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Abstract

In this paper we derive analytic implicit form conditions for the qualitative
analysis of government spending multipliers and the optimal level of government
spending in presence of non-separability between private and public components
of aggregate demand. Using the simplest neo-classical flexible price model with no
capital accumulation, we show that Edgeworth dependence is not a suitable condi-
tion to automatically assess the signs of the consumption and income multipliers,
for which a more complex analysis must be carried out. We propose a detailed
investigation of the form and the characteristics of the involved utility functions,
which are crucial to such evaluation. We also show that if Edgeworth comple-
mentarity is strong enough, a public spending stimulus can raise at the same time
private consumption and real activity. In order to reconcile our general framework
with existing literature, we discuss recent examples of non-separable functional
forms from the standpoint of our results, and argue that their consistency relies
on specific assumptions about steady- state points.



1 Introduction

How can economic theory rationalize the link between non-separable public and private
consumption and the magnitude of government spending multipliers? After the massive
fiscal stimulus in 2009, there has been a renewed interest towards theoretical and em-
pirical investigations on the magnitude of government spending multipliers (Hall 2009,
Christiano et al. 2009, Corsetti et al. 2009). This policy-led research interest builds
on a consolidated theoretical effort aimed at reconciling models’predictions with the
observed government spending’s impact on real activity and private consumption.

Starting from the contribution by Blanchard and Perotti (2002), empirical evidence!
has reported the existence of a positive private consumption multiplier of government
spending. This prediction is at odds with the standard neoclassical framework (Baxter
and King 1993) and requires special assumptions - such as a high share of credit-
constrained agents (Coenen and Straub 2005, Gali et al 2007)- in the New Keynesian
literature. Recently, a number of contributions started working on the preferences’s
structure in order to rationalize the existence of a positive consumption multiplier. This
effort includes papers on consumption-hours complementarity (Linneman 2006,Perotti
and Monacelli 2008, Bilbiie 2009) and on consumption-public spending complement-
arity (Linneman and Schabert 2004, Ganelli and Tervala 2009). Guo and Harrison
(2006) showed how Edgeworth complementarity in a balanced-budget policy failed to
rule out indeterminacy effects. More recently, authors such as Hall (2009) and Wood-
ford (2011) began to explore the core of the analytical issue and to derive expressions
for the multipliers under different market structures.

This paper builds on these two last contributions and delves into the analytical
nature of the problem. Basing on the current vacancy of a global theoretical approach
to the link between public expenditure utility and multipliers’ qualitative evaluation,
we will provide a complete discussion on this topic. Particularly, we intend to provide a
general framework in which the characteristics and the properties of the involved utility
functions are closely related to the behaviour of the multipliers, showing the strong
dependence between the involved functional forms and the resulting policy implications.

The usual approach consists in choosing a bundle function involving private con-
sumption C' and public expenditure G as utility function’s arguments. For example, the
following bundle functions are respectively borrowed from Ganelli and Tervala (2009)
and Linnemann and Schabert (2004):

_v_
v—1 v—11] =1

B1(C,G) = C + oG, By(C,G) = 0% + (1 - 6)G* :

whose related utility functions are:
(B2(C,G)'
1—v '
In our setup we will generalize the analysis of multipliers and of Edgeworth com-
plementarity /substitutability to each possible bundle function and utility function. We

ul(Bl(C', G)) = ln(Bl(C, G)) ’LLQ(BQ(C, G)) =

! Among others, Fatas and Mihov 2001, Garcia and Ramajo 2005, Gali et al 2007, Ramey 2011.



will determine the explicit formulas for the consumption and income multiplier without
applying any log-linearization around stationary points; namely we will deal with rep-
resentations of multipliers with no restrictions on the plane, except for the subsets
where such formulas are not well defined. Furthermore, we use our framework to gain
a better understanding of the welfare effects of public spending when the latter has
non-trivial general equilibrium effects.

Our main results can be summarized as follows.

1) Edgeworth complementarity and substitutability are neither necessary nor suf-
ficient conditions to generate - respectively - positive and negative consumption mul-
tiplier. In fact, their signs strongly depend on the characteristics of the bundle and of
the utility functions, including the Arrow-Pratt measure of risk aversion of both utility
and disutility functions.

2) The output multiplier is positive if marginal utility of income is positively affected
by public spending (this can also occur under Edgeworth substitutability), but this is
not enough: we need precise conditions on the concavity of the bundle-function.

3) A government spending stimulus can raise at the same time private consumption
and output if the Edgeworth complementarity effect between private and public spend-
ing is greater than the rate of growth of marginal disutility of producing an additional
unit of output.

4) The optimal level of public expenditure is decreasing in the intensity of the
Edgeworth dependence, regardless of its sign.

As a support for our general analysis on multipliers, we will also provide evidence
that the use of specific explicit form preference specification - along with loglinearization
around specific and convenient points - is not internally consistent if applied without
reference to such general theory.

This paper is organized as follows. Section 2 describes the setup of the model, the
notation we employ and recalls the basic mechanism in place to determine government
spending’s impact in a perfectly competitive economy. In Section 3 we derive ana-
lytical expressions for the multipliers under the standard case of additive-separability
between private consumption C' and public spending G. Section 4 and 5 are devoted to
the derivation and discussion of signs and magnitudes of - respectively - consumption
and output multiplier in a non-separability general framework. In Section 6 we verify
the conditions under which both multipliers can be positive, thereby determining an
expansionary effect of public spending on consumption and real activity, as often ob-
served in empirical analysis. In Section 7 we perform a welfare analysis, deriving the
conditions for the optimal level of government spending. In order to verify the general
validity and consistency of our conditions, Section 8 considers two attempts to model
Edgeworth dependence with two different functional forms taken from the recent lit-
erature (Ganelli and Tervala 2009, Linneman and Schabert 2004). Section 9 concludes
and suggests future research directions.



2 The setup
Referring to time ¢ > 0, we will use the following notation:

e (; : level of private consumption;

e (&; : flow of public expenditure;

e H; : amount of hours worked;

e Y; : quantity of the single and homogeneous good produced in the economys;
e T} : lump-sum taxes levied on consumers;

e W, : nominal hourly wage rate;

e P, : nominal price of good Y;

A representative firm owned by households produces a single homogenous good Y;
that can be privately or publicly consumed, according to a technology where hours
worked are the only variable input and capital is fixed and normalized to one. So in
each period:

Y: = f(Hy) (1)
Y, = Ci+ Gy (2)

where f’(-) > 0 and f”(-) < 0 and the exogenous flow of real government expendit-
ure G, is financed by the government by levying lump-sum taxes T; on consumers.

Households receive a nominal payment W; for every supplied hour; they do not
save, so that their budget constraint in nominal terms is simply:

PCy + BT, = Wi Hy (3)

We will denote with U(-) the utility function to be maximized by the representative
household.

The above set-up describes a perfectly competitive flexible price economy with
lump-sum taxation. In such a setting, an increase in government spending increases
the net present value of taxation?, thereby reducing consumers’ intertemporal budget
constraints. The resulting negative income effect reduces the demand for both goods
(consumption and leisure), provided that they are normal: the former causes the negat-
ive consumption multiplier, the latter - by increasing labor supply - causes the positive
output multiplier. In this latter case, a crucial role is clearly played by how households
weight the disutility of supplying labor in their preferences structure: the higher it is -
so the more costly it is to supply additional labor in utility terms - the lower the labor
supply outwards shift and hence the lower the output multiplier. And viceversa.

2When no features is inserted to break the Ricardian equivalence - such as distortionary taxation,
liquidity constraints or finite horizons - debt-financing is irrelevant to this respect.



We are now ready to analyse how this mechanism displays its effects, thereby de-
termining the size of government spending multipliers. First we present the standard
case where public spending has no effects on private consumption’s marginal utility,
then we move to the more interesting case of non-separability.

3 Wasteful government expenditure (ucg = 0)

When government spending is wasteful, the instantaneous utility function can be ex-
pressed as:
U(C,H) = u(Cy) — v(Hy) (4)

where u(-) € C? is increasing and concave in Cy and v(-) € C? is increasing and
convex in H;:
W >0, u<0, v>0, v/>0.

Competitive equilibrium on labor and goods market leads to Pareto efficiency con-
ditions:

Wi

f'(Hy) = 5l (5)
/ Wt o /
(O = V) )
Combining (5) and (6) leads to:
u(Cy) = 0'(V4) (7)

As in Woodford (2011), we indicate with ©'(Y;) households'marginal disutility of
producing one additional unit of output (as a result supplying an additional hour of
labor). The function ? is formally obtained by employing the substitution o(Y;) =

v(fH (W)

V(T (W)
fIU )

where / indicates the derivative with respect to Y;.

=0 (1) - (fT (V) = ((f 1)) = 7' (Vo)

Note that the previous relation establishes a precise condition for ¥ to be linear.
Essentially, if we assume the non-convexity of production technology in accordance to
general equilibrium theory and the non-concavity of the disutility function v(H), then
both v(-) and f~!(-) are either linear or convex. Thus 9 is linear if and only if v and
f~! are both linear.

Equation (7) gives us the Pareto-efficient equilibrium output Y; as a function of
wasteful government spending G;. By totally differentiating it we will recover an ana-
lytical expression for the government spending multiplier on output (%); as (2) holds



at equilibrium, and government expenditure is assumed to be totally wasteful, the
following condition holds:

du=0 = uy(Y —G)dY =ug(Y — G)dG, (8)

where we dropped the time argument for brevity and we used, like we will do in the rest
of the paper, the synthetical symbol ug to represent the first order partial derivative of
u with respect to G. A double index will mean a second order partial derivative. From
now on, we will also lighten the notation by omitting the arguments of the involved
functions.

Differentiation of (7) leads to:

uyydY —uqqdG = tyydY,

so that the multiplier expression is®:

ay ele
dG  uyy — dyy
Equation (9) highlights that the income multiplier is:

1. non-zero if u(-) is non-linear;

2. strictly positive and smaller than 1 if u(-) is concave and 9(+) is convex, as usually
assumed in economic models;

3. equal to 1 if 9(-) is linear, because the labor supply response is maximized given

that marginal disutility is no longer increasing.

Expressing Pareto-optimality as a function of C' and G, by the same procedure, we
also achieve a formulation for the consumption multiplier:

uccdC = vccdC + vaqdG,
implying: .
ac Vele:
Hence, the consumption multiplier is:
1. taking values between —1 and 0 as long as 9(-) is convex;

2. equal to zero if ¥(+) is linear;

3. equal to 1 if u(-) is linear.

3By the Implicit Function Theorem, this representation holds in a neighbourhood of any point on
the curve determined by the equilibrium condition in the Y — G plane where the denominator of (?7)
does not vanish. In order to avoid repeating this assumption in all the remaining cases throughout
the paper, we will always consider the expressions of multipliers as well-defined, i.e. in the portions of
C — G and Y — G planes where their denominators are not vanishing.



Combining (9) and (10), the general link between the two multiplier effects of
government spending can be inferred:

dY dC v
av _d0 . uGe Y66
dG  dG uyy —Vyy  Ucc — Vcc

=1. (11)

which reminds us that in perfectly competitive models with no capital accumulation
- if v(Y) is convex - consumption multiplier is always negative and output multiplier
is always smaller than one. This is the consequence of the neoclassical mechanism
recalled in Section 2. The driving force is the negative income effect, which reduces
consumers’demand for the two goods which constitute the arguments of the utility func-
tion. Not surprisingly, the extent of these retrenchments - which ultimately determine
multipliers’ sizes - crucially relies on the specification of functional forms, particularly
second order partial derivatives. We now analyze how multipliers’ analytical expres-
sions change when government spending directly affects the marginal utility of private
consumption: if the effect is positive, we are in the presence of Edgeworth complement-
arity, while in case of a negative effect Edgeworth substitutability is said to be in place.
First we look at sign and magnitude of the consumption multiplier (Section 4), then
we do the same for the output multiplier (Section 5).

4 Edgeworth-useful expenditure (ucg # 0): the consump-
tion multiplier

In case of non-separability between private consumption and government spending, a
general specification of the instantaneous utility function is:

U(C, G, H) = u[B(C, Q)] — v(H), (12)

where B(C, () is a bundle function involving consumption and expenditure, is a C?
function in both variables,  (+) is concave* in private and public consumption and their
mixed effects do not vanish, that is ucg = uge # 0. We can formulate an expression
for ucg involving the effects related to the bundle function, which will be quite useful
in the following:

ucg = uppBoBg + upBeog. (13)

Recall that ucg > 0 denotes Edgeworth complementarity, whereas ucg < 0 denotes
Edgeworth substitutability.

d
4.1 The fi lati f —
e formulation of -~

Applying the aforementioned change of variable and plugging the constraint (3) into
the relation, we can rewrite the optimal condition:

4Note that we are not requiring concavity of both utility and the bundle, but only the concav-
ity of the composition of the two functions. As we will see in the following, our findings apply to
the formulation of Ganelli and Tervala (2009), whose bundle function is linear in consumption and
expenditure.



up [B(C,G)] Be(C,G) =ty (C + G) = 0c(C + G), (14)
where we also took into account the change of variable:

vy = v¢ /Yo = Uc.
We are going to introduce the analytical expression for the consumption multiplier.

Proposition 1. Given a utility function as in (12), and ucg # 0, the consumption
multiplier amounts to:

dC  vcq —uppBcBg —upBoa

P 15
dG uppB% + upBeoc — tcc 19)

Proof. See Appendix. O

ac
4.2 The si f —
e sign o Ve

The next propositions are meant to investigate the relationship between the sign of
(15) and Edgeworth complementarity/substitutability.

Proposition 2. Suppose that

Boe < — — —DB¢
up upg
Then the following are true:
1. If
upBoBg
Beg < — BBUB ;
then: JC
2. If
BecB BecB U
_ussBeBe _p . uspBcBe | Pec
up UB up
then: JC
ucg > 0, el < 0.
S If
uppBcB )
Beg > — BBUBC G uchv
then: JC
> 0, — > 0.
uca dG



Proof. See Appendix.

Proposition 3. Suppose that

Bee > E - EBC
Then the following are true:
1. If
Be _UBBBCBG7
UuB
then: i
uca < 0, ic > 0.
2. If
_uspBcBa Beg < _uppBcBg | Ve
uUp up up
then: i
uca > 0, Fleke 0.
3. If )
Bog > _UBBUB;CBG n 1;030’
then: i
uca > 0, 20 < 0.

Proof. See Appendix.

Propositions 2 and 3 are summarized in the following Figure:

Y



Beco 4
ucg < 0 ucg > 0 ucg >0
i _umng, | dC ac ac
up  up OC i " ic " i =Y
ucg < 0 ucg >0 ucg >0
dC dC dcC
1) Boc
_uspBeBe _uppBoBe | ce
up up up

Figure 1. The six possible combinations occurring between ucg and

dG

What Propositions 2 and 3 and Figure 1 point out is that the hypothesis of Edge-
worth dependence ambiguously affects the sign of the private consumption multiplier.
The found thresholds depend on an absolute measure of risk aversion: if we denote
with

AP(u) = —“BB

UuB
the Arrow-Pratt index of u, we can remark that the threshold for Boo is given by
YCC | AP(u)B2.
up

On the other hand, if we take into account that at equilibrium

up - Bc = uc = vy

and that
Ucc = VoG = Vyy,
then foe _ BCUE/—Y, therefore the two relevant thresholds for Bog respectively are:
up vy
AP(u)BcBg and Bc(AP(u)Bg — AP(7)),

10



highlighting the crucialness of the absolute measures of risk aversion of both utility and
disutility in the sensitivity analysis.

5 Edgeworth-useful expenditure (uys # 0): the output
multiplier

Now we proceed to plug the constraint into the expression of the utility function. In
order to avoid confusion, we define a new bundle function for this occasion:

B(Y> G) = B(C7 C7Y)|C:Y—G = B(Y -G, G)>
and the related utility function

U(Y, G, H) = u(B(Y,G)) — v(H). (16)

5.1 The f lati f —
e formulation of —~

Since our aim is to write down a relation similar to (15) but just involving Y and G,
first we remark that the constraint C' =Y — G directly affects the first order derivative
uc, that is:

9B(Y,G) 9B(C,G)dC _ IB(C,G)
oy  oC oYy  aC

<— By = Bc¢.
Consequently, the equilibrium condition under separability (equation 7) now reads:

up [B(Y,G)| By (Y,G) = vy (Y). (17)
Before tackling the issue of the output multiplier, we have to pinpoint the other
first order partial derivative of the new function:

0B(Y,G) 9B(C,G)dC  9B(C,G)

oG~ oc oc T ag 7 Be=-BetBe

Then, by applying the same procedure used in the calculation of the consumption mul-
tiplier and dropping the arguments as usual, we will determine the output multiplier:

Proposition 4. Given a utility function as in (16), and uy ¢ = ugBy Bg+ugBy g # 0,
the output multiplier amounts to:

ay uppBaBy + upBagy

dG _UBBB%/ +upByy — Uyy

(18)

Proof. See Appendix. O

11



ay d
Remark 5. The identities (18) and (15) verify the constraint €c dg = 1. In order

to ensure that, we have to take into account the following relations between derivatives:
Uyy = Ucc = UG = VGG

and the properties between the derivatives of B(-) and B(-). Since the denominators
are equal, the difference between the multipliers is the following:

daY dC  —upBacBy —upBcy — ¢ + uppBeBa + upBog

dG 4G upBy + upByy — Uyy

_ —uppBcBg + uppB% — upBeg +upBec — toa + upsBeBa + upBeg _
uppB? + ugByy — Uyy

_ upBZ +upBoc — e

= — 1.
uppBi + ugByy — Uyy

Remark 6. The two expressions regarding the multipliers under non-separability, i.e.
(18) and (15), collapse into the expressions under separability (equations 9 and 10) if
we posit B(C,G) = C. In fact, since all the second order partial derivatives of B(-)
and of B(-) vanish, ucc = ugg = Uyy = UBB = UBB-

ay
5.2 The si f —
e sign of -~

The output multiplier’s sign can be assessed by an analogous procedure, taking into
account (19) and thus achieving the following expression:

day uyq _ upBBE +upBeo — uca

dG UBBB%/ + ugByy — Uyy UBBB% +upBoo — oo

The latter double representation means that the sign of this multiplier can be
discussed by evaluating either the effects of income and expenditure or the ones of
consumption and expenditure, like in the case of the consumption multiplier. Following
the first path, we can provide an appraisal:

Proposition 7. If either of the following holds:

~ 2
Uyy — upplB
1. uyg >0 and Byy < ﬂ;
up

yy — ugplB?
2. uyg <0 and Byy > YY—BBY;

up
dy
then — .
en Ve >0
Proof. Follows immediately from the expression of —. O

dG

12



Remark 8. We chose not to impose any specific assumption on the bundle function
B(-), but if we consider it as a concave function in its arguments, if u is either concave
or linear in B, then the second hypothesis of Proposition 7 never holds, hence uyg < 0

. .ay
implies ac < 0.

As in Subsection 4.2, also in this case the threshold for Byy can be written down
in terms of the Arrow-Pratt index, relying on the equilibrium identity:

~ 2
W’”uw — _By AP(%) + AP(u)B%.
B

6 Can government spending raise both consumption and
output?

In this Section we investigate the possibility of a government spending stimulus dG

raising simultaneously private consumption and real income, as reported by a number

of empirical investigations summarized by Hall (2009). Before doing that, it is useful

to examine some useful connections between the way public spending affects the mar-

ginal utility of - respectively- consumption (uc¢) and income (uy¢). Their analytical
expressions are:

uce = uppBcBg +upBeg
uyc = upBgy +upsByBg
Then we exploit the relationship we derived in Subsection 5.1 between the derivatives
of B(-) and B(-):
Bg = —Bc + Ba
By = Bc = Bgy = Beg — Boo

implying:

uyq = up(Bcg — Bee) +uppBe (—Be + Bg) =
= ugBog — usBoc — uppBé + upsBcoBa,

which leads to the following identity:

uy G = ucae — UCc- (19)

Broadly speaking, the effect of public spending on the marginal utility of income is
equal to the variation between the effects of public spending and consumption on the
marginal utility of consumption.

Equation 19 brings about some interesting results, of which we omit the proofs.

e If u() is concave in C, then uyg > ucg-.

13



e If u() is concave in C, ucg >0 = uyg > 0.
o If ucg <0, then uyg > 0 if and only if uco < ucg-

o If u(-) is linear in B, then uyg = up(Beg — Bee).-
Assuming the concavity hypothesis on u(-), we can stress that:

1. Under Edgeworth-complementarity (uce > 0) marginal utility of income is al-
ways affected by G more than marginal utility of consumption is.

2. Under Edgeworth-substitutability (ucq < 0) it is still possible to have a positive
effect of G on marginal utility of income, as long as ucc < uca.

Our analysis relies on some reasonable and acknowledged assumptions, i.e. the
convexity of ¥, entailing the inequality constraint:

Uyy = Ucc = tcg >0 (20)

and on the positivity of the marginal contributions of consumption and expenditure to
the bundle function: Bo > 0, Bg > 0. Note that these requirements are not sufficient
to ensure the positivity of both marginal contributions to the other bundle function,
that is only By is positive, whereas Bg admits all signs.

In the following, we will focus our attention on the multipliers’ behaviour under
both kinds of Edgeworth dependence.

Since no capital accumulation occurs in our model, we can prove the following:

Proposition 9. Under Edgeworth complementarity, the following holds:

1. uyg > 0;
Y
2. if ucg > Voc, then % and Z—G are positive.
Proof. See Appendix. O

The previous constraint (ucg > 0cc¢) has a straightforward economic interpreta-
tion. In the standard neoclassical model - absent any nominal rigidities - the output
multiplier mechanism is essentially governed by the shift in households’ labor supply.
The size of oo represents the velocity at which the disutility of producing one unit of
output increases. Therefore, a higher 0c¢ limits the outward shift of the labor supply
curve and, consequently, the size of the output multiplier. It is therefore clear that, to
ensure positivity of both multipliers, the Edgeworth complementarity effect must be
strong enough to offset it.

Proposition 10. Under Edgeworth substitutability (i.e. ucg < 0), the following hold:

14



1. uyg > 0 if and only if ucg > ucce if and only if

ac
. |
0>59G~

1> 9 50
aG

2. uyg < 0 if and only if ucg < ucc; in this case, we have the two following cases:

o if
~ 2 2
Uyy — upglB ucq — upsB
—— Y s By > — 22
uRB up

then
i
dG

dY

~ 2 2

Uyy — upgB ucg — uppB

Byy > Y > Y,
uB uB

then
E > 0
dG

g>1
dG

Proof. All the assertions directly follow from (??), from ucg < 0 < Oyy and from
Proposition 7. 0

Consequently, if C and G are Edgeworth substitutes it is possible to obtain a
marginal utility of income positively affected by public spending, and a positive output
multiplier at the same time. What is no longer possible is the positivity of both
multipliers, irrespective of the chosen bundle and utility function.

7 Welfare analysis

In the benchmark neoclassical model the optimal value of government expenditure is
zero. This result is basically due to two considerations: i) public expenditure yields
no direct utility to economic agents ii) it does not deliver any indirect utility either,
since it does not affect private demand’s components. As a result, for a given output
level, public expenditure subtracts resources from private demand and increases the

15



disutility of labour supply. In other words, the "crowding-out" effect is the only one at
work.

Woodford (2011) takes care of item i), and shows how this result is affected when
public expenditure is inserted in a separable way into representative household’s utility
function. In this case, the optimal level of G must satisfy:

Us =Uy—g (21)

whose interpretation is straightforward: the government should spend up to the
point where the marginal utility of public spending (LHS) is as high as the marginal
utility of private spending (RHS). Any expenditure beyond that point would imply a
situation where society would be better off if that unit of spending was used in the
private sector, where the marginal utility is higher.

In this Section we are going to carry out a welfare analysis when also item ii) is
faced: we are going to assume that government spending enters the utility function in
a non-separable way.

Namely, we will determine the equilibrium condition of the decentralized house-
holds’ problem, which will become a constraint of the planner’s problem.

The decentralized problem consists in maximizing the utility function « [B(C, G)] —
v(H) with respect to C' and H subject to the budget constraint C + 71 = W H. First
order condition of the problem is given by:

/
W — ZB(gg =0 (22)
which, as usual, states that the marginal rate of substitution between leisure and
consumption v'(H) must coincide with the real wage (W) when in equilibrium.
In order to %ﬁd (ihe optimal level of public expenditure, the social planner must
solve:
max «[B(C. G)] — (1) (23)

subject to (22) and to the resource constraint (which already takes into account the
production function Y = H):

o'(H)
W_UBBC =0 (24)
H-C-G = 0 (25)

Maximizing (23) subject to (24) and (25) leads to the following result, which is the
non-separability version of equation (21):

Proposition 11. The optimal condition of the planner’s problem is given by:

U
Ug=A—puW=5<. (26)
Uc

16



Proof. See Appendix. O

In (26) u, the Lagrange multiplier associated to constraint (24), indicates the social
utility value of an additional unit of wage, whereas A, the Lagrange multiplier associated
to constraint (25), indicates the social utility value of an additional unit of output.

Equation (26) determines the optimal level of public expenditure in a framework
where government spending affects marginal utility of private consumption either by
increasing it (Edgeworth complementarity) or by decreasing it (Edgeworth substitut-
ability) according to the sign of Ucg.

The economic interpretation of the optimal condition is pretty straightforward. The
government should spend up to the point where the marginal utility of public spending
(Ug) is equal to the net benefit stemming from its realization. In turn, the latter is
equal to the social value of an additional unit of output (since the additional euro of
public spending causes an increase in consumption and an overall increase in output)
- A - minus the utility cost deriving by the increase/decrease in private consumption,
which is triggered by the public expenditure stimulus. The term % gives us the
extent of the movement in the marginal utility of private consumption; the resulting
change in consumption must be supported by a change in labor effort, which is priced
in utility terms at the marginal rate of substitution between leisure and consumption
(MRS(l_H)g = W) .

Under Edgeworth complementarity (Ucq), a rise in G increases the consumption
level, thereby ruling out any possible "crowding-out" effect, since both aggregate de-
mand components increase. Therefore output has to increase, and must be produced
by households who trade leisure for consumption and pay an utility cost equal to their
marginal rate of substitution (W) times how much their marginal utility of consump-
tion has increased (given by the term %) In other words, the optimal level of public
spending (G*) is the one in which the marginal benefit of public spending (Ug) is
equal to the social value of one additional unit of output (A) minus the social cost of

producing it in terms of loss leisure (MWUULCG> This last term, in turn, is given by

the increase in marginal utility of consumption triggered by public spending (: UULCG>

multiplied by the necessary decrease in leisure which is needed in order to sustain the
additional unit of consumption (MRS = W), multiplied by the social utility value of

wage (1) .

Under Edgeworth substitutability (Ucg < 0) the mechanism is the same, except
that now private consumption decreases, so the social utility value of wage (u) is
negative. So the product MWU[}C—CG is still positive, and the expression A — ,LLW%
still retains the same economic meaning: the difference, in utility terms, between the
social value of one additional unit of output (\) and the social cost of producing it,
where the latter incorporates the effects through private consumption.

We can note that, for Ugg < 0, in both cases the optimal level of public expenditure
G* is decreasing in the extent of Edgeworth dependence (the module of Uc). Namely,
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the greater its effect on private consumption, the lower the socially desirable level of
public expenditure must be.

8 Two examples of functional forms employed in literat-
ure

In this Section we apply our previous findings to the two functional forms commonly
used in the literature of non-separability to verify the consistency of our general frame-
work and its conditions.

Our first example is borrowed from Ganelli and Tervala (2009) and is meant to show
the computation of the multipliers when the bundle B(C, G) is a linear combination of
consumption and expenditure.

Example 12. Consider the following data:
Y1+
=17e

where a # 0 and § > 0 (to ensure the required assumptions on the disutility v(-)) are
real parameters. Keeping in mind the constraint Y = C' 4+ G, we are going to reckon
all the useful derivatives to determine the consumption multiplier:

1 1
“5=Be,qy "PPT TB(C.G)

Bee =0, Bog=0, tcc=&C+G)* Y, g =£E0C+G)

Consequently, we have:

B(C,G)=C+aG, u(B(C,Q))=1m(B(C,G)), oY)

BC:17 BG:aa

_ Q
dc E(C+ G)S 1+7(C+QG)2 o
“ ‘mlaap‘f“”@f‘l

As far as Edgeworth dependence is concerned, by the linearity of the bundle function
we have that:
— wunB% — %
e T Re T T o)y
Keeping the value of ucg in mind, we can study separately two subcases:
first, a necessary and sufficient parametric condition can be inferred:

ucag < 0

a>0 <— ,
dC 0

— <

dG
i.e., the positivity of a for the simultaneous Edgeworth substitutability and negativity
of the consumption multiplier. ®

Note that in Ganelli and Tervala (2009) this is the rationale for the ad-hoc additive separable term
V(G).
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Being this condition solely parametric, the sign of the consumption multiplier stays
negative across the whole C'— G plane, irrespective of the level of C' and/or G taken
into consideration.

Since the bundle function is linear Boc is identically zero, therefore Figure 1 col-
lapses into 1 dimension as can be shown in the following picture:

a>0 a<0
AP(u)BcBg BC(A%)L;K— AP(v))
| .
) / \ B
uca < 0 ucg > 0 ucg >0
dC dC dC
i <0 el <0 i >0

Figure 2. Qualitative analysis in Ganelli and Tervala’s model

On the other hand, if o < 0, all the remaining cases may occur under complementar-
ity, depending on the sign of the numerator of (27). Without using any log-linearization
and consequently any restriction, we can evaluate the sign of (27) (not always the same)
in the C — G plane as if such expression were a two-parameter family of curves, where
the involved coefficients were a € (—o0, 0) and £ € (—oo, —1) U (-1, +00).

Subsequently, we will consider the function B(Y,G) and its derivatives:

BY,G)=Y +(a—-1)G, By=1, Bg=a-1, Byy=DBgy =0,
so that the application of (18) yields:

a—1
ay - 2
dy Y + (o — 1)G] . (28)
WG s — E()E
Y + (a—1)G)?
1
Since uyg = BQ(Ya 5 then the necessary and sufficient condition we deduce on para-
meter « is slightlyﬂiﬁerent with respect to the one for (27):
uyag < 0
a>1 =
v,
dG

The latter assertion confirms Ganelli and Tervala’s Proposition 3, according to which
a < 1 is the necessary and sufficient condition for the output multiplier to be positive,
which occurs through a outward shift of the labor supply curve.
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As a further example, Linneman and Schabert (2004) employ a Constant Elasticity
of Substitution aggregator between public and private consumption.

Example 13. Consider the following bundle and utility functions:
B
L=y

Y

B(C,G) = [90”21 Fa—0GT T, w(B(C,G)) =
140
and the disutility map v(Y) = T3 o where v # 1 and o > 0.
o

All the relevant derivatives are computed as follows (calculations are omitted but

they are available upon request):

up = [B(C,G)]7, upp = —y[B(C, )],
po =0 (HCD)" o= 10 (BGAY
Beo =, (B(%G)f 5+ B(Ce, G) <B(% G>>i

01— 0) [ B(C,G)
< C-G

Consequently the derivatives of the utility functions amount to:

Beo = )”LB«LGNEW.

9 2 —yv—v+2

uce = SOTHBO.G) T (0w +1) - O BO.O)T)

—yv—v+42
v—1 v71:| v—1

v +(1-60)G

wee = 6(1—0) <—7+ i) G [ec

tog = Vyy = oo = o(C+G)7 !
Subsequently, we can plug them into (15) in order to evaluate the consumption
multiplier:

o(C+ G L +0(1—-0)(C-G) +[B(C,G)+ ! [’y - i]

ac _
aG

i .
v
02C~%[B(C,G)]» 7! [1 — v] JOBEOL T gy
v v Cvt!

As in Example 11, we can easily state a necessary and sufficient condition depending

on the two involved parameters:

uca < 0

gl ac

E<O
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i.e., on the elasticity of substitution between C' and G and on the inverse of the
degree of risk aversion —. That is, FEdgeworth substitutability is sufficient, but not

necessary, to ensure the negativity of the consumption multiplier. Recalling the pre-
vious Example, this assertion holds across the C' — G plane too, whereas the opposite
inequality can lead to different results. In Figure 3, we appraise the complementar-
ity/substitutability and the sign of the consumption multiplier in relation to the found
parametric condition, by amending Figure 1.

We can remark that all situations are admissible except the one depicted in the
northwestern box, i.e. substitutability and positivity of the consumption multiplier.

BCCK R V<;
uca < 0 ucg > 0 ucg > 0
dC dC C
E>O E>O 7 <0
YeC | AP(u)B2
up
ucg < 0 ’LLCg>O/ ucg >0
/£<0 <y C
dG dG dG
1
v > — .
70 Bea

AP(u)BcBg Bc(AP(u)Bg — AP(7))
Figure 3. Qualitative analysis in Linneman and Schabert’s model

By the usual position C =Y — G, we proceed to analyze the income multiplier. The
bundle function amounts to:

v

£7,6) = oy - 0 4.1 - )],

and the relevant derivatives are:

By:9<B(Y,G)>11}7 B = B(Y,G)+ [(1—9) a —H(Y—G)_ﬂ,

v -0)
Boy =+ (‘;‘f{?) st oot —ow —a 4 ),

+ Y -G

Y -G ' B(Y,G)

Byy =2 (zs;/(xig)>i 1 0 <B(Y,G)>i
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uyc = Uucag —ucc

- 1 v— v— T o—1
— 0(1-0) %G—% b= ra-aeT] T -
0

v

C3B(C, Q)] (9(—71; +1) - CF[B(C, Q)] )

We can see that ambiguity emerges as early as first derivative Bg is taken into
consideration; in fact, its sign ultimately determines the qualitative determination of
the output multiplier.

The substitution of all previous expressions into(18) yields the following:

v _ % [ —ort v -6 s (1-1) - ]
iG = B.ce! = _OBYGNTT
(Y—G)% v ”(Y—G)%H

The sign of the output multiplier is ambiguous on two dimensions: the sign of the

1
expression | v — — | - which, as we have just observed, determines the sign of the con-
v

sumption multiplier - and the expression Bg. We can easily notice that also in this case,
output multiplier admits all signs according to the relative positions of steady-state
points G and C. This is why it is not rare to find analysis who apply loglinearizations
around convenient points (Ganelli and Tervala (2009), for instance, loglinearize around
the point G = 0), so to have unambiguously positive output multipliers). However,
especially when working with large-scale DSGE models where the steady-state vector
is the solution to the system of first order conditions, nothing guarantees that the
loglinearization is implemented around a convenient vector. Thus, our investigation
defines general conditions to analyse the effects of government expenditure®.

9 Conclusions

The literature on fiscal policy multipliers is already very large, and still in a very act-
ive stage of development. Unfortunately, it is not always easy to compare different
contributions, as fiscal multipliers can be defined in different ways depending on the
purpose at hand (for example whether or not they take into account long-run effects).
Moreover, empirical estimates of fiscal multipliers can be difficult to compare with those
defined within more structural frameworks. With this paper, following in particular the

%A third functional form has been employed in order to model non-separability. Guo and Harrison
(2006) used a specification where u(B) is a CRRA utility function and B(C,G) is a Cobb-Douglas
bundle. We do not report such a case since, as it is well known, it is a special case of the CES
specification, as it can be achieved by a logarithmic transformation of the latter.
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recent contribution by Woodford (2011), we wanted to frame the analysis in the easi-
est setup possible, the standard frictionless neoclassical model. However, we aimed at
widening the traditional theoretical analysis on multipliers by explicitly taking into ac-
count the possibility that public expenditure is not simply a (often exogenous) push in
aggregate demand, but indeed has per se effects on the marginal utility of private con-
sumption. Indeed, the use of utility function specifications featuring non-separability
between government expenditure and private consumption has recently gained some
attention in the literature that attempts to reconcile models’predictions with observed
government spending multipliers. We provided a general representation of the ana-
lytical relationships occurring between the way of modeling non-separability and the
qualitative/quantitative dimensions of public spending multipliers. We obtained the
following results.

First, neither Edgeworth substitutability nor Edgeworth complementarity is either
necessary or sufficient to obtain a consumption multiplier with a unique sign. Crucial
conditions determining the positivity or negativity can be found to be relationship
between absolute measures of utility function and consumption bundle’s concavities.

Second, a positive effect of government spending on the marginal utility of income is
not enough to guarantee a positive output multiplier. This occurs if a certain condition
on the concavity of the consumption bundle is met.

Third, if the size of Edgeworth complementarity is greater than the rate at which
disutility of producing output increases, then it is possible to have both multipliers
positive. In that case, a public spending stimulus raises contemporaneously private
consumption and real output, as often observed in empirical analysis.

Fourth, the optimal level of public expenditure is decreasing in the intensity of the
Edgeworth dependence.

This general framework has been derived in a flexible price model with competitive
markets and lump-sum taxation. Once we introduce monopolistic competition, nom-
inal price rigidities and distortionaty taxation the analytical expression of multipliers
changes, as all those features play a relevant role in determining their sizes. Possible fu-
ture extensions include a more complete mathematical analysis of the above theoretical
contexts.
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Appendix

9.1 Proof of Proposition 1

Differentiating (14) with respect to C' and G and dropping the arguments for brevity,
the following identities hold:

(uBBB% + uBBCC)dC + (UBBBCBG + uBBcg)dG = 9ccdC + VcqdG,

which, after rearranging terms, entails the form (15).

9.2 Proof of Proposition 2
Given the hypothesis on Bec, the expression (15) suggests that if

UcG  UBB
Bcg > — — ——B¢Bg,

up up

d
then % > (0. On the other hand, (??) implies Edgeworth-complementarity if and only
if:
BeB
Beg > - pBBcba
up

By previous inequalities, separating the different cases we can complete the proof.

9.3 Proof of Proposition 3

If
Boo > vcc  UBB ng
up up
then by (15), — > 0 if and only if
Bea < veG @BCBG
uB ugB

Since (13) implies Edgeworth-substitutability if and only if:

uppBcBa
Beg < ————,
up

by taking into account all the different cases we can complete the proof.

9.4 Proof of Proposition 4

Differentiating (17) with respect to Y and G on the left-hand side and with respect to
Y on the right-hand side, we deduce what follows:

(upsBY + upByy)dY + (upBeBy + upBay)dG = yydY,

which leads to the form (18) for the output multiplier.
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9.5 Proof of Proposition 9

Since ucg > 0, the property uyg > 0 follows from the concavity of u with respect to

consumption and from (19).

On the other hand, if ucg > 0o, then the output multiplier exceeds one (see

. . ac . .
Subsection 5.2). The constraint el 1 entails that:
ac
— >0
— >1 = ,
e dy o
aG

thus the second property is satisfied too.

9.6 Proof of Proposition 11
Calling

L() = u[B(C,G)] — v(H) + p (W - ZB(ZID FANH-C-G)

the Lagrangian function, the FOCs of the planner’s problem are:

oL uppBcBa +upBca

O o upBo + ' (H { ] “A=0
Ble upbag /“7( ) (UBBC)2

oL v'(H)

o W upBo 0

oL

- :H_ — =

B\ C-G=0

where p, the Lagrange multiplier associated to the households’FOCs, indicates the
social utility value of an additional unit of wage, whereas A, the Lagrange multiplier
associated to the resource constraint, indicates the social utility value of an additional

unit of output.

The second and the third relation imply:
U,(H) = WupBc, H=C+aG,
then, plugging the expression of v'(H) into the first FOC, we obtain:

uppBcBg +upBoa
(upBc)?

upBg + uWupBc —A=0,

and then, recalling the definitions:
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upBg = Ug

upBe = Uc
uppBcBc +upBoe = Ucc
the equilibrium identity amounts to
U
Ug =\ — uW=5<.
Uc
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