqp

o|pC��u�wnuv~t�,����Ôtp���Ú.�j�¦�{�t�nxPuv��yqs����¸u��³æ�y{u�r�rtuv��×n���t����ÙQu²x�uvw�wzÌq~ÕÎ��,xzÌ{��x�����~t�Í���FÑtp'���Ío
uv�{���Pp���wnuv�qrJÏÐyq�{��xzuv~t�

g
�2ÌÍ���2�t�¶xPp��Pu�è�p�w����PuvwzÔLß��FÑ�p��2wnp'o|pC��u�wnuv~t�¦����Ô�p����t�{o�xzÌqp��zpCwnyqs�xnß

uv�qr�~t�2o|p��Puv�qr�u�w���~t�{wzu�wixPp��Lx�Î�u²xPÌ¦xzÌqpìÍ�Pwnx����{o¦wzp���~t�{o�~t�2o|p��Òwnxz~|�2Ì{��wixPuv�oq~t��u��Í���{��p
�q�Pu��Í��uv�qs�pCw�Ú
�
X ����� Y �����! #"%$&"%��"�'("%��)* +) ,-'(.��#���+�#/0)*1('2�3�4������"%$65����()7��8�9*� Z �����:'<;=">��"�'?���# #���@��1()*��A>���B��9,DC��� E'4)*"%��1 f ����� h 1(C� F.G'(.H�I' X = f(Z) ����� Y = h(Z).

ø



��Ï�xPÌqp!o|y{�ts=p�Û|�3p���xzp�o,y|xPu�svu�xi�À~�Ï�xzÌqp�2���Ío|~t�óÑÕ�t�zu���Óqsvp
X
u�w�o|p��{~�xzpCo,Î�u²xPÌ

DEU(X) ≡ Eg [X ] =

∫ +∞

−∞
xdg (FX(x))

xzÌ{p'ÏÐ~tsvs�~ÕÎ�uv�qrJ�q�z~��Íp��nxPu�pCw¸Ìq~ts�oKJL�
��Úbu�Ï

g(F (x)) = F (x)
�
DEU(X) = E(X)

øqÚ
DEU(aX + b) = aDEU(X) + b ∀a > 0, b ≥ 0

�{Úbu�Ï
X
�t�{o

Y
�t�zp��~t��~t�q~txz~��quv�

DEU(X + Y ) = DEU(X) + DEU(Y )

�ÍÚbu�Ï
g
u�w���~��{���FÑ�p

DEU(X) ≤ E(X)
�t�{o

DEU(X+Y ) ≥ DEU(X)+DEU(Y )

M NÜË�ÄPO!Ä,Ê�ËQOSRUTVOÆWX�bÅYT Ç�È��&R

Z>[B\ ]_^:`�acb�bd`?e�b
å ì{�Í���{��uv�ts����t�zÔ�p�xÒÎ�Ìqp��zp

n
�PuvwzÔ[���twPwzp�xPw��t�{o¦���zu�wzÔ�ßTÏÐ�Pp�p�twPwnp�x����Pp'xz�2�to|pCoÀu�w���~t�|ß

wzuvo|p��zpCo�Ú-åbx�xPu���p
s ∈ [t, T ]

xPÌqp¦���t�zÔ�p�xJ�q�zu���pCw�~tÏ��PuvwzÔ[�W��wzwzp�x2w��t�{o-xPÌ{�Õx�~�Ï�xzÌqp
�PuvwzÔLßEÏÐ�Pp�p'�twPwnp�xÒ���Pp��Pp�wz�ÍpC�¶xPu�Ñ�p�sv� {Pi(s), i = 1, ..., n} ���Ío P0(s).�¸Ìqpî�Pu�wnÔ�wz~tyq�2��p_u�wÀ�Pp��{�zpCwnp���xPp�oÜxPÌq�z~�yqrtÌ)�]wix2���{o{���2o ê�u�p��qp��,�q�P~[��p�wPw

W =
(W1, ..., Wn)∗

u��
Rn,

Î�u²xPÌ
Wi

�q~�xQ��~t�P�zp�sv��xzpCo�Î�u�xzÌ
Wj

ÏÐ~t�
i 6= j,

Î�Ì{uv�2Ì��H�9p���xPwÁxzÌqp
p�Ñ�~tsvy|xzuv~t��~�Ï��Pu�wnÔ[���twPwzp�x¸�q�zu���pCwbÓL��xzÌqp�ÏÐ~tsvsv~ÕÎ�u��qr�wnxz~|�2Ì{�twnxzu���oquf�9p��Pp��Lxzu���s�pCõLy{�ÕxPu�~��{wg�

dPi(s) = Pi(s)



µi(s)ds +
n

∑

j=1

σij(s)dWj (s)



 , i = 1, ..., n

Î�Ìqp��zp
µi(s)

uvw�xzÌqp�uvwnxP�t�LxP���{p�~tyÍw=�Pp�xzy{�z�!�2�ÕxPpÁ~�Ï|xPÌqpbu²ßTxzÌ!�Pu�wnÔ[��twPwnp�x����Ío {σij(s), s ∈
[t, T ]} u�wbxzÌqpÑ�~ts��ÕxPu�svu²xi�À����xz�Pu²Û�Ú�¸Ìqp!o|p�xzp��P��u��{uvwnxzu��'p�Ñ�~tsvy|xzuv~t��~�ÏNxzÌqp�PuvwzÔLßEÏÐ�Pp�p'�twPwzp�x�uvw0�

dP0(s) = P0(s)r(s)ds

Î�Ìqp��zp
r(s)

u�wbxzÌqp�PuvwzÔLßEÏÐ�Pp�p��2�Õxzp�t�{o
P0(0) = 1.å�w�u�xÒu�w¸y{wnyÍ��svs��Àoq~t�qp��qu²xÒu�w��twPwzyq��p�oÀxzÌ{��x�� ∀s ∈ [t, T ]

�
��Ú�xPÌqpÁ�q�P~|��pCwzwzp�w

r(s)
�
µ(s) = (µ1(s), ..., µn(s))∗

���Ío�xPÌqpÁ���ÕxP�zu�Û
σ(s) = {σij(s)}�t�zp��oq���|xPp�oÀxz~JxzÌ{p'ì{s²xP�P��xzuv~t� Fs = σ(W (u), u ∈ [t, s])

øqÚ
σ(s)

u�wb�q~�x�o|p�r�p��qp��P��xzpÒuv�¦wixP�z~��qrÏÐ~t�P�ówz~!xzÌÍ�Õx¸u²Ï
D(s) = σ∗(s)σ(s), ∀ε > 0

�
ξ∗D(s)ξ ≥ε ‖ξ‖2 a.s. ∀ (s, ξ) ∈ [t, T ] × Rn

�{Ú
r(s) ≥ −η, η > 0

hIi "%�2$&"%���+���E'4��)*9*121(�#�!jL����AIkQlm"%C���AXn�oBp%p%qQrFs

�



Z>[(t ]_^:`vuxwzy�e�{�w3|B}Bw
åbxJxzuv�Jp

t
�î�q�Puv��p�ßTxP��Ô�p��J��rtp��Lx

I
Î�u²xPÌÜ�t�Huv�qu²xPuv�ts¸Î�pC��s�xzÌ

X(t) = x > 0
u�w���~��|ß

wzuvo|p��zpCo�Ú&åbx8p�Ñtp��z� xPu���p
s ∈ [t, T ]

xzÌ{pW�trtp���x
I
wzp�svp���xPw,xzÌ{píõ�yÍ���Lxzu�xi�)~�ÏJp����2Ì

�PuvwzÔ[�H�twPwnp�x
(Φ1(s), ..., Φn(s))

���{oÜxPÌqpîõLy{���LxPu²xi�í~tÏ'xzÌqp8�Pu�wnÔLßTÏÐ�zp�p¦��wzwzp�x
Φ0(s) =

X(s) − ∑n
i=1 Φi(s)Pi(s)

xz~�Ì{~ts�oÀ~ÕÑ�p��bxzÌqpuv�|ì{�{u²xPp�wzu�����s=xzuv�Jpuv�Lxzp��zÑÕ��s
[s, s + ds)

Ú
ïÒp��{��p.xPÌqp xz�2�toqu��qrÒwnxz�2�ÕxPp�r��Ò~�Ï

I
u�w��Pp��q�Pp�wzp��LxzpCo�Ó[��xzÌqpÁ�{�z~|��pCwzw

(Φ0(s), ..., Φn(s))
∗

Î�Ìqu��2ÌWuvw!��wzwzyq��p�oîxz~_Ó3p��to{���|xPp�o³xz~¦xPÌqp���yq�P�Pp��Lx!u��qÏÐ~t�P����xzuv~t� Fs
�t�{oWwnyÍ�2Ì³xPÌ{�Õx

∫ T

t
[Φi(s)]

2
ds < +∞ ∀i = 1, ..., n a.s.

Ú.�j�¦~��Po|p��bxz~�Ì{�FÑ�p'��wzp�s�Ï ßEìÍ�{���{��u��{r�xP�P��o|uv�qr
wnxz�2�Õxzp�rt��xPÌqp'ÏÐ~tsvs�~ÕÎ�uv�qrJ�zp�sv��xzuv~t�,��y{wnxÒÌq~�svo=�

n
∑

i=0

Φi(s)Pi(s) = X(t) +

n
∑

i=0

∫ s

t

Φi(u)dPi(u) , ∀s ∈ [t, T ]

~t�C�[u��_o|uD�9p��Pp��Lxzu���s�ÏÐ~��z�¦�

d
n

∑

i=0

Φi(s)Pi(s) =
n

∑

i=0

Φi(s)dPi(s) , ∀s ∈ [t, T ].

ÞÒ�{oqp���xPÌqp�wzp'ÌL�[�3~�xPÌqp�wzp�wbxPÌqpÎ�pC��s�xzÌ,~�ÏNxzÌqp!�trtp���x
I
��x�xzuv�Jp

s
u�w0�

X(s) =

n
∑

i=0

Φi(s)Pi(s).

Î�Ìqp��zp

Φi(s) =

{

X(s)πi(s)
Pi(s)

i = 1, ..., n
X(s)[1−

Pn
i=1 πi(s)]

P0(s)
i = 0

���Ío�xPÌqp�Í~��nxzÏÐ~tsvu�~��q�P~|��pCwzwbu�wg�

π(s) = (π1(s), ..., πn(s))∗.

�¸Ìqp'�zpCwny{s²xPu��qr�Îbp��ts²xPÌ�p�Ñt~tsvy|xPu�~������t��Ó3p'p�Û|�q�Pp�wPwnpCo�xPÌq�z~�yqrtÌ�xzÌ{p�ÏÐ~�s�sv~ÕÎ�uv�qr��Pp�s��Õß
xzuv~t��~��

dX(s) = X(s)[r(s) + µ̂(s) · π(s)]ds + X(s)π(s) · σ(s)dW (s)
×n�CÙ

Î�u�xzÌ
X(t) = x

���{o
µ̂i = µi − r.�j�îxPÌqpJ�zp����t�quv�{o|p��'~tÏÁxzÌqpJ�{�t�Íp���xPÌqp�wn~�s�yqxzuv~t�8~tÏ�p�õLy{��xzuv~t�H×n�CÙ��Pp�s��ÕxzuvÑtp�xz~�xzÌqp

�3~t�zxnÏÐ~tsvuv~_�q�z~|��p�wPw
π
�t�{o�u��{u²xPuv�ts���~��{o|u�xzuv~t�

X(t) = x
u�w!o|p��q~�xPp�oWÎ�u�xzÌ

Xt,x,π
s ,s ∈

[t, T ]
���{o xPÌqpW�twPwn~|��u��ÕxPp�o ��~��{o|u�xzuv~t�{�ts��{�z~�Ó{��Óquvsvu²xi�]ÏÐyq�{��xzuv~t�Z~tÏxzÌqpîì{�{�ts�Îbp��ts²xPÌ

Prob[Xt,x,π
T ≤ y|X(t) = x]

Î�u�xzÌ
F π

t,x(y).

� i "%� a, b ∈ Rn '(.���)*�����#�:����"0��C� E'�8��E'<;=�#�#�P'4.��X5Q�# E'("%� a ����� b )*1&���#��"�'(�#�x;�) '(. a · b ≡
P

n

i=1
aibi.

�



� 
���ÄPOS�ôË�Ê��)ÇÆ�Å��ÕÇXR�Ë�Ç����&Rg��ÊÁÅ�Ë�Ç!Ä�����
 ý)þ ÿ��P��ÇÆ�
�¸Ìqp³yq�{��~��{wnxz�2��uv�qp�o)oq�L�Í����uv�î�Í~��nxzÏÐ~tsvu�~Üwnp�s�pC�¶xPu�~��)�q�P~tÓqsvp��ôÓ[�����QÞ xPÌqp�~��z� ���t�
Ó3p�p�Û[�{�zpCwzwzp�o_��w��t�î~t�qxzuv���tsNwnxz~|�2Ì{��wixPuv����~���xP�z~�s��q�P~tÓ{s�p�� Î�Ì{~�wzp���~��Lxz�P~ts�ÑÕ�t�zu���Óqsvp�w
���Pp�u�o|p���xPu²ìÍp�o³ÓL�8xzÌqp�ÑtpC�¶xP~t�

π(s) = (π1(s), ..., πn(s))∗
�t�{oîxzÌqpJÏÐyq�{��xzuv~t�{�tsNxz~¦ÓÍp

~t�qxzuv�Juvè�pCoÀu�w

W π(t, x) ≡ Eg [X
t,x,π
T ] =

∫ +∞

−∞
ydg(F π

t,x(y)).

�¸Ìqpb~t�|xPu�����s[��~��Lxz�P~tstu�wNo|p�xPp��P�Juv�qpCoxzÌ{�z~�yqrtÌ'xPÌqp�~��|xzuv��u�èC�ÕxPu�~��!~�Ï|xPÌqpQÏÐy{�{�¶xPu�~��{��s
W π(t, x)

~t�C�|p�õLyquvÑÕ��svp��Lxzsv�t�|Ó[�,o|p�xPp��P�Juv�quv�qrJxzÌqp'ÏÐy{�{�¶xPu�~��
v(t, x)

wzy{�2Ì�xzÌ{��x

v(t, x) = sup
π∈A

Eg [X
t,x,π
T ] = sup

π∈A

∫ +∞

−∞
ydg(F π

t,x(y)),
×TøtÙ

Î�Ìqp��zp
A
uvwbxPÌqp'ÏÐp���wnuvÓqsvpwnp�x��[xzÌ{p!wixP~[�2ÌÍ�twnxzu���p�Ñt~�s�y|xPu�~��À~tÏ

Xt,x,π
T

uvw¸r�u�Ñ�p��ÀÓ[��pCõ3ÚÒ×i�CÙ
���Ío

v(T, x) = x
Ú

��Ïi�{�tw¸uv�_ð���2�ÕxPè��twië[ð�~ty8×n�����tØ�Ù��[u²xÒu�w��twPwny{�JpCo�xPÌ{�Õx

Xt,λx,π
T = λXt,x,π

T , λ > 0
×E��Ù

xzÌ{p'ÏÐ~tsvs�~ÕÎ�uv�qrJ�q�z~��Í~Lwnu�xzuv~t�,u�w¸ÑF�ts�u�o=�
���H���������������m�6�����m� �¸Ìqp

v(t, x)
ÏÐyq�Í�¶xzuv~t�¦u�w¸�q�P~t�3~t�zxzuv~t�{�tsÍxP~JxzÌqpuv�qu�xzu���s=Îbp��ts²xPÌ

x : v(t, x) = α(t, π)x,
Î�Ìqp��zp

π
wz��xzu�wiìÍp�wbp�õLy{��xzuv~t�W×EøtÙ�Ú

���H�?�m�
� p�x

x
���Ío

x′ Ó3pxiÎb~�o|uD�3p��zp���x�ÑF�ts�y{p�w�~tÏNxPÌqp!uv�qu�xzu���s�Îbp��ts²xPÌ=�Í�t�{o,s�p�x λ = x
′

/x
Ú

�¸Ìqp'�Pp�s��Õxzuv~t�W×Ý�LÙ¸���t��Ó3p�zp�Î��zu�xnxPp��¦�tw

Xt,x
′

,π
T =

x
′

x
Xt,x,π

T .

  u�Ñ�p��³xzÌqpJuv�qu²xPuv�ts.u��[Ñ�p�wnxz��p��Lx
x′ xzÌ{p���~t�{oqu²xPu�~��{��s.o|u�wixP�zuvÓqy|xPu�~��8ÏÐyq�Í�¶xzuv~t��~�Ï�xzÌqpì{�{�ts�Î�pC��s�xzÌ,uvw

F π
t,x

′ (y) = Prob[Xt,x
′

,π
T ≤ y]

= Prob[x
′

x
Xt,x,π

T ≤ y]

= Prob[X t,x ,π
T

≤ x

x
′ y ]

= F π
t,x( x

x
′ y)

�¸Ìqp��Pp�ÏÐ~��zp

W π(t, x
′

) =
∫ +∞
−∞ y dg(F π

t,x
′ (y))

=
∫ +∞
−∞ y dg(F π

t,x( x

x
′ y))

���{o,Î�u�xzÌ
y = x

′

x
y

′ u�x�ÏÐ~tsvs�~ÕÎÒwbxPÌ{�Õx

�



W π(t, x′) =
∫ +∞
−∞

x
′

x
y

′

dg(F π
t,x(y

′

))

= x
′

x

∫ +∞
−∞ y

′

dg(F π
t,x(y

′

))

= x
′

x
W π(t, x)

�¸Ìqps��twnx¸pCõLy{�ÕxPu�~��,wzÌq~ÕÎÒw�xzÌ{��x�ÏÐ~t�Ò�ts�s
π

W π(t, x
′

) =
x

′

x
W π(t, x) ⇔ W π(t, x

′

)

x′
=

W π(t, x)

x
,

Î�Ìqu��2Ì,Ì{~ts�oqw¸u²Ï.���ÍoÀ~��qs���u²ÏNxzÌ{p�P��xzuv~
W π(t, x)/x

u�w¸u��Ío|p��3p��{oqp��LxÒ~�Ï
x
�

W π(t, x) = α(t, π)x.

���tÔ[u��qrJxPÌqp!wny{�q�zp���yq�7~�ÏNxzÌqps��twnx�p�õLy{�ÕxPu�~���r�u�Ñ�p�w

v(t, x) = α(t, π)x.

�¡ �P~t��¢Q�z~��Í~Lwnu�xzuv~t���{Úv�tÚv�Lu�x����t�ÀÓ3p'u��|ÏÐp��z�Pp�oÀxzÌÍ�Õx��|y{�qs�uvÔtp�xPÌqp'�QÞä����wnp���xPÌqpX£bp�svs²ß
�����,p�õLy{��xzuv~t�,uvw��{~�x�y{wzp�ÏÐyqs�xP~�p�Û|�q�Pp�wPw

π
��w���ÏÐy{�{�¶xPu�~��,~tÏ�xPÌqp�2�Õxzuv~ ∂v

∂x
/ ∂2v

∂x2

wnuv�{��p
xzÌ{p�o|p��q~t��uv�{�ÕxP~t��u�w��Ly{s�sTÚ��¸Ìqp��zp�ÏÐ~t�Pp'xzÌqpJwn~�s�yqxzuv~t�8~tÏ.xzÌqp��q�z~�Óqsvp�� ��y{wnx�Ó3pJoqp�xzp��nß
��u��{p�oWÓ[��wz~tsvÑ[u��{r8�¦�q~t�|ßjwnxP���Íoq���2o¤£�p�s�sv�����Wp�õLy{��xzuv~t�WÏÐ~��!p�Ñ�p��P�îrtuvÑtp��-o|uvwnxz~��nxPu�~��
ÏÐyq�{��xzuv~t�

g(·) Ú��¸Ì{p~t�|xPu�����s�wixP�P��xzp�r���u�w¸ÏÐ~tyq�Ío¦ÓL�����ÕÛ|u���uvè�uv�qr�xzÌ{p�zpCwnyqs�xzuv�qr�ÏÐyq�Í�¶ßxzuv~t�Í��s
W π(t, x)

Î�u�xzÌ_�Pp�wz�ÍpC�¶x¸xz~JxzÌ{pÑF�t�zu��ÕxPu�~��{wbu��
π
Ú

��ÏÁwnÌq~��nx�wP��svp�w����Pp�q~�x��ts�sv~ÕÎbp�oÀxzÌqpÏÐ~�s�sv~ÕÎ�uv�qr�ÓÍ~�yq�{oqw��qp�pCo,xz~�Ó3p��to{o|p�o,xP~�xzÌqp
~t�qxzuv�Juvè���xzuv~t�,�q�P~tÓqsvp��x�

πi ≥ 0 ∀i = 0, ..., n

���Ío
n

∑

i=1

πi(t) ≤ 1.

ïÒ~ÕÎbp�Ñ�p����Pp�rL���2o|svp�wPw=~�Ï{xzÌqpb�q�Pp�wzp��{��pQ~�Ï{xzÌqpCwnpbÓÍ~�yq�{oqw�xPÌqp¸p�Û|uvwnxzp��{��pb���{o�yq�qu�õLyqp�ß
�qpCwzw�~�Ï|xzÌ{p�wz~tsvy|xzuv~t��wnxz�P~t�{rtsv��o|p��Íp��{o!~��'xzÌqpQÏÐyq�{�¶xPu�~��{��s�ÏÐ~t�P� ~�Ï|xPÌqpÁxP�P�t�{wiÏÐ~��z����xzuv~t�
g(·) �2Ì{~�wzp��=Ú

¥ 
ûý)þ ÿ��P��ÇÆ���O!Ä,È Å��P��¦ O!ÄP§ôÿ�Æ!O!ÄP�2�ÕÇÆ+�

�j�ÀêW���{r�×Eø �t��� ÙÁ�t�{o�êW���qr¦×Eø �t� øtÙ.��rtp��{p��2��sÍÏÐ�P�t�Jp�Î�~��zÔ�ÏÐ~t�b�q�Puv��u��{r!ì{�{�t�{��u���s9���Ío
uv�{wny{�P�t�{��p��PuvwzÔ|w'uvwuv�Lxz�P~|o|y{��pCo�Ú��¸Ìqp���p�xPÌq~|o|~tsv~tr��î��~��{wzuvwnxPw'~tÏby{wzuv�qr8�,�{���zxzu���yqs����
��s��twPw.~tÏ�o|uvwnxz~��nxPu�~���ÏÐyq�{��xzuv~t�{w�~t��xPÌqp���yq��yqs��ÕxPu�Ñ�p�o|u�wixP�zuvÓqy|xPu�~���ÏÐyq�{��xzuv~t�À~tÏ9xzÌqp��zu�wnÔ[�
�twPwzp�x�×Ð~��Òsvuv�tÓqu�svu�xi�|Ù�ÏÐyqxzyq�Pp!ÑÕ��svyqptÚ¸�¸Ìqp!�Pp�wzyqs�xzuv�qr���y{��yqs��ÕxPu�Ñ�p!o|uvwnxz�PuvÓqy|xzuv~t�¦ÏÐy{�{�¶xPu�~��
u�w�çn�zu�wzÔ�ßj�toÕòiy{wixPp�oLé�uv�íxzÌ{p�wzp��{wzp�xPÌ{�ÕxJu²x2w���p��t�íÑÕ��svyqp�oquvwP��~�yq�Lxzp�oH�Õx�xPÌqp,�zu�wnÔLßTÏÐ�zp�p

Ø



�2�Õxzp¸u�wÁpCõ�yÍ��s[xz~!xzÌqpÒ��yq�z�Pp��LxQ��wzwzp�x�×Ýs�u���Óquvsvu²xi�qÙ�ÏÝ��uv�Á�q�Pu���ptÚ �¸Ìqu�wÁ���{�q�z~L�t�2ÌJuvw.xzÌqp��zp�ÏÐ~t�Pp
��~��{wzuvwnxzp���xÒÎ�u�xzÌ8xzÌqp!�Pu�wnÔLß��qp�y|xP�P�ts=ÑÕ��svy{�ÕxPu�~��,ÏÐ�P�t�Jp�Î�~��zÔ,��~��J��~��qs���y{wzp�o¦uv�_~t�|xPu�~��
xzÌ{p�~t�P�tÚ���p��q~�xPu��qr�Î�u�xzÌ

FX (x)
xzÌqpÁ�{�z~�Ó{��Óquvsvu²xi��oquvwnxz�Pu�Ó{y|xzuv~t�'ÏÐyq�Í�¶xzuv~t�~tÏ�xPÌqpÁ�2���{oq~t�

ÑÕ���Puv�tÓqsvp
X
xzÌqpêW���{r�xP�P�t�{wnÏÐ~t�P�óuvw0�

g(FX(x)) = Φ(Φ−1(FX (x)) + α) α > 0,
×Ð�[Ù

Î�Ìqp��zp
Φ
u�w¸xPÌqp�q~t�P����s���y{��yqs��ÕxPu�Ñ�p'oquvwnxz�Pu�Ó{y|xzuv~t�,ÏÐyq�{��xzuv~t�

Φ(x) =

∫ x

−∞
e−

y2

2
dy√
2π

.

¡ �P~t�ópCõLy{�ÕxPu�~��³×Ð�[Ù�u²x�u�wb��s�pC���bxzÌÍ�Õx¸xzÌqp'êW���qrJxP�P�t�{wiÏÐ~��z�÷u�w���Ì{~t�Pu�è�~t�LxP�ts{xP�P�t�{wiß
s��Õxzuv~t�¦~tÏ�xPÌqp!�q�P~tÓ{�tÓquvs�u�xi�Ào|u�wixP�zuvÓqy|xPu�~��,ÏÐyq�{�¶xPu�~��=Ú¸�¸ÌqppQ�9p���x�~�Ï.wnyÍ�2Ì�xP�P�t�{wzsv��xzuv~t�,uvw
���-~ÕÑ�p��PÎ�p�u�r�ÌLxzuv�qr¦~�Ï�xzÌ{pÀsvp�Ï xJxP��uvs¸���{o-�t�íyq�{o|p��zÎbp�uvrtÌLxPu��qr_~tÏ�xzÌqp��zuvrtÌLx�~��qp�xPÌ{�Õx
~ÕÑtp��P�ts�s{s�pC�FÑtp¸xzÌ{p���sv��wzwQ~�Ï�xzÌ{p�o|u�wixP�zuvÓqy|xPu�~���yq�{�2ÌÍ���qr�p�o�u�Ï=xzÌqp�o|u�wixP�zuvÓqy|xPu�~��

FX(x)
uvw

�q~��z����sTÚ
�j�îxPÌqp��zp�����uv�{o|p��'~tÏQxzÌ{uvwwzp���xzuv~t�îu�x!u�w���wzwzyq��p�o8xzÌ{��xp�õLy{�ÕxPu�~��Ü×Ý�LÙ�u�w�xPÌqp�o|u�wiß

xz~��nxPu�~��_ÏÐyq�{��xzuv~t�W���{o8xzÌ{��x�xPÌqp�wixP~|�2Ì{�twnxzu��!p�Ñt~tsvy|xPu�~��î~�ÏQxzÌqp��twPwnp�x��{�zu���pCwÒÏÐ~�s�sv~ÕÎÒw��
rtp�~t��p�xP�zu��¸Óq�P~ÕÎ��qu�������~�xzuv~t��Î�u�xzÌ���~t�Íwix2���Lx���~[pg¨���u�p��LxPw�Ú �¸Ì{pÒsv��xnxPp�����wzwzyq���|xPu�~���uvw
y{wzp�ÏÐyqs Ó3~�xPÌîÏÐ~���pC�twzp�~�Ïb��~t���qyqxP�ÕxPu�~��³�t�{o_xP~�~ÕÑ�p��2��~t��p�wz~t��p��ÍpC��yqsvuv�t�zu�xzuvp�w�~tÏÁxzÌqp
êW���qrJxz�2���ÍwiÏÐ~��z�¦Ú

�¸ÌqpJ�Í~��nxzÏÐ~tsvu�~¦wixP~|�2Ì{�twnxzu��!p�Ñt~tsvy|xPu�~��8uvw��Pp��q�Pp�wzp��LxPp�o_Ó[�_p�õLy{��xzuv~t�H×n�CÙ�Î�u²xPÌ���~t�|ß
wnxP���LxÒ��~[pg¨���u�p��LxPw0�

dXs = Xs(r + µ̂ · π)ds + Xsπ · σdW (s), s ∈ [t, T ]

Î�u�xzÌ
X(t) = x.�¸Ìqp��Pp�ÏÐ~��zp³�Õx�xPu���pW�7xPÌqpîÎbp��ts²xPÌ)svp�Ñtp�s

Xt,x,π
T

uvw,�-sv~trt�{~t�P���ts�sv�]oquvwnxz�Pu�Ó{y|xzpCo
ÑÕ���Puv�tÓqsvp��t�{o

ln Xt,x,π
T

Ì{��w��J�q~t�P����s=o|u�wixP�zuvÓqy|xPu�~���Î�u�xzÌ¦��p��t�?�

m = ln x + (r + µ̂ · π − π · Dπ

2
)(T − t),

Î�Ìqp��zp
D = σ∗σ,

�t�{o�ÑF�t�zu����Í��p��

Σ2 = π · Dπ(T − t).

ñ uv�{��p'xPÌqp!��~��{o|u�xzuv~t�{�ts=o|uvwnxz�PuvÓqy|xzuv~t��ÏÐyq�{��xzuv~t�
F π

t,x(y)
u�w

F π
t,x(y) =

∫ y

0

1

y′

√
2πΣ2

e−
(ln y

′

−m)2

2Σ2 dy
′

,

Î�u�xzÌ
ln y

′

= z,
xzÌ{p�q�zp�Ñ[u�~�y{w�ÏÐ~t�P��yqs��JÓÍpC��~t��pCw

F π
t,x(y) =

∫ ln y

−∞
1√

2πΣ2
e−

(z−m)2

Σ2 dz

= Φ( ln y−m
Σ )

.

ïÒp��{��p'xPÌqp'xz�2���{wnÏÐ~t�P��p�oÀ�q�z~�Ó{��Ó{u�svu²xi��o|uvwnxz�PuvÓqy|xzuv~t��ÏÐyq�{��xzuv~t�¦u�w

â



Φ(Φ−1(F π
t,x(y)) + α) = Φ(

ln y − m

Σ
+ α).

�¸Ì[y{w_xPÌqpíêW���qr�xP�P�t�{wnÏÐ~t�P� ~�Ï�xPÌqpH��~��{o|u�xzuv~t�{�ts�o|u�wnxz�Pu�Óqyqxzuv~t� ì{�{�ts�p�Û[�3p���xzpCo
Îbp���s�xzÌ,u�w

Eg [X
t,x,π
T ] =

∫ +∞
0

y dΦ( ln y−m
Σ + α)

=
∫ +∞
−∞ ezdΦ( z−m

Σ + α)

×E�tÙ

Î�Ìqp��Pp
y = ez.ñ yqÓ{wnxzu�xzyqxzuv�qr z−m

Σ + α = u
u��LxP~8×E�tÙ�r�u�Ñ�p�w

Eg [X
t,x,π
T ] = em−αΣ 1√

2π

∫ +∞

−∞
euΣ− u2

2 du =

= em−αΣ+Σ2

2 = x exp{(r + µ̂ · π)(T − t) − α
√

π · Dπ
√

T − t}.
�¸Ìqp��Pp�ÏÐ~��zp

W π(t, x) = x exp{(r + µ̂ · π)(T − t) − α
√

π · Dπ
√

T − t}
= xer(T−t)ef(π)(T−t)

×ÝØ�Ù
Î�Ìqp��zp

f(π) = µ̂ · π − β
√

π · Dπ

Î�u�xzÌ
β = α/

√
T − t.

�¸Ì[y{w'xPÌqp�~t�qxzuv���ts.xz�2�toqu��qr_wnxz�2�ÕxPp�rt�³�Õxxzuv��p
t
uvw'ÏÐ~�yq�{o�Ó[�

wz~tsvÑLuv�qr�xzÌqp�{�z~�Óqs�p��

sup
π∈A

[µ̂ · π − β
√

π · Dπ] ≡ sup
π∈A

f(π).
×�â�Ù

©>[B\ ]_^:`�ª¬«®¯w�«®bde�yK°+}B«:`�±�²_°!b-`
��Ï�wnÌq~��nxwP��svp�w���Pp���svs�~ÕÎbp�o´³t�

A = Rn,
�t�{oîxzÌqp��qpC��pCwzwP���P�_��~t�Ío|u²xPu�~��{w�ÏÐ~t�!wz~tsvÑ[u��{r

xzÌ{p�q�z~�Óqsvp��û×�â�Ù¶�|u�Ï
π 6= 0,

µ̂i − β

∑n
j=1 Dijπj√
π · Dπ

= 0 ∀i = 1, ..., n

o|~[p�w,�q~tx¦�ts�Î¸�F�|w���o|��u²x_wz~tsvy|xzuv~t�{w�Úó�j�ZÏÝ�t�¶x_u�x8�to|��u�xPw¦wn~�s�yqxzuv~t�{w,u�Ï����{oR~t�{s���u�Ï
β =

√

µ̂ · D−1µ̂
Ú��j��xzÌ{uvw!���twzp�xPÌqp�~t�qxzuv���tsQwnxz�2�Õxzp�rt�_u�w

π = cD−1µ̂,
Î�u²xPÌ

c > 0���Ío�xPÌqp~t�|xPu���yq�7ÑÕ�ts�yqp'~tÏ¸×�â�Ùbu�w

µ̂ · π − β
√

π · Dπ = µ̂ · π −
√

µ̂ · D−1µ̂
√

π · Dπ = 0.
µ
∀π ∈ Rn : π · Dπ ≥ 0 14)*�� B� D )*12��"%1() '4) 5Q�+���E¶H��) '4�%s

á



�¸ÌqpWwixP�P��xzp�rt�
π = 0

uvw_�tsvwz~]�t�R~��|xzuv��y{� wnuv�{��p
f(0) = 0.

�¸Ìqp��Pp�ÏÐ~��zp�u²Ï
β =

√

µ̂ · D−1µ̂
p�õLy{��xzuv~t�H×�â�Ù��to|��u�xPw�xPÌqp�~��|xzuv����sÁwnxz�2�ÕxPp�rt�

π = cD−1µ̂,
Î�u�xzÌ

c ≥ 0.��Ï
β <

√

µ̂ · D−1µ̂
xzÌqp�ÏÐyq�Í�¶xzuv~t�

f(π)
uvw'yq�[Ó3~tyq�Ío|p�o��NÎ�Ìquvs�p�ÏÐ~��

β >
√

µ̂ · D−1µ̂xzÌ{p�ÏÐyq�{��xzuv~t�
f(π)

u�w��ts�Î¸�F�|w!�q~��-�Í~Lwnu�xzuvÑtp,���{oí�zpC�t�2ÌqpCwu²x2wJ~t�|xPu���yq� ÏÐ~t�
π = 0.�¸Ìqp��zp�ÏÐ~t�Pp�xPÌqp!wn~�s�yqxzuv~t�,~�ÏNxzÌqp'yq�{��~t�{wnxz�2��uv�qpCoÀ�q�P~tÓ{s�p��óuvw

sup
π∈Rn

f(π) =







0 if β >
√

µ̂ · D−1µ̂ → π = 0

0 if β =
√

µ̂ · D−1µ̂ → π = cD−1µ̂, c ≥ 0

@ if β <
√

µ̂ · D−1µ̂

.
×Ýá�Ù

��Ï
β ≥

√

µ̂ · D−1µ̂

v(t, x) = sup
π∈Rn

Eg [X
t,x,π
T ] = xer(T−t),

×Ý��Ù

xzÌ{pb~��|xzuv����s[êW���qr'o|u�wixP~t�zxzp�o�p�Û|�3p��¶x2�ÕxPu�~��
Eg [X

t,x,π
T ]

u�w.��s�wn~�xzÌqp¸p�Û|�3p���xP�ÕxPu�~���yq�Ío|p��
xzÌ{pyq�qu�õ�y{p��Pu�wnÔLß��qp�y|xP�P�ts9�JpC�twzyq�Pp

Q · �

e−r(T−t) sup
π∈Rn

Eg [X
t,x,π
T ] = e−r(T−t)EQ[Xt,x,π

T ] ≡ x,
×i� � Ù

Î�Ìqp��zp�xzÌ{p�JpC�twzyq�Pp
Q
uvw�r�p��qp��P��xzpCo�Ó[��xPÌqp'ê�u�p��qp��Ò�{�z~|��pCwzw

W0(s)
r�u�Ñ�p��,Ó[�

dW0(s) = dW (s) + θds,
×n�t�CÙ

Î�u�xzÌ

θi =

n
∑

j=1

σ−1
ij µ̂j

×n�CøtÙ

���Ío�xPÌqp!��~��z�Pp�wz�Í~��{o|uv�qrJ�Í~��nxzÏÐ~tsvu�~Jp�Ñ�~tsvy|xzuv~t�,u��_�J�PuvwzÔLßT�qp�y|xz�2��s9Îb~t�Psvo�u�w

dXs = rXsds + Xsπ · σdW0(s).
×i�C��Ù

�j�Lxz�P~[oqy{��uv�qrJxzÌqp���t�zÔ�p�x��q�Puv��p�~tÏ��PuvwzÔ�Ñ�p��¶xP~t�
q

µi − r =

n
∑

j=1

σijqj

~t�C�[u��¦Ñ�p��¶xP~t�Puv�ts3ÏÐ~t�P�,�

µ̂ = σq ⇔ q = σ−1µ̂

u�xÀ�����ÜÓ3p8���PrtyqpCoíxPÌ{�Õx�xPÌqp8wn~�s�yqxzuv~t�Ü~�Ï'�q�z~�Óqsvp�� ×�â�ÙJuv�]xPÌqp_yq�{��~t�{wnxz�2��uv�qpCo]���twzp
p�Û|u�wix2w¸u²Ï.���ÍoÀ~��qs���u²Ï

β ≥ ||q|| Ú
¸%¹ �#�Qº�,»"%�?)*��1�'F���� #�%º�¼+���(�I'4½B��1�k0¼�"%C�n�oBp%p%¾Qr

�



©>[(t ]_^:`¿²Àw3«Gb�e�yK°+}@«:`2±Á²À°+b-`
��Ï�wnÌq~��nxÁwP��svp�w.�t�zp¸�q~txQ��svs�~ÕÎbp�o��tu���~t�2o|p�� xz~'ì{�{o�xPÌqp�~t�|xPu����ts{wixP�P��xzp�rt�t��xzÌqp¸ÏÐ~�s�sv~ÕÎ�u��{r
��~��{wnxz�2��uv�qp�oÀ~t�|xPu���uvè��ÕxPu�~����{�z~�Óqs�p��ó��yÍwixÒÓ3p!wn~�s�Ñ�p�o=�

sup
π∈A

[µ̂ · π − β
√

π · Dπ],
×n���LÙ

Î�Ìqp��zp
A
u�wbxzÌqp

n
ßjo|u���p��{wnuv~t�Í��s=wzu����qsvp�Û

A = {π ∈ Rn :

n
∑

i=1

πi ≤ 1, πi ≥ 0 ∀i = 1, ..., n}. ×i�C��Ù

�j�¦xzÌqu�wÒ���twzp'xzÌqp�q�P~tÓ{s�p������t�¦ÓÍp!wz~tsvÑtpCoÀÓ[��xPÌqp�ð'yqÌ{�|ß���y{�2Ô�p���p�õLy{��xzuv~t�,Î�Ìqu��2Ì
uv�,r�p��qp��P�ts�o|~[p�w¸�q~tx���o|��u²x��t�{��sv�Lxzu����ts=wn~�s�y|xPu�~��{w�Ú

��Ï!xzÌ{p��Ppî���Pp8~t�{s��ÜxiÎb~í�zu�wzÔL� �twPwzp�xPwÀ���{o)�H�zu�wzÔ�ßTÏÐ�Pp�p8�twPwzp�x��¸xPÌqpî~��|xzuv��u�èC�ÕxPu�~��
�q�P~tÓqsvp���w8×n���tßP�F�tÙJ���t��ÓÍpîwz~tsvÑtpCoÜp�Û|�qsvuv��u²xPs���Ú@�j� xPÌqu�wÀ����wnp¦xPÌqp_ÏÐpC�twzu�Óqsvpîwzp�x

A
uvw

wzÌq~ÕÎ���uv� ¡ uvr{Úv�tÚ

A

C

B
1

π 2

π

¡ uvr{Ú¸�

���,xzÌqp'ÏÐ�P~t�Lxzuvp��¸~tÏ�xPÌqp'xz�Puv�t�qrtsvp
A
xzÌqp��zp���Pp�xzÌqp'ÏÐ~�s�sv~ÕÎ�uv�qrJwzyq�q�Pp����

sup
π∈AB

f(π) =

{

0 if µ̂1 − β
√

D11 < 0 → π = (0 , 0 )∗

µ̂1 − β
√

D11 if µ̂1 − β
√

D11 > 0 → π = (1, 0)∗
×n��Ø�Ù

� �



sup
π∈AC

f(π) =

{

0 if µ̂2 − β
√

D22 < 0 → π = (0 , 0 )∗

µ̂2 − β
√

D22 if µ̂2 − β
√

D22 > 0 → π = (0, 1)∗
×n�Fâ�Ù

supπ∈BC f(π) = µ̂1(D22−D12)+µ̂2(D11−D12)
D11+D22−2D12

−
√

det D
D11+D22−2D12

√

β2(D11 + D22 − 2D12) − (µ1 − µ2)2
,

×n��á�Ù
~t�qsv�íu�Ï

β2 ≥ (µ1 − µ2)
2/((D11 + D22 − 2D12))

Ú]�j�]xzÌqu�w�����wnp�xzÌ{p,~��|xzuv����s
wnxz�2�Õxzp�rt��u�w

π1 = D22−D12

D11+D22−2D12
+

+ (µ1−µ2)
√

detD

D11+D22−2D12

1√
β2(D11+D22−2D12)−(µ1−µ2)2

×n����Ù

π2 = 1 − π1.
×Tø � Ù

��Ï�xPÌqp�uv�q�qp����zp�rtuv~t�í~tÏ
A
u�w�o|p��{~�xzpCoíÎ�u�xzÌÃÂ!�QxzÌqp,�q�P~tÓqsvp�� u�w�wzuv�Juvs����Jxz~³xzÌqp

yq�{��~t�{wnxz�2��uv�qpCoÀ����wnp�t�{��sv�[è�p�o�uv�ÀxPÌqp�q�Pp�Ñ[u�~�y{w�wzyqÓ{wzp��¶xPu�~��?�

sup
π∈
Â f(π) = 0

×Eøq�CÙ

u�Ï �t�{oÀ~��qsv��u²Ï
β ≥

√

µ̂ · D−1µ̂ ≡ ||q|| Ú��¸Ìqp��~t�P�Pp�wz�Í~��{o|uv�qr�~��|xzuv����s=wnxz�2�ÕxPp�rt��u�w

π2 = [
µ̂2D11 − µ̂1D12

µ̂1D22 − µ̂2D12
]π1

×TøtøtÙ
u�Ï

β = ||q|| �t�{o

π = 0

u�Ï
β > ||q||.ñ yq�q�3~�wzuv�qr{�¸Î�u�xzÌq~�y|x�s�~Lwnuv�qrWuv��rtp��{p��2��svu²xi���ÁxzÌÍ�Õx

β1 = µ̂1/
√

D11
u�w�s�pCwzw�xzÌ{�t�

β2 = µ̂2/
√

D22,
u�x!���t�³Ó3p�wnÌq~ÕÎ��îxzÌ{��x

β2 < ||q||. � p�x βc
Ó3pJxzÌqp�wz~tsvy|xzuv~t��~�Ï�xzÌqp

p�õLy{��xzuv~t�

sup
π∈AC

f(π) = sup
π∈BC

f(π)

~t�

µ̂2 − βc

√
D22 = µ̂1(D22−D12)+µ̂2(D11−D12)

D11+D22−2D12
+

−
√

detD
D11+D22−2D12

√

β2
c (D11 + D22 − 2D12) − (µ1 − µ2)2 ×Tø���Ù

�t�



�¸Ìqp'ÏÐ~tsvsv~ÕÎ�u��qrJ�Pp�s��Õxzuv~t�,Ìq~�svoqw0�
(µ̂1 − µ̂2)

D11 + D22 − 2D12
< βc < β2.

�¸Ìqp_���{�ts��|wzuvw�~�Ï�p�õLy{�ÕxPu�~��{w¦×i�CØÕßiø���Ù����t�HÓ3p¦wzyq�������Pu�è�p�o]�tw�ÏÐ~tsvs�~ÕÎÒw¦×Ýwzp�p¦��s�wz~
¡ u�rÍÚ ø�Ù%�

β 1 β βc 2 β||q||

sup f( )π

¡ u�rÍÚQø

• ÏÐ~��
0 < β < βc

sup
π∈A

f(π) = sup
π∈AC

f(π)

Ó3p�����y{wzp���s�pC���Ps��
supπ∈AC f(π) > supπ∈AB f(π)

�t�{o_uv�_xzÌ{p�uv�q�qp����Í~�u��Lx2w�~tÏ
BC

�t�{o
A
xzÌqp�ÏÐy{�{�¶xPu�~��

f(π)
o|~[p�w�{~�x��toq�Ju�x!���ÕÛ|uv���{Ú��j�-wny{�2Ì-���twzp�xPÌqp

~��|xzuv����s9wixP�P��xzp�rt��u�w
π = (0, 1)∗ :

xPÌqp��trtp���x�u��[ÑtpCwix2wQ�ts�sÍu²x2wQÎbp��ts²xPÌ�u�����wzwzp�x
P2

• ÏÐ~��
β = βc

sup
π∈A

f(π) = sup
π∈AC

f(π) = sup
π∈BC

f(π)

wzuv�{��p�u��ÄÂZxzÌ{pÒÏÐyq�{��xzuv~t�
f(π)

o|~[pCwQ�q~txb��o|��u²xb����Û|u������t�{o
supπ∈AC f(π) >

supπ∈AB f(π).
�j�³xzÌ{uvw���twzp

π
u�w'rtuvÑtp��îÓ[�_p�õ[w�ÚÀ×i�C�q��ø � Ù%��xzÌ{p��trtp���x�ÓÍp�rtuv�{w

xP~�u��[Ñ�p�wnx��tsvwz~Ju��_�twPwzp�x
P1

Ó{y|xÒ�q~�xÒuv�,xzÌqp�Pu�wnÔLßTÏÐ�zp�p���wzwzp�x

• ÏÐ~��
βc < β < ||q||

sup
π∈A

f(π) = sup
π∈BC

f(π)

wzuv�{��p
supπ∈BC f(π) > supπ∈AC f(π) > supπ∈AB f(π)

�t�{o8uv�ÀÂúxzÌ{p�ÏÐyq�Í�¶ß
xPu�~��

f(π)
o|~[p�w��q~tx'��o|��u²x�����Û|u����qÚ�¸Ìqp�~t�|xPu����tsNwnxz�2�ÕxPp�rt�¦u�w�r�u�Ñ�p��8uv�îpCõ[w�Ú

×n���{�Qø � ÙQ�JxzÌqp,��rtp��Lx�uv�LÑ�p�wnxPw�u��H��wzwzp�x
P1

���{o
P2
�Á���{oí�q~�xJu��-xPÌqp,�zu�wnÔLßTÏÐ�zp�p

��wzwzp�xCÚ

�Cø



• ÏÐ~��
β = ||q||

sup
π∈A

f(π) = sup
π∈AC

f(π) = sup
π∈
Â f(π) = 0,

wzuv�{��p
supπ∈AC f(π) > supπ∈AB f(π).

�¸Ìqp�~��|xzuv����s�wnxz�2�Õxzp�rt�Juvwbr�u�Ñ�p���Ó[��p�õ3Ú
×Tøtø�Ùb~t�C�LpCõLyqu�ÑÕ�ts�p���xPs����qÓ[�

π = (0, 0)∗.

• ÏÐ~��
β > ||q||

sup
π∈A

f(π) = sup
π∈
Â f(π)

wzuv�{��p
supπ∈AB f(π) < supπ∈AC f(π) < supπ∈BC f(π) < 0

���Ío
sup

π∈
Â f(π) =

0
uv�_��~t�P�Pp�wz�Í~��{o|p��Í��p�~�Ï�xPÌqp~t�qxzuv���ts�wnxz�2�Õxzp�rt�

π = (0, 0)∗.

�j�ÜxzÌqpîsv��wix�xiÎb~í����wnpCw
supπ∈A f(π) = 0

�t�{oÜ�zp��ÍpC�Õxzuv�qr�xzÌ{pîwz�t��p8���Prtyq��p��Lx�~�Ï
p�õ[w�Ú7×Ý��ßP�C��Ù�u�x,�����)Ó3p³�t�zr�yqp�oÜxPÌ{�Õx�ÏÐ�z~�� xPÌqp��Í~�u��Lx�~tÏÑLuvp�Î ~tÏ����Z�trtp���x�Î�u²xPÌ
β ≥ ||q||, xP��Ô[uv�qr�xzÌqp�wzyq�q�Pp���y{�äÑF�ts�y{pb~tÏqxzÌ{p¸ì{�{��s[Îbp��ts²xPÌ�~ÕÑtp���xPÌqp¸ê��t�qr�ßjo|u�wixP~t�zxzpCo
�q�P~tÓ{�tÓquvs�u�xi��ÏÐy{�{�¶xPu�~���u�w�pCõLyqu�ÑÕ�ts�p���x�xz~�xP�tÔLuv�qr�xzÌqpbp�Û|�3p��¶xPp�o�ÑF�ts�y{pQ~�Ï{xzÌqp�ì{�{�tsLÎbp��ts²xPÌ
uv�¦�J�PuvwzÔLßT�{p�y|xP�P�ts3Îb~t�Ps�o�Ú

�¸Ìqp��Pp�wzyqs�x�~tÓqxP��uv�qpCo_u��¦xPÌqu�w�wzyqÓ{wzp���xzuv~t�8�tw�Î�p�s�s �twÒxzÌqpJ���{�ts��|wzuvwÒ~�Ï.xzÌ{p�yq�{��~t�|ß
wnxz�2��uv�qp�o����t�zÔ�p�x����twzpt�[��svsv~ÕÎÒwÁxP~�uv�Lxzp��P�q�Pp�xbxzÌqp'êW���qrJ�{�t�P�t�Jp�xzp��

β
�tw¸��wzyqÓ|òipC�¶xPu�Ñ�p

p�wnxzuv���ÕxPpÀ~�Ï�xzÌqp,�����PÔtp�x��q�zu���p�~�Ï��Pu�wnÔ¯��u�Ï
β
u�w�wzy�¨���uvp��LxPs��íwz����svsE�

0 < β < ||q|| �xzÌ{p¦�trtp���x�u�w!çi~��|xzuv��uvwnxié,�t�{o]u��[ÑtpCwix2w���svsbÌ{uvw�Îbp��ts²xPÌHuv�]xPÌqp¦�zu�wzÔL�í��wzwzp�x_×Ðuv�
P2

u�Ï
0 < β < βc

Ù Ó3p�����y{wzp�Ìqu�wÁ�����PÔtp�xÁ�q�zu���p�~tÏ��zu�wnÔ��Íp��P��p��|xPu�~��
β
uvwQs�pCwzw.xzÌ{�t��xzÌqp��t�¶xPy{��s

~t�{p�Å9Î�Ìqp��³Ìqu�w�pCwixPu����ÕxPp
β
uvw�p�õLy{�ts�xP~�xzÌ{pJ���¶xzyÍ��sN���t�zÔ�p�x��{�zu���p�~�ÏÁ�PuvwzÔ¦Ìqp�uv�[Ñtp�wnxPw

uv�{o|uD�3p��zp���xPs��Àu��,xzÌ{p�zu�wnÔLßTÏÐ�zp�p���wzwzp�x�~��buv�_���,p�õLyquvÑÕ��svp��LxÒÓ{�twzÔtp�xb~tÏN�Pu�wnÔ[���twPwzp�xPw�Ú ¡ u²ß
�{�ts�sv�t��u�Ï

β > ||q||, xPÌqp���r�p��Lx�u�wÒçi�3p�wPwzu���u�wixné���Ìquvw������PÔtp�x��{�zu���pJ~�ÏQ�Pu�wnÔ_pCwixPu����ÕxPp�u�wxz~[~¦ÌquvrtÌ�xzÌÍ����xzÌqp��t�¶xPy{��s.~��qp��uv��xzÌqu�w����twzpJxzÌqp��trtp��Lxuv�LÑ�p�wnxPw'Ìqu�wÎbp��ts²xPÌ�uv��xzÌqp
�PuvwzÔLßEÏÐ�Pp�p'�twPwnp�x�~t�qsv�tÚ

Æ NÜË�ÄPOXRÈÇÉ�:�ÊOÆ�W	�

�j�¦xzÌ{uvw��{���3p���xPÌqp�o|�[�{�t��uv��3~t�zxnÏÐ~�s�uv~�wzp�svp��¶xPu�~��¦�q�z~�Óqsvp��7ÌÍ�tw�Ó3p�p��8wixPy{o|uvp�o¦ÏÐ~���xzÌqp
ì{�2wix�xzuv��p�u��W�,���QÞùÏÐ�2����p�Î�~��zÔ9Ú ¡ yq�nxPÌqp��P��~t�PpJ��s�~LwnpCo_ÏÐ~��z��yqsv�tpJwz~tsvy|xPu�~��{w�xz~,xzÌqp
�q�P~tÓqsvp�� ÓÍ~txzÌ�Î�u�xzÌ)���Ío]Î�u�xzÌ{~ty|x�wzÌq~��nxzß�wzp�svs�uv�qrW��svs�~ÕÎbp�o]Ì{�FÑ�p,Ó3p�p����q�P~ÕÑLu�o|pCoHÓ[�
y{wzu��{r�xPÌqp�êW���qr,xz�2���ÍwiÏÐ~��z� ��wo|uvwnxz~��nxPu�~��îÏÐy{�{�¶xPu�~��=Ú���xÌ{�tw'Ó3p�p��WwzÌq~ÕÎ��³xzÌ{��xxzÌqp
êW���qrxP�P�t�{wnÏÐ~t�P�ù������Ó3p�y{wzp�oÀ�twQ�t��pQ�9p���xzuvÑtp�xz~[~tsÍu��ÀxzÌqu�wÁÏÐ�2����p�Î�~��zÔJ���{oJxPÌ{�ÕxbxzÌqp
�Pp�wzyqs²xPu��{r�~t�|xPu����ts��3~t�zxnÏÐ~�s�uv~�w�ÑF�t�z�¦�t����~��Po|uv�qr�xP~�xzÌ{p��Pp�s��Õxzuv~t�_Ó3p�xiÎbp�p��_xzÌ{p������PÔtp�x
�q�Puv��p'~�Ï��Pu�wnÔÀ�t�{o�xzÌqpêW���{rJ�Í���2����p�xPp��CÚ

�j�8�{�t�nxPuv��yqsv�t�Òu�Ï.xzÌqp�ê��t�qr��{�t�P�t�Jp�xzp���uvw�rt�Pp���xzp��¸xPÌ{���î~t�ÒpCõ�yÍ��s=xP~�xzÌ{p������PÔtp�x
�q�Puv��p'~�Ï��Pu�wnÔ�xPÌqp~t�qxzuv���ts��Í~��nxzÏÐ~tsvu�~Lw¸p�Û|�3p��¶xPp�o,�Pp�xzy{�z�,p�õLy{�tsvwbxPÌqp�zu�wzÔ�ßTÏÐ�Pp�p��P��xzptÚ

�¸Ìqu�wQ�{�t�Íp���������Ó3p���~��{wzuvo|p��zpCo��'ì{�2wixbwixPp���xP~ÕÎb�t�Po�xzÌ{p����{�qs�u�����xzuv~t��~�Ï�xPÌqp����QÞ
xzÌ{p�~t�P�8xP~¦xzÌqp��twPwnp�x!�q�zu���uv�qr8�{�z~�Óqs�p��ûuv�-u��Í��~t���qsvp�xPp������PÔtp�xPw���Ío�xz~ÕÎ¸���2o³�¦�qp�Î
o|p�ì{�qu�xzuv~t�¦~�Ï�xzÌqp!��~t�{��p��|x�~�Ï=çiÏÝ��uv���q�zu���p�é2Ú

���



Ë ÇÉ�&�H�¸Æ!��Ä�ÊÌ�&�
��Ú¸å�s�s���u�w���Ö-Ú|×i���L���LÙqç � p���~t���Í~��nxPp���p��Lx o|p�s4Í Ìq~t����pQ�2�ÕxPu�~��q�qp�s[o|p�ÑF�t�Lx�svp��PuvwPõLyqp��
ö��Pu�xzu�õ�y{pÒo|p�w.�3~�wnxzy{sv��xPw.p�x��ÕÛ|uv~t��p�w.o|p�s4Í Î���~�s�pÒ�t��Î��Puv����uv�qp¶é¶���Q��~t�q~��Jp�xz�Puv���ø|�t�
� � �Õë|�Õ�LØ

øqÚb�Qs�s�wnÓ3p��Pr{�q��Ú=×i�C�tØ{�CÙNçn}�u�wzÔ3�|å���Óquvrtyqu�xi�t�q�t�{o�xPÌqp ñ �FÑÕ��r�p�åÒÛ[uv~t��wié2�{æ�y{�t�nxPp��Ps��
Ï ~ty{�z�{�ts9~�Ï �Q��~��q~t��u���w�â��q�qØ��L�Fë[Ø�Øt�

�{Ú¸ï��toq�t��� Ï Ú��qð'y{� ñ p�~{�q�'Ú�×i�C�t����Ù�çzå�wPwzp�x���uvÑtp��Pwzu²ì3���ÕxPu�~���uv�ÀàQ�����Pu(Í w¸��y{�ts��¸Ìqp�ß
~��z��é¶�[�Áyq�P~t�3p����¦�Q��~t�q~���uv�'}�p�ÑLuvp�Î@�t�{���t�Fâ|�¶ë9�t��á �

�ÍÚ¸ð�t�P��xzèC�tw��Õ�¶Ú��Lð�~�y=� ñ Ú{×n�����tØ�Ù3ç2�����¸Ì{p&¢Á�zu���uv�qr���Ï�ö�~t�Lxzuv�qrtp��Lxbö�sv�tu���w.ÞÒ�Ío|p��
ö�~��{wnxz�2��uv��x2wjé¶�|åÒ�q�Í��s�w�~�Ï åÒ�q�qsvuvp�oP¢Á�P~tÓ{�tÓqu�svu�xi�ÀØq�q�Lø|�¶ë|�tØ��

�qÚ¸Ö8p��zxz~t���=}Ú��Á×n����Øt��Ù�ç � u²ÏÐp�xzuv��pÐ¢ ~t�zxnÏÐ~�s�uv~ ñ p�svp��¶xPu�~��îyq�Ío|p��ÞÒ�Í��p��zxP�tu��Lxi�¯���¸Ìqp
ö�~��Lxzuv�Ly{~ty{wnß��¸uv��p�öb�twzp¶é¶�[}Òp�Ñ[u�p�ÎZ~tÏN�Q��~t�q~���uv��w����{o ñ xP��xzu�wixPuv��w��|���{øÕ�|â�ë|ø���â

Ø{ÚÒæ�y{u�r�rtuv�=� Ï Út×n���t����Ù   p��{p��2��svu�è�p�o��.Û|�ÍpC�¶xzpCoÞ�xPu�svu²xi�'�¸Ìqp�~t�P�m���¸Ìqp�}Ò���qÔLßj��p��Íp��{o|p���x
�ÁÛ[�3p���xzpCo_Þ�xzuvsvu²xi���J~|o|p�sE�Íð's�y[Îbp��zß�ã�u òiÌq~��N�|å���wnxzp��Po{���

â|ÚbêW���{r{� ñ Úv��àÁ~�yq�qrÍ�C��ÚL×n�����tá�Ù|ç2���2o|p��Pu��{r��zu�wnÔ|w0��p�Û|�3p��¶xPp�o'y|xPu�svu�xi��Ñ�p��2wnyÍw9àQ�t�t�zu4Í w
oqy{��s xPÌqp�~��z�_~tÏb�2Ìq~�uv��p�yq�{oqp���PuvwzÔ�é2���j�{wzyq�2���{��p���Ö8�ÕxPÌqp����ÕxPuv��w�Ñó�Q��~t�q~��Ju���w
ø�ø|�����L�Cë9��ØLø

á{ÚbêW���{r{� ñ Ú¸×Eø �t�t� ÙÒçzå ö�s��twPw!~�Ï���u�wixP~t�zxzuv~t�Ü���3p��2�ÕxP~t�2w'ÏÐ~t�L¢Á�Puv��u��qr ¡ u��{�t�{��u���s
�t�{o,�j�{wzyq�P�t�{��p'}�u�wnÔ|wié2� Ï ~ty{�z�{�ts9~�Ï.}�uvwzÔÀ�t�{oÀ�j�Íwnyq�2���Í��pØLâ|���C�Cë|�tØ

�{ÚbêW���{r{� ñ Ú�×Eø ��� ø�Ù�çnåRÞÒ�quvÑtp��PwP��s ¡ �2����p�Îb~t�PÔ!ÏÐ~��3¢Á�Puv��u��{r ¡ u��Í���{��uv�tsÍ���Ío��j�{wzyq�nß
�t�{��p}�u�wzÔ[wié¶�qå ñ �¸�iã�£byqsvs�p�xzuv�_��ø|�{øq���Õë|ø��t�

� � ÚQàQ�����PuE�LÖ-Ú9×i����áLâtÙ�çn�¸Ìqp�o|y{�tsqxzÌ{p�~t�P�J~�Ï=�2Ìq~tu���p�yq�{o|p��Q�PuvwzÔ�é2�L�Q��~��q~t��p�xz�Puv���!�t�|�
�L�Cë9�t�C�

���
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