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Abstract: In a recent paper Courbage and Rey (Econ Theor132424 2007) provide

conditions for precautionary saving motives ungmcgic hypotheses concerning the relation
between income risk and a background risk. Mene(fatbn Theory 39:473-476 2009) has
corrected a part of their conclusions. This comnséiowvs that there are still other features in
the proofs and propositions of the original papet are incorrect and how they need to be

reformulated.
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1 Introduction

Courbage and Rey (2007) provide conditions for mneaisk to have a precautionary saving
effect in the presence of a background risk, urspescific sets of assumptions about the
dependence between the income risk and the bacdkgjrgk. Menegatti (2009) corrects their
conclusions for the case of Bernouilli distributeatiables, but does not examine their proof.
It however appears that this proof is also parborrect. Several aspects of this proof have to
be reformulated. Menegatti (2009) also correctscthreclusions of Courbage and Rey (2007)
for the case of first degree stochastic correlatidreir definition of this concept is however
incorrect and also needs to be reformulated. Se&ige-examines the proof of the results for
Bernouilli distributed variables, while section 8-@xamines the definition of first degree

stochastic correlation.

2 The proof of the results obtained with Bernouilli distributed
risks

The starting point of our reasoning is equatiorf Caurbage and Rey (2007, p. 420):

ﬁl(g,H):(lﬂ)(

£y, (S(L+ 1)+ E5,, H + 2)
CEr, (S0 1)+ T H +E) - (k-Dpaay, | O

wheres is the solution of the equation

U (Yo =5 H) = L+ r)Erv, (S+r)+ 9, H + &)+ (k-1 padv,) (2)

ind
V.E

independentk=1):

and whereE™. (v,51+r)+ ¥, H + ) is the expectation that would prevail yand zwere

Eyevy (S(L+ 1)+ 5y, H +2) = Ej vy (S(L+1)+ 3y, H + &) - (k=D padv,. (3)

ind ich i [
5.8 Which is the expectatiok; ;

restricted to the particular case of independewtde Courbage and Rey (2007) write their equatiamsing a
general notationh_:yl"g , but precise « with the terriiy“g ... being defined for independent risks" (p. 420).

! To avoid ambiguities we have preferred to use hespecific notatiorE
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In the above equations, the different elementsiafi@ed by:

Ey1’§v1(§(1+ r)+y,H +&)=kpay(s{1+r)+y, +x,,H +&,)
+q(- kY (S(L+1)+ v+, H +5,)

+pd- kq)V1(§(1+ r) ty X, H A+ 51)

+{1- p-q+kpah(s{1+r)+y, +x,H+g)

, (4a)

EyvS(L+r)+ Yo H +2 = pay(S{L+r)+y, +30,H +&,)

+q(- PV(SL+r)+y, +x,H +e,) (4b)
+pA-gW(S(L+r)+y, +x,H +5) |

+(L- P)A-Qw(S{L+r)+y, +x,H +&)

Av, :(V1(§(1+r)+ Y; + %, H +‘92)_V1(§(1+r)+ y; +x,H +‘92))

4
S+ 1)+ v, + X H 4 8) - (USAFT)+ v, 3, H + ) o)

Courbage and Rey (2007, p. 421) claim that equdtipmbove, which is equation 7 in their

paper, can be rewritten as:
F(s,H)=F(s H)-A+r)k-Dporv  (5)
which is their equation 8, whe® solves the equation
Wl =S H)=Efv(s @+r)+ T H+E). (@)

which corresponds to their equation 2 on p. 41% ®hginal equation (8) of their paper

wrongly uses an undefined concegt, but it is obvious from the context that the cotre

version meant by the authors is as above. Givedefiaition of Ifl provided by equation 5

of Courbage and Rey (2007, p.419), it is clear that
Bls H) = @+ r)Env(s (W) + B9, H +8)-EMy (s (L+1)+ 5, H+E)) (7)

which is generally different fronfl+ r)(Egv1(§(1+ r)+ B, H +&) - Eyv (s(L+r)+ 3, H +§)),

since it is only under independendée) thats =s . Therefore equation 8 of Courbage and
Rey (2007, p. 421), which is equation (5) abovaneorrect. A correct formulation would

have been:

F.(s,H)=F"(5H)-(L+r)k-1)porv (8)
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with
(s H) = B s 1)+ B3, H +2)- Bt (s(i+r) + 5 H ). ©)

Then the rest of the proof must be formulated tb#oding way. It is only under

independencethat E; % = E;, %;. Therefore it may be written the; y, = EJJ;

Y1‘ g

y, where

Ei~nd

Y1‘ £

independentk=1):

y, is the conditional expectation computed in thetipalar case where risks are

F(s,H)=(1+ r)[

EEV1(§(1+ r)+ Eyl\zmd v, H +§)
—EpSv(SL+r)+ ¥, H +2)

3.&
. (10)
vl(§(1+ r)+Eg "y, H +E)J

B El”fgvl(§(1+ r)+ Y, H + E)

Y1

:(1+r)EE[

which implies thatF™ (s, H )>( =,<)0 if v,,, < (=,>)0 since for any value of , using Jensen

inequalityy, (s(L+r)+E,

y1‘g

"y, H +§)>(:,<)E;T“‘gvl(§(1+r)+ V.H+Z) if vy, <(=>)0. The
term Ay, expresses how an increase &f(from ¢, to &,) affects the reaction of;, to an
increase ofy, (from y, +x, to y, +X,). Since the reaction of to Y, is governed by,,, the
variation of this reaction due to is driven byv,,,. This is whyAv, >(=,<)0 is equivalent

to v,,, > (=,<)0 as pointed out by Courbage and Rey (2007).

Menegatti (2009) draws the correct conclusionsliahase results. However this paper keeps
the formulation of Courbage and Rey (2007) in psafon 2 according to which the found
conditions are fiecessary and sufficient for any introduction of a non-financial Bernouillan

risk to have a precautionary motive”. It seems to be a misleading interpretation @f tésults.
Indeed these papers find conditions under whichrttteduction of an income risk increases
saving, in the presence of a non financial backggousk, as compared to a situation where

income is certain.

Z 1t is true for any distribution and thus for a Beuwilli distribution. Eylyl =y, +(1— p))(1 + pX, but

_ 1-p-q+
E%\E:el Y, =Y, +( pl_qq kpq

tha.tEy1 yl = Eyl"g:gl y]_ = E)71\5=€2 yl'

jxl +px, and Eg o Y, =Y, +(L-kp)x, +kpx, . it is for k=1
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3 Thedefinition of first-degree stochastic correlation

Courbage and Rey (2007) propose the following dedm of first-order stochastic
correlation:

Definition 1 Consider a pair of random variables (X, £ ) with marginal cdf G for £ and cdf F
for X conditional to & We say that there is a positive (negative) FSC correlation between X
and ¢ if Fisnonincreasing (decreasing) in x for all & (Courbage and Rey 2007, p. 421)
This definition is incorrect. A cumulative distritton function, whether marginal or
conditional, is always non decreasing in its argoimeélere F(xle) = Pr(i<x]f§:£). By
definition it never decreases wheimncreases, whatever the valuesolt is thus always non
decreasing inx, for any value ofe. The intuitive meaning of positive first-degreedtastic

correlation is that, when the realizatianof & increases,Pr(i<xI§:£) decreases or

remains constant for any value »f In addition it is useless to define the margirgflof £ to

define this concept of FSC. This definition shotlids be reformulated as follows:

Definition 1 Consider a pair of random variables (X, £ ) with cdf F(x]g) for X conditional
to & We say that there is a positive (negative) FSC correlation between X and ¢ if F(x|£) is

non increasing (decreasing) in £ for all x.

This definition corresponds to the concept positive (negative) regression dependence of
Tukey (1958). It implies thatov(Y(,E) Is positive (negative). However a positive (negati
covariance is less restrictive than positive (negatregression dependence or FSC. This
concept is re-examined by Lehmann (1966) who pewidn easy interpretatiorx is
positively (negatively) regression dependent &means that knowledge a&f being large

increases (decreases) the probability béing large.

® The distribution of x given y shows complete negatpositive) regression dependence on y if

F;\y(XIYz)S F;\y(xlyl) for y, = y;.
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