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Abstract

This paper proposes a new approximation method for pricing barrier options with discrete monitoring under
stochastic volatility environment. In particular, the integration-by-parts formula and the duality formula in
Malliavin calculus are effectively applied in pricing barrier options with discrete monitoring. To the best of our
knowledge, this paper is the first one that shows an analytical approximation for pricing discrete barrier options
with stochastic volatility models. Furthermore, it provides numerical examples for pricing double barrier call
options with discrete monitoring under Heston and λ-SABR models.

Keywords: discrete barrier option, barrier option, knock-out option, double barrier option, stochastic volatility,
CEV model, Heston model, SABR model, λ-SABR model, asymptotic expansion, Malliavin calculus

1 Introduction

This paper develops a new approximation formula for pricing discrete barrier options under general stochastic
volatility models. In particular, the paper applies the Malliavin calculus to pricing path-dependent derivatives
with discrete monitoring under stochastic volatility environment and derives a concrete approximation formula for
valuation of barrier options. It is also stressed that our new analytic formula is obtained by an asymptotic expantion
around a multi-dimensional log-normal (or Gaussian) distribusion, which can be regarded as an extension of existing
expansions around one-dimensional Gaussian distributions for approximating derivative prices such as plain-vanilla
and average option prices. (For instance, see Takahashi (1999, 2009).) Furthermore, numerical examples for pricing
discrete double barrier options under Heston and λ-SABR models are presented.

As a seminal work, Fournié et al. (1999) applied Malliavin calculus to derive efficient Monte Carlo estimators of
computing Greeks for path-independent as well as path-dependent options in the Black Scholes framework. These
estimators are sometimes called Malliavin weights. Subsequently, a number of papers extended their method.
Related to our present work, Siopacha and Teichmann (2007) developed strong and weak Taylor methods for
stochastic differential equations. In particular, the weak Taylor expansion is based on the Malliavin’s integration
by parts on the Wiener space and the expansion coefficients are given by Malliavin weights. As an example, they
applied the method to a market model of interest rates with stochastic volatility and obtained a semi-closed-form
approximation of the option prices with expectation including the Malliavin weights; their method depends on the
Monte Carlo simulations in order to compute the option prices numerically.

Takahashi and Yamada (2009) gave a perturbation method for stochastic volatility models and pointed out that
the approximation terms including the Malliavin weights can be transformed into a finite-dimensional integration
through the duality formula and obtained completely closed-form approximations for density functions and option
prices by an asymptotic expansion. Applying both the integration by parts and the duality formula, this paper
derives a closed-form approximation for prices of barrier options with discrete monitoring as an example. The same
method can be used for obtaining closed-form approximations of other derivatives’ prices and implied volatilities
as well as of the underlying density functions; for instance Takahashi and Yamada (2009) applies the method

∗This research is supported by CARF (Center for Advanced Research in Finance), Graduate School of Economics, the University
of Tokyo. All the contents expressed in this research are solely those of the authors and do not represent the view of Mitsubishi UFJ
Trust Investment Technology Institute Co.,Ltd.(MTEC), Mizuho-DL Financial Technology Co.,Ltd. or any other institutions. The
authors are not responsible or liable in any manner for any losses and/or damages caused by the use of any contents in this research.

†Graduate School of Economics, the University of Tokyo, Mizuho-DL Financial Technology Co., Ltd.
‡Graduate School of Economics, the University of Tokyo
§Mitsubishi UFJ Trust Investment Technology Institute Co.,Ltd. (MTEC).

1



to deriving expansions of implied volatilities under stochastic volatility models and jump-diffusion models with
stochastic volatilities. Also, we remark that there are various approaches for approximations of derivatives’ prices,
Greeks and heat kernels through certain asymptotic expansions: for instance, there are recent works such as
Baudoin(2009), Gatheral-Hsu-Laurence-Ouyang-Wang (2009) and Ben Arous-Laurence (2009).

As for pricing discrete barrier options, Fusai, Abrahams and Sgarra (2006) provided an analytical solution in
the Black-Scholes framework. Recently, using a high-order asymptotic expansion scheme for a plain-vanilla option’s
value by Takahashi,Takehara and Toda (2009) combined with a static hedging method by Fink (2003), Shiraya,
Takahashi and Toda (2009) provided an analytic approximation for valuation of barrier options with continuous
monitoring under stochastic volatility environment; however, their method cannot be applied to pricing discrete
barrier options. Our approximation for the discrete barrier options is made around the log-normal distribution
for the Heston-type model and the normal distribution for CEV (Constant Elasticity of Variance) model with
general stochastic volatility. To the best of our knowledge, this paper is the first one that derives an analytic
(approximation) formula for pricing discrete barrier options with stochastic volatility models. In particular, our
result can be regarded as an extension of Fusai, Abrahams and Sgarra (2006).

Moreover, we remark that numerical computations for pricing discrete barrier options under stochastic volatility
models typically apply double integrals on the underlying asset and its volatility, which requires computational
burden in pricing substantially. On the other hand, our new approximation based on the asymptotic expansion
technique is able to price them in a second for our numerical experiments. It implies that our developed method
seems useful especially because this type of options is embedded in structured bonds very often where an efficient
computational scheme is very desirable.

The organization of the paper is as follows: The next section derives an asymptotic expansion formula for
generalized Wiener functionals. Section 3 applies the general formula to pricing path-dependent derivatives with
discrete monitoring and provides a concrete approximation formula for valuation of discrete barrier options. Section
4 provides numerical examples for pricing double barrier call options with discrete monitoring under Heston and
λ-SABR models. Section 5 concludes. Appendix summarizes Malliavin calculus necessary for this paper.

2 Asymptotic Expansion

2.1 Asymptotic Expansion for Expectation of Generalized Wiener Functionals

The next theorem and corollary present asymptotic expansion formulas for the expectation and the density of
generalized Wiener functionals which is a key tool to evaluate the prices of the discrete barrier options under
stochastic volatility models. For the definitions, the notations and the proofs, see Takahashi-Yamada (2009).
Hereafter, we use the notation

∫
T (x)p(x)dx for T ∈ S ′(Rn) and p ∈ S(Rn) meaning that S′(Rn)⟨T, p⟩S(Rn).

Theorem 2.1 [Takahashi and Yamada (2009)] Consider a family of smooth Wiener functionals F ϵ = (F ϵ
1 , · · · , F ϵ

n) ∈
D∞(W : Rn) such that F ϵ has an asymptotic expansion in D∞ and satisfies the uniformly non-degenerate condi-
tion:

lim sup
ϵ↓0

∥(detσF ϵ)−1∥Lp <∞, p <∞. (2.1)

Then, for a Schwartz distribution T ∈ S′(Rn), we have an asymptotic expansion in R:

E[T (F ϵ)] =
∫
Rn

T (x)pF 0
(x)dx+

N∑
j=1

ϵj
∫
Rn

T (x)E[
(j)∑
k

Hα(k)(F 0,
k∏

l=1

F 0,βl
αl

)|F 0 = x]pF 0
(x)dx+O(ϵN+1),

(2.2)

where F 0,k
i := 1

k!
dk

dϵkF
ϵ
i |ϵ=0, k ∈ N, i = 1, · · · , n, α(k) denotes a multi-index, α(k) = (α1, · · · , αk) and

(j)∑
k

≡
j∑

k=1

∑
β1+···+βk=j,βi≥1

∑
α(k)∈{1,···,n}k

1
k!
.

Also, Malliavin weight Hα(k) is recursively defined as follows:

Hα(k)(F,G) = H(αk) (F,Hα(k−1)(F,G)) ,

2



where

H(l)(F,G) = D∗

(
n∑

i=1

GγF
liDFi

)
.

Here, γF = {γF
ij}1≤i,j≤n denotes the inverse matrix of the Malliavin covariance matrix of F .

(Proof) See Takahashi-Yamada (2009). 2

Corollary 2.1 The density pF ϵ

(y) is expressed as the following asymptotic expansion with the push-down of Malli-
avin weights:

pF ϵ

(y) = pF 0
(y) +

m∑
j=1

ϵjE[
(j)∑
k

Hα(k)(F 0,

k∏
l=1

F 0,βl
αl

)|F 0 = y]pF 0
(y) +O(ϵm+1), (2.3)

where pF 0
(y) is the density of F 0.

(Proof) See Takahashi-Yamada (2009). 2

3 Pricing Path-dependent Derivatives with Discrete Monitoring

This section presents an approximation formula for pricing a path-dependent derivative whose payoff is determined
by the underlying asset’s value at finite number of time points during the contract period, as an application of
Theorem 2.1 in the previous section.

3.1 General Results

Let (Ω,F , (Ft)t∈[0,T ], P ) be a filtered probability space and (W1,t,W2,t)t∈[0,T ] be a two dimensional Brownian
motion with respect to (Ft)t∈[0,T ]. We consider the following stochastic volatility model;

dS
(ϵ)
t = αS

(ϵ)
t dt+ V (σ(ϵ)

t , t)S(ϵ)
t dW1,t,

dσ
(ϵ)
t = A0(σ

(ϵ)
t , t)dt+ ϵA1(σ

(ϵ)
t , t)(ρdW1,t +

√
1 − ρ2dW2,t),

S
(ϵ)
0 = S

(0)
0 = s, (3.1)

where α is a constant, ρ ∈ [−1, 1] and ϵ ∈ [0, 1]. V,A0, A1 : R × [0, T ] 7→ R are continuous and C∞ for each
t ∈ [0, T ] with bounded derivatives of any orders in the first argument. Note that α = r − δ, where r and δ are
the risk-free rate and continuous dividend rate, respectively. Note also that the model becomes the Black-Scholes
model when ϵ = 0.

Under this stochastic volatility model, we consider a derivative whose payoff depends on the underlying asset
price S at monitoring time points, 0 = t0 ≤ t1 ≤ · · · ≤ tN = T . More specifically, let φ : RN 7→ R be the payoff
function of a path-dependent derivative with discrete monitoring. First, we impose the following assumption.

Assumption 3.1 For all t ∈ (0, T ],

V (x, t)2 > 0. (3.2)

Denote X(ϵ)
ti

by the logarithmic process of S(ϵ)
ti

;

X
(ϵ)
ti

:= logS(ϵ)
ti
, i = 1, · · · , N.

Then, regarding the valuation of the path-dependent derivative with discrete monitoring, the following theorem is
obtained.
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Proposition 3.1 Let φ : RN 7→ R be the payoff function of a path-dependent derivative with discrete monitoring.
Then, an asymptotic expansion formula for valuation of the derivative under the stochastic volatility model (3.1)
is given by

e−rTE[φ(S(ϵ)
t1 , · · · , S

(ϵ)
tN

)]

= e−rT

∫
RN

φ(ex1 , · · · , exN )pX(0)
(x1, · · · , xN )dx1 · · · dxN

+
m∑

j=1

ϵje−rT

∫
RN

φ(ex1 , · · · , exN )
(j)∑
k

E[Hα(k)(X(0),
k∏

l=1

X0,αl

βl
)|X(0) = (x1, · · · , xN )]pX(0)

(x1, · · · , xN )dx1, · · · , dxN

+O(ϵm+1), (3.3)

where X0,i
k := 1

k!
dk

dϵkX
(ϵ)
ti

|ϵ=0, k ∈ N, i = 1, · · · , N and pX0
(x1, · · · , xN ) is the density function of X(0) =

(X(0)
t1 , · · · , X

(0)
tN

). In particular, the first term on the right hand side of (3.32) gives the value of the derivative
under the Black-Scholes model.

(Proof)
The Malliavin covariance matrix {σX(0)}ij is given by

σX0 =



⟨DX(0)
t1 , DX

(0)
t1 ⟩H ⟨DX(0)

t1 , DX
(0)
t2 ⟩H · · · ⟨DX(0)

t1 , DX
(0)
tN−1

⟩H ⟨DX(0)
t1 , DX

(0)
tN

⟩H
⟨DX(0)

t2 , DX
(0)
t1 ⟩H ⟨DX(0)

t2 , DX
(0)
t2 ⟩H · · · ⟨DX(0)

t2 , DX
(0)
tN−1

⟩H ⟨DX(0)
t2 , DX

(0)
tN

⟩H
...

...
. . .

...
...

⟨DX(0)
tN−1

, DX
(0)
t1 ⟩H ⟨DX(0)

tN−1
, DX

(0)
t2 ⟩H · · · ⟨DX(0)

tN−1
, DX

(0)
tN−1

⟩H ⟨DX(0)
tN−1

, DX
(0)
tN

⟩H
⟨DX(0)

tN
, DX

(0)
t1 ⟩H ⟨DX(0)

tN
, DX

(0)
t2 ⟩H · · · ⟨DX(0)

tN
, DX

(0)
tN−1

⟩H ⟨DX(0)
tN
, DX

(0)
tN

⟩H



=



∫ T

0
V (σ(0)

t , t)21t≤t1dt
∫ T

0
V (σ(0)

t , t)21t≤t1dt · · ·
∫ T

0
V (σ(0)

t , t)21t≤t1dt
∫ T

0
V (σ(0)

t , t)21t≤t1dt∫ T

0
V (σ(0)

t , t)21t≤t1dt
∫ T

0
V (σ(0)

t , t)21t≤t2dt · · ·
∫ T

0
V (σ(0)

t , t)21t≤t2dt
∫ T

0
V (σ(0)

t , t)21t≤t2dt
...

...
. . .

...
...∫ T

0
V (σ(0)

t , t)21t≤t1dt
∫ T

0
V (σ(0)

t , t)21t≤t2dt · · ·
∫ T

0
V (σ(0)

t , t)21t≤tN−1dt
∫ T

0
V (σ(0)

t , t)21t≤tN−1dt∫ T

0
V (σ(0)

t , t)21t≤t1dt
∫ T

0
V (σ(0)

t , t)21t≤t2dt · · ·
∫ T

0
V (σ(0)

t , t)21t≤tN−1dt
∫ T

0
V (σ(0)

t , t)21t≤tNdt



=



∫ t1
0
V (σ(0)

t , t)2dt
∫ t1
0
V (σ(0)

t , t)2dt · · ·
∫ t1
0
V (σ(0)

t , t)2dt
∫ t1
0
V (σ(0)

t , t)2dt∫ t1
0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt · · ·
∫ t2
0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt
...

...
. . .

...
...∫ t1

0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt · · ·
∫ tN−1

0
V (σ(0)

t , t)2dt
∫ tN−1

0
V (σ(0)

t , t)2dt∫ t1
0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt · · ·
∫ tN−1

0
V (σ(0)

t , t)2dt
∫ tN

0
V (σ(0)

t , t)2dt

 . (3.4)

For n = 1, · · · , N , define

Σn =



∫ t1
0
V (σ(0)

t , t)2dt
∫ t1
0
V (σ(0)

t , t)2dt · · ·
∫ t1
0
V (σ(0)

t , t)2dt
∫ t1
0
V (σ(0)

t , t)2dt∫ t1
0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt · · ·
∫ t2
0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt
...

...
. . .

...
...∫ t1

0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt · · ·
∫ tn−1

0
V (σ(0)

t , t)2dt
∫ tn−1

0
V (σ(0)

t , t)2dt∫ t1
0
V (σ(0)

t , t)2dt
∫ t2
0
V (σ(0)

t , t)2dt · · ·
∫ tn−1

0
V (σ(0)

t , t)2dt
∫ tn

0
V (σ(0)

t , t)2dt

 . (3.5)

The determinant of Σn is given by

detΣn = Σ(0,1)Σ(1,2) · · ·Σ(n−1,n), (3.6)

where

Σ(i−1,i) =
∫ ti

ti−1

V (σ(0)
t , t)2dt. (3.7)
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By Assumption 3.1, each principal minor’s determinant of the Malliavin covariance matrix is positive;

detΣn > 0, n = 1, · · · , N. (3.8)

Then the Malliavin covariance matrix is positive definite. Thus, the uniformly non-degenerate condition is satisfied
by the similar argument to Takahashi and Yoshida (2004). For the payoff function φ ∈ S ′, Theorem 2.1, especially,
the equation (2.2) can be applied and hence the following asymptotic expansion formula is obtained:

e−rTE[φ(S(ϵ)
t1 , · · · , S

(ϵ)
tN

)]

= e−rT

∫
RN

φ(ex1 , · · · , exN )pX0
(x1, · · · , xN )dx1 · · · dxN

+
m∑

j=1

ϵje−rT

∫
RN

φ(ex1 , · · · , exN )
(j)∑
k

E[Hα(X0,

k∏
l=1

X0,αl

βl
)|X0 = (x1, · · · , xN )]pX0

(x1, · · · , xN )dx1, · · · , dxN

+O(ϵm+1).

2

3.2 Pricing Barrier Options with Discrete Monitoring

This subsection provides an approximation formula for valuation of barrier options with discrete monitoring as a
concrete example of the previous subsection. Let B ⊂ R be the barrier. For example, B = [L,∞), B = (−∞, H]
and [L,H] for some constants, −∞ < L < H <∞. Hereafter, the following notations are used:

Yti
:=

∫ ti

0

V (σ(0)
t , t)dW1t,

ξi :=
∫ ti

0

V (σ(0)
t , t)2dt− 2αti,

Xti := logS0 + Yti −
1
2
ξi,

v1t := ∂xV (σ(0)
t , t)σ(1)

t , ∂xV (σ(0)
t , t) :=

∂V (x, t)
∂x

|
x=σ

(0)
t

σ
(1)
t :=

∂σ
(ϵ)
t

∂ϵ
|ϵ=0 = ηt

∫ t

0

η−1
s A1(σ(0)

s )(ρdW1,s +
√

1 − ρ2dW2,s),

ηt := exp
{∫ t

0

∂xA0(σ(0)
u , u)du

}
,

Ψi :=
∫ ti

0

v1tdW1t −
∫ ti

0

V (σ(0)
t , t)v1tdt,

Ψi−1,i :=
∫ ti

ti−1

v1tdW1t −
∫ ti

ti−1

V (σ(0)
t , t)v1tdt,

Σ(i−1,i) :=
∫ ti

ti−1

V (σ(0)
t , t)2dt.

BarrierSV
N denotes the price at time 0 of a discrete barrier option with strike K and maturity T under the

stochastic volatility (3.1). Also, BarrierBS
N denotes the price of this discrete barrier option under the Black-Scholes

model;

BarrierBS
N = e−rT

∫
RN

ψ(y1, · · · , yN )p(y1, · · · , yN )dy1 · · · dyN , (3.9)

where

ψ(y1, · · · , yN ) = 1
{sey1− 1

2 ξ1∈B}
· · ·1

{seyN − 1
2 ξN ∈B}

(seyN− 1
2 ξN −K)+, (3.10)

p(y1, · · · , yN ) =
1

(2π)N/2Σ1/2
(0,1) · · ·Σ

1/2
(N−1,N)

e
−
∑N

i=1

(yi−yi−1)2

2Σi−1,i , (y0 = 0). (3.11)
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Then, the following result is obtained. That is, the value of a discrete barrier option under the stochastic volatility
is approximated around the value under the Black-Scholes model.

Theorem 3.1 An asymptotic expansion of BarrierSV
N , the price at time 0 of a discrete barrier option with strike

K and maturity T under the stochastic volatility (3.1) is given by:

BarrierSV
N = BarrierBS

N + ϵe−rT

∫
RN

ψ(y1, · · · , yN )ϑ(y1, · · · , yN )p(y1, · · · , yN )dy1 · · · dyN +O(ϵ2),(3.12)

where

ϑ(y1, · · · , yN ) =
N∑

k=1

ζk−1,k

(
(yk − yk−1)3

Σ3
k−1,k

− 3(yk − yk−1)
Σk−1,k

− (yk − yk−1)2

Σ2
k−1,k

+
1

Σk−1,k

)

+
N∑

k=2

k−1∑
l=1

ζ
(l−1,l)
k−1,k

(
yl − yl−1

Σl−1,l

)(
(yk − yk−1)2

Σ2
k−1,k

− 1
Σk−1,k

− yk − yk−1

Σk−1,k

)
, (3.13)

with

ζk−1,k = ρ

∫ tk

tk−1

∂V (σ(0)
t , t)ηtV (σ(0)

t , t)
∫ t

tk−1

η−1
s A1(σ(0)

s , s)V (σ(0)
s , s)dsdt, (3.14)

and

ζ
(l−1,l)
k−1,k = ρ

∫ tk

tk−1

∂V (σ(0)
t , t)ηtV (σ(0)

t , t)dt
∫ tl

tl−1

η−1
s A1(σ(0)

s , s)V (σ(0)
s , s)ds. (3.15)

(Proof)

We will evaluate the ϵ’s coefficient of the expansion (2.2) in Theorem 2.1 under the current setting.
Let φ : (x1, · · · , xN ) 7→ 1ex1∈B · · ·1exN ∈B(exN −K)+.

BarrierSV
N = e−rT

D−∞⟨ϕ(X(0)),1⟩D∞ + ϵe−rT
N∑

i=1

D−∞⟨∂iϕ(X(0)),Ψi⟩D∞ +O(ϵ2)

= e−rT
D−∞⟨ϕ(X(0)),1⟩D∞ + ϵe−rT

D−∞⟨ϕ(X(0)), π⟩D∞ +O(ϵ2)

= BarrierBS
N + ϵe−rT ⟨ψ, ϑ⟩p(y)dy +O(ϵ2)

= BarrierBS
N + ϵe−rT

∫
RN

ψ(y1, · · · , yN )ϑ(y1, · · · , yN )p(y1, · · · , yN )dy1 · · · dyN +O(ϵ2), (3.16)

where π =
∑N

i,j=1 πij ∈ D∞ is the Malliavin weight defined by πij = D∗
1(Ψiγ

X(0)

ij D1X
(0)
j ) and ϑ(y1, · · · , yN ) =

EY =y[π] is the push down of the Malliavin weight. The inverse matrix of the Malliavin covariance matrix of X(0)

is given by

γX(0)
=



γ1,1 γ1,2 0 0 · · · 0 0 0 0
γ2,1 γ2,2 γ2,3 0 · · · 0 0 0 0
0 γ3,2 γ3,3 γ3,4 · · · 0 0 0 0
0 0 γ4,3 γ4,4 · · · 0 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · γN−3,N−3 γN−3,N−2 0 0
0 0 0 0 · · · γN−2,N−3 γN−2,N−2 γN−2,N−1 0
0 0 0 0 · · · 0 γN−1,N−2 γN−1,N−1 γN−1.N

0 0 0 0 · · · 0 0 γN,N−1 γN,N


, (3.17)

where γi,i = 1
Σ(i−1,i)

+ 1
Σ(i,i+1)

, i = 1, · · · , N − 1, γi,i+1 = γi+1,i = − 1
Σ(i,i+1)

, i = 1, · · · , N − 1, γN,N = 1
Σ(N−1,N)

. To
make the right-hand side of (3.9) short, let

Ψk :=
∫ tk

0

At

∫ t

0

Bs(ρdW1,s +
√

1 − ρ2dW2,s)dW1t −
∫ tk

0

Ct

∫ t

0

Bs(ρdW1,s +
√

1 − ρ2dW2,s)dt, (3.18)
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where At = ∂xV (σ(0)
t , t) · ηt, Bs = η−1

s A1(σ
(0)
s , s) and Ct = V (σ(0)

t , t) · ∂xV (σ(0)
t , t) · ηt = V (σ(0)

t , t)At. Also, Ψk is
divided into the three parts:

Ψk = Ψk−1 + Ψk−1,k + Ψ(0,k−1)
k−1,k , (3.19)

where Ψ0 = 0, Ψ(0,0)
0,1 = 0 and

Ψk−1,k :=
∫ tk

tk−1

At

(∫ t

tk−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)
dW1t

−
∫ tk

tk−1

Ct

(∫ t

tk−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)
dt,

Ψ(0,k−1)
k−1,k :=

(∫ tk−1

0

Bs(ρdW1,s +
√

1 − ρ2dW2,s)
)(∫ tk

tk−1

AtdW1t

)

−
(∫ tk−1

0

Bs(ρdW1,s +
√

1 − ρ2dW2,s)
)(∫ tk

tk−1

Ctdt

)
≡

k−1∑
l=1

Ψ(l−1,l)
k−1,k ,

Ψ(l−1,l)
k−1,k :=

(∫ tl

tl−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)(∫ tk

tk−1

AtdW1t

)

−

(∫ tl

tl−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)(∫ tk

tk−1

Ctdt

)
,

1 ≤ l ≤ k − 1.

Applying the integration by parts formula, we have

πi,j = D∗
1

(
Ψiγ

X(0)

ij D1

∫ tj

0

V (σ(0)
t , t)dW1,t

)
= γX(0)

ij

[
Ψi

∫ T

0

V (σ(0)
u , u)1u≤tjdW1,u −

∫ T

0

Du,1Ψi1u≤tiV (σ(0)
u , u)1t≤tjdu

]
. (3.20)

The Malliavin weight for BarrierSV
N is given by

π =
N∑

i,j=1

πi,j = π1,1 +
N∑

k=2

(πk,k + πk,k+1 + πk+1,k). (3.21)

For i = 1, · · · , N − 1,

πi,i =
(

1
Σ(i−1,i)

+
1

Σ(i,i+1)

)[
Ψi

∫ ti

0

V (σ(0)
u , u)dW1,u −

∫ ti

0

Du,1ΨiV (σ(0)
u , u)du

]
,

πi,i+1 =
(
− 1

Σ(i,i+1)

)[
Ψi

∫ ti+1

0

V (σ(0)
u , u)dW1,u −

∫ ti

0

Du,1ΨiV (σ(0)
u , u)du

]
,

πi+1,i =
(
− 1

Σ(i,i+1)

)[
Ψi+1

∫ ti

0

V (σ(0)
u , u)dW1,u −

∫ ti

0

Du,1Ψi+1V (σ(0)
u , u)du

]
, (3.22)

and for N ,

πN,N =
1

Σ(N−1,N)

[
ΨN

∫ tN

0

V (σ(0)
u , u)dW1,u −

∫ tN

0

Du,1ΨNV (σ(0)
u , u)du

]
. (3.23)
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Thus, for i = 2, · · · , N − 1,

πi−1,i + πi,i−1 + πi,i

=
(
− 1

Σ(i−1,i)

)[
Ψi−1

∫ ti−1

0

V (σ(0)
u , u)dW1,u −

∫ ti−1

0

Du,1ΨiV (σ(0)
u , u)du

]
+
(

1
Σ(i−1,i)

)[
(Ψi−1,i + Ψ(0,i−1)

i−1,i )
∫ ti

ti−1

V (σ(0)
u , u)dW1,u −

∫ ti

ti−1

Du,1(Ψi−1,i + Ψ(0,i−1)
i−1,i )V (σ(0)

u , u)du

]

+
(

1
Σ(i,i+1)

)[
Ψi

∫ ti

0

V (σ(0)
u , u)dW1,u −

∫ ti

0

Du,1Ψi+1V (σ(0)
u , u)du

]
, (3.24)

and for N ,

πN−1,N + πN,N−1 + πN,N

=
(
− 1

Σ(N−1,N)

)[
ΨN−1

∫ tN−1

0

V (σ(0)
u , u)dW1,u −

∫ tN−1

0

Du,1ΨiV (σ(0)
u , u)du

]
+
(

1
Σ(N−1,N)

)[
(ΨN−1,N + Ψ(0,N−1)

N−1,N )
∫ tN

tN−1

V (σ(0)
u , u)dW1,u −

∫ tN

tN−1

Du,1(ΨN−1,N + Ψ(0,N−1)
N−1,N )V (σ(0)

u , u)du

]
.

(3.25)

Hence, we have

π =
N∑

k=1

(
1

Σk−1,k

){
(Ψk−1,k + Ψ(0,k−1)

k−1,k )
∫ tk

tk−1

V (σ(0)
u , u)dW1,u −

∫ tk

tk−1

Du,1(Ψk−1,k + Ψ(0,k−1)
k−1,k )V (σ(0)

u , u)du

}

=
N∑

k=1

(
1

Σk−1,k

){
Ψk−1,k

∫ tk

tk−1

V (σ(0)
u , u)dW1,u −

∫ tk

tk−1

Du,1Ψk−1,kV (σ(0)
u , u)du

}

+
N∑

k=2

k−1∑
l=1

(
1

Σk−1,k

){
Ψ(l−1,l)

k−1,k

∫ tk

tk−1

V (σ(0)
u , u)dW1,u −

∫ tk

tk−1

Du,1Ψ
(l−1,l)
k−1,k V (σ(0)

u , u)du

}
. (3.26)

In order to obtain a closed form approximation of BarrierSV
N , we calculate the push down of (3.26) in the

following manner. For tk−1 < u ≤ tk, the Malliavin derivatives of Ψk−1,k and Ψ(l−1,l)
k−1,k are calculated as follows;

Du,1Ψk−1,k = Du,1

∫ tk

tk−1

At

∫ t

tk−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)dW1,t

−Du,1

∫ tk

tk−1

Ct

∫ t

tk−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)dt

= ρAu

∫ u

tk−1

BsdW1,s + ρBu

∫ tk

u

AtdW1,t, (3.27)

Du,1Ψ
(l−1,l)
k−1,k = Du,1

(∫ tl

tl−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)(∫ tk

tk−1

AtdW1,t

)

−Du,1

(∫ tl

tl−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)(∫ tk

tk−1

Ctdt

)

= Au

(∫ tl

tl−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)
. (3.28)

Then, we have∫ tk

tk−1

Du,1Ψk−1,kV (σ(0)
u , u)du = ρ

∫ tk

tk−1

AuV (σ(0)
u , u)

∫ u

ti−1

BsdW1,sdu+ ρ

∫ tk

tk−1

BuV (σ(0)
u , u)

∫ ti

u

AtdW1,tdu
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−ρ
∫ tk

tk−1

BuV (σ(0)
u , u)

∫ ti

u

Ctdtdu,∫ tk

tk−1

Du,1Ψ
(l−1,l)
k−1,k V (σ(0)

u , u)du =

(∫ tl

tl−1

Bs(ρdW1,s +
√

1 − ρ2dW2,s)

)(∫ tk

tk−1

AuV (σ(0)
u , u)du

)
.

Taking the conditional expectations, we obtain the followings:

E

[
Ψk−1,k

∫ tk

tk−1

V (σ(0)
u , u)dW1,u|Y = y

]
= ζk−1,k

(
(yk − yk−1)2

Σ2
k−1,k

− (yk − yk−1)
Σk−1,k

)
(yk − yk−1),

E

[∫ tk

tk−1

Du,1Ψk−1,kV (σ(0)
u , u)du|Y = y

]
= ζk−1,k

(
2(yk − yk−1)

Σk−1,k
− 1
)
,

E

[
Ψ(l−1,l)

k−1,k

∫ tk

tk−1

V (σ(0)
u , u)dW1,u|Y = y

]
= ζ

(l−1,l)
k−1,k

(
(yl − yl−1)

Σl−1,l

)(
(yk − yk−1)

Σk−1,k
− 1
)

(yk − yk−1),

E

[∫ tk

tk−1

Du,1Ψ
(l−1,l)
k−1,k V (σ(0)

u , u)du|Y = y

]
= ζ

(l−1,l)
k−1,k

(
(yl − yl−1)

Σl−1,l

)
(yk − yk−1).

Here, we use the following formulas: (e.g. see Section 3 in Takahashi,Takehara and Toda (2009) that gives more
general results and their derivation.)

E

[∫ T

0

q
′

2tdWt|
∫ T

0

q
′

1vdWv = x

]
=

(∫ T

0

q
′

2tq1tdt

)
x

Σ
, (3.29)

E

[∫ T

0

∫ t

0

q
′

2udWuq
′

3tdWt|
∫ T

0

q
′

1vdWv = x

]
=

(∫ T

0

∫ t

0

q
′

2uq1uduq
′

3tq1tdt

)
x2 − Σ

Σ2
, (3.30)

where qi ∈ L2[0, T ], i = 1, 2, 3 and Σ =
∫ T

0
|q1t|2dt > 0.

Therefore, we obtain

ϑ(y1, · · · , yN ) = E[π|Y = y] =
N∑

k=1

ζk−1,k

(
(yk − yk−1)3

Σ3
k−1,k

− 3(yk − yk−1)
Σ2

k−1,k

− (yk − yk−1)2

Σ2
k−1,k

+
1

Σk−1,k

)

+
N∑

k=2

k−1∑
l=1

ζ
(l−1,l)
k−1,k

(
yl − yl−1

Σl−1,l

)(
(yk − yk−1)2

Σ2
k−1,k

− 1
Σk−1,k

− yk − yk−1

Σk−1,k

)
.(3.31)

2

3.3 Application to CEV Model with General Stochastic Volatility

Next, consider CEV Model with General Stochastic Volatility.

dS
(ϵ)
t = αS

(ϵ)
t dt+ V (σ(ϵ)

t , t)
(
S

(ϵ)
t

)β

dW1,t,

dσ
(ϵ)
t = A0(σ

(ϵ)
t , t)dt+ ϵA1(σ

(ϵ)
t , t)(ρdW1,t +

√
1 − ρ2dW2,t).

In this case, we cannot apply the asymptotic expansion directly, because the density at ϵ = 0 is not the Gaussian.
However, if we introduce a perturbation for the asset dynamics,

dS
(ϵ)
t = αS

(ϵ)
t dt+ ϵV (σ(ϵ)

t , t)
(
S

(ϵ)
t

)β

dW1,t,

dσ
(ϵ)
t = A0(σ

(ϵ)
t , t)dt+ ϵA1(σ

(ϵ)
t , t)(ρdW1,t +

√
1 − ρ2dW2,t),
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we can expand the density for the transformed process Zti := 1
ϵ (S(ϵ)

ti
− S

(0)
ti

) as follows,

pZ(ϵ)
(z1, · · · , zN )

= E[δz(Z
(ϵ)
t1 , · · · , Z

(ϵ)
tN

)]

= E[δz(Z
(0)
t1 , · · · , Z

(0)
tN

)] +
m∑

j=1

ϵj
(j)∑
k

E[δz(Z
(0)
t1 , · · · , Z

(0)
tN

)Hα(k)(Z(0),
k∏

l=1

Z0,αl

βl
)] +O(ϵm+1)

= pZ(0)
(z1, · · · , zN ) +

m∑
j=1

ϵj
(j)∑
k

E[Hα(k)(Z(0),
k∏

l=1

Z0,αl

βl
)|Z(0) = (z1, · · · , zN )]pZ(0)

(z1, · · · , zN )

+O(ϵm+1), (3.32)

where Z0,i
k := 1

k!
dk

dϵkZ
(ϵ)
ti

|ϵ=0, k ∈ N, i = 1, · · · , N . Note that the Malliavin covariance matrix σ = [σ(i,j)]1≤i,j≤N of
Z(0) is given by

σ(i,j) =

⟨
D

(∫ T

0

eαtie−αtV (σ(0)
t , t)(S(0)

t )β1{t≤ti}dW1t

)
, D

(∫ T

0

eαtje−αtV (σ(0)
t , t)(S(0)

t )β1{t≤tj}dW1t

)⟩
H

=
∫ T

0

(
eαtie−αsV (σ(0)

s , s)(S(0)
s )β1{s≤ti}

)(
eαtje−αsV (σ(0)

s , s)(S(0)
s )β1{s≤tj}

)
ds

= eα(ti+tj)

∫ ti∧tj

0

e−2αsV (σ(0)
s , s)2(S(0)

s )2βds, (1 ≤ i, j ≤ N). (3.33)

Then the N -dimensional normal density function pZ0
(z1, · · · , zN ) of Z(0) = (Z(0)

t1 , · · · , Z
(0)
tN

) is given by

pZ(0)
(z1, · · · , zN ) =

1

(2π)N/2

(
eα
∑N

i=1
ti

)
Σ1/2

(0,1) · · ·Σ
1/2
(N−1,N)

exp

(
−

N∑
i=1

(e−αtizi − e−αti−1zi−1)2

2Σi−1,i

)
(3.34)

with t0 = z0 = 0 and

Σ(i−1,i) =
∫ ti

ti−1

e−2αsV (σ(0)
s , s)2(S(0)

s )2βds, (1 ≤ i ≤ N). (3.35)

Therefore, we can evaluate the expectation analytically for CEV model with general stochastic volatility as follows:

BarrierSABR
N = e−rT

∫
RN

ψ(z1, · · · , zN )pZ(ϵ)
(z1, · · · , zN )dz1 · · · dzN , (3.36)

where

ψ(y1, · · · , yN ) = 1{S
(0)
t1

+ϵz1∈B} · · ·1{S
(0)
tN

+ϵzN∈B}ϵ(K
ϵ + zN )+, (3.37)

(3.38)

with

Kϵ =
1
ϵ
(S(0)

tN
−K). (3.39)

4 Numerical Examples

This section provides numerical examples for pricing double barrier call options with discrete monitoring under
Heston model and λ-SABR model.
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4.1 Heston model

First, we deal with Heston model. The form of Heston model is as follows.

dS
(ϵ)
t = rSt +

√
σ

(ϵ)
t S

(ϵ)
t dW1,t, (4.1)

dσ
(ϵ)
t = κ(θ − σ

(ϵ)
t )dt+ ϵ

√
σ

(ϵ)
t (ρdW1,t +

√
1 − ρ2dW2,t). (4.2)

The time to maturity of the options is T = 1, and the monitoring dates when one judges whether the underlying
price hits the barriers is set to be 0.25, 0.5, 0.75, 1.0 (case A) and 0.5, 1.0 (case B). The parameters are set to be
the following: The initial underlying asset’s price and variance are S(ϵ)

0 = 100 and σ
(ϵ)
0 = 0.02, respectively. The

mean reversion speed and level are set to be κ = 1 and θ = 0.02 respectively. The lower barrier L and the upper
barrier U are set to be L = 80 and U = 120 respectively. Also, the riskless interest rate (r) is set to be 0.

The volatility on the variance ϵ, the correlation between the underlying asset and the variance ρ and the strike
price vary for the following cases:

I: ϵ = 0.02, II: ϵ = 0.05, III: ϵ = 0.10, IV: ϵ = 0.15, V: ϵ = 0.20,
i: ρ = −0.7, ii: ρ = 0.0, iii: ρ = 0.7,
1: K = 90, 2: K = 100, 3: K = 110.
For each double barrier option the range of the integration is bounded from above and below. Thus, the

Gauss-Legendre Quadrature is used for efficient computation.
For the single barrier case (that the integration range includes infinity), it is more efficient to use the Gauss -

Laguerre Quadrature with Gauss - Legendre Quadrature than to use only the Gauss - Legendre Quadrature.
Note that Gauss - Legendre Quadrature is given by∫ b

a

f(x)dx =
a− b

2

∫ 1

−1

f

(
a− b

2
z +

a+ b

2

)
dz ∼ w(zk)f

(
a− b

2
zk +

a+ b

2

)
,

where zk, k = 1, · · · , n are the values such that Pn(zk) = 0 and Pn denotes the Legendre polynomial of the n-th
order. The weights, w(zk) are obtained by

w(zk) = 2/[nPn−1(zk)P
′

n(zk)].

For our computation, set n = 20. Gauss - Legendre Quadrature can calculate the integration with smaller number
of computation than other usual computational methods(e.g. trapezoidal rule). Thus, the speed of calculation is
very fast.

For example in the case A, at t = 0.75 for each yN−1 = zk, k = 1, · · · , 20, the payoff at maturity T = 1;

seyN− 1
2 ξN −K

is integrated from max{L,K} to U .
The values obtained by the previous integration for zk, k = 1, · · · , 20 at t = 0.75 is used for the integration from

L to U at t = 0.50 for each zk. Recursively in this way, the value for the initial value at t = 0 is obtained.
The results are shown in Table 1 (case A) and Table 2 (case B) below. MC denotes the benchmark price

computed by Monte Carlo simulation. Except for the cases that ρ = 0, our first order expansions improve the
accuracies relative to the Black-Scholes model(BS) where the stochastic volatility component is ignored: Note that
when ρ = 0, the approximations by the first order expansion are equivalent to those by the Black-Scholes model(BS)
and that the Black-Scholes model provides relatively good approximations when ρ = 0.

4.2 λ-SABR model

The next numerical example is based on λ-SABR model which is described as follows.

dS
(ϵ)
t = rSt + σ

(ϵ)
t S

β(ϵ)
t dW1,t, (4.3)

dσ
(ϵ)
t = λ(θ − σ

(ϵ)
t )dt+ ϵσ

(ϵ)
t (ρdW1,t +

√
1 − ρ2dW2,t). (4.4)

We consider the cases of β = 1 (case C) and β = 0.5 (case D). The time to maturity of the options are T = 1 and
the monitoring dates are 0.25, 0.5, 0.75, 1.0. The parameters are set to be the following: The initial underlying
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asset’s price is S(ϵ)
0 = 100 for both cases. The initial volatilities are σ(ϵ)

0 = 0.15 for (case C) and σ(ϵ)
0 = 1.5 for (case

D), respectively. The mean reversion speed and level are set to be λ = 1, θ = 0.15 for (case C) and θ = 1.5 for
(case D), respectively. The lower and upper barriers are set to be L = 80 and U = 120, respectively. The riskless
interest rate (r) is set to be 0.

The volatility on the volatility ϵ, the correlation ρ between the underlying asset price and the volatility as well
as the strike prices are set to be the same as in Heston model.

The results are shown in Table 3 (case C) and Table 4 (case D) below. MC denotes the benchmark price
computed by Monte Carlo simulation.

The results show that the second order expansions provide better approximations than the first order expansions.
Also, we note that the approximations for β = 0.5(case D) are better than those for β = 1(case C). It is because
the λ-SABR model is expanded around a normal distribution and the distribution of the underlying asset price is
closer to a normal when β is closer to zero. Thus, the smaller β gives better approximation in general.

It is generally observed in both Heston and λ-SABR models, the higher volatility on the variance (or volatility)
cause worse approximation, especially when the correlation is not 0 and the strike price is in-the-money(K = 90).
It implies that the higher order expansion may be necessary for those cases.

5 Conclusion

The paper applied a perturbation method for stochastic volatility models developed by Takahashi-Yamada(2009) to
pricing path-dependent derivatives with discrete monitoring under stochastic volatility environment and obtained
a concrete approximation formula for valuation of discrete barrier options. To our knowledge, this paper is the
first one that shows an analytical approximation formula for pricing barrier options with discrete monitoring under
stochastic volatility environment. Numerical experiments on double barrier options with discrete monitoring under
Heston and λ-SABR models are also given.

A Malliavin calculus

Following Malliavin(1997) and Malliavin-Thalmaier(2006), this subsection summarizes basic facts on the Malliavin
calculus which are necessary for this paper.

Let (W, µ) be the d-dimensional Wiener space where

W = Wd = C0([0, T ] : Rd) = {w : [0, T ] → Rd; continuous, w(0) = 0}

and µ is the Wiener measure. Next, let H be a Hilbert space such that

H =

{
h ∈ W;hi(t)(i = 1, · · · , d) is absolute continuous with respect to t and

d∑
i=1

∫ T

0

|dhi(t)
dt

|2dt <∞

}

with an inner product ⟨h, h′⟩H =
∑d

i=1

∫ T

0
dhi(t)

dt
dh′

i(t)
dt dt. H is called the Cameron-Martin space.

Define L∞−(W) as L∞−(W) = ∩p<+∞L
p(W) and a distance on L∞−(W) as dL∞−(W)(F1, F2) =

∑∞
j=1 2−j(min{∥F1−

F2∥Lj , 1}), where ∥ · ∥Lp denotes the Lp-norm in (W, µ). Let Lp(W : H) denote the space of measurable maps
from W to H such that ∥f∥H ∈ Lp(W). The same definition is made for L∞−(W : H).

Then, consider the space

Dp
1(W : G) =

{
F ∈ Lp(W, G) : there exists DF ∈ Lp(W : H ⊗G) such that for h ∈ H,

lim
ϵ→0

1
ϵ
[F (w + ϵh) − F (w)] = ⟨DF, h⟩H⊗G

}
.

Here, DF is called the (Malliavin) derivative of F . Due to the identification between the Hirbert space Lp(W :
H ⊗ G) and Lp([0, T ] × W : G), DF is a stochastic process {DtF = (Dt,1F, · · · , Dt,dF ) : t ∈ [0, T ]} such that
⟨DF, h⟩H⊗G =

∑d
i=1

∫ T

0
(Dt,iF )(dhi(t)

dt )dt.
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The norm of Dp
1(W : G) is given by ∥F∥Dp

1(W:G) = ∥F∥Lp(W:G) + ∥DF∥Lp(W:H⊗G). Also, D∞
1 (W : G) is

defined by D∞
1 (W : G) := ∩p<+∞Dp

1(W : G), and a distance on D∞
1 (W : G) is given by dD∞

1 (W:G)(F1, F2) =∑∞
j=1 2−j(min{∥F1 − F2∥Dj

1(W:G), 1}).
For r ≥ 2(r ∈ N), we introduce the spaces:

Dp
r(W : G) = {F ∈ Dp

r−1(W : G) : DF ∈ Dp
r−1(W : H ⊗G)}

with ∥F∥Dp
r(W:G) = ∥F∥Dp

r−1(W:G) + ∥Dr−1F∥Dp
1(H⊗(n−1)⊗G). We also define Dp

0(W : G) as Dp
0(W : G) = Lp(W :

G).
If G = Rn, We denote Dp

r(W) as Dp
r(W : G).

Some properties of these spaces are the following; Dp′

r′ (W) ⊂ Dp
r(W), r′ ≤ r, and p′ ≤ p. The dual space of

(Dq
r(W)), (Dq

r(W))∗ is given by (Dq
r(W))∗ =Dp

−r(W), with p−1 + q−1 = 1.
Furthermore, define the space D∞(W) = ∩p,rDp

r(W). Then, D∞(W) is a complete metric space under a
metric, dD∞(W)(F1, F2) =

∑∞
p,r=1 ηp,r(min{∥F1 − F2∥Dp

r
, 1}) where ηp,r > 0 such that

∑∞
p,r ηp,r < ∞. Note that

this topology on D∞(W) is independent of the choice of the sequence {ηp,r}. We call F ∈ D∞(W) the smooth
functional in the sense of Malliavin.

Given Z = (Z1(w), · · · , Zd(w)) ∈ Dp
1(W : H), there exists D∗

i (Zi) ∈ Lp(W), i = 1, · · · , d such that
E[
∫ T

0
Dt,iF (w)Zi(w)dt] = E[F (w)D∗

i (Zi(w))] for all F ∈ D∞
1 (W). Then, define D∗Z :=

∑d
i=1D

∗
i (Zi(w)). So,

there exists Cp > 0 such that ∥D∗Z∥Lp ≤ Cp∥Z∥Dp
1(W:H). We call D∗Z the divergence of Z.

Definition A.1 Let F = (F1, · · · , Fn) ∈ D∞(W : Rn) be the n-dimensional smooth functional, we call F a
non-degenerate in the sense of Malliavin if the Malliavin covariance matrix {σij

F }1≤i,j≤n

σij
F := ⟨DFi, DFj⟩H =

d∑
k=1

∫ T

0

(Dt,kFi(w))(Dt,kFj(w))dt

is invertible a.s. and

(detσF )−1 ∈ L∞−(W).

Theorem A.1 Let F ∈ D∞(W : Rn) be a n-dimensional non-degenerate in the sense of Malliavin and G ∈
D∞(W). Then, for φ ∈ C1

b (Rn),

E[∂iφ(F )G] = E

φ(F )D∗

 n∑
j=1

GγF
ijDF

j


where (γF

ij)1≤i,j≤n is the inverse matrix of Malliavin covariance of F .

(Proof) See Lemma III.5.2. of Malliavin(1997). 2

Theorem A.2 Let F ∈ D∞(W : Rn) be a non-degenerate functional. F has a smooth density pF ∈ S(Rn) where
S(Rn) denotes the space of all infinitely differentiable functions f : Rn 7→ R such that for any k ≥ 1, and for any
multi-index β ∈ {1, · · · , n}j one has supx∈Rn |x|k|∂βf(x)| < ∞. (i.e. S(Rn) is the Schwartz space and S ′(Rn) is
its dual.)

(Proof) See Theorem III.5.1. of Malliavin(1997). 2

Definition A.2 Consider the space D−∞(W) = ∪p,rD
p
−r(W), that is, the dual of D∞. We call F ∈ D−∞(W) a

distribution on the Wiener space. We define the duality form on D−∞ ×D∞, (F,G) 7→ D−∞⟨F,G⟩D∞ = E[FG] ∈
R. We call this duality form the generalized expectation.

Let F ∈ D∞(W : Rn) be a non-degenerate functional and ν be the law of F , that is ν(dx) = µ ◦ F−1(dx) =
pF (x)dx is the direct image by F of the Wiener measure on W. We define the range O as O := {x : pF (x) > 0} ⊂
Rn.
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By Malliavin (1997) and Malliavin-Thalmaier (2006) the conditional expectation of g ∈ Lp(W, µ) conditioned
by a set {w : F (w) = x} in σ-field σ(F ), E[g|F = x] gives a map,

EF : Lp(W, µ) ∋ g 7→ E[g|F = x] ∈ Lp(O, ν). (A.1)

Watanabe (1983, 1984) introduced the distribution on Wiener space as composition of a non-degenerate map
F by a Schwartz distribution T . The next theorem restates the result of Watanabe (1984) in terms of Malliavin
(1997) and Malliavin-Thalmaier (2006).

Theorem A.3 [Watanabe (1984)] Let F ∈ D∞(W : Rn) be a non-degenerate functional. Let ν be the law of F
and O := {x : pF (x) > 0} ⊂ Rn.

1. Let S ′(Rn) be the set of Schwartz distributions on Rn. The map (EF )∗ : S(Rn) ∋ T 7→ T ◦F ∈ D̃−∞ can be
uniquely extended to a map:

(EF )∗ : S ′(Rn) ∋ T 7→ T ◦ F ∈ D̃−∞ := ∪s≥0 ∩q≥1 Dq
−s ⊂ D−∞. (A.2)

(EF )∗ is called the lifting up of T .

2. The conditional expectation defines a map

EF : D∞ ∋ G 7→ EF [G] ∈ S(O), (A.3)

where S(O) stands for the Schwartz space of the rapidly decreasing functions on O = {x : pF (x) > 0} ⊂ Rn.
We call this map the push down of G.

3. The following duality formula is obtained :

D−∞⟨(EF )∗T,G⟩D∞ = ⟨T,EF [G]⟩pF (x)dx, (A.4)

where the notation ⟨·, ·⟩pF (x)dx is understood as follows:

⟨T,EF [G]⟩pF (x)dx = S′(Rn)⟨T,EF [G]pF ⟩S(Rn). (A.5)
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Table 1: Discrete Barrier Option Prices (case A)

AE BS MC AE error BS error AE error rate BS error rate
I-i-1 8.06 7.86 8.06 -0.01 -0.21 -0.1％ -2.6％
I-i-2 2.96 2.85 2.96 -0.00 -0.12 -0.1％ -3.9％
I-i-3 0.54 0.52 0.54 -0.00 -0.03 -0.1％ -4.7％
I-ii-1 7.86 7.86 7.86 -0.00 -0.00 0.0％ 0.0％
I-ii-2 2.85 2.85 2.85 -0.00 -0.00 0.0％ 0.0％
I-ii-3 0.52 0.52 0.52 0.00 0.00 0.1％ 0.1％
I-iii-1 7.65 7.86 7.66 -0.01 0.19 -0.1％ 2.5％
I-iii-2 2.74 2.85 2.74 -0.00 0.11 -0.2％ 3.9％
I-iii-3 0.49 0.52 0.49 -0.00 0.02 -0.2％ 4.8％
II-i-1 8.36 7.86 8.40 -0.04 -0.55 -0.5％ -6.5％
II-i-2 3.13 2.85 3.15 -0.02 -0.30 -0.7％ -9.6％
II-i-3 0.58 0.52 0.58 -0.00 -0.07 -0.8％ -11.4％
II-ii-1 7.86 7.86 7.87 -0.02 -0.02 -0.2％ -0.2％
II-ii-2 2.85 2.85 2.85 0.00 0.00 0.0％ 0.0％
II-ii-3 0.52 0.52 0.51 0.00 0.00 0.5％ 0.5％
II-iii-1 7.35 7.86 7.39 -0.04 0.46 -0.6％ 6.3％
II-iii-2 2.57 2.85 2.59 -0.02 0.26 -0.8％ 10.0％
II-iii-3 0.45 0.52 0.46 -0.00 0.06 -1.0％ 12.4％
III-i-1 8.86 7.86 9.05 -0.18 -1.19 -2.0％ -13.1％
III-i-2 3.40 2.85 3.49 -0.09 -0.65 -2.5％ -18.5％
III-i-3 0.64 0.52 0.66 -0.02 -0.14 -2.6％ -21.3％
III-ii-1 7.86 7.86 7.92 -0.06 -0.06 -0.8％ -0.8％
III-ii-2 2.85 2.85 2.84 0.01 0.01 0.3％ 0.3％
III-ii-3 0.52 0.52 0.50 0.01 0.01 2.5％ 2.5％
III-iii-1 6.85 7.86 7.00 -0.15 0.86 -2.1％ 12.3％
III-iii-2 2.29 2.85 2.36 -0.07 0.49 -3.0％ 20.7％
III-iii-3 0.39 0.52 0.41 -0.02 0.11 -3.9％ 26.2％
IV-i-1 9.37 7.86 9.74 -0.37 -1.88 -3.8％ -19.3％
IV-i-2 3.68 2.85 3.85 -0.16 -1.00 -4.3％ -26.0％
IV-i-3 0.70 0.52 0.72 -0.02 -0.20 -2.6％ -28.3％
IV-ii-1 7.86 7.86 7.98 -0.13 -0.13 -1.6％ -1.6％
IV-ii-2 2.85 2.85 2.82 0.03 0.03 1.0％ 1.0％
IV-ii-3 0.52 0.52 0.49 0.03 0.03 6.1％ 6.1％
IV-iii-1 6.34 7.86 6.66 -0.32 1.19 -4.8％ 17.9％
IV-iii-2 2.01 2.85 2.15 -0.14 0.70 -6.5％ 32.4％
IV-iii-3 0.33 0.52 0.36 -0.03 0.15 -8.9％ 41.9％
V-i-1 9.87 7.86 10.34 -0.46 -2.48 -4.5％ -24.0％
V-i-2 3.96 2.85 4.12 -0.15 -1.27 -3.8％ -30.9％
V-i-3 0.76 0.52 0.74 0.03 -0.22 3.6％ -29.9％
V-ii-1 7.86 7.86 8.05 -0.20 -0.20 -2.5％ -2.5％
V-ii-2 2.85 2.85 2.78 0.07 0.07 2.3％ 2.3％
V-ii-3 0.52 0.52 0.46 0.05 0.05 11.5％ 11.5％
V-iii-1 5.84 7.86 6.39 -0.55 1.46 -8.7％ 22.9％
V-iii-2 1.73 2.85 1.96 -0.23 0.89 -11.6％ 45.4％
V-iii-3 0.27 0.52 0.32 -0.05 0.19 -16.2％ 60.4％
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Table 2: Discrete Barrier Option Prices (case B)

AE BS MC AE error BS error AE error rate BS error rate
I-i-1 8.38 8.19 8.39 -0.01 -0.20 -0.1％ -2.4％
I-i-2 3.15 3.04 3.15 -0.01 -0.11 -0.2％ -3.6％
I-i-3 0.60 0.58 0.61 -0.00 -0.03 -0.2％ -4.2％
I-ii-1 8.19 8.19 8.19 -0.00 -0.00 -0.1％ -0.1％
I-ii-2 3.04 3.04 3.04 -0.00 -0.00 -0.1％ -0.1％
I-ii-3 0.58 0.58 0.58 0.00 0.00 0.0％ 0.0％
I-iii-1 8.00 8.19 8.01 -0.01 0.18 -0.1％ 2.3％
I-iii-2 2.93 3.04 2.94 -0.01 0.10 -0.2％ 3.5％
I-iii-3 0.56 0.58 0.56 -0.00 0.02 -0.2％ 4.1％
II-i-1 8.67 8.19 8.71 -0.04 -0.52 -0.5％ -6.0％
II-i-2 3.31 3.04 3.33 -0.02 -0.29 -0.6％ -8.6％
II-i-3 0.64 0.58 0.64 -0.00 -0.06 -0.6％ -9.9％
II-ii-1 8.19 8.19 8.21 -0.02 -0.02 -0.2％ -0.2％
II-ii-2 3.04 3.04 3.04 0.00 0.00 0.0％ 0.0％
II-ii-3 0.58 0.58 0.58 0.00 0.00 0.5％ 0.5％
II-iii-1 7.71 8.19 7.75 -0.04 0.44 -0.5％ 5.7％
II-iii-2 2.77 3.04 2.79 -0.02 0.25 -0.6％ 8.9％
II-iii-3 0.52 0.58 0.52 -0.00 0.06 -0.8％ 10.7％
III-i-1 9.14 8.19 9.30 -0.16 -1.11 -1.7％ -12.0％
III-i-2 3.57 3.04 3.64 -0.07 -0.60 -2.0％ -16.6％
III-i-3 0.70 0.58 0.71 -0.01 -0.13 -1.4％ -18.3％
III-ii-1 8.19 8.19 8.24 -0.05 -0.05 -0.6％ -0.6％
III-ii-2 3.04 3.04 3.02 0.02 0.02 0.6％ 0.6％
III-ii-3 0.58 0.58 0.56 0.02 0.02 2.8％ 2.8％
III-iii-1 7.23 8.19 7.36 -0.13 0.83 -1.8％ 11.2％
III-iii-2 2.51 3.04 2.56 -0.06 0.48 -2.2％ 18.6％
III-iii-3 0.46 0.58 0.47 -0.01 0.11 -2.6％ 22.7％
IV-i-1 9.62 8.19 9.94 -0.31 -1.75 -3.2％ -17.6％
IV-i-2 3.84 3.04 3.96 -0.12 -0.92 -3.1％ -23.3％
IV-i-3 0.76 0.58 0.76 -0.00 -0.18 -0.2％ -23.8％
IV-ii-1 8.19 8.19 8.29 -0.10 -0.10 -1.2％ -1.2％
IV-ii-2 3.04 3.04 2.99 0.05 0.05 1.6％ 1.6％
IV-ii-3 0.58 0.58 0.54 0.04 0.04 6.6％ 6.6％
IV-iii-1 6.76 8.19 7.04 -0.28 1.15 -4.0％ 16.4％
IV-iii-2 2.24 3.04 2.36 -0.11 0.68 -4.9％ 29.1％
IV-iii-3 0.40 0.58 0.43 -0.03 0.15 -5.9％ 36.3％
V-i-1 10.10 8.19 10.48 -0.38 -2.29 -3.6％ -21.9％
V-i-2 4.11 3.04 4.20 -0.09 -1.16 -2.2％ -27.6％
V-i-3 0.82 0.58 0.76 0.06 -0.18 7.2％ -24.1％
V-ii-1 8.19 8.19 8.34 -0.15 -0.15 -1.9％ -1.9％
V-ii-2 3.04 3.04 2.94 0.10 0.10 3.3％ 3.3％
V-ii-3 0.58 0.58 0.52 0.06 0.06 12.5％ 12.5％
V-iii-1 6.28 8.19 6.77 -0.49 1.42 -7.2％ 21.0％
V-iii-2 1.97 3.04 2.16 -0.19 0.88 -8.6％ 40.7％
V-iii-3 0.34 0.58 0.38 -0.04 0.20 -10.7％ 52.2％
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Table 3: Discrete Barrier Option Prices (case C)

AE1 AE2 MC AE1 error AE2 error AE1 error rate AE2 error rate
I-i-1 8.30 7.49 7.54 0.75 -0.06 10.0％ -0.8％
I-i-2 3.19 2.73 2.77 0.42 -0.04 15.2％ -1.3％
I-i-3 0.61 0.50 0.51 0.09 -0.01 18.5％ -2.1％
I-ii-1 8.30 7.42 7.49 0.81 -0.06 10.8％ -0.8％
I-ii-2 3.19 2.70 2.74 0.45 -0.04 16.5％ -1.5％
I-ii-3 0.61 0.49 0.51 0.10 -0.01 20.2％ -2.3％
I-iii-1 8.30 7.36 7.43 0.86 -0.07 11.6％ -0.9％
I-iii-2 3.19 2.66 2.71 0.48 -0.04 17.8％ -1.7％
I-iii-3 0.61 0.49 0.50 0.11 -0.01 21.8％ -2.5％
II-i-1 8.30 7.58 7.63 0.67 -0.05 8.7％ -0.7％
II-i-2 3.19 2.78 2.81 0.37 -0.03 13.3％ -1.1％
II-i-3 0.61 0.51 0.52 0.08 -0.01 16.1％ -1.7％
II-ii-1 8.30 7.42 7.49 0.81 -0.06 10.8％ -0.9％
II-ii-2 3.19 2.70 2.74 0.45 -0.04 16.5％ -1.5％
II-ii-3 0.61 0.49 0.51 0.10 -0.01 20.1％ -2.3％
II-iii-1 8.30 7.27 7.35 0.94 -0.08 12.8％ -1.1％
II-iii-2 3.19 2.61 2.66 0.53 -0.05 19.7％ -2.0％
II-iii-3 0.61 0.47 0.49 0.12 -0.02 24.2％ -3.1％
III-i-1 8.30 7.73 7.77 0.52 -0.04 6.7％ -0.6％
III-i-2 3.19 2.87 2.89 0.29 -0.03 10.2％ -0.9％
III-i-3 0.61 0.53 0.54 0.07 -0.01 12.3％ -1.2％
III-ii-1 8.30 7.42 7.49 0.81 -0.06 10.8％ -0.8％
III-ii-2 3.19 2.70 2.74 0.45 -0.04 16.5％ -1.4％
III-ii-3 0.61 0.49 0.50 0.10 -0.01 20.3％ -2.2％
III-iii-1 8.30 7.12 7.22 1.07 -0.10 14.9％ -1.4％
III-iii-2 3.19 2.52 2.59 0.60 -0.07 23.1％ -2.5％
III-iii-3 0.61 0.45 0.47 0.13 -0.02 28.5％ -4.0％
IV-i-1 8.30 7.88 7.92 0.38 -0.04 4.8％ -0.5％
IV-i-2 3.19 2.95 2.97 0.21 -0.02 7.2％ -0.6％
IV-i-3 0.61 0.55 0.56 0.05 -0.00 8.7％ -0.8％
IV-ii-1 8.30 7.42 7.49 0.81 -0.06 10.8％ -0.8％
IV-ii-2 3.19 2.70 2.73 0.45 -0.04 16.6％ -1.4％
IV-ii-3 0.61 0.49 0.50 0.10 -0.01 20.5％ -2.0％
IV-iii-1 8.30 6.97 7.09 1.20 -0.12 17.0％ -1.7％
IV-iii-2 3.19 2.44 2.52 0.67 -0.08 26.6％ -3.2％
IV-iii-3 0.61 0.43 0.46 0.15 -0.02 33.1％ -5.0％
V-i-1 8.30 8.03 8.06 0.23 -0.03 2.9％ -0.4％
V-i-2 3.19 3.04 3.06 0.13 -0.01 4.4％ -0.5％
V-i-3 0.61 0.57 0.58 0.03 -0.00 5.2％ -0.5％
V-ii-1 8.30 7.42 7.48 0.81 -0.06 10.8％ -0.8％
V-ii-2 3.19 2.70 2.73 0.46 -0.03 16.7％ -1.3％
V-ii-3 0.61 0.49 0.50 0.10 -0.01 20.9％ -1.7％
V-iii-1 8.30 6.82 6.97 1.32 -0.15 19.0％ -2.2％
V-iii-2 3.19 2.35 2.45 0.74 -0.10 30.1％ -4.0％
V-iii-3 0.61 0.41 0.44 0.17 -0.03 37.7％ -6.2％
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Table 4: Discrete Barrier Option Prices (case D)

AE1 AE2 MC AE1 error AE2 error AE1 error rate AE2 error rate
I-i-1 8.30 7.92 7.94 0.36 -0.02 4.7％ -0.3％
I-i-2 3.19 2.98 2.99 0.20 -0.01 7.1％ -0.5％
I-i-3 0.61 0.56 0.56 0.04 -0.00 8.6％ -0.8％
I-ii-1 8.30 7.86 7.88 0.41 -0.02 5.5％ -0.3％
I-ii-2 3.19 2.94 2.96 0.23 -0.02 8.4％ -0.6％
I-ii-3 0.61 0.55 0.56 0.05 -0.00 10.3％ -1.0％
I-iii-1 8.30 7.80 7.82 0.47 -0.02 6.3％ -0.3％
I-iii-2 3.19 2.91 2.93 0.26 -0.02 9.7％ -0.7％
I-iii-3 0.61 0.54 0.55 0.06 -0.01 11.9％ -1.1％
II-i-1 8.30 8.01 8.03 0.27 -0.02 3.5％ -0.2％
II-i-2 3.19 3.03 3.04 0.15 -0.01 5.3％ -0.4％
II-i-3 0.61 0.57 0.57 0.03 -0.00 6.4％ -0.6％
II-ii-1 8.30 7.86 7.88 0.42 -0.02 5.6％ -0.3％
II-ii-2 3.19 2.94 2.96 0.23 -0.01 8.5％ -0.5％
II-ii-3 0.61 0.55 0.55 0.05 -0.00 10.3％ -0.9％
II-iii-1 8.30 7.71 7.74 0.56 -0.03 7.6％ -0.4％
II-iii-2 3.19 2.86 2.88 0.31 -0.02 11.7％ -0.8％
II-iii-3 0.61 0.53 0.54 0.07 -0.01 14.4％ -1.3％
III-i-1 8.30 8.16 8.18 0.12 -0.01 1.5％ -0.2％
III-i-2 3.19 3.11 3.12 0.07 -0.01 2.3％ -0.3％
III-i-3 0.61 0.59 0.59 0.01 -0.00 2.6％ -0.4％
III-ii-1 8.30 7.86 7.88 0.42 -0.02 5.6％ -0.2％
III-ii-2 3.19 2.94 2.95 0.23 -0.01 8.5％ -0.5％
III-ii-3 0.61 0.55 0.55 0.05 -0.00 10.5％ -0.7％
III-iii-1 8.30 7.56 7.60 0.70 -0.04 9.7％ -0.6％
III-iii-2 3.19 2.77 2.80 0.39 -0.03 15.1％ -1.1％
III-iii-3 0.61 0.51 0.52 0.09 -0.01 18.8％ -1.7％
IV-i-1 8.30 8.32 8.33 -0.03 -0.01 -0.4％ -0.2％
IV-i-2 3.19 3.20 3.21 -0.02 -0.01 -0.6％ -0.2％
IV-i-3 0.61 0.61 0.61 -0.01 -0.00 -0.9％ -0.3％
IV-ii-1 8.30 7.86 7.87 0.42 -0.02 5.6％ -0.2％
IV-ii-2 3.19 2.94 2.95 0.24 -0.01 8.7％ -0.3％
IV-ii-3 0.61 0.55 0.55 0.05 -0.00 10.8％ -0.4％
IV-iii-1 8.30 7.40 7.46 0.83 -0.06 11.7％ -0.8％
IV-iii-2 3.19 2.68 2.72 0.47 -0.04 18.5％ -1.5％
IV-iii-3 0.61 0.49 0.50 0.11 -0.01 23.2％ -2.4％
V-i-1 8.30 8.47 8.48 -0.19 -0.01 -2.3％ -0.2％
V-i-2 3.19 3.29 3.29 -0.10 -0.01 -3.4％ -0.2％
V-i-3 0.61 0.63 0.63 -0.02 -0.00 -4.3％ -0.2％
V-ii-1 8.30 7.86 7.87 0.42 -0.01 5.7％ -0.1％
V-ii-2 3.19 2.94 2.95 0.24 -0.00 8.8％ -0.2％
V-ii-3 0.61 0.55 0.55 0.06 -0.00 11.2％ -0.1％
V-iii-1 8.30 7.25 7.33 0.96 -0.08 13.8％ -1.1％
V-iii-2 3.19 2.60 2.65 0.54 -0.05 22.1％ -2.0％
V-iii-3 0.61 0.47 0.48 0.12 -0.01 27.9％ -3.1％
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