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Abstract
By means of convenient regularization for an ill posed Cauchy problem, we define an associated
generalized problem and discuss the conditions for the solvability of it. To illustrate this, starting
from the semilinear unidirectional wave equation with data given on a characteristic curve, we show
existence and uniqueness of the solution.
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1 Introduction

Many obstructions can be encountered when trying to solve a Cauchy problem for PDEs with the
data given on a characteristic manifold, and, a fortiori, to obtain uniqueness or well-posedness in
Hadamard sense. We can refer to many works inspired in the complex field by the ideas of Garding,
Kotake, Leray [10] and others on the continuation of holomorphic solutions and, in the real field,
by the ideas of Egorov [9], Hérmander [13] and others on the distribution solutions of some Cauchy
problems supported in a half space whose boundary is a characteristic hyperplane.

Here, we propose another method, based on a parametrized family of geometric transformations
of the characteristic manifold, in continuation of previous ideas developed in [6, 5, 7, 8, 12, 15]. In
order to concentrate on the methods and not on the technicalities, we consider the Cauchy problem
for a simple equation, namely the transport equation (in basic form)

ou
EZF(WWU); u|’Y:U (PC)
where ~ of equation x = 0 is obviously globally characteristic for the Cauchy problem.
For focusing only on the characteristic singularity, v and F' are supposed to be smooth and even

F to be Lipschitzian. Clearly (P.) is ill-posed but can be associated to a generalized problem
PD)u=F(u); R(u)=v (Pa)

well formulated in a convenient algebras of nonlinear generalized functions, by means of generalized
operators: F, associated to F', and R, obtained by replacing the characteristic curve v by a family
(ve)e of non characteristic ones of equation z = I.(t) where (I.).) is a regularizing family. We
can show the existence of a generalized solution in some (C, €, P)-algebra [14] A (R?) based on the
space of smooth functions. Independence of this solution with respect to some “tempered” class
represented by (Ic)e can also be established under some additional assumption on the growth of
(le)e. However this generalized solution in A (R2) fails to be, in general, unique. We show how
uniqueness may be recovered by searching a solution in the space of new tempered generalized
functions Go,, (R2) based on the space of slowly increasing smooth functions [4] in which pointwise
characterization exists [20].



2 General overview on (C, &, P)-type algebras

2.1 Algebraic and topological structures

We begin by recalling the notions from [14, 15] that form the basis for our study. Let:
(1) A be a set of indices;

(2) A be a solid subring of the ring K* (K =R or C) and I a solid ideal of A;

(3) € be a sheaf of K-topological algebras over a topological space X .

Moreover, suppose that:
(4) For any open set © in X, the algebra £(Q) is endowed with a family P(Q) = (P);er() of
semi-norms such that if ; C Q2 are two open subsets of X, it follows that I(Q1) C I(Q2) and if p?
is the restriction operator £(€2) — £(), then, for each P; € P(Q;) the semi-norm P; = P; o p?
extends P; to P(Q2);
(5) Let © = (2n)nhen be any family of open sets in X with Q@ = UpecgQn. Then, for each P € P(Q),
there exists a finite subfamily (Qj)lgjgn(i) of ©® and corresponding semi-norms P; € P(£2;) (1 <

j < n (i) such that, for any u € £(), P (u) < E;‘g Pj (ula;)-

Define |B| = {(|ra]), | (rx), € B} for B = A,14. Set C = A/I and let Hae p)(Q2) (resp.
T1a.2,7)(Q)) be the set of all (ux)x € [E(Q)]* such that ((Pi(ux))y € |A| (resp. [|1a]) for all
1€ I(Q).

Note that, from (2), |A| is a subset of A and that Ay = {(bx), € A| (VA€ A) (bx >0)} = |A].
The same holds for I4. Furthermore, (2) implies also that A is a K-algebra. From [14, 15], we
get that Hea e p) (resp. J1,.e,7)) is a sheaf of K-subalgebras (resp. of ideals) of the sheaf er
(resp. of H(a,e,py) and that the factor Ha e p)/J(1,.6,7) 18 a presheaf with localization principle
in addition. Moreover, the constant sheaf Ha x |.;)/J(14k,.) is equal to the sheaf C = A/I4.

We call presheaf of (C,E&,P)-algebra, the factor presheaf of algebras A = Ha.e.p)/T (14,67
over the ring C = A/I4 and we denote by [us] the class in A(Q) of (ux),cp € Hia,e,p)(R).

Notation 1 For any topological set T', we will denote K € T to say that K is a compact subset of
T.

Example 1 (Special Colombeau Algebra [2, 11, 17]) We consider the sheaf € = C™ over R?, where

P is the usual family of topologies (PQ)QEo(Rd). Here O (]Rd) denotes the set of all open sets of

R®. Let us recall that Pq is defined by the family of semi-norms (pKvl)K@Q,lEN with

VFeCT(Q), pri(f)=suPicr o< |1D"f ()] (1)

Let A (resp. I) be the set of all (r.), € ROY such that there exists m € N (resp. for all ¢ € N)
with |re| = o(e™™) (resp. |re] =o0(e?)) as € — 0.The sheaf A =Ha,e,p)/T(1,4.6,7) 5 the sheaf of
(special) Colombeau algebras G. In this case, we shall write Hagpy = X and J1,.6,p) =N.

We refer the reader to [5, 14] for a complete discussion about embedding of (C, &, P)-algebras
into classical spaces. From now on we assume that A is a ring with unity and A is left-filtering for
a given (partial) order relation <.

Remark 1 (An association process) Consider Q2 an open subset of X, F a given sheaf of topological
K-vector spaces (resp. K-algebras) over X containing £ as a subsheaf and a : Ry — A4 a map such
that a(0) =1 (for r € Ry, we denote a(r) by (ax (r)),)-
For (vx), € Ha,e,p) (), we shall denote by limp (o) va the limit of (vx), for the F-topology when
it exists. We recall that ima royun|v = f € F(V) iff, for each F-neighborhood W of f, there
exrists Ao € A such that: X\ < Ao = ux € W. We also assume that, for each open subset V C €,
we have

Tiraer)(V) C{(0r)x € Hiaep) (V) | lima 7o) va = 0} (2)

Consider u = [ux] € A(Q), r € Ry, V an open subset of Q and f € F(V). We say that u is
a (r)-associated to f in V, denoted by u ;fg/)) fo if ima r() (ax (M) ux |v ) = f. In particular, if

r =0, u and f are said associated in V.

Example 2 Take X =R?, F =D', A =]0,1], A=G, V =Q, r = 0. The usual association [11,
§1.2.6] between u = [u:] € G () and T € D' (Q) is defined by

a(0)

u~T < u ~ T lims_,o,‘D/(m ue =1T.
D'(22)



In practice, the ring A and the ideal I4 are constructed as follows. Let B, a finite family of p
nets in (Ri)A (usually given by the asymptotic structure of the problem). Consider B the subset
of elements in (R%)* obtained as rational fractions with coefficients in R7, of elements in B, as
variables. Define

A= {(am €K | (3(br), € B) (Fho €A) (VA< Ao) (lan] < bA)} .

We say that A is overgenerated by B, (and it is easy to see that A is a solid subring of K*). If I4
is some solid ideal of A, we also say that C = A/I4 is overgenerated by B,. As a “canonical” ideal
of A, we usually choose

In= {(m)A K| (V(br), € B) (3o €A) (VA< o) (Jar| < bA)},

In this paper, we shall consider the particular case & = C*® with X = R? and the usual topology
given by the family of semi norms (Prk,i)gcq oy defined by (1). We shall construct later the
asymptotic structure given by C = A/I4, in relationship with the regularization of the ill posed
problem. However, for any choice of C, we recall that A is a sheaf of differential algebras with
D%y = [D%uy| where (ux), € u. For (C,C*,P)-algebras, we have the analogue of [11, Thm 1.2.3]:
Proposition 1 [3] Assume that the set B, defined above, is stable by inverse and that there ex-
ists (ax), € B with limyax = 0. Consider (uy), € Haep)(R?) such that, for all K € R,
(PK,() (U)\)))\ S |IA‘ Then (’U,)\)A € k7(,475773)(]Rd).

In the sequel, we shall also consider the algebra of tempered generalized functions. For f €
C*(R"), r € Z and m € N, we set pur,m(f) = SUP,epn ja|<m (1 + [2])" D f(z)|. Define

M. R") = {(f-). € Ou®") ! | (vm € N) (Fg € N) BN €N) (ji—qum(fe) = O™ ) as e = 0)},
N- (R™) = {(f2), € Om(R") OV | (Ym € N) 3g € N) (vp € N) (—g,m(f) = O(e") as € — 0)}.

It is easy to show that M, (R") (resp. N, (R™)) is a subalgebra (resp. ideal) of O (R™)1
(resp.M; (R™)). The algebra G (R") = M, (R") /N- (R") is called the algebra of tempered gen-
eralized functions [11, 16]. The generalized derivation, defined as above for (C,C°°,P)-algebras,
provides G, (R™) with a differential algebraic structure.

Remark 2 (Simplification of notations) In the sequel, we shall have d = 1 or d = 2 and take
A = (0,1]. We simplify the notations by writing H (resp. J) instead of Hia.ep) (resp. Tia.ep))-
We keep the same sheaf symbols H, J, A=H/T for X =R% or X = Q, where d = 1,2 and Q is
an open subset of RY.

2.2 Generalized operators and general restrictions

Let Q be an open subset of R? and F' € C(Q x R,R). We say that the algebra A (Q) is sta-
ble under F if, for all (uc). € H(2) and all (ic), € J(2), we have (F(-,-,uc)), € H(£2) and
(F(,ue +ic) — F(+, - ue)), € J(Q). If A(R?) if stable under F, for u = [uc] € A (R?), [F(., ., uc)]
is a well defined element of A (R?) (i.e. not depending on (u.), € u).

An easily tractable condition of stability is when F' is smoothly tempered, which means that the
following two conditions are satisfied:
(i) For each K € R?, I € N and u € C*®(Q,R), there is a positive finite sequence (Cj)1<j<; such

that: PK’I(F(‘, ~,u)) < Zi:()ci (PKJ(U))l s
(i7) For each K € R*, 1 € N, u,v € C°(Q,R), there is a positive finite sequence (Dj)1<j<; such
that PKJ(F(~, ~,’U) - F(~, -,U) < Z;Zl D; (PKJ(U - u))j.
Definition 1 /5] If A(R?) if stable under F, the operator
F:rAR?) = AR?), u=[u]— [F(.,.,uc)]

is called the generalized operator associated to F'.

Consider (f.). € C*° (R)*. For each g € C* (R?) set

R:(9): C* (R) = C*(R), fe = (z = g(, f=(2))) -

The family (R.). maps C* (]RQ)A into C* (R)*. We say that the family (fe). is compatible with
second side restriction if, for all (u.), € H(R?) (resp. (i), € T(R?)), (ue (-, f=("))). € H(R) (resp.
(i (-, (). € T(R)).



Definition 2 If the family of smooth functions (f:), is compatible with second side restriction, the
mapping
R:ARY) — AR), = [ue] = [ue (-, f:()] = [Re (ue)]

is called the generalized second side restriction mapping associated to the family (f.)..

Definition 3 [11] Let (f-). € C®(R™)™*. We say (f-)- is c-bounded if for all K € R", there exists
L @ R"™ such that fe(K) C L for all € (L is independent of €).

The following proposition makes the link between the c-boundeness and the compatibility with
second side restriction.

Proposition 2 Assume that (f.), belongs to H(R) and (f:), is c-bounded, then the family (f.). is
compatible with second side restriction.

3 Application to a characteristic Cauchy problem

We deal with the characteristic Cauchy problem for the transport equation formally written in
characteristic coordinates

ou
ar = Flaws ul=n=1 (Fe)

where F' is Lipschitz and f € C* (R). We are going to formulate some assumptions which will
allow us to associate to (P.) a generalized and well posed problem (Py) given below.

3.1 From the ill posed problem (P.) to a well posed formulation
(Fy)

We approximate the characteristic curve {x = 0} by a family of non characteristic ones v. =
{z =1 ()}.c0,1)- We assume that the family (lc), € C* (R)1%Y tends simply to 0 (or uniformly
on each compact which is equivalent here) when € tends to 0 and that: Vo € R, IZ(z) > 0 and

l:(R) = R. Moreover we assume that (l.), is c-bounded.

Let K € R? and a,b € R such that K C [—a,a] x [~b,b]. We define

3)

Bk, = max(a, l;l(b)) and ax,. = min(—a, l;l(—b)) i ak,.e =2max(Bk.e, |ak,e|),
K. = K1 x Ko with K1 = [—ak,c/2,ak,/2] and Ko = [-b,b] = [—¢/2,¢/2].

By construction, we have K C K. and

Ve € (0,1],VK € R*,VB €N, 3Dk 5 € R}, sup,ci,.

Df(0)] < D @)

In addition to the previous assumptions, we collect in one formulation the sufficient conditions
which allows to generate a convenient (C, &, P)-algebra adapted to our problem

(i) Ve € (0,1],VK € R?,Vn € N,3uk ., > 0,3IM. > 0,
SUP(t,x,z) € Ke xR |DaF(t7$,Z)| = MK,e,n < MK,nMe-
lal<n
(i1) Ve € (0,1],VK € R?,3vk > 0,3ac > 0,ax,e < Ukae.
(ii3) Ve € (0,1],VK € R?, 3¢k, > 0,3P. > 0,
_ k _ n
SupmeKz, k<n (ls 1)< ) (J?)‘ = PKa,n (lE 1) < gK:nPE
(iv) Ve € (0,1],VK € R* VB € N,3wk s > 0,3Q. > 0, Drc s < Wi 5Qe.

We finally choose C = A/Ia overgenerated by: (ac)., (M), (Qe)., (P:)., (exp M.ac). and
A (R?) = H(R?)/J (R?) is built on C with € = C*°(R?) and P = (Pk,1) ccr2 jen-

Theorem 3 Under the previous assumptions (H), A (RQ) is stable under F' and the generalized
restriction operator
R:A(RY) = A(R), = [u] = [ue (L (1))

is well defined.

Now, we can associate to (P.) the generalized problem (Fy):

ou
Qe Fwy: R(w =", (P,)



3.2 Existence of a solution to (P))
In order to solve (P,), we begin to solve in C* (R?) the regularized problem

Oue
(POO) W (t,l‘) = F(ta T, Ue (tax)) ; Ue (ta l€(t)) = f (t) .
Proposition 4 With the previous hypothesis, the problem (Ps) admits a unique smooth solution
ue such that .
ue(t,z) = f(I2"(x)) +/ . F(r,z,u.(r,z))dr. (5)
le (2)
Moreover we have the estimate

el o i < (WrpQe + Brcac M) (exp ac Mz) % (6)

where the constant Bx = puk ovik,Ckx = pk,1Vk depend only upon the compact set K.

This proposition comes from the Cauchy-Lipschitz theorem, applied for fixed x, for the existence
and the uniqueness of a smooth solution u. to the problem (P ), which satisfies (5). Starting from
this relation, the Gronwall lemma, leads to the estimate (6).

Theorem 5 Under Assumption (H), the problem (Py) admits [UE]A(RQ) as solution where ue is the

solution given in Proposition 4.

The proof follows the same steps as the existence results which can be found in [7, 8]: starting
from the estimate (6), the proof is based on an induction process on the order of the successive
derivatives that (uc). belongs to H (R?).

Example 3 Tuke l. (t) = et, then I-(z) = x/e. It is easy to see that ax,e = 2b/e and also that
Kic = [~b/e,b/e], K2 = [~b,b]. For any K € R?, we have

Ve € (07 1]’vn € N7 3;U/K,’ﬂ > 07 dM. > 07 Sup(t,z,z)EKEX]R,\Mgn ‘DOLF(t?mv Z)' = MKE < /’LK,’ﬂMEv

Then C = A/I4 is overgenerated by (€)e, (e™/%)o; (M.)e.
Take now F(z,y, z) = z/(1 + 2?) = h(z). We have ‘h(l)(z)’ <! for alll € N [7]. 1t follows that

VK € R?, VI €N, max,cns, o< (Sup(z,y,z)eKXR |DF(z,y, Z)|) <.

Consequently, we can take m(K.,1) = 1! and M. = 1. Finally C = A/I4 is overgenerated by the
families (g)e and (e%)g. In this case, the (C,&,P)-algebra is actually of Colombeau type, as it is
equal to the asymptotic algebra with (e_%)g as asymptotic scale [6].

For linear (or semi linear) problems with irregular data, a more complete theory exists, based on
the functorial properties of the Colombeau type algebras [6]. Existence and uniqueness are obtained
whenever the map associating the solution to the data for the classical problem is continuously
temperate. Of course, this theory fails when the problem under consideration is characteristic as
in the present paper. Moreover, without further assumption the solution given by Theorem 5 fails
in general to be unique as shown by a counter example given in [5].

3.3 Independence of the generalized solution from the regularizing
process

Any solution to (Py) (unique or not) depends a priori on the choice of the regularizing process. We
expect to obtain more precise informations about this dependence. A first step in this direction is
done by [1] in which the purely characteristic case is studied (with regular data). By asking that
(Ic). belongs to M. (R), the authors are able to prove that the generalized solution depends solely
on the class of (I.), as a generalized function, not on a particular representative. Analogously, we
have here:

Theorem 6 In addition to the previous assumptions, suppose that (Ic). € M,(R) and (la_l)a €
Mz (R). Then, the generalized solution u = [u.], where (uc), is given by (5), of the characteristic
Cauchy problem (Py) and, a fortiori, any solution of it depends solely on I = [l.] € G-(R) as

generalized functions and not on the representatives (I.),.



For the detailed proof of the theorem 6, we refer the reader to [1]. However, we shall give the
main steps of the proof, as it emphasizes the difference between the case of usual Colombeau algebra
and tempered generalized functions.

Lemma 7 Let (f.). € M, (R) such that for everye, f. is bijective and (fs_l)s € M, (R). Then, for

any (ge). € M- (R) such that for every e, ge is bijective, (ge_l)a € M, (R) and (g- — f.). € N-(R),
we have that

(f1—g2t). e N-(R). (7)

Proof. We shall use the point values characterization [11, §1.2.4]. Let Mg (resp.Nr) be the
set of all (z.). € ROV such that: (3N € N) (Jz<| = O(e™™)) (resp. (Vm € N) (|ze| = O(e™))) as

€ — 0. We denote by R = Mg /Nr the ring of generalized real numbers in the Colombeau setting.
Let (fe).(ge). € M- (R). Define the maps

G:R—R, 3 g(@) =[g:())g; H:R—=R, & h(z)=[g" (z)z

Where g(Z) (resp. h(z)) is the generalized point value of g (resp. h) at the generalized point
= [(=:),] nd well defined from [11, Prop. 1.2.45]. It is easy to see that Go H = H o G = id so
that G_ = H. In the same way, if we set

F:R—R, & f(&)=[f(z)]z

Then F~': R — R is defined by F~'(&) = [f;l(mg)l.

Proving (7) is equivalent to prove that f~' — g~ = 0 in G,(R), and, by point value character-
ization [11, Prop. 1.2.47], it suffices to show that Vy € R, (F71 — Gil) () =0. Let gy = [ye] € R.
As G is bijective there exists = [z.] € R such that § = G (Z) and for all € we have

(F_l - G_l) (9) = [(fe_l (9-(xe)) — 95_1 (gs(xs)))g] = [(fs_l (9e(xe)) — xs)g]
but as (ge — f-), € N7(R) we have (f'oge —id)_ € N;(R) so that [(f=! (g(zc)) —z) ] € N,

which concludes the proof. m

Example 4 We consider the problem

ou
(Pcha'r) E =0 ; u |{a::0}: f
where f € C*° (R). We regularize (Pepar) by choosing l. (t) = et and obtain
(Pu) 2 (1,2) = 05 et ot) = £ (1),

Clearly the solution to (Pso) is the function u. defined by u. (t,xz) = f(xz/e). Then, a generalized
solution u of (Py) is [(t,x) — f (m/s)]A(Rz). Remark that here C is overgenerated by the family (¢),

showing that A (RQ) is the simplified Colombeau algebra G (RQ) .

There is no classical object corresponding to that generalized function. However, it is possible to
link u to a distribution by means of the association process defined in Remark 1. Suppose that f is
integrable with [ f (z) dz =1 and write

1 1 T

Jue (8 1,® = (7) .

5u (tz) = 1@ Ef €

We have clearly limeﬂo’ D (%2) (ue/e) = 14 ® 6. = Or, where or is the Dirac distribution on the

characteristic manifold I' = {(t, z) ER? : t = 0}. Thus, the solution u of the generalized problem
(Py) associated to (Pehar) satisfies u ~ or. In addition, this solution is not unique but depends only
€

on the class in G- (RZ) of (t — et)..

The change of variables x = X —T,t =T turns (P.) into the characteristic Cauchy problem for the
unidirectional wave equation

U ou
or o0X

The solution U of the corresponding associated generalized problem werify U ~ é;x—ry. In other
£

(Pc) :O; U ‘{X:T}: V.

words, U has a bidimensional "soliton” structure, and suppU = supp d{x—r} = {X =T}.



4 The framework Gp,,(R?) and uniqueness

The natural topology of O permits to define a new algebra of tempered generalized function,
Gou (Rd) [4] which differs to G- (Rd) but permits a point value characterization [20] and an ex-
tension Ao,, (]Rd) in the framework of (C,£,P)-algebras [12]. As Go,, (]Rd) is of (C,E,P)-type and
endowed with the sharp topology [3], our goal is at least to recover uniqueness of the solution of
(Py) in this context, the well-posedness in Hadamard setting being the final goal.

4.1 Point values in Go,, (R?)
So first let us define Go,, (Rd) as the quotient algebra Mo,, (Rd) /NOM (Rd) where:
Moy (BY) = {(ue), € Ou®Y @Y : (Vg € SRY) (var € N
(3M €N) (3eo) (Ve < o) (Sup,epa | (z) 0%ue ()] <™ M)} ;

Noy (BY) = {(u2), € 0ROV : (¥ € SRY) (Ya € N
(Vm € N) (Jeo) (Ve <o) (Supyepa ¢ (z) 0%ue (z)] < ™)}

This définition can be compared to the one of G- (R?). On one hand, we have Mo,, (R?) = M, (R?)
[4, Prop. 3.2]. However we only have No,, (R?) 2 N (R?).

(
)

Example 5 Let ¢ € D(R?) with suppyy C B(0,1) and ¥(0) = 1. Let e € R? be a unit vector. Let
ue(z) := (x—ete) for eache. It is easy to check that (u:)- € No,, (R?). However (u:)- ¢ Ny (R?).
Indeed take o = 0. Let p € N arbitrary. Then

sup (1+ [2]) Plue ()] 2 (L+e7) Pluc(e™ ) 2 (2¢77) " (0)] = (¢/2)"

z€RD
s0 no choice of p satisfies (Vm € N) (Jeo) (Ve < o) (sup,era(l + |z]|) Pluc(z)| < ™).

Thus Go,, (Rd) differs from G- (Rd). On the other hand, along the same lines as [4, Prop. 3.2],
we get:

Noy (RY) = {(ue): € (Om (RO |(Va € N?) (Ym € N) (Fp € N)
(Feo) (Ve < €0) (sup,epa(l+ |z]) P10%ue(x)| < ™)}
By the same Taylor-argument as in [11, Thm. 1.2.25], we find:
Theorem 8
Noy (RY) = {(ue): € M- (R) |(vm € N) (3p € N)
(3eo) (Ve <o) (supgera(l+ [2]) " uc(z)] < ™)}
As in the proof of Lemma 7, we refer to generalized points and point values as developed in [11,

§1.2.4]. We recall that K = Mg /N is the ring of Colombeau generalized numbers (K = R, C) and
similarly K? = K the set of generalized points.

Definition 4 An element T = [(zc)_] € R? is of slow scale if

(Vn € N) (3e0) (Ve < 20) (|$g\ < 5_1/") .
Theorem 9 Let u = [(uc)e] € Goy, (RY) and let & = [(z.)c] be of slow scale. Then the point value
u(Z) = [(ue(xe))e] € C is well-defined.

Proof. Let (uc)e € Mo, (R?) = M, (R?) be a representative of u. By [11, Prop. 1.2.45],
(ue)e € Mo (R?) implies that (ue(ze))e € Mg, and that (ue(we) — ue(zL))e € Ng if (2L)e is another
representative of Z. It remains to be shown that the definition of the point value does not depend
of the choice of representative of u. So let (uc)e € No,, (R?). Let m € N. Choose p € N as in the
statement of theorem 8. Then for sufficiently small ¢,

lue ()| < €™ (1 + |ze|)P < e™(2la|)P < ™ (2 V/P)P = 2Pe™ L

Since m € N is arbitrary, (uc(z:)): € Nc. B



Theorem 10 Let u € Go,,(R?). Then u =0 iff u(Z) = 0 for each slow scale point %.

Proof. If u = 0, then clearly u(Z) = 0 for each slow scale point (since the definition of point
values does not depend on the representative of u). Conversely, let u(Z) = 0 for each slow scale
point Z. We first show by contradiction that

(Ym € N) (In € N) (Jeo) (Ve < &9) (supmgs,l/n lue(z)] <e™). (8)

Assuming the contrary, we find M € N, a decreasing sequence (&, )» tending to 0 and z.,, € R? with
2., | < en'/™ and |u., (z-,)| > &M, for each n. Let z. := 0 if £ ¢ {e,, : n € N}. Then & := [(.).]
is of slow scale and (u.(zc))e ¢ Ng, contradicting u(z) = 0.

Now let m € N arbitrary. Choose n as in equation ((8)). Since (uc)e € Mo, (R?) = M, (R?),

there exists NV € N such that for small ¢,
Supgega (1 + |2) "M ue ()] < eV,

Let p:=nm +nN 4+ N. Then, for small ¢,

b, ezt (1+ |o) s (2)] = max (supyy <o-1/n (14 o) ?Jutc (2)], 5P 151/ (1 [2]) 7 Juc ()]

< ma (supyy et/ fte ()] 0P (1 -+ o) ™ e (@)] 0Py o (14 fa) Y7
< max (¢, st(afl/")pr) =™

Hence (ue)e € No,, (R?) by theorem 8. m

4.2 The main theorem

We start by two technical lemmas, the proof of the first one being a simple adaptation of [11, Thm
1.2.29].

Lemma 11 Let (f.),(g:), (f:), (§=) € Mo,, such that [f.] = [f.] and [ge] = [ge]. We have that
[fe © ge] = [f= 0 ge]- If moreover g. preserves slow scale points then [f- o ge] = [f< 0 g<].

Lemma 12 Let (f)e,(ge)e € Mo, (R) such that fo and g. are bijective, (fe — gc). € No,, (R)
and (fo1)e, (g=H)e € Moy, (R). Let suppose moreover that g=* preserves slow scale points. Then
(f;l _9571)6 € NOJW(R)‘

Proof. We have (fo' —g-')oge = fo'oge. — Id € No,, because g. — f- € No,, which
implies that [fo' o ge] = [f-' o f.] = [Id]. But then as f=' — g-' = ((f;1 fggl)oga) og:t
and g-! € Mo and preserves slow scale points, then using the preceding lemma, we find that
fet =9t eNoy,. m
Theorem 13 Suppose that (I.). is taken in the subset Lo,, (R) in Mo,, (R) of families (g:).
such that g. > 0, (g;l)s € Mo,, (R) preserves slow scale points,lim. .o, p/ryge = 0. Then, if
f € O0um (R) and F =0, the solution u = [1, ® f o l;l}go (®2) of (Py) is unique in Go,, (RQ) and

M
depends only on l = [lE]QoM ®)-

Proof. Let us take (Ic)c, (he)e € Mo,, (R) such that [I.] = [he] and let u = [u.], v = [v] (with
(ue)e, (ve)e € Mo,, (R?)) be the corresponding solutions of (P,). For all €, we have

us(t,w) = fI2H (@) + pe (I (@) + for,, de(r, 2)dr
ve(t,x) = f(h ' (@) + ve(h' (2) + [y=1 () Je (T )dT
where (ic)e, (je)e, (He)e, (Ve)e € Noy,. First we know that I7' — hZ' € No,, and f € O so that
folZt—fohZte No,,. Furthermore, as ., v. € No,,, I-Y ho! € Mon and they preserve slow
scale points, we have that p. ol ,v. ohZ! € No,,. Now to finish the proof we have to check that

t t
/ ig(ﬂx)dr—/ je(r,z)dT € No,, .
Iz " (z) h

1 —1

e e (x)
We will do it only for the first integral part, as they are almost identical. First we set, for all ¢,
k.(t,x) = fzal(x) ic(,x)dr. Let (te,zc)e € R? be a slow scale point. Then z. € R is a slow scale

point and ye = I7!(z.) is also a slow scale point. We have

te
Ve, 3ce € [Ye, te], ke (te, ) = / te(T,x)dT = (te — ye)ic(ce, )
y

€



but as |ce| < max(|ye|, |t]), (c<) is also a slow scale point. But then (c.,z.) is a slow scale point of
R? so that (ic(ce,ze))e € Nz and finally (ke (te,zc))e € Nz. ®

Remark 3 However, we cannot prove the existence of a solution to (Py) in Go,, (R?) if F # 0 as
can be seen by taking F(.,.,u) = u; indeed the regularized problem becomes
Oue

(Pso) ot (t,x) = ue (t, ) jue (t,et) = v (t)

whose solution is ue (t,x) = v(x/e)e™ /et which clearly is not in Mo,, (R?).

5 The well-posedness

Classically, in Hadamard sense, the well-posedness for a Cauchy problem asks for existence, unique-
ness of solution to the problem and in addition, its continuous dependence from the data. Sharp
topologies and functorial properties are extended to the case of (C, &, P)-algebra in [3]. Thus, one
can expect here the following Hadamard setting: Let u (v, R) be the solution given by Theorem 13
to the generalized problem

% =0; R((u)=wv
with v € Op (R) C Go,, (R). Then, at least in a neighborhood of v, the map

Gou (R) = Goy, (RQ) , v u(v,R)

is continuous for the corresponding sharp topologies.

For this result, which is left to a forthcoming paper, we shall build Go,, (Rd) with a unique
parameter, the one used to de-characterize the problem, in contrary to previous works in which a
parameter is used for the singular data, and a different one is introduced for each regularization
procedure. The ring C = A/I4 will be the same for d =1, 2.

But to obtain a good continuity result in this setting will require great care for choosing the
type of tempered class of regularizations used to de-characterize the problem.
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