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Abstract

In this paper a continuous time price and quantity adjustment process is considered for
an economy facing price rigidities. In the short run prices are assumed to be completely
fixed and the markets are cleared by quantity adjustments until a fixed price equilibrium is
reached where every market is typically characterized by either supply rationing or demand
rationing. Next prices are assumed to move upwards in case of demand rationing on a
market and downwards when supply rationing occurs. Markets are kept in equilibrium
by infinitesimal quantity adjustments such that at every moment in time a fixed price
equilibrium results. Using only standard assumptions on the primitive concepts of the
economy it is shown that the price and quantity adjustment process indeed converges to
a fixed price equilibrium for the initially given prices. Moreover, in the long run, when
prices are allowed to change, the process is shown to reach a Walrasian equilibrium. A
simplicial algorithm is developed to approximate the price and quantity adjustment process
arbitrarily close. It is shown that the path of price systems and rationing schemes generated

by the algorithm converges to the path of the adjustment process.

*The authors would like to thank Jacques H. Dréze for his valuable comments on a previous draft of
this paper. This research is part of the Research Program ”Competition and Cooperation”. This research
has been partially supported by a grant “Actions de Recherche Concertées” n® 93/98-162 of the Ministry
of Scientific Research of the Belgian French Speaking Community.

tP.J.J. Herings, Department of Economics and IRES, Université Catholique de Louvain, Belgium.

{G. van der Laan, Department of Econometrics and Tinbergen Institute, Free University, De Boelelaan
1105, 1081 HV Amsterdam, The Netherlands

YR.J.G. Venniker, Department of Econometrics and Tinbergen Institute, Free University, De Boelelaan
1105, 1081 HV Amsterdam, The Netherlands. This author is financially supported by the Netherlands
Organization for Scientific Research (NWO)


https://core.ac.uk/display/6270811?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1 Introduction

Probably the best known process of price adjustment in an exchange economy is the Wal-
rasian tatonnement process. In a situation where demand does not equal supply on the
markets of some commodities, the price on any market is adjusted according to the sign
of the excess demand. Furthermore, as long as a non-zero excess demand prevails on some
market, no exchange of commodities takes place. Eventually, it is hoped, a situation of
zero excess demand will be obtained such that trade can take place.

The Walrasian tatonnement process has several shortcomings. One of the drawbacks
of the Walrasian tatonnement process is that convergence to a Walrasian equilibrium price
system can not be guaranteed in general. In this paper, convergence is always meant
in a global sense, so convergence to some equilibrium of the economy, possibly far away
from the starting point. Examples of economies for which the Walrasian tatonnement
process does not converge have been given by Scarf [24]. It has been shown by Saari and
Simon [23] that convergence of a process based on the excess demand function can only
be guaranteed when it uses almost all of the information provided by the excess demand
function and its first derivatives. A well-known process that satisfies this condition is the
global Newton method by Smale [26], which converges to an equilibrium price system when
started at the boundary of the price space. The processes by van der Laan and Talman
[16], [17] and Kamiya [13] not only use local information about the excess demand, but
are also based on information of the starting price system. As a consequence, it can be
shown that the process of Kamiya converges under standard assumptions plus a reasonably
mild boundary condition on the total excess demand function for a generic starting price
system (see Kamiya [13]), while for every starting price system the process of van der Laan
and Talman converges for a generic exchange economy satisfying the standard conditions
(see Herings [9]). A process which is locally convergent for a generic exchange economy
satisfying standard assumptions is given in Mukherji [22].

Even when convergence takes place, it will take some time before the equilibrium
price system has been reached. Until then, demand is not equal to supply on every market
and trade is excluded by the Walrasian tatonnement process, as well as the other processes
described above. A related drawback is that the relevant market signals for an adjustment
process in an economy are based on the effective demand associated with a Dreze equilib-
rium (introduced by Dreze (1975)), as has been noticed in Veendorp [28], and not on the
notional demand used in the processes above. In a model with three commodities and two
consumers and with the total excess demand function satisfying a gross substitutability
condition, Veendorp has shown the convergence of an adjustment process that is based on
effective excess demands and which follows the path of (unique) Dreze equilibria (see also

Laroque [18] for a correction of the convergence proof). Therefore, trade according to the
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prevailing Dreze equilibrium is possible at each point in time. In general, however, such
a process does not necessarily converge to a Walrasian equilibrium price system and even
chaotic behaviour may be expected as argued in Day and Pianigiani [3] and confirmed in
a more complicated model in B6hm [2]. A model closely related to the one of Veendorp
is considered in Movshovich [21]. Movshovich considers a process in discrete time, where
at each point in time the price of a randomly chosen commodity is adjusted on the basis
of the effective excess demand in the previous period at the (unique) Dreze equilibrium
at the current price system. Also in the model of Movshovich gross substitutability like
conditions are needed in order to guarantee convergence. In Herings, van der Laan, Talman
and Venniker [11] an adjustment proces is proposed such that a Dreze equilibrium prevails
in the economy at any point generated by the process, and in which prices are adjusted
according to the market situation at the Dreze equilibrium. That process is inspired by
recent experiences in Eastern European countries and starts from a situation where the
price level of the non-numeraire commodities is so low that complete demand rationing is
necessary to equilibrate the markets. Next the process generates a path of Dreze equilibria,
characterized by the absence of supply rationing, until a Walrasian equilibrium is reached.
Contrary to other price adjustment processes based on effective excess demands, this pro-
cess converges to a Walrasian equilibrium price system under standard assumptions with
respect to the economy. Therefore, unlike the other papers, it is for instance not assumed
that given some price system there is a unique Dreze equilibrium associated to it.

Also in this paper a price and quantity adjustment process is presented that follows
a path of Dreze equilibria. However, now the starting point of the process is a historically
given price system and quantity constraints which may not, and will not in general, con-
stitute a Dreze equilibrium. Initially, only the quantity constraints are adjusted, based on
the paradigm that quantity adjustments take place much faster than price adjustments.
The quantity adjustments are related to the excess demands on the markets of the non-
numeraire commodities and the values of the quantity constraints. This part of the process
proceeds until a Dreze equilibrium with respect to the initial fixed price system has been
reached, and it coincides with the quantity adjustment process given in Herings [10]. It
is referred to as the short-term quantity adjustment process. Notice that this part of the
process is of the tatonnement type, since markets are out of equilibrium and no trade is
assumed to occur. Unlike the Dreze equilibrium which is the starting point of the process
in Herings, van der Laan, Talman, and Venniker [11], the Dreze equilibrium reached is
usually not characterized by complete demand rationing and might also have markets with
supply rationing. Once a Dreze equilibrium has been obtained, the process proceeds by
adjusting the prices. As long as demand (supply) rationing on the market of a commodity
prevails, the corresponding price will be increased maximally (minimally) relative to the

initial price system, and the rationing scheme is infinitesimally adjusted such that any
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point on the path reached by the process is a Dreze equilibrium given the actual price
flexibility. This path of Dreze equilibria either ends with a second Dreze equilibrium with
respect to the initial price system or with a Walrasian equilibrium. In the first case, the
process proceeds with a short-term quantity adjustment process, until a third Dreze equi-
librium with respect to the initial fixed price system has been reached. It will be shown
that eventually a Dreze equilibrium at the initial price system will be reached from where
the path of Dreze equilibria leads to a Walrasian equilibrium.

It is interesting to compare the above adjustment process to a process in Dreze [7].
Dreze’s process starts with historically given prices and quantity constraints on the supply
side. He also assumes quantities to move much faster than prices. Dreze shows that after
the adjustment of quantities a situation is reached where no market is in excess supply,
while positive excess demands may occur on some markets facing no longer any quantity
constraints on the supply side. Next, for the markets with positive excess demands the
prices will adjust upwards. Contrary, in our model of price and quantity adjustments these
markets would be cleared by quantity constraints on the demand side, while price adjust-
ments would be made after all markets have been cleared. Under the assumptions that
there are no inferior goods and that the marginal propensity to consume is less than one,
Dreze shows convergence of his process to a Dreze equilibrium without demand rationing
on any market.

Although the adjustment process of the present paper addresses several shortcom-
ings of existing adjustment processes, it is clear that other problems like the informational
requirements needed to make the adjustments or the non-speculative behaviour of eco-
nomic agents remain. In this respect it is interesting to mention that these informational
requirements can be weakend for the Walrasian tatonnement process. In the adjustment
process considered in Keisler [14] and Keisler [15] there is decentralization with respect to
trades and price adjustments in the sense that the set of trades available to an agent does
not depend on the commodity holdings of the other agents in the economy and that at
each point in time the prices are adjusted on the basis of the excess demand of a single
consumer. Nevertheless, Keisler’s process approximates the Walrasian tatonnement pro-
cess as closely as desired. It seems possible that a similar approach could also weaken the
informational requirements for the adjustment process under consideration in this paper.

The convergence proof of the adjustment process described in this paper is based on
some techniques of simplicial approximation, as initiated by Scarf [25]. First, an artificial
function of excess demands, called the reduced total excess demand function, is constructed.
This function is constructed such that the points reached by the adjustment process are
zero points of this function. Subsequently, a simplicial algorithm is described and is shown
to generate a path of zero points for a piecewise linear approximation of the reduced total

excess demand function. This path is then shown to yield an approximation of the desired
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adjustment process. The inaccuracy of the approximation can be made arbitrarily small. A
direct analysis of the exact adjustment process is also possible using methods of differential
topology. In fact, the convergence of the short-term quantity adjustment process to a Dreze
equilibrium has been shown in Herings [10] for a generic C'? economy with the economy
being parametrized by the initial endowments. The complexity of these proofs made us
refrain from a similar analysis for the current process and led us to be content with the
e-result obtained using the technique of simplicial approximation.

The paper has been organized as follows. In Section 2 the model is described
and the definition of a Dreze equilibrium is stated. In Section 3 we define the reduced
total excess demand function and derive some properties of it that are used in subsequent
sections. In Section 4 the adjustment process is discussed and illustrated by a numerical
example. In Section 5 some techniques of simplicial approximation are described. Based
on these techniques, the convergence of the adjustment process related to a piecewise
linear approximation of the reduced total excess demand function is shown. Finally, in
Section 6 we show that the inaccuracy with which this path follows the adjustment process
as described in Section 4 can be made arbitrarily small. In fact, it is shown that the

approximate paths converge to the path of the exact adjustment process if the latter is

well-defined.

2 The model

For ease of notation, in the sequel we denote the set of indices {1,...,k} by [, the set of
indices {0,1,...,k} by I2, RE = {z € R* | ; >0,Vj € [;} and R}, = {x € R" | z; > 0,
Yy € I;}. We consider an exchange economy € = ({X*, =", w'}/™,, p). In this economy there
are m consumers, indexed : = 1,...,m, and n + 1 commodities, indexed 7 =1,...,n+ 1.
Each consumer 7 € I, is characterized by a consumption set X°, a preference preordering
> on X', and a vector of initial endowments w’. The vector w is defined by w = D el w'.

In this paper we assume that the economy & is initially faced with a completely
fixed price system, determined by the vector p € Ri‘:}. We take one of the commodities,
say commodity n 4 1, as the numeraire commodity having a price equal to 1, so p,11 = 1.
In the short run the prices are completely fixed and market equilibrium will be achieved
by quantity constraints on the non-numeraire commodities. In the long run we allow for
price flexibility by introducing a so-called "flexibility” parameter « € [0, 1), describing the
maximal possible relative decrease or increase of a price relative to p. For a given vector p

of fixed prices and a flexibility parameter «, the set of admissible price systems is given by

the set P(«) defined by

P(a) = {p € RT—I | (1 - O‘)ﬁj < p; < (1 - O‘)_lﬁjv \V/j S ]nv and Prnt1 = 1}'
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For ease of notation, in the following we define, for a € [0, 1), }_?],(oz) = (1 —a)p;, Vj € I,
Bia) = (1= a) 5, ¥j € Ly and p_ (@) = Byps(@) = 1, 50 that P(a) = {p € RI |
}_7],(@) <p; <p;(a), Vj € Inq1}. It is possible to interprete o as a time parameter, in which
case P(«) then denotes the set of possible price systems at time a. Clearly, we have that
P(0) = {p} and Uuep1)P(e) = {p € R | puy1 = 1}, meaning that the set of admissible
price systems varies from the unique vector of fixed prices p for o = 0 to the set of all
positive prices with the price of the numeraire normalized to one for @ = 1. The definition of
the sets P(«) could be generalized considerably while our results would still hold. In fact, it
would be sufficient to assume that, for every j € I, p.(a) and p;(«) are continuous function
L

of a, p.(0) = pj, P;(0) = pj, limaga p () = 0, limagi pj(a) = ccand p (@) =P, 14(a) =1,
Va € 10,1). Again, P(a) = {p € ]R:L_Jr1 |}_?],(oz) <p; <p;la), Vj € L}

The following assumptions with respect to the economy & are made:

A1l. For every consumer ¢ € I,,,, the consumption set X' belongs to ]Ri"'l, is closed and
convex, and X'+ RT’I C X

A2. TFor every consumer i € I, the preference preordering =* on X' is complete, con-

tinuous, strongly monotonic, and strongly convex.

A3. For every consumer ¢ € I, the vector of initial endowments w’ belongs to the

interior of X°.

Notice that the assumption of strong convexity in A2 allows us to work with demand
functions instead of demand correspondences.

In general the short-term vector p of fixed prices will not be equal to the price
system in any Walrasian equilibrium of the economy &, being a price system p* € R™*!
and consumption bundles 2* € X', Vi € I, such that both >7" a* = > w' and 2
is a best element for =* in the budget set {z' € X' | p*Ta’ < p*Tw'} for every i € I,.
To equilibrate the demand and the supply under price rigidities one may introduce an
equilibrium concept involving vectors of quantity constraints on the net demands and the
net supplies of the non-numeraire commodities. Given a price system p € ]Ri"'l, a rationing
scheme on supply / € —R] and a rationing scheme on demand L € R}, the constrained

budget set of consumer 2 € I, is given by
B(p,l,L)={s" € X' |pTa' <p'w and [; < l‘; — w; < L; Vjel,}.

Following the fix-price literature (see for a recent survey Bénassy [1]), it is assumed that
there is no rationing on the market of the numeraire commodity. The corresponding con-
strained demand d‘(p, [, L) of consumer 1 is defined as the best element for =¢in B'(p, [, L).
Because of the strong convexity and strong monotonicity assumptions this element is u-

nique and lies on the budget hyperplane, i.e., p'd'(p,[,L) = pTw'.
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Following Dreze [6], for given « € [0, 1), a Dreze equilibrium with respect to the set

P(a) of admissible price systems is defined as follows.

Definition 2.1 (Dréze equilibrium)

For given a € [0,1), a Dreze equilibrium with respect to the set P(«) (denoted DE,) for
the economy € = ({X*', =", w'},,p) is a price system p* € P(a), a rationing scheme
(I, L") € =R} x RY, and, for every consumer ¢ € I, a consumption bundle ¥ e Xt
such that

(i) foralli € I, x* = d'(p*, I*, L*);
(i) Lt =3

(tit)  for all j € 1I,, l‘;h — w? = [7 for some h € I, implies :1:;2 — wé < L, Vi€ l,, and

*h

L

— w? = L7 for some h € I, implies :1:;2 — wé >[5, Vi€ Ly

(iv)  forall j € I, p; > }_?],(oz) implies 7 < :1:;2 — wé, Vi € I, and pi < p,(a) implies
L > :1:;2 — wé, Vi e I,.

The rationing schemes on supply and demand are assumed to be uniform, i.e., the same
for each consumer. This assumption can be relaxed easily. Condition (i) requires that the
consumption of each consumer equals his constrained demand, while Condition (ii) is the
market clearing condition. Condition (iii) implies that there is not simultaneously rationing
on both sides of a market. Condition (iv) precludes supply rationing on the market of some
commodity as long as its price is not minimal, whereas demand rationing on the market of
a commodity does not take place if its price is not maximal. In case a = 0, Condition (iv)
is redundant. For a > 0 Condition (iii) is implied by Condition (iv).

A constrained equilibrium without rationing yields a Walrasian equilibrium. It will
be shown in Lemma 3.3 that for « large enough it holds that any DE, is a Walrasian
equilibrium. In this paper a price and quantity adjustment process will be considered that
starts with the vector of fixed prices p and an arbitrary rationing scheme (I, L) € =R} xR
In a first stage of quantity adjustments, the initial rationing schemeis adjusted until a short-
term DEg for the vector of fixed prices p'is reached. In the second stage prices are adjusted
while markets are kept in equilibrium by infinitesimally small changes in the rationing
scheme. In this way the process will generate a path of DE,’s for varying values of o and
will finally converge to a Walrasian equilibrium. At any point on the second stage path
all markets are in equilibrium and hence trade is possible. According to Condition (iv)
we have that at any equilibrium along the path the price of a commodity j € [, is on
its lower bound }_7],(@) as long as at least one consumer is rationed on his supply of this

commodity, the price of a commodity j is on its upper bound p;(«) as long as at least one
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consumer is rationed on his demand of this commodity, and the price of a commodity j is
allowed to vary between its lower bound }_7],(@) and upper bound p.(«) as soon as there is
no rationing on this market. So, prices of commodities on markets with supply rationing

(demand rationing) are decreased (increased) maximally.

3 The reduced total excess demand function

To describe the price and quantity adjustment process, we relate to any element ¢ of the

(n + 1)-dimensional set C"*! given by
C"*H={qgeR"™ | 0<¢; <1, Vjel, 0< g <1},

a flexibility parameter a(gq) and thereby a set P(a(q)) of admissible price systems, a price
system p(q) € P(a(q)) and a rationing scheme (T(q), E(q)) For ¢ € C™*1, define

alg) = qum (1)
potilq) = 1, (2)

for all y € I,

Pila) = max{p (@(q)),min{(2 - 3q;)p,(@()) + (33; — )F,(@(q)), ;(@())}}, (3)
I(q) = —min{lL,3q;}w, (4)

Til) = min{1,3 -3¢ -0 (5)
Pj

j
Let some ¢ € C™"*! be given. For every j € I, we have that ¢; =0 1mphes 1. i(q) =0 and
q; = 1 implies L i(q) = 0. Moreover, 0 < ¢; < £ implies p;(q) = ( (9)), 1 ( ) > —w; and
Ly(g) = . Furthermore, § < q; < % implies p (@(q)) < Pila) < p;(@(a)), ilq) = —w
and T;(q) = B, whereas % < q; < 1 implies p;(q) = 7,(@(q)), 1;(q) = —w;, and L;(q) <

plg) € P(a(q)) since ppia(q) = 1.
The properties described in the previous paragraph imply that if % < g; <1, then

the rationing scheme on supply on the market of commodity j, E(q), is non-binding for
any consumer. Similarly, if 0 < ¢; < 2 and ¢,41 = 0, so a(q) = 0 and p(¢q) = p, then the
rationing scheme on demand on the market of commodity j, Zj(q), is not binding for any

) 5T o ) T
consumer. Moreover, since pgw > w;y, it 1s easily seen that 0 < ¢; < % implies that the
J

rationing scheme on the market of commodity j, Zj(q), cannot be binding for any consumer
in any DEg(q).
For ¢ € C™ we call El(q) = Bi(ﬁ(q),/\(q),z(q)) the reduced constrained budget

set of consumer ¢ € [, at ¢, i.e.,

o~

B(q) = {z' € X' | plg) "' < plg)Tw' and [;(q) < &} — w} < Lj(q), Vj € L}.
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Let c/l\l(q) denote the best element for >’ in the reduced constrained budget set El(q) of
consumer ¢ € [, so gﬁ(q) = di(ﬁ(q),/l\(q),z(q)), let c/l\(q) = (c/l\l(q),,c/l\m(q)) denote the

collection of vectors of resulting demands, and define the total excess demand at ¢ by

The function 2 : O™t — R™™! is called the reduced total excess demand function. For
q* € C™1 it holds that (ﬁ(q*),?(q*),f(q*),c/l\(q*)) is a DE;,+) if and only if Z(¢*) = 0.
Before we describe the process in detail, we describe some properties of the reduced

total excess demand function z in the following lemmas.

Lemma 3.1
Let the economy €& = ({X*, =", w'}™ |, p) satisfy the Assumptions A1-A3. Then the reduced

total excess demand function Z is continuous on C™*' and p(q)"Z(¢) = 0, Vg € C"1.

Proof

By the lemma in Dreze [6] (p. 304) it follows that, for every i € I, B' is continuous
on R} x {1} x =R} x RY, using that p,4; = 1 and the absence of rationing on the
market of the numeraire commodity. Using the continuity and the strong convexity of the
preferences and the maximum theorem it follows that, for every ¢ € I,,, d' is continuous
on RY x {1} x =R} x R%. By the continuity of the functions &, p, Tand L in q it fol-
lows that Z is continuous on C™*!. The strong monotonicity of the preferences yields that

5lq)T2(q) = 0, Vg € 1. Q.E.D.

The next lemma gives the behaviour of Z;(¢) on C"*! for values of ¢;, j € I,,, equal to zero

or one.

Lemma 3.2
Let the economy € = ({ X', =", w'}™,,p) satisfy the Assumptions A1-A3. Then, for every
q € C"Y for every j € I, q; = 0 implies Z;(q) > 0 and q; = 1 implies Z;(q) < 0.

Proof

If gj = 0 for some 5 € [,, then Z(q) = 0 and hence Z;(¢) = :il(c/l\;(q) — w;) >
m@(q) = 0. Analogously, if ¢; = 1 for some 57 € I[,, then Ej(q) = 0, and hence
Zila) = SL(d(a) —w)) < mli(q) = 0. QED.

Lemma 3.2 will be used to show that the adjustment process will not hit the boundary of
C"*t! where ¢; = 0 or ¢; = 1 for some j € I,,.

If ¢* € O™ satisfies ¢, = 0 and Z(¢*) = 0, then p(¢*) = p and (ﬁ(q*),/l\(q*), L(¢),
d(¢q*)) is a DEg. The next lemma states that if ¢* € C"*! is such that a(¢*) = ¢,
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is sufficiently close to one and Z(¢*) = 0, then (p(¢*)

=3
S
—
2
*

~——

A

&
—~

equilibrium, i.e., for every consumer ¢ € [,, it holds tha

Lemma 3.3

Let the economy € = ({ X', =" w'}™,p) satisfy the Assumptions A1-A3. Then there exists
B € (0,1) such that for every ¢* € C™ satisfying Z(¢*) = 0 and g5, > B it holds that
(Pa). 1), L(g"), d(q") is a WE.

Proof
First, suppose there exists o € (0,1) such that ¢}, < o* for any zero point ¢* € C"*" of
z. Then the lemma is true for 8 = o*.

Second, consider the case that there is a sequence (¢"),en such that for every r € N,

¢4 > =+ and Z(¢") = 0. Now, suppose the lemma is not true. Then for all r € N,
(ﬁ(qT),T(qT),Z(qT),c/l\(qT)) is a DEz( but not a WE. Modify the consumption set X,
\Y/\i € I, by imposing the constraint z!_; < w! ; + w,41. Since ¢” induces a DEZ )
d'(q"), Vi € I, satisfies this constraint with inequality. Without loss of generality, it can
be assumed that (i) there is a commodity 3’ € I, such that p;(¢") = p.(a(q”)), Vr € N,
or (ii) there is a commodity j’ € I,, such that p;/(¢") = Bj/(a(qT)), Vr € IN, since otherwise
there could be no binding rationing in the DEg .y induced by ¢" by Condition (iv), implying
that ¢" was a Walrasian equilibrium, contradicting our supposition. Consider the sequence

(M Uq"), Lq"): A(qT)>Te1N7

15(q7)] s
which is bounded and therefore, without loss of generality, can be assumed to converge
to some (p/,I', L', d") € RT’I x —RY x R} x [[Z, ]RT'I. Notice that Condition (ii) of
Definition 2.1 implies that ), ; d" = > .., w'. Clearly, there is k € I,y such that

p. = 1. It follows easily that [}, = —wy if & € [,. Therefore, even in case k = n + 1,
p’T(Z’T, —wny1)" < 0, and so the function d', Vi € I,,, is continuous at (p/,I’, L’) by the
]?n-l-l(qr)

lemma in Dreze [6] (p. 304). In case (i) it holds that p; ., = lim,_ = 0, so by

lIp(a")l] oo
the strict monotonicity of preferences, for every : € I,,,

o~ o~

dg+1 = lim d) ,(¢") = lim d;H(ﬁ(qT)? I(q"), Z(QT)) = d;H(p’, L) = wfﬂ—l T Wnta,

T—00 T—00

SO Wnp1 = D icr diy; = (m+ 1)w,y1, a contradiction. In case (ii) it holds that P =10

and L, = pgj“u, so by the strict monotonicity of preferences, for every ¢ € I,
J

d;i, = Tlirgo d;,(qT) = Tlirgo d;,(}/?\(qT), 1(¢"), L(¢"))
~T
- d}/(p/, 1/7 L/) — w;‘/ ‘I’ pr > w;‘/ ‘I’ 7.1)]‘/7
Py
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SO Wi = Y e d;i, > (m+1)w;j, a contradiction. Consequently, the lemmais true. Q.E.D.

For the remainder of the paper we fix a real number 3 € (0, 1), satisfying the requirement
of Lemma 3.3, and define the sets 6”"’1, C"* and ot by Cntl = {g € C""gpq < B},
C™ = {q € C"¢ug1 = 0} and ot = {g € C"q,q1 = B}. In Section 5 we give a
constructive proof of the existence of a path of points in Cnt leading from an arbitrarily
chosen initial state v € C"™! to an approximate zero point ¢* € oot z, which therefore

induces an approximate Walrasian equilibrium.

4 Definition and Illustration of the Price and Quan-

tity Adjustment Process

In this section an initial state v in the relative interior of C"™!' is assumed to be given.
Notice that the initial state v induces a flexibility parameter a(v) = 0, a price system
p(v) = p, and a rationing scheme (T(v), E(v)) The price and quantity adjustment process
is defined and illustrated using the reduced total excess demand function Zz. In the next
section it is shown that the price and quantity adjustment process converges to a Walrasian
equilibrium, irrespective of the choice of the initial state. The proofs given in that section
are given for a piecewise linear approximation of the reduced total excess demand function,
where the inaccuracy of the approximation can be made arbitrarily small. The price and
quantity adjustment process consist of two parts. First, only quantities, i.e., the rationing
schemes, are adjusted and the price system is assumed to be fixed and equal to p. This
part of the adjustment process is referred to as the short-term adjustment process. The
short-term adjustment process results in a DEg and coincides with the quantity adjustment
process given in Herings [10] to find a Dreze equilibrium given a fixed price system. In that
paper it has been shown that for every initial state v € C"*', for almost every economy
(where an economy is parametrized by the initial endowments) the quantity adjustment
process converges to a uniquely determined DEg. The proofs given there are for the function
Z itself, but are extremely tedious. Therefore, the proofs given in the next section are
related to a piecewise linear approximation of Z, allowing us to give considerably easier
demonstrations. Secondly, after a DEy has been found, the prices are adjusted and the
quantities, i.e., the rationing schemes, are assumed to change in such a way that the markets
stay in equilibrium. This part of the adjustment process is referred to as the long-term
adjustment process and results in a Walrasian equilibrium of the economy.

More in detail, the behaviour of the price and quantity adjustment process can be
described as follows. Initially, from v the path proceeds in the subset C"*' of CHuntil

a zero point ¢* € C™'! of 2 is reached. Clearly, ¢* induces a DEy since at ¢* it holds
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that a(¢*) = ¢;,; = 0. In general, the initial state v is incompatible with a DEy, i.e.,
Z(v) # 0. First only adjustments of the rationing scheme take place, being based on the
excess demands on the markets of the non-numeraire commodities and on the change of the
rationing scheme compared to the initial state, whereas the price system remains initially
unchanged. So initially the process generates a path in C™**. If there is a negative excess
demand on a market, the rationing scheme is adjusted in such a way that, compared with
the initial state induced by point v, the rationing is tightened maximally in case of supply
rationing and is weakened maximally in case of demand rationing. So, compared with
the initial state, consumers are enforced to supply less or are allowed to demand more of
this commodity. If there is a positive excess demand on a market, the rationing scheme
is adjusted in such a way that, compared with the initial state induced by point v, the
rationing is tightened maximally in case of demand rationing and weakened maximally in
case of supply rationing. If a market is in equilibrium then the rationing scheme is adjusted
in such a way that the market is kept in equilibrium.

To make this more precise, the properties of the states of the economy reached by
this quantity adjustment process can be formulated mathematically as follows. If a point

q € C" is reached by the process, then there exists a real number + € [0,1] such that for

every 5 € I,
g = Vv if Zi(q) <0,
70; < g <1 =71 —v;) i Z(q) =0, (6)
g =1—=~(1-v;) if Z(q) > 0.

Notice that the initial state v satisfies the properties given above for v = 1. Observe

furthermore that these properties are closely related to the ideas behind the Walrasian
tatonnement process. In fact, at a point ¢ reached by the proces we have that 2 =
miﬂhejn{qh} if Z;(¢) < 0, so that relative to v, q] is minimal if there is excess suppljy of
— if Z;(q) > 0, so that

relative to v, 1 — ¢; is minimal if there is excess demand of commodity j. Finally, when

commodity j. On the other hand we have that qj = mlﬂhejn{

Zi(¢) = 0, then ¢; is allowed to vary between these relative lower and upper bounds in order
to keep market j in equilibrium. In Herings [10] it is shown that for a generic economy the
properties (6) determine the short-term adjustment process, up to the speed of adjustment,
uniquely. As a heuristic, notice that the system of equations in (6) has n + 1 independent
free variables, ¢q,...,¢, and v, and n equations, leaving one degree of freedom being the

dimension of the adjustment path. The process leads to a point ¢* € C"1, yielding a DEg.

Observe that at this point the properties (6) are satisfied for v = miﬂjejn{v \ 1 iﬂ }.
J
Continuing from this point ¢*, the process generates a path of zero points of Z in
Ot Along the path the flexibility parameter « is adjusted according to the adjustment

of the value of ¢,41. Moreover, if there is demand (supply) rationing on the market of a
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commodity, then its price is increased (decreased) relatively maximal, whereas the rationing
scheme is adjusted such that any point on the path induces a DEg . It will be shown that
this long-term process of following a path of DEa(q)’s by price and quantity adjustments
either comes back to a point in C"*! at which ¢,11 = 0, or ends at a point in " at which
¢ni1 = (. In the latter case a Walrasian equilibrium has been found according to Lemma
3.3. In the first case the process has found a second DEy. Then the process continues in
C"*! by short-term adjustments of the rationing scheme, while simultaneously the markets
are allowed to become out of equilibrium again. Along this path the rationing scheme is
adjusted again according to the excess demands and the position of the rationing scheme
with respect to the initial state v, until a new (third) DEg is found. From this point on
the process continues again in Ot by following a path of DEa(q)’s. It will be shown that
eventually a DEy will be reached from where the long-term path of DEa(q)’s leads to a
point ¢ in 67“_1, i.e., to a Walrasian equilibrium.

Mathematically, the properties of the states of the economy reached by the long-
term adjustment process can be formulated as follows. If ¢* € ™+ is reached by the

long-term adjustment process, then

2 =0, (1)

so ¢" induces a DE3 ). Again, it should be expected that for a generic economy property
(7) determines uniquely the long-term adjustment process, up to the speed of adjustment,
uniquely. As a heuristic, notice that the system of equations in (7) has n + 1 independent
free variables, ¢1, ..., g,11, and, by Walras law, n independent equations, leaving one degree
of freedom being the dimension of the adjustment path. We will not give a formal proot of
this claim, but we will show in the next section that the long-term adjustment process is
uniquely determined for any non-degenerate piecewise linear approximation of the reduced
total excess demand function, where the inaccuracy of the approximation can be made
arbitrarily small. Observe that according to Lemma 3.3 any ¢* € Cm+1 with alg®) =
i1 = 3 satisfying property (7) is a Walrasian equilibrium.

By definition of the reduced total excess demand function z along the path deter-

mined by property (7) it holds that , for j € I,,, the prices satisfy the conditions

pi(q") = (1 —alq™))p; if g7 S I,
(L—a(g")p; < pilg") < (L—a(g?)'p; if 5 <qr <3, (8)
pilq) = (1 —a(g") ™'y if q] > 3.

Therefore, along the path of long-term price and quantity adjustments, the price of a
commodity is kept on its lower bound with respect to a(¢*) as long as there is supply
rationing on the market of this commodity and the price of a commodity is kept on its

upper bound with respect to a(¢*) as long as there is demand rationing on the market
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of this commodity. To keep the market in equilibrium, the price of a commodity may
vary between these lower and upper bounds if there is no rationing on the market of this
commodity. Notice that these properties are again closely related to the ideas behind the
Walrasian tatonnement process.

It will be shown in the next section that the long-term adjustment process eventually will
reach a Walrasian equilibrium.

Let @) denote the subset of "+ whose points satisfy (6) or (7), i.e., all points ¢
satisfying the properties of points generated by the price and quantity adjustment process.
Not all the points in the set ) will actually be reached by the adjustment process. This
will only hold for the points in ) which are connected to the starting point v. Denote the
component of v in ) by ),. As has been argued above the set (), and also its component
containing v, can be expected to be 1-dimensional in general. This leads us to the following

definition.

Definition 4.1 (Price and quantity adjustment process)
The price and quantity adjustment process for the economy € = ({X*, =", w'}™,,p) with
starting point v € C™** is given by the set Q,, the component of v in Q.

Notice that the price and quantity adjustment process is now defined by considering ex-
plicitly the points ¢ generated by it. Since we have given a topological definition of the

process, we will also give a topological definition of the convergence of it.

Definition 4.2 (Convergence)
The price and quantity adjustment process for the economy & = ({ X', =' w'},, p) with
starting point v € C™* is convergent if Q, is an arc, i.e. a set homeomorphic to the unil

interval [0, 1], having v and a Walrasian equilibrium price system as its boundary points.

Notice that any arc described as the zero points of a system of continuously differentiable
functions satisfying certain regularity properties can be described by a system of differ-
ential equations, see for instance Garcia and Zangwill [8]. Hence, by making suitable
differentiability and regularity conditions, it is possible to express the adjustment process
in a more standard way by means of a system of differential equations. This is also the
approach as adopted by Smale [26] and Kamiya [13]. In this paper we will not make any
differentiability assumptions. However, we will provide a method to follow the adjustment
process arbitrarily close, even in the case where the function Z is only continuous.

We conclude this section with an example to illustrate the process. Therefore we
take an economy with two consumers and three commodities. Let the consumption sets
of the two consumers be given by X' = ]Ri"'l, ¢t = 1,2, and let their preferences be

represented by the utility functions u': X — R defined by u'(2%) = 2¢xbzs, i = 1,2. The
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initial endowments are given by w! = (4,0,1)7 and w? = (0,2,1)7. Finally, p is given by
pi =2,7 =12, and p; = 1 for the numeraire commodity j = 3. So, p"w = 14 is the value
of the total initial endowments at price system p. Observe that the Walrasian equilibrium
price system is given by p* = (1,1,1)7.

Now, suppose the initial point v € C? is given by v = (%, %,O)T. So in the initial
state there is no binding rationing for any consumer on any market. According to equations
(1)-(5) we have that a(v) = 0, p(v) = (2,2, 1)7, I(v) = (=4, —-2)T and L(v) = (7,7)". From
this it follows that Z(v) = (=2, %,%)T. So, at v there is excess supply of the first commodity
and excess demand of the second commodity. For increasing values of 4 the process now
follows a path of points ¢ € C° such that ¢; = yv; = 1yand gy = 1—y(1—v;) = 1—27, until

a point ¢ is reached at which one of the markets reaches an equilibrium. This happens

ior = % at the poinz q' with ¢ = % and ¢4 = %, inducing the rationing scheme
I(¢") = (—4,-2)" and L(q') = (7,%)7. At this rationing scheme the first consumer is

(12,7 1yT
67673
For the second consumer the rationing scheme is not binding. His constrained demand is

c/l\z(ql) = (2,2,2)7T. Hence z(¢') = (—1,0,2)" and indeed market 2 is in equilibrium. Now,
the process continues by decreasinjg\ ¢z from % to %. At the point ¢* = (%, %, 0)"T € C° we
have that [(¢*) = (=1, —=I)T and L(¢?) = (7,7)7. At this rationing scheme the constrained

demands of the consumers are still the same as in the point ¢!, but the rationing on the

rationed on his supply of commodity 1. His constrained demand is c/l\l(ql) =

supply of commodity 2 becomes binding for consumer 2. The point still satisfies the

conditions (6) for 4% = 4! = %. Observe that market 2 is still in equilibrium and that

the value of ¢2 is still between its lower and its upper bound. A further decrease of the

value of ¢3 reduces the supply of commodity 2 by consumer 2. Therefore, in order to keep

the market of commodity 2 in equilibrium, also the value of ¢; is further decreased. This

reduces the demand of consumer 1 for both commodities 1 and 2. Market 2 is kept in
2491 +1

equilibrium by decreasing ¢; and ¢y simultaneously along the line ¢; = =57=. At the

point ¢ = (£, L 0)T € C° we have that T(q?’) = (=1, -7 and E(q3) = (7,7)7. At this

24712 207 2
rationing scheme the constrained demands of the consumers are equal to c/l\l(qS) = (%, LT
and c/l\z(q3) = (3,2,1)7. Hence all markets are in equilibrium and a DEy, where P(0) =
{(2,2,1)T}, is obtained by short-term adjustments of the rationing scheme. This path in
C? generated by the process is illustrated in Figure 1.

From the point ¢° the process follows a uniquely determined long-term path of zero
points of Z'in C3 satisfying the conditions (8) by adjusting simultaneously the prices and the
rationing scheme. At the point ¢> we have supply rationing on both markets. So, along the
long-term path, initially both prices are kept on their lower bound with respect to P(a(q)).
So, for ¢3 small enough we have for j = 1,2 that p; = (1—a(q))p; = (1—¢3)p;. Increasing ¢s

from zero the process follows the path given by {¢ € Cntl ln = m, g2 = m}, until
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Figure 1: The short-term path

the point ¢* = (11—2, é, %)T is reached. Going along this line from ¢° to ¢* a path of DE;,
i followed given by () = (1 — 45)5; = 2(1 —g5), j = 1,2, and [ (g) = — min{1, 3¢, }u; =

3q;jw;, j = 1,2. At the point ¢* we have that p(¢*) = (1,1,1)7 and I(¢*) = (=1, —1)T. The

path going from ¢° to ¢* is characterized by Keynesian multiplier effects. For instance, a

~

decrease in the price of commodity 1 leads to an increase in the demand of commodity
1 by consumer 2. Therefore, the rationing of consumer 1 on his supply of commodity
1 is weakened, which leads to more income for consumer 1 and hence more demand of
commodity 2 by consumer 1. Consequently, the rationing of consumer 2 on his supply
of commodity 2 is weakened, giving him more income income and hence more demand of
commodity 1, etc. These effects are even enforced, since also the price of commodity 2
decreases on this part of the path. However, at prices p = (1,1,1)7 the unconstrained
supply of commodity 2 by consumer 2 is equal to 1 and hence the supply constraint on
commodity 2 becomes non-binding at the point ¢*. So, from this point on the lower bound
on py becomes non-binding. Therefore, continuing along the path from the point ¢* the
process increases the value of g, until the point ¢° = (11—2, %, %) is reached where it holds
that Ba(¢") = ,(@(¢")) = (2 — 32)p, (@(¢")) + (345 — VR(@(¢°)) = | < o@(e®)), 50 that
the price of commodity 2 exceeds its lower level if the value of g3 is increased further. Then
indeed the value of ¢3 is increased again, while simultaneously the values of ¢; and ¢ are

adjusted in order to keep the markets of the commodities 1 and 2 in equilibrium. Along
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this part of the path we have that the price of commodity 1 is on its lower bound and the
first market is kept in equilibrium by adjusting the supply constraint on market 1, while the
price of commodity 2 is above its lower bound and the second market is kept in equilibrium
without rationing by adapting the price. So, for given value g3 on this part of the path, let
[1 be the corresponding equilibrium supply rationing and let py be the corresponding price
of commodity 2. Since pi(q) = p,(a(q)) = 2(1 — ¢3), the current price system for given
value of g3 is given by p = (2(1 — ¢3),p2,1)7, while consumer 1 is constrained by /; < 0 on
his supply of commodity 1 and consumer 2 is unrationed. So, at a price system p induced
by a vector ¢ on this part of the path the reduced demands for the commodities 1 and 2

are given by

1 —pl 1 —2(1 —g3)l
d%:é‘:—l—ll?d%: p11: ( q-?))l

2ps 2ps 7
and
2 2py +1 2py + 1 2 2py + 1
di = = , dy = ——.
3p1 6(1 - 93) 3p2
Since supply equals demand it follows that along the path [; = —% and p; = 1. From
equations (3) and (4) it then follows that along the path
=1 =12 =—""—=—"7"""—"
1 1(q) a1 6(1 — ¢3) 21 — ¢3)
and
~ 2
p2=12(q) = (2-3¢0)2(1 —¢s) + Bp — 1) m——= =1
(1 —gs)

must hold. From this we obtain that for increasing values of g3 the process follows the

path given by

1 —A(gs)* +Tgs — 1
41 = » 42 = .
24(1 — ¢3) 6¢3(2 — g3)
The process follows this path until the point ¢® = (é, %, %)T is reached, inducing the

Walrasian equilibrium price system p = (%, 1,1)T. At this price system the unconstrained

supply of commodity 1 by consumer 1 is equal to 2 and hence the supply constraint Tl(qG) =
—3¢qiw; = —2 becomes indeed not binding at this point. So, a Walrasian equilibrium has
been found. The projection of the long-term path in (3 on the (¢1, g2)-space has been
drawn in Figure 2.
As a technical exercise it is possible to continue along the path by solving for (7).
The remainder of the path will consist only of ¢’s inducing Walrasian equilibria. Starting
116 3

from ¢° first the value of ¢ is increased until the point ¢7 = (5325 Z)T is reached, where

7(q7) = (—4,-2)" and E(q7) = (7,7)7, so all possibilities for rationing are eliminated.
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Figure 2: The projection on the (g1, g2)-space of the long-term path

Next the value of ¢3 is further increased towards 1, while the values of ¢; and ¢, are simply
adjusted to guarantee that the prices keep there Walrasian equilibrium values, p1(q) = %

and Pz(q) = 1. It is easily verified that for g3 € (2,1) the path is given by

o= —8(¢3)? + 15¢3 — 3 G = —4(q3)? + Tqs — 1
! 12%(2 - Q3) » 693(2 - Q3) '

Notice that on this last part of the path there is not any real change occurring, at any

point on the path the price system and the rationing scheme stay the same.

5 The Approximate Price and Quantity Adjustment

Process

In this section attention is focused on the price and quantity adjustment process for a
piecewise linear approximation of the reduced total excess demand function, where the
inaccuracy of the approximation can be taken arbitrarily small. We show that, under
a standard non-degeneracy condition, for any arbitrarily chosen starting point v in the
relative interior of C"*' there exists a unique path of points connecting v with a point
in 0" yielding an approximate Walrasian equilibrium. The first part of the path is in
C™! and connects v with a point ¢*! € C"*' yielding an approximate DEy. Then the
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process continues with a path in Slaz \ C"*! such that any point ¢ on the path yields an
approximate DE; ). It may happen that this part of the path ends in a second approximate
DE, induced by some point ¢*2 € C"*'. Then the process continues in C"' and finds a
third approximate DEg, from where the process continues again in Slaz \ C"*! with any
point ¢ on the path inducing an approximate DEzq,- Eventually the process finds in C"1*
an approximate DEq from where the path of approximate DE;)’s leads to an approximate
Walrasian equilibrium induced by some point in ot Applying the technique of simplicial
approximation provides us both with a constructive proof of the existence of such a path
of points and with the possibility to follow this path. By taking the mesh size of the
underlying triangulation small enough the inaccuracy of the approximation can be made
arbitrarily small. In the following definition an approximate DE,, for any parameter value
of a € ]0,1) is introduced.

Definition 5.1 (e-DE,)

For given a € [0,1) and given real number ¢ > 0, an e-DE,, for the economy € = ({X*, =1,
W'}, p) is a price system p € P(a), a rationing scheme (I,L) € =R} x R} and for
every consumer i € I, a consumption bundle ' € X' such that all conditions of a DE,

are satisfied with the condition of equality of demand and supply replaced by || >0, a* —
S il < <

Clearly, a 0-DE,, is a DE,. In order to show the existence of the described path we will
use some techniques of simplicial approximation of functions. We first recall the concept
of a simplicial subdivision.

For given t € IN, 0 < t < k, a t-dimensional simplex or ¢t-simplex is defined as
the convex hull of ¢ + 1 affinely independent vectors in R¥, ¢',...,¢""", and is denoted
by o(q',...,¢"™") or shortly by a. The vectors ¢',...,¢"t" are called the vertices of 0. A
(t — 1)-simplex 7 being the convex hull of ¢ vertices of o(¢',...,¢" ™) is called a facet of
o. For h € Iy the facet 7(qt,...,¢" 1, ¢" 1, ... ¢'*!) is called the facet of o opposite the
vertex ¢". For 0 < j < t, a j-simplex being the convex hull of j 4 1 vertices of a #-simplex
o is called a face of 0. A finite collection 7 of k-simplices is a triangulation of a compact,

convex k-dimensional subset S of some Fuclidean space if:
1. S is the union of all simplices in 7;
2. the intersection of two simplices in 7 is either empty or a common face of both.

It can be shown that each facet 7 of a k-simplex o € T either lies in the relative boundary
of S and is only a facet of o or it is a facet of exactly one other k-simplex in 7. The mesh

size of a triangulation 7 is defined by mesh(7) = max,er max{||¢ — ¢l | ¢, ¢ € o}.
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Let a compact, convex ¢t-dimensional subset S of some Euclidean space, a triangu-
lation 7 of S and a function f : S — R” be given. A function F' : S — R” is called the
piecewise linear approximation of f with respect to 7 if for every vertex ¢ of any o € 7 it
holds that F(¢) = f(¢) and for every element ¢ of S it holds that F'(¢) = ZheItH M F ("),
when ¢ € o(q*,...,¢'™") for some t-simplex o € 7 and ¢ = Eheh“ Ang" for some A € ]RZ_"'1
with ZheItH Ap = 1.

The price and quantity adjustment process will be considered for a piecewise linear
approximation 7 of the reduced total excess demand function 2 with respect to a given
triangulation 7 of ™+ with an arbitrarily small mesh size. As is intuitively clear, and as
will be shown formally later on, a point ¢ € O+l satisfying Z(q) = 0 is an approximate
DE;(,) if the inaccuracy of the approximation is small enough. Therefore, such a point ¢
will be called a DEz, of Z or an approximate DEz - The short-term adjustment process
operates in the n-dimensional subset C"*'. The obtain the path generated by it one
can apply the product-ray algorithm described in Doup and Talman [5] or the exponent-
ray algorithm given in Doup, van den Elzen, and Talman [4] to the function 7 on the
set C"*. Due to the special properties of the function 2z and therefore of 7 we will be
able to derive several interesting properties of the path. After the short-term adjustment
process has reached a DEgy of 7 in O™t it generates a path of approximate DEa(q)’s in
C™*1, This part of the price and quantity adjustment process does not correspond to any
simplicial algorithm considered before in the literature. Next, a simplicial algorithm will
be described that generates the path followed by both the short-term and the long-term
price and quantity adjustment process.

To describe the algorithm, let an initial state v in the relative interior of C"*' be
given. Notice that for any such point it holds that Z(v) <0,Vyel,, and Ej(v) >0,y €
1,,. Therefore, there is neither complete supply rationing nor complete demand rationing,
and in general no component of Z(v) will be equal to zero. The algorithm now proceeds
by increasing any component j of v for which z;(v) > 0 and decreasing any component j
of v for which Z;(v) < 0. To formalize this, let S be the set of n-dimensional sign vectors

given by
S={seR"s; € {-1,0,+1}, ¥Vj € I,}.

For any s € S, define the sets 17 (s), I°(s), and IT(s) by I7(s) = {j € L, | s; = —1},
I°s) ={j € Ls; =0}, and IT(s) ={j € I, | s; = +1}, so I (s), I°(s), and [*(s) are
the set of negative, zero, and positive components of s, respectively. Let i~ (s), :°(s), and

i (s) denote the number of components in these respective sets. For any s € S\ {0}, define
the i%(s)-dimensional set C"'(s) by

Q”+1(3) ={q€ Qn+1|qj =0, Vjel (s), and q; =1, ¥j € ]+(5)},



—90 —

Figure 3: The sets A(s) for n =2

and define the (:°(s) + 1)-dimensional set A(s) by

A(s) = co({v} U L™ (s)),

where co denotes the convex hull of a set. Moreover, the set A(0) is defined by A(0) = Ot
The sets A(s), s # 0, are illustrated for n = 2 in Figure 3. Let the first n components of
the functions 2 and Z be denoted by Z and Z respectlvely Observe that a point ¢ € O+l
satisfies the properties of (6) for the function 7 if and only if ¢ € A(s) and sgn(Z(q)) =5
for some s € S\ {0}. Moreover, a point ¢ € "+ satisfies property (7) for the function 7
if and only if ¢ € A(s) and sgn(Z(q)) = s for s = 0.

Now, let G/(0) be a triangulation in (n + 1)-simplices of the (n 4+ 1)-dimensional
set A(0) such that for any s € S the restriction of G(0) to A(s) induces a triangulation
G(s) in (:°(s) + 1)-simplices of A(s). Such a triangulation of "+ is said to be a proper
triangulation. A proper triangulation of C+ with arbitrarily small chosen mesh size
exists and can be obtained by adapting the so-called V-triangulation on a cube developed
in Doup and Talman [5]. For the remainder of this section some proper triangulation of
"+ is assumed to be given.

Let s € S be a sign vector with :°(s) = ¢, for some ¢ € I?, and let o(¢°,...,¢'™") be
a (t 4 1)-dimensional simplex of G(s). Consider solutions (Ao, ..., Ait1, (1) je1-(s)urt(s)) €
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R"*? of the following system of (n 4 1) equations:

ZM(@@)_ S m(”;@)z(%), o)
hel® JeI—(s)ul*(s)

41
where e(j) denotes the j-th n-dimensional unit vector. If A\, > 0, Vh € IY,, and w; >0,
Vj € I7(s) UT*(s), then (Mo, ..., Mg, (7)) jer-(syur+(s)) is called an admissible solution to
(9). B B

Notice that if o(¢%, ..., ¢""") € G(s) for some s € Sand (Ao, ..., Ay, (7)) jer-(syur+(s))
is an admissible solution to (9), then the point ¢ given by ¢ = Zhel?“ Ang" is an element
of o satisfying (6) for Z if s # 0 and (7) for 7 if s = 0.

An admissible solution (Ao, ..., Ary1, (F;)jer-(syurt(s)) to (9) such that two or more
variables are equal to zero is called a degenerate admissible solution to (9). Following the
literature on simplicial algorithms, we make the non-degeneracy assumption that there are
no degenerate admissible solutions. Notice that the non-degeneracy assumption is a very
weak assumption, since (9) is a system with n 4+ 2 unknowns and n + 1 equations, whereas
letting two unknowns being equal to zero yields two more equations. Moreover, the number
of possible systems, i.e., all simplicesin UsesG(s), is finite. Clearly, if the function z is such
that the non-degeneracy assumption is not satisfied, then this assumption will be fulfilled
for an arbitrarily small perturbation of Z. Furthermore, it is possible to circumvent this non-
degeneracy assumption completely by using lexicographic pivoting, see Todd [27]. However,
lexicographic pivoting implies a much higher mathematical complexity and therefore we
simply make the non-degeneracy assumption in this paper. It is important to point out that
the non-degeneracy assumption has some interesting economic implications in our model
due to the fact that Z satisfies the boundary behaviour of Lemma 3.2. It will guarantee
that the price and quantity adjustment process will not reach states of the economy with
complete supply rationing or complete demand rationing on some market, i.e., if ¢ is
generated by the price and quantity adjustment process, then 0 < ¢; < 1, Vy € I,,. Indeed,
the following lemma makes clear that there are no admissible solutions on the boundary of

C"*+ where qg; = 0 or ¢; =1 for some j € [, if the non-degeneracy assumption is satisfied.

Lemma 5.2

Let the economy & = ({ X', =", w'}™,,p) satisfy the Assumptions Al-A3. Let G be a
proper triangulation of C"+' and assume that the non-degeneracy assumption is satisfied.
Let a sign vector s € S, a simplex o(¢°,...,¢"™") € G(s) and an admissible solution
(XO,...7Xt+1,(ﬁj)je[—(5)uj+(5)) to (9) be given. Let § = Ehel?“ Ang". Then 7, € (0,1),
vy e Il,.

Proof

Suppose the lemma is not true and there exists k € I, such that g, = 0 or g, = 1. First,
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consider the case where g, = 0. Since v is a point of the relative interior of C"*! it follows
that k € I7(s)UI%(s) and that 7 lies in a facet of o, so there is ' € I}, with Ap = 0. With-
out loss of generality it can be assumed that A’ = ¢ + 1. Therefore, by the non-degeneracy
assumption, Ay, > 0, Vh € I?, and f; >0,Vj €7 (s) Ul*(s), and hence @ =0,Vh eI
Notice that Ehe[? AnZ(¢") = Zjel—(s)uﬁ'(s) fijsie(s)-

Suppose k € I~ (s). Then, using Lemma 3.2, 0 < EheI? MZu(¢") = =1, < 0, a contradic-
tion. Suppose k € IT(s). Then 0 = g, > v, > 0, a contradiction. Consequently, k& € I°(s).
Since k € 1°(s) it follows that Ehel? MZi(¢") = 0. Since ¢} = 0, Yh € I, it follows by
Lemma 3.2 that 2,(¢") > 0, Vh € I?, and therefore Z,(¢") = 0, Vi € I?. Hence, row k of
the matrix M given by

oo [(E) (el
1 0 ,
hel? JEI=(s)UI*(s)

is the zero vector and the rank of M is at most n. Since the system Mz = (07,1)7 has
a solution (Ao, ..., A, (1) je1-(syur+(s)) with A >0, Vh € 12, p; > 0,V5 € 17 (s) Ult(s),
and since the rank of M is at most n, there is a ray of such solutions. Hence there is a
solution with A\, > 0, Vh € I?, u; > 0,Vj € [=(s) U I*(s), whereas A; = 0 for some h € I°
or i; = 0 for some j € I~ (s) U I"(s), a contradiction.

The case where g, = 1 is completely symmetric. Q.E.D.

For some s € S and a simplex o(¢%...,¢*) € G(s), let (Xo,. .., Mg, (;)jer-(s)urt(s))
be an admissible solution to (9) with Ay = 0 for some A’ € I?,. Then the point § =
Zhelﬁrl\{h’} Anq" is a point satisfying the properties of the adjustment process belonging
to the facet 7(q°,.. N G L S S ,q'T!) of o opposite the vertex ¢". Such a facet is
called an s-complete (or complete) facet. More precisely, a facet 7(¢°, ..., ¢") of a simplex

o € ((s) is s-complete for some sign vector s € S with i°(s) = ¢ if the system of equations

z@w)_ 4<wdﬁ>_(g)
An s = (10)
f;? ( L J‘EI—%;H(S) 0 !

has a solution (Xl,...,Xt,(ﬁj)jel—(s)uﬁ(s)) satisfying A\, > 0, Yh € I?, and ;> 0,
Vj e I7(s)UIt(s), called an admissible solution to (10). Notice that the non-degeneracy
assumption implies A, > 0, VA € I?, and B, >0,Vj e I7(s)Ult(s). Two facets 7 and 7
are said to be adjacent complete facets if

(i) 7 # 7 and for some s, both 7 and 7 are s-complete facets of the same simplex o € G/(s),
or

(ii) 7 # 7, for some s # 0, 7 is an s-complete facet of 7 and there exists some j €

I=(s)U I*(s) such that 7 is an 5-complete simplex in G(s) with 5, = 0 and 55, = s, for all
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k£ j,or

(iii) 7 = 7 and for some s # 0, j € I (s) U IT(s), k € I°(s) we have that 7 is both an
s-complete facet of a simplex o € G/(s) and 7 is an S-complete facet of a simplex & € G(3)
with 3, =0, 5 € {—1,+1} and 3, = s, for all b # j, k.

Consider the simplex {v}. This 0-simplex can only be an s-complete facet for some
s € S if °s) = 0. It follows easily that {v} is an s-complete facet of the unique simplex
o(v,q") € G(s) containing {v} as a facet, where s = sgn(Z(v)) and the admissible solution
to the system in (10) corresponding to s and {v} is given by Ao = 1 and pu; = [2;(v)],
Vj € I,. The admissible solution corresponding to the system in (9) for the simplex o(v, ¢')
is given by Ao = 1, Ay = 0 and y; = |z;(v)|, Vj € I,. Notice that the non-degeneracy
assumption implies p; > 0, Vj € I,,. Hence, it follows immediately that there is no other
sign vector s € S for which {v} is s-complete.

The following lemma shows that there is exactly one adjacent complete facet to {v}.
Moreover, if 7 is an s-complete facet belonging to 67“_1, (hence 7 is a 0-complete facet),
then there is also exactly one adjacent complete facet to 7. Finally, if 7 is an s-complete
facet for some s € S, and 7 is not equal to {v} and does not belong to 67“_1, then there

are exactly two adjacent complete facets to 7.

Lemma 5.3

Let the economy € = ({ X', ="', w'}7,, p) satisfy the Assumptions Al1-A3. Let GG be a proper
triangulation of O™+l and assume that the non-degeneracy assumption is satisfied. Let a
sign vector s € S and an s-complete facet 7(¢°, ..., q") of a simplex in G(s) be given. If
r={v}orifr C 6n+1, then there is exactly one adjacent complete simplex to 7. Otherwise,

there are exactly two adjacent complete simplices to 7.

Proof

Let 7 = {v}. Then 7 is s-complete for a uniquely determined sign vector s € S. Since
7 lies in the relative boundary of A(s) there is a unique simplex o(v,q') € G(s) having
T as a facet. Make a linear programming pivot step with the vector (Z(¢')",1)T in the
system (10) corresponding to s and 7. By the non-degeneracy assumption exactly one of
the variables Ao, pt;, j € I, becomes zero. If A\g becomes zero, then {¢'} is an s-complete
facet of a simplex in G(s). If, say, u; = 0, then o (v, ¢*) is an 5-complete facet of a uniquely
determined simplex in G(3), where 5, = 0 and 3; = s;, Vj € I, \ {j’'}. This yields exactly
one adjacent complete simplex to 7. It is clear that there cannot be any other.

Let 7(¢%,...,q") be an s-complete facet in o Then, 7 is 0-complete and ¢ = n. Since 7
lies in the relative boundary of A(0Q) there is exactly one simplex, say o(q¢,...,¢" "),
in G(0) having 7 as a facet. Make a linear programming pivot step with the vector
(Z(¢"™)T,1)T in the system (10) corresponding to s = 0 and 7. By the non-degeneracy

assumption exactly one of the variables A,, h € I?, becomes zero, say Ap. Therefore, the
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facet of o opposite the vertex {¢"'} is a 0-complete facet of a simplex in G/(0). This yields
exactly one adjacent complete simplex to 7. It is clear that there cannot be any other
adjacent complete simplex.

Let 7(¢%,...,q") be an s-complete facet such that neither 7 = {v} nor 7 is a subset of
" There are two possibilities: either 7 lies in the relative boundary of A(s) or 7 lies
in the relative interior of A(s). Suppose 7 lies in the relative boundary of A(s). Then
there is a unique simplex o(¢%, ..., ¢'™) in G(s) containing 7 as a facet. Make a linear
programming pivot step with the vector (Z(¢'™)7,1)T in the system (10) corresponding
to s and 7. By the non-degeneracy assumption exactly one of the variables A\, h € I?, u;,
j € I7(s)UI*(s), becomes zero. If ;s becomes zero, then the facet of o opposite ¢"' is an
s-complete facet of a simplex in G/(s). If ;s = 0, then o is an s-complete facet of a uniquely
determined simplex in G(3), where 5, = 0 and 3; = s;, Vj € I, \ {j’'}. This yields exactly
one adjacent complete simplex to 7. Since 7 lies in the relative boundary of A(s), but 7
is neither a subset of O nor of the boundary of A(s) where ¢; = 0 or ¢; = 1 for some
J € I, by Lemma 5.2, it holds that 7 is a simplex of (G(5) for a unique sign vector § € S
with i%(5) =t — 1. Let j' € I°(s) be the unique component such that 5;; # 0. Make a linear
programming pivot step with the vector (s;e(5)7,0)7 in the system (10) corresponding
to s and 7. By the non-degeneracy assumption exactly one of the variables A\, h € I?, u;,
j € I=(s) U It(s), becomes zero. If Ay becomes zero, then the facet of T opposite ¢" is
an s-complete facet of 7. If y; = 0, then 7 is an s-complete facet of a uniquely determined
simplex o(¢%,...,q¢", ¢'™") in G(5), where 5; = 0 and 5; = 5;, Vj € 1,,\ {j}. In this case 7
is both an s-complete facet of a simplex in G(s) and an s-complete facet of a simplex in
G/(3), with s # 8, and is therefore adjacent complete to itself. It is clear that there cannot
be any other.

Consider the case with 7 lying in the relative interior of A(s). Then there are exactly two
simplices, say o(q¢%,...,¢'t) and a(¢° ..., q¢", @), containing T as a facet. Make a linear
programming pivot step with the vector (Z(¢'*')7,1)T and with the vector (Z(g/*")",1)T
respectively in the system (10) corresponding to s and 7. Using the same arguments as
before, this yields exactly two adjacent complete simplices to 7. It is clear that there cannot

be any other. Q.E.D.

Lemma 5.4

Let the economy € = ({ X', =" w'},,p) satisfy the Assumptions AI-A3. Let G be a
proper triangulation of C"+' and assume that the non-degeneracy assumption is satisfied.
Then there exists a unique finite sequence of different pairs of sign vectors and simplices
(st 7, oo (M M) such that ' = {v}, ™M C 5”“, 7% is an s"-complete facet and any

two successive simplices in the sequence are adjacent complete simplices.
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Proof

Let 7' = {v}, which is sgn(Z(v))-complete. Let 7%, with corresponding sign vector s*, be
the unique adjacent complete simplex to 7!, which exists according to Lemma 5.3. Now, for
k€ IN\ {1}, it holds that either 7% C "™ and there exists no adjacent complete simplex
other than 75! by Lemma 5.3, or there exists by Lemma 5.3 a unique simplex 75!, with
corresponding sign vector s*t1, that is not equal to 7571, Proceeding this way, there exists
a finite number M such that either 75 ¢ ¢ or, by the finiteness of the number of pairs
(s,7) such that 7 is an s-complete facet of a simplex in G(s), the pair (s, 7%) has been
generated before. However, from the door-in-door-out principle of Lemke and Howson [19]
it follows that each pair (s, 7), representing an s-complete facet 7 of a simplex in G/(s) for

some s € 9, can be generated at most once. Hence, 7™ C [Sialy Q.E.D.

The algorithm generating the sequence of adjacent complete simplices as described in
Lemma 5.4 is given below. In the description of the algorithm, % = co({¢" | h € I?})

k_complete facet currently generated by the procedure, where s* with

will denote an s
°(s%) = t is a sign vector generated by the procedure and induces the set A(s*) and the
triangulation G(s*) of A(s*) in which the procedure generates simplices. The algorithm

operates as follows.
Algorithm

Step 0. Set t = 0 and k = 1. Set 7% = {v}, s* = sgn(Z(v)) and let ¢'*! be the unique
point in A(s*) such that o*(v, ¢'*!) is a (¢ + 1)-simplex of G(s*). Go to Step 1.

Step 1. Let o be equal to the convex hull of 7% U {¢'*'}. Make a linear programming
pivot step with the vector (Z(¢'*!)T,1)T in the system (10) corresponding to s* and
7%. Then exactly one of the variables \,, h € I?, p;, j € I7(s*) U I*(s"), becomes
equal to zero. If for some h' € I?, A\jy = 0, then set s**! = s* and go to Step 2. If
for some j' € I=(s*) U I*(s*), u; = 0, then set 5 = s* and go to Step 3.

—n+1

Step 2. Increase the value of k by 1 and let 7% be the facet of o opposite ¢"'. If 7% ¢ T,
then the algorithm terminates. If 7% € G(3) for some 5 € S, then go to Step 4.
Otherwise, there is exactly one (¢ + 1)-simplex & € G/(s"*) such that & # o and 7% is

a facet of 7. Go to Step 1 with ¢'*! as the unique vertex of & opposite 7F.

Step 3. Define s**! by 3?7”1 =0 and 3?"’1 =3;, V5 € I, \ {J'}. There is a unique simplex
7 € G(s"*!) having o as a facet. Increase the values of k and ¢ by 1 and go to Step

1 with ¢t as the unique vertex of @ opposite ¢ and 7% = o.

k

Step 4. Let o be equal to 7*. Make a linear programming pivot step with the vector

(5;¢(7)7,0)7 in the system (10) corresponding to s* and 7%, where j € I, is such
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that 3? = 0 and 5; # 0. Then exactly one of the variables \,, h € I?, u;, j €
I=(s*)UTI*(s*), becomes equal to zero. If for some A’ € I?, Ay = 0, then set s**! =5,
decrease the value of ¢ by 1 and go to Step 2. If for some j' € I=(s*)UT*(s*), u; =0,
then decrease the value of ¢t by 1 and go to Step 3.

Let the assumptions of Lemma 5.4 be satisfied and let (s, 71),..., (s, 7%) be all different
pairs of sign vectors and simplices successively generated by the algorithm. For every pair
(s*,7%), k € I, it holds that 7% is an s*-complete facet of an (:°(s*) 4+ 1)-simplex of G(s*).
For every k € Iy, define t* = {%(s%), let 7% = 7%(¢°, .. .,qtk) and define ¢* € 7% by
qk = Z thhv
hely,
with Aj, following from the admissible solution to (10) corresponding to s* and 7*. For

t € R, define |t] as the smallest integer which is less than or equal to ¢. Finally, define the

piecewise linear, continuous function « : [0,1] — C"*! by

R(0) = (1= (M= 1+ [(M = D))o
+ (M = 1)t — [(M = 1)t g M= v e (o, 1),
(1) = 7.

Clearly, = generates a piecewise linear path in (it connecting the point ¢' = {v} with
a point ¢M € ot Furthermore, every point ¢ € 7([0,1]) N C"*! satisfies (6) for the
piecewise linear approximation Z\, and every point ¢ € x([0,1]) N (6”"’1 \ C"*1) satisfies

(7) for Z\, as is proved in the following theorem.

Theorem 5.5

Let the economy € = ({ X', ="', w'}7,, p) satisfy the Assumptions Al1-A3. Let GG be a proper
triangulation of C™+ and assume that the non-degeneracy assumption is satisfied. Then,
for every ¢ € w([0,1]) N C™' there exists a real number v € [0,1] such that, for every
J € In,

q; = Yv; if Zi(q) <0,
7¢; < q; <1 =1 —v;) f Z;j(q) =0,
g =1-—7(1—-v)) if Zi(q) > 0.

Furthermore, for all ¢ € ©([0,1]) N (6”"’1 \ O™ it holds that Z\(q) =0.

Proof
Consider the pairs (s*,7%) and (s"™1 7%1) for some k € Iy_;. Let 0% = co(r* U 77F1)
and let 5% be such that [=(3%) = [=(sF) U I=(s*), 1°(Z%) = I°(s%) N 1°(sF*+1) and
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I+(E%) = IT(s%) U It(s**1). For @ and @*!, induced by the admissible solutions to
(10) corresponding to (s*,7%) respectively (s*+1, 75+1) it holds that they are also induced
by admissible solutions y*, y**1 € R"*? to (9) corresponding to (3*,0%). When y*, y*+1
are admissible solutions, then so is Ay* + (1 — M\)y**1 ¥A € [0,1]. Then, since o* € G(3%)
for all k € Ipr_y, it follows that for every ¢ € 7([0,1]) N C™', and thus ¢ € G(s) for some
s # 0, (6) is satisfied for Z\, whereas for every ¢ € =([0,1]) N (6”"’1 \ C"*1), and thus
q € G(0), (7) is satisfied for 7. Q.E.D.

6 Accuracy Analysis

In Section 5 we have proved, for an arbitrary piecewise linear approximation 7 of Z, the
existence of a piecewise linear path of points in C'"*+! that connects the starting point {v}
with a zero point of 7 in 0" Tor every point along the path that belongs to C"*', (6)
holds for the piecewise linear approximation, whereas for every point along the path that
belongs to Slaz \ C™*1 (7) holds for the approximation.

In this section it will be shown that this path follows the price and quantity adjustment
process as described in Section 4 arbitrarily close by taking the mesh-size of the triangu-
lation small enough. To this end, observe that the properties, as given by (6), of points
g € C"\ {v} that are reached by the process are equivalent to

Zi(q) <0 if g5 = vy,
Zi(q) =0 if yu; <q; <1—7(1 —vy),
Zi(q) =0 if g =1—~(1—wv;).

For ¢ = v the properties in (6) are trivially satisfied by taking v = 1, both for Z and for

N

7. The following result shows that the other points related to the adjustment process for
7 approximately satisfy the properties (6) and (7) for Z.

Theorem 6.1

Let the economy € = ({ X', =", w'}™,,p) satisfy the Assumptions A1-A3. Then, for every
e > 0 there exists 6 > 0 such that for every proper triangulation G of Slaz satisfying
mesh(G) < 6 and for which the non-degeneracy assumption is satisfied, it holds that

(i) for every ¢ € x((0,1]) NC™*, for every j € I,,,

Zilg) <¢ if 4; = vy,
—e <Z(q) <e iy <q; <1—7(1—vy),
Zi(q) > —¢ if g; =1—~(1—uv;).

(i) for every g € x([0,1]) N (C™H\ ™),

[Z(g)]loe <&
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Proof

Given ¢ > 0, define ¢’ = (1 —B)(Ejeln p;)~te and let € = min{e, &'}. Since CnHl s compact
and Z is continuous, there exists & > 0 such that ¢',¢* € C"! and ||¢" — ¢*||.. < &, implies
1Z(¢") — 2(¢*)|| .o < E. Let G be a proper triangulation of Ot satisfying mesh(G') < 6 and

being such that the non-degeneracy assumption is satisfied. Furthermore, for all ¢ € O+l

there exists A € RT’I such that ZjeInJ,l Aj=1and ¢ = EjeInH \;q!, with qi the vertices
of an n-simplex a(q',...,¢"™) of G containing ¢. Consequently, for all ¢ € C"t,
1Z(0) = 2@ e = | Y Xi(E(e") = @)l <&
J€In41

and therefore, for all j € [,41,

~ ~

Zilq) =€ < Zi(q) < Zj(q) + & (11)
Now, for every ¢ € 7((0,1]) N C"*" there exists y; € Ry, Vj € I,,, and v € [0, 1], such that
for every j € [,

Zi(q) = —p; it q; = yv;,
if yo; <¢; <1—7(1—vj),
i g =1=9(1—uv).

o
S
=
S—’
Il
- o

Combining this with (11) yields part (i) of the theorem. For ¢ € =([0,1]) N (6”"’1 \ ¢t
it holds that Z\j(q) =0, Vj € I,, and thus, using (11), |Z;(¢)] < & Consequent-
ly, | e 5030 < Dyen, F@)50)] < (1= B Dyep, 755 < = But then, since
p(q)"Z(¢) = 0 by Lemma 3.1, we have that |Z,41(q)] = | — >ien Pil)z(g)] <e. Q.E.D.
Notice that Theorem 6.1 implies that for every ¢ > 0 there exists 6 > 0 such that for
every proper triangulation GG of "+ with mesh((G) < 6 and for which the non-degeneracy
assumption is satisfied it holds that every point ¢ in Slaz \C"*! generated by the algorithm
is an e-DEg () and that every point ¢ in o generated by the algorithm is an e-WE. This
follows easily once it is shown that demand rationing on the market of commodity j € I,
cannot be binding for such a point ¢ if ¢; < % Without loss of generality assume that

e < miﬂiejmd‘e[n(% —w; + w;) Then, for every ¢ € I,,,, for every j € I, it follows that

7 P i . prw = ) 2
di(q) —w; <Zj(q) + wj —w) < e+ wj —w; < i = L;(q) 1f%‘§§-
J

The next result shows that the path of the approximate adjustment process gets arbitrarily
close to the set (),. This does not exclude that the set (), contains points which are never
approximated by the adjustment process related to 7. For instance, in case the set @,
displays a bifurcation, it is possible that the approximate adjustment process converges to

one of the branches. In case the adjustment process related to z is convergent, also the
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converse follows, i.e.; every point of (), gets arbitrarily close to the path of the approximate
adjustment process. It follows that if the adjustment process related to Z is convergent,
then any sequence of paths related to the approximate adjustment process with mesh size
going to zero converges to Q,. For a non-empty compact set S of R define the distance

function ¢gs : R* — R by
9s5(5) = min|ls =5[>, V5 € R".
Notice that both the sets @), and ([0, 1]) are compact.

Theorem 6.2

Let the economy € = ({ X', =", w'}",, p) satisfy the Assumptions A1-A3. Then, for every
e > 0 there exists 6 > 0 such that for every proper triangulation G of Ot satisfying
mesh(G) < & and for which the non-degeneracy assumption is satisfied, it holds that, for
every t € [0,1], go,(7(t)) < e. If the price and quantity adjustment process is convergent
then, for every ¢ > 0 there exists 6 > 0 such that for every proper triangulation G' of O+l
satisfying mesh(G) < & and for which the non-degeneracy assumption is satisfied, it holds

that, for every q € Qu, groa)(q) < €.

Proof

Suppose the first part of the theorem is not true. Then there exists ¢ > 0 such that for
every r € IN there exists a proper triangulation G of Cnt satisfying mesh(G") < %, for
which the non-degeneracy assumption is satisfied, and there exists ¢ € [0, 1] such that
9o, (7"(t")) > e. By Hildenbrand [12], Proposition 1, page 16, the sequence {#"([0,1])},en
has a convergent subsequence which we also denote by {#"([0, 1])},en. Using the continuity
of 2 and Theorem 6.1 it follows easily that the closed limit of this sequence is a subset
of Q. By Mas-Colell [20], Theorem A.5.1.(ii), page 10, the closed limit is connected since
every #"([0,1]) is connected. Therefore, the closed limit is a subset of @),. Consider any

accumulation point of the sequence {7"(1")},en, say ¢, so ¢ € @,. So,

0 = g0.(9) = inf{gg,(x" (1)) | r € N} > ¢,

a contradiction.

Suppose the second part of the theorem is not true. Then there exists ¢ > 0 such that
for every r € IN there exists a proper triangulation G" of O+l satisfying mesh(G) < 6
for which the non-degeneracy assumption is satisfied, and there exists ¢" € (), such that
grr(oa])(¢") = e. Without loss of generality, the sequence {¢"},en is convergent, say to the
element g. Also without loss of generality, by Hildenbrand [12], Proposition 1, page 16, the
sequence {7"([0,1]) },en is convergent, say to the set II. By the first part of the theorem it
follows that Il C @,. Clearly, g ¢ 1. Since the adjustment process (), is convergent there
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exists a homeomorphism f : [0, 1] — @,, where f(0) = v and f(1) = ¢* with ¢* inducing a
Walrasian equilibrium of & and ¢, = 3. Using that Q, is an arc and that there exists a
neighbourhood N of ¢* such that ¢ € N and Z(¢) = 0 implies that ¢ induces a Walrasian
equilibrium of &, it follows that there is no ¢ € @, such that ¢ # ¢* and ¢,41 = f.
Hence, 7"(0) — f(0) = v and #"(1) — f(1) = ¢*. Moreover, there is ¢ € (0,1) such
that g = f(¢). By Mas-Colell [20], Theorem A.5.1.(ii), page 10, II is connected. However,
I c f([0,1]\ {t}), f(0) €11, f(1) € IT and f is a homeomorphism, so II is not connected,
a contradiction. Q.E.D.
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