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A Role for Instructions

Summary

The paper is concerned with instructions as a way of setting premises for subsequent
decisions in models of teams a la Marschak-Radner, under information diversification.
The paper suggests that instructions can bridge people’s differences in knowledge: they
do not require mutual understanding between the sender and the receiver as other forms
of communication do. In particular, the knowledge of both the team payoff function and
the team organisation can be ordered according to hierarchical ranks. First, the paper
shows the equivalence between commands and communication in Marschak and Radner
(1972). Second, it derives the requirements in terms of knowledge of the members that
follow from given structures of task assignment, information diversification and
message flows. Hierarchical ranks are shown to correspond to different degrees of
intelligibility of the members with respect to the team operations.
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Irene ValseccHi

1 Introduction

In working life, at same stage, it is everybody’s experience to receive orders, while it
is somebody’s experience to issue instructions to subordinates. Nevertheless, organisa-
tion theories do not often provide a specific role for instructions.

Broadly speaking, instructions serve two different purposes. On one side, they can
be the instrument for training on-the-job. On the other side, they transmit guidelines
and premises for making subsequent decisions when tasks are interdependent. In the
first case, instructions deal with problems of acquisition of knowledge. Instead, in
the second case, instructions can bridge people’s differences in knowledge, without
people reaching mutual understanding. Indeed, if the transmission of premises for
making subsequent decisions implied mutual understanding between the sender and the
receiver of those premises, instructions would just be another word for communication.

*Address: Department of Statistics, Univeasitegli Studi di Milano-Bicocca, via Bicocca degli Arcim-
boldi 8, 20126 Milano, Italy, email: irene.valsecchi@unimib.it



Instead, the term instructions conveys the idea of unquestioned guidelines in contrast
with the act of exchange intrinsic to the term communication.

In the organisation literature the role of instructions is discussed equivalently under
the heading of command and orders. Indeed, the above mentioned, particular notion of
instructions is proposed by Simon (1991, p.31-32) who argues that:

Most often, the command takes the form of a result to be produced ...
or a principle to be applied... or goal constraints....Only the end goal has
been supplied by the command, not the method of reaching it......

Commands do not usually specify concrete actions but, instead, define
some of the premises used in making decisions for which they are respon-
sible...

We need to delegate within guidelines, which creates the problem of
monitoring the observance of guidelines without recentralising what has
just been delegated....

If authority is used to transmit premises for making decisions rather
than commands for specific behaviors, then many different experts can
contribute their knowledge to a single decision....

The present paper is specifically concerned with instructions as a way of setting
premises for subsequent decisions when the knowledge of economic agents does not
mutually overlap. In that case, the receiver of instructions will not be able to gain any
information about the state of the world from the same instructions.

The starting point of the paper is the theory of teams of Marschak and Radner
(1972), particularly suited to the analysis of informationally decentralised systems, i.e.
organisations composed of solidaristic agents who are informed about different state
variables relevant for the common decisional process. In particular, the paper considers
teams with payoff functions that depend on both the actions of the team members and
the state of the world. The building elements of the team organisation will be:

a) the assignment structure (which member performs which tasks),

b) the information structure (which member observes which parameters of the state
of the world),

c) the message structure (which type and channels of communication exist among
team members),

d) the competence structure (which member knows which relationships among the
parameters of the state of the world)

e) the comprehension of the team members of the team environment (what a mem-
ber knows about the other members’ tasks, information, messages and competence).

The knowledge of a member corresponds to his competence and comprehension.

The paper shows that in tearasa Marschak-Radner decentralisation, i.e. the dis-
semination of information among several decision makers, necessarily demands for a
complete competence of all the team members about the relationships among the state
variables, as well as a through awareness of "who does what in the light of which infor-
mation” for every team member. The implicit burden of informationally decentralised
systems on the members’ technical and organisational knowledge is shown to be so
exhaustive to enable every member to derive the optimal decision rule for the entire



team. In other words, the elements d) and e) of the team organisation, implicit in the
analysis of Marschak and Radner, need be particularly powerful in order to support de-
centralised systems. In particular, all the members must possess a precise knowledge
of the entire organisational model, independently of the team size.

Moreover, the paper shows that the same requirements in terms of distribution of
knowledge among members devoid instructions of any role distinct from communi-
cation in teams la Marschak-Radner. Indeed, the members are shown to be able to
decode messages to such an the extent that optimal orders convey their own justifica-
tion, as Geanakoplos and Milgrom (1991) suggest. Members follow orders not out of
a sense of duty, but because the updating of beliefs induced by the commands makes
to obey optimal.

The paper proceeds to consider a simple model of team production where members
can transmit the values chosen for the action variables under their control. By tracing
the flows of the messages, ranks can identify the ordered sequence of the decisions
within the team. Given a message structure, the paper defines the necessary and suffi-
cient requirements in terms of knowledge imposed by the derived hierarchical structure
of messages. The paper shows that in informationally decentralised systems hierarchi-
cal ranks can correspond to different and ordered degree of intelligibility of the team
operations. In other words, the knowledge of the members in different ranks are char-
acterised by a sort of matryoshka property in a such a way that the knowledge of the
sender of instructions must encompass the knowledge of the receivers. The result sug-
gests that hierarchies can be an efficient way of dealing with the distributed knowledge
of its members, along with the dissemination of information among the members.

In this sense, it may not only be cheaper for a central agent to make the collective
decision and transmit it rather than retransmit all the information on which the decision
is based, as Arrow (1974) suggests. But it may be useless as well for a central agent
to transmit his information if the receivers cannot understand the significance of that
information. Elite control can realise economies in the flows of information, as Arrow
(1991) points out, but overall it can realise economies in the computational capabilities
of the members of the organisation.

The paper shows that, under some conditions, the knowledge of the members within
the same rank will have to increase as the diversification of information in the rank
increases. Although the paper does not consider the costs of acquiring knowledge
explicitly, a prediction of the paper is that flatter organisation are a consequence of the
empowerment of their members.

The approach taken in the paper is sympathetic, although not analogous, to the
analysis of Segal (2001), who shows that authority is the simplest communication al-
lowing coordination in a complex environment. Some results of the paper are similar
to those achieved by Garicano (2000), who shows that a knowledge-based hierarchy is
a natural way to organize the acquisition of knowledge when matching problems with
those who know how to solve them is costly. However, in Garicano ranks organize a
process of search for problems that arise during the production process and that can
be ordered by frequency or complexity. Instead, in the present paper ranks are always
active and the knowledge of the organisational model is as much relevant as the exper-
tise concerning the team payoff function. The idea of hierarchies as an order system of
setting premises for further decisions is the distinctive mark of the present paper with



respect to the hierarchical models in which ranks combine sequential to parallel opera-
tions (for instance, Radner 1993). Finally, since the paper is concerned with the theory
of teams, it is not related to delegation in principal-agent models like Aghion-Tirole
(1997) (just to quote one of the many contributions on the subject).

The rest of the paper is organised as follows. Section 2 introduces the set-up of
the basic team model to be analysed. Section 3 is concerned with Marschak and Rad-
ner’s results in order to a) determine the level of the members’ knowledge required
by informationally decentralised systems, and b) show the equivalence between order
and communication in that framework. Section 4 formalises the idea of an hierarchi-
cal systems as a joint mechanism of transmission of decisions from top to bottom and
economies in the distribution of knowledge across team members. Section 5 concludes.

2 Set-Up

The following basic model of team production is derived from the theory of teams of
Marschak and Radner (1972) to a great extent. The main departures from the original
set-up will be highlighted in due course.

Let V' be the finite set of< team action variables, with an elementiofdenoted
by vi; let a, be the real value of the action variahlg. For everyv, in V, the value
ar is an element of the feasible sét, and each team action is described by the values
of a K-tuplea = (ay,...,ax), that belongs tod that is the set of feasible team actions
(equal to the Cartesian produkt Ax).

The team gross payoff function, denoted dbydepends on both the team action
and the state of the world. In particular, |&t be the set of the states of the world,
represented by points infg-dimensional space of variables. In such a way, each state
of the world is described by the values of&tuplex = (x4, ..., x k) wherexy, is the
real-valued outcome of the parameter labeligdwith S equal toUg sy

Assumption 1 :
a) the team gross payoff functian(z, ) is represented by

K K
w (CL‘,(L) = — Zwkak - Z gkz(m)akaz (1)
k=1

k,z=1

b) The matrix[gx. (z)] is positive definite for every, gi(z) = 1 for everyk,
withk =1,..., K, and gx,(x) = —¢ for everyk # z.

c) There exists a unique prior joint density function(ef, ..., zx), denoted by
f(z1,...,zk). Itis a multi-normal density function witB(x;,) = 0, E(2%) = 1.

From Assumption 1 a), for every state of the world the team payoff is a quadratic
function of the action variables, whilgis a measure of the interaction between action
variables. From Assumption 1 b), attention is confined to the cases where there exists
a maximum payoff for every fixed state of the wosld

Let I be the finite set of. team members, with an elementbflenoted by and
K > L > 2. Ateam member is a unit of "action and understanding”, i.e. he will take
action on the basis of his data and knowledge.



Although not explicitly present in Marschak and Radner, in order to define the re-
lationship between action variables and team members, let a team assignment structure
0 be a partition oft” into L subsets collecting the action variables controlled by each
team member. In particular:

Assumption 2 the assignment function of thitn member, denoted Wy, is the profile
(di1,-.-,0i5c) such thatd;, = 1 if the ith member controls the value of the action
variable v, while 6;; = 0 if the ith member does not control the value of the action
variablev, withk = 1, ..., K. The team assignment structure is the madrix [d;z],
with )", 0;, = 1 foreveryk,i=1,..L andk =1,..., K.

¢ From Assumption 2, there is no opportunity of joint responsibility among mem-
bers for the same action variable. Lt be the subset of action variables controlled
by theith member, i.e.:

D;={vxy €V | 6, = 1} 2

Given Assumption 2 an®), D; N D; = 0 Vi # j, andJ~, D, = V. Hence
a team assignment structure will induce a functionV' — I such that for everyy
in V there exists exactly ongin I equal top (v;) . Theith team member will take
actionay in A, for everyvy, in D;, resulting in his action profile;.

Theith member will choose his action profilg on the basis of his understanding,
i.e. his data and knowledge. Data and knowledge will be defined in four steps.

First step theith member will choose his action profitg on the basis of the
available information about the state of the wotld

Assumption 3 the information function of th&h member, denoted by, is the profile
(i1, ---, mirc) such thaty;, = 1 if the ith member is informed of the valug, at the
time of choosingz;; while n;, = 0 if the ith member is not informed of the value
xp, With k = 1,..., K. The team information structure is the matrix= [n;] with
1=1,..L andk=1,..., K.

Givenn, let S; be the set of parameters the membisrinformed about, and let;
be the corresponding profile of outcomes, i.e.:

Siz{skeS\mkzl} (3)
Ti = (xk)skesi

Let an informational structure be called decentralised when there are two members,
i andj, at least such tha; ¢ S; andS; ¢ S; from (3).

Since the focus of the paper will be on informationally decentralised organisations,
given Assumption 1 an@B), in order to rule out the cases of either null or complete
data, it will be assumed that, given:

Ip={iel]|S; =0}
IQZ{iEI|S¢:S}

1Consequently the sdb; of action variables controlled by thith member is the subset & having
image: underp.



the team information structurgis such that bothy and I, are proper subsets of
1.

Actually Marschak and Radner consider cases of null data under the heading of rou-
tine procedures that yield the lowest gross expected team payoff (with no information
costs), in contrast to the case of complete data generating the highest gross expected
team payoff.

Second stepthe ith member will choose his action profitg given the message
eventually received by other team members about the team action

Assumption 4 the message function of thith member, denoted by, is the profile
(71, ..., Tixc) SUCh thatr;, = 1 if the ith member receives a signal. relevant for the
valueay, at the time of choosing;; while ;. = 0 if the ith member receives no signal
¢, relevant for the valuer, with & = 1,..., K. The team message structure is the
matrix T = [r;] withi = 1,..L andk=1,..., K.

Let a team message structurde called null wherd_, 7, = 0 for everyk, k =
1,.. K.

Givenr, letV; be the set of action variables the membceives a message about,
and lett; be the corresponding profile of signals, i.e.:

Vi={we €V |y =1} 4)
ti = (Cik)y,ev,

The informationz; available to theth member in(3), coupled with the message
t; eventually received from other members(#), constitute the datd; available to
theith member. Marschak and Radner do not consider message structures according
to Assumption 4 explicitly, because in their basic set-up the team information structure
already embodies the outcomes of previous communication. They do, however, provide
examples of messages with and without errors in communication.

Third step theith member will choose his action profile given his own compe-
tence about the relationships across the state variables. The competence of a member
is a measure of his expertise concerning the team payoff function. In particular:

Definition 1 given a subsef of S, theith member will be competent abasitif he
knows the density functioﬁ...5|§..j'f(:z:1, e Tg ) dwy ... dT R

Assumption 5 : the competence function of thith member, denoted by;, is the
profile (¢;1, ..., pix ) such thatp;;, = 1 if the ith member is competent about a subset
of S containingsy; while ¢, = 0 if the ith member is not competent about any subset
of S containingsg, with k = 1,..., K. The team competence structure is the matrix
© = [pi)Withi =1,... andk =1, ..., K.

Givenp, let ; be the greatest subset of parametersithenember is competent
about, and let; be the corresponding profile of outcomes, i.e.:



Qi = {sk | pir. = 1} (5)
7 = (xk)SkEQi

From Assumption 5 andb), it follows that everyith member knows the density
function f; (¢;) with:

fi(Qi) :/...S|Qi../f(l‘l,...,l‘]()dxl...dl‘](

Moreover, evenith member can compute the marginal density function for all the
subsets o8);. If Q; € Qi f (45) = [+ Jg,\q, fi (@) das.

Fourth step the ith member will choose his action profitg on the basis of his
comprehension of the team environment in terms of assignment, information, message
and competence structure. In a word, ttlemember’s comprehension stands for what
thesth member knows about which tasks other members perform on the basis of which
data and competence.

Given an operatod;, let Iy; be the subset of collecting all the team members
whose operatok; is known to theith member. Consequently, say that:

a) theith member’s reduced assignment structure is the matfix= [4;5] with
jels;andk=1,.... K

b) theith member’s reduced information structure is the matrix= [n;] with
jelyandk=1,.. K

¢) theith member’s reduced message structure is the mafri [, with j € I,
andk =1,..., K

d) theith member’s reduced competence structure is the matsix= [¢,] with
je€lyandk =1,.. K.

The ith member's comprehension is the proftle = (6,4, 7, iy ). It Will
be assumed that every member is aware of his own tasks, data and competence, i.e.
i € Iy, With A = 4, n, 1, ¢ for everyi € 1.

The competence of tha#h member, coupled with his comprehension of the team
environment, constitutes the knowledgeof theith member. In Marschak and Radner
neither members’ competence nor comprehension are mentioned in that it is assumed
that team members are homogenous under all respects with just the exception of infor-
mation diversification.

Let theith member’s knowledge be called complete when both his competence is
complete (i.eQ; = S), and his comprehension is complete (he.= (3,7, 7, ©)).

The datad; available to théth member, together with his knowledgg constitute
theith member’s understanding.

Assumption 6 the team members share a common interest in the maximization of the
team payoff function if1) 2. Everyith member chooses all the elements of his action
profile a; simultaneously, given his understanding.

2Marschak (1955, p.128) defines teams in the following way:

We define a team as a group of persons each of whom takes decisions about something
different but who receive a common reward as the joint result of all those decisions.



From Assumption 6, th&h member will choose his action profile given his data
and understanding. Hence, given title member’s understanding, his action profiles
for all possible data will be the range of some profile of decision functions, one decision
functionay (d; | u;) for everyuy in D;, with ax, = ay(d; | u;) . The resulting-tuple
of decision functions, denoted by= (a4, ..., ak ), will be called a team decision rule.

The purposes of the present paper are a) to analyse the distribution of knowledge
in informationally decentralised systems, and b) to specify a self-contained model of
organisation that does not need the intervention of any outside party, beyond the team
members themselves. Accordingly, let an organisational model be called viable in the
following sense:

Definition 2 givend, n andr, an organisational model will be said viable if:

- the competence of the members yields a well defined optimal (i.e. payoff maximis-
ing) team decision rule

- the knowledge of the members allows each of them to compute and adopt the
relevant component of the team optimal decision rule.

3 Team productiona la Marschak-Radner

In the theory of teams by Marschak and Radner (1972), the image of the enterprise is
that of a computer to be programmed to respond to specific information inputs. Essen-
tially, the team problem is to choose simultaneously the team information structure and
the team decision rule that will yield the highest expected team payoff, taking account
of information and decision costs.

In particular, Radner (1987, p.9) emphasises that:

The theory of teams ... is concerned with the efficient use of informa-
tion in an informationally decentralized organization....The focus is on 1)
the incomplete dissemination of information among the several decision
makers (informationally decentralized), 2) the characteristics of decision
functions that are optimal, given that informational decentralization, and
3) the comparison of alternative (decentralized) information structures, un-
der the assumption that each one will be used efficiently.

Under Assumption 1, complete competence of every member and no messages ex-
changed between the members, Radner (1962) shows that the components of the unique
Bayes team decision function are linear in the information variables. A team decision
function is called person-by person satisfactory if it cannot be improved by changing
the decision function of any one member in the team. Moreover, as Marschak and
Radner (1972) prove, every optimal team decision rule is person-by person satisfac-
tory, and the converse is true in this case, although not generally, because the payoff
function is differentiable and concave in the action variables.

In particular, in a decentralised system each member decides in the light of his
information, all however according to a decision rule agreed upon in advance (Radner
(1959)). Specifically, Radner (1962, p.862) argues the following:



Suppose the decision functions of all but one member are fixed; then,
the problem facing that one member becomes a one-person Bayesian prob-
lem, for the actions of the other members can then be considered as part
of "the state of the world”, and he can therefore apply Bayes’ rule.

Hence, each member maximises his expected team payoff function deriving a person-
by-person satisfactory decision rule, knowing the decision rules of all the other mem-
bers. It is the knowledge of the other members’ decision rules that allowstthe
member to take the other members’ actions as random variables with known probabil-
ity distribution in informationally decentralized systems. However, given the set-up of
Marschak and Radner, the members’ knowledge is sufficiently comprehensive to allow
every member to derive the entire optimal team decision rule. Indeed, if each member
knows the decision rules of all the other members, then the comprehension of every
member is complete. Moreover, given that all members decide according to a decision
rule agreed upon in advance, both the members’ knowledge and Assumptions 1 and 6
are common knowledge. Under those circumstances, the following can be proved.

Proposition 1 given a null message structure and complete competence of every mem-
ber, everyith member will choose his optimal decision rule if and only if the following
conditions are met:

a) the knowledge of every member is complete

b) the members’ knowledge and Assumptions 1 and 6 are common knowledge.

Proof. Given §, the team information structure can be represented also by the
per-action information matrixx = [nx.], with action variables along the rows and
parameters along the columris£ 1,...K andz =1, ..., K), wheren,, =1 (= 0) if
the membep (vy) is (is not) informed of the value., at the time of choosing,, (., ).

It follows thatny,, = 7, for everyp (vi) = p (vp).

Givenng, let S, be the set of parameters the member in charge. @ informed
about, and let:,, be the corresponding profile of outcomes. Given the uniof,of
ands,_, letz,, ,, be the corresponding profile of outcomes. Consequently:

Sv, ={s. €S| nr. =1}

2y, = (22),.e5,,
Lopvp = (Iz)szesq,kusvp

Given complete comprehension of every member, every member knows that:
ar = o (xq,k) Vvk eV. (6)

Given common knowledge of Assumption 1, every member knows that all members



know that from(1) the expected team gross payoff function is the following one:

[w(z,a)] = (7)

/ T (T, ) [ (T Toy, ) depda,, +
S
L O‘% ka) f (ka) dka‘i‘

+2¢ Z [/ /S Us k (Toy,) @z (T0.) [ (Togo.) ATy,
z;ék

v vy

Given common knowledge of the members’ knowledge and of Assumption 6, ev-
ery member knows that all members know that the optiéhale the solution of the
following system ofK’ FOC:

_ / o f (20 0y) dg — 20 () f (20,) + ®
+2q Z a ('rUk,)f(x’Uk)—"_
z#k: Sq,k S

DS | /- / @0) f (oy0,) Ao,

#k: Sy, £50.

=0 Vop eV VreX
i.e.: 0B
OBl ]zu] _ Vor eV VreX 9)
80%

If some members’ comprehension were not complete with respect to the assignment
or the information structure, those members could not proceed(#oto (7) for every
vk In V, and compute their optimal decision rule.

If some members’ comprehension were not complete with respect to the compe-
tence structure, those members could not solve the systéi far everyvy, in V.

If condition b) were not satisfied, theh member could not be certain of thith
member’s decision rulem

Hence, since there exists a unique team optimal action rule for each information
structure, the same pre-requisites that allow each member to work out his individual
optimal decision rule will enable him to compute the decision rule of every other mem-
ber.

Proposition 1 helps understanding the demanding burden on the members’ com-
petence and comprehension that remains implicit in the analysis of organisational be-
haviour under informationally diversified structures. The dissemination of information
among several decision makers is supplemented by a sort of coordination mechanism
hidden in the brain of team members. Savings on information costs, realised through

10



diversification, are to compared with the cost of teaching all members the entire as-
signment and information structures, besides having all members to master complete
competence. Indeed, either team members are the real decision makers and then they
need knowledge to support a well defined expected payoff function, or they are au-
tomata able to perform constrained optimisations and the real deus-ex-machina, the
organiser, is left unidentified. | will return to this point later in the next section.

In Marschak and Radner, since members’ intelligibility is such that the other mem-
bers’ actions can be considered as part of the state of the world, all the messages
received by theth member can influence his action just because they convey infor-
mation. In this sense, there is no role for instructions distinct from communication
between members: thth member will always be able to infer from thith member’s
instructions the set of data on which those instructions are based, and, consequently, he
will adopt the received instructions as his own action rule. If anything is transmitted in
teamsa la Marschak-Radner, it is just communicated set of data, with or without noise.

This particular issue is explained effectively by Geanakoplos and Milgrom (1991,
p.211) who argue that:

Under traditional models of rational decision-making, a key part of the
specification is that a rational decision maker can adopt any decision strat-
egy that depends only on what he knows. In these models, an optimal team
strategy will have each manager maximizing the expected payoff of the or-
ganization, given the information he has acquired and the signals he has
received when he makes his decision.... From the point of view of manager
1, the decisions made by others in the organization are random variables
because their are functions of their information. Equally, from the man-
ager’s point of view, the signals he receives are observed random variables
because they are functions of the information of those sending the sig-
nals... (It is assumed that)can costlessly and instantaneously infer the
significance of the signals communicated to him by other managers....(I)n
an optimal team strategy there is no role for instructions from any man-
ager to any other. That is, at an optimum, a superior may communicate
information to his subordinate but he never limits the set of actions that
the subordinate may undertake, nor does he directly set the objective the
subordinate pursues... When communication consists of orders,... then
the manager can infer from the orders themselves that is optimal to obey:
optimal orders convey their own justification. When managers are not per-
fectly adept at interpreting communications, there can be a separate role
for instructions limiting the manager’s choice set.

Marschak and Radner provide examples of "complete command”: orders are sent
from the jth member to théth member, givers; C §;. In fact, their assumption
according to which the member receiving the order is not allowed to make any adjust-
ments is redundant. Indeed, the following can be proved:

3

Marschak-Radner (1972, p.288): "theirs not to reason why; theirs but to do or die”.
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Given members andj, letm;; be the difference between the cardinality$fand
S; in (3), and letn; be the cardinality oD; in (2), i.e.:

mi; = 855 — #5; given S; C S (10)
ni = 4D;

Proposition 2 given complete knowledge of every member and common knowledge of
the members’ knowledge and of Assumptions 1 and 6, provided that the team message
structure is such that thih member receives a message fromjttienember made of

as many distinct items asin {m;;,n; } in (10), then the team will behave as if thi@
member had observes).

Proof. The expected team gross payoff function is increasingj in

Suppose thatn;; < n;. Communications from membgrto memberi, made of
m;; distinct items, such that membecan induce the profilez.), .5 _g,), will be
both feasible and optimal.

Suppose thatn;; > n,;. There does not exist any communication from member
j to memberi, made ofn; distinct items, such that membercan induce the profile
(@) e(s,-50)°

If member; could choose all the action variables (i; U D;), the optimala
would result from the solution of the system (8). Given D;, re-number member
i's action variables in such a way that = (a;1, ..., a;», ). The optimal action profile
would be such that:

E\zii =20 kg (Tpn) | 5
-2 29 . 2q ail v & D;
2q -2 . 2(] diQ o E Ti2 — 2(]2 k: dk (mp(vk)) | Z;

- ’L)ngi

2q 2q —2 dini

El\xy, —2 o Qi (T (o, T,

_ AU e G (Tpn) 1)

with:

air = E [gi (7) | 2] = aur, ()

Consider a message= (@1, -.., Gin; ) Wherea;, = aux, (x;). Knowing the action
rules of the—i memberst; and z;, memberi's action profile will result from the
solution of the following system:

E Ti1 — QQZ k: &k (xp(uk)) ‘ tiawi
U)C%D

—2 2(] . 2q a1 ‘

2¢ -2 . 2gq aiz | _ | El|®i2—20% k@ (@) | ti @i
- 'UkﬁDi

2¢ 2q -2 Qin,

E |2, —2q ko Ok (T p(y i, x5
2%k (Tow) |

i
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with:
air, = Elgr (z) | ti, 2] = Elgr (v) | 2] = @

]

Proposition 2 shows that in tearada Marschak-Radner optimal orders carry their
own justifications because they are an efficient conveyor of information. Hence, opti-
mal orders are obeyed not out of a sense of loyalty or duty induced by a common payoff
function, but because they perfectly fit in a framework in which the member receiving
the instructions can decode them, apply Bayes’ rule and return to play games against
nature.

1 1 0 1 1 0
Example 1 § = 00 1 =0 0 o
0 00 1 11
T 001 YT 1101
GivenS,; C S, suppose that membegisends a message, in the form of his advised
value for action3 (i.e. as), to membee, who is in charge of the action variab$e

Given(z1, z2), if member2 were to adopt:s = as, then membet would choose:

a1 = fnxr + fr2x2 (11)
az = B2121 + BooTo
a3 = B3121 + B3272

where:
(1-q)+4q4s

=g (1-29) (12
By = — q+qBs

2(1+4q)(1—29)
By — — q+qAs3

2(1+4q)(1—29q)
Byy = — (1—q)+qBs

2(1+q)(1-2q)

)
B31 = *% +q(Bi1 + P21)

Ba2 = —% +q (B12 + P22)

E [.1'3 | .1317.’1,‘2] = Asxq + Bsxo

Givenas, then membe2, knowing(11) and (12), would choose:

) ]
ar= B [~ 2 4 g(on (1,22) + 0z (21,2) | 35] =

as B31 M1 + (32 Mo
2 (63, + 2712331032 + 335)

:dg
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where:

My = —r13 4+ 2q (811 + P21) + 2qr12 (P12 + P22)
My = —r93 + 2qr12 (B11 + Ba1) + 2q (P12 + Pa2)

Tmn = COV(Tpm, Tn)

A further example of the equivalence between command and communication in
Marschak and Radner is provided in the Appendix under Example 3

4 Ignorance and Hierarchy

¢From Proposition 2, in teandda Marschak-Radner, instructions can take the form of

an advice from thgth member to théth member concerning théh member’s action

variables, when the information of thiéh member is finer than that of thith member.
Hence, what role can instructions play when information is disseminated among

members? Moreover, is there any way for having a rational decision maker adopt deci-

sion strategies that do not depend only on what he alone knows? Indeed, as Marschak

and Radner (1972, p. 312-313) note themselves:

The lowliest subordinate, even one’s horse or a simple automaton, is
left a margin of decision to exploitinformation that is more easily available
to the subordinate than to the boss, and to relieve the latter's tasks from
trivia.

Moreover, to the example of complete command Marschak and Radner add an
example of partial command or delegation.

Possibly, the common use of the word knowledge conceals some misunderstanding.
Indeed the term knowledge is used for both the act of being informed about the real-
ized outcomes of some variables (either by means of direct observation or by means
of communication) and the act of understanding the relationships between the vari-
ables generating the data themselves, besides a thorough comprehension of the team
organisation.

The approach taken in this paper is to start from Simon’s intuition, according to
which instructions define some of the premises used in making subsequent decisions.
Indeed, received premises are the easiest way to formalise the idea that instructions
allow theith member’s choice to take account of something he does not understand. In
that case, thé¢th member’s decision strategy can depend on what other members, apart
from theith member himself, know.

In order to analyse a simple setting, suppose that all messages concern some values
of the action variables under the control of the sender, i.e.:

Assumption 7 the team message structurds such thatr;;, = 1 if the ith member
is informed of the fixed valug,, at the time of choosing;; while 7;;, = 0 if the ith
member is not informed of the fixed valyg with vy, ¢ D;.

14



Under Assumption 71;;, = 0 for everyv, € D;, while ¢;; = a;. The message
t; received by theth member is the profile of values of the action variablesithe
member is informed about. Moreover, given Assumption 6;if= 1 for somev;, €
Dj, thent;, = 0 for everyv, € D;.

Since every member chooses his action profile once for all, a message structure
satisfying Assumption 7 implies an ordered sequence of decisions that can be traced
back in the following way.

LetV;, be the subset of action variableg(ifj the values of which are controlled by
the jth member and communicated to tiie member. Lef;; be the subset of members
who command action variables tith member is informed about. Consequeritly:

Vij ={v € Vi | 61 = 1} (13)
Lip={j€l|Vi#0}

HenceV, = Ul\i Vi;j. The members id;, can always be grouped into two disjoint
subsets4,;, andB;, such that:

Ao ={j € Lo |Vij =D;} (14)
Bio = Iio \ Aio

In order to avoid tiresome definitions and notation, in what follows it will always
be assumed thayf"_, M,, = 0if m < 1.

Ranks, defined in the following way, can represent the sequence of decisions in-
duced by the message structure.

Definition 3 rank 1, denoted by, is the subset of members who are informed of no
action variable. Rank:, denoted byi,,, is the subset of members who are informed
of action variables under the command only of members of rank lessithaith one
member of rankn — 1) at least and» > 2. Hence giver{13):

L={iel|L,=0} (15)
n—2 n—1

I’n: {ZEI|IIO,¢_ U I’rruIiOg U Im,'leQ }
m=1 m=1

In (15), sinceV andI are finite,I; # (). Moreover, there will exist a numbér> 0
such that:

n—1

UImCI:UIm (16)
m=1 m=1

By constructiony: € I, there will be a unique number;, with 1 < n; < 7, such
thati € I,,,. If n;, = nj, with i, j € I and: # j, thenV;; = Vj; = 0. If n; < n;,
Vij = 0.

4If anyone ofV;, Vi; andI;o is empty, so are the other two. From Assumpti@h, V;; = 0. If V;; # 0,
thenV;; = 0. Alternatively, if j € I;o, theni ¢ I;o.
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Let I, andI-,, be respectively the subset of members with rank lower or higher
thann. Consequently:

n—1
I, = U I, a7
1

I>n = 0 I,

n+1

Definition 4 the state space of théh member of rank;, denoted bys; ,,,, is the set
of parameters known to thith member (givem;) or belonging to the state space of
members of rank lower thany who control action variables thi#h member is informed
about. The message space of ittemember of rank.;, denoted by, ,,,, is the set
of action variables communicated to ti& member (giver;) or belonging to the
message space of members of rank lower thawho control action variables thih
member is informed about, i.e.:

nifl

Si,ni = Sz U U U Sj,m (18)
[m=1 \je€(TioNIm)

nifl

Vi,ni = Vv U U U Vj,m

_’m:l jE(IiOﬂI7YL)

¢From(18) let #; be the profile of outcomes in the state space ofithenember.
Let S; be the set of state spaces of the members otheritltzat are included in the
state space of thith member. Lef; be the profile of outcomes if;.

Ti = (xk)skesi,ni
5 = {Sjun, |7 € Lin}
T; = (l'k)skeéi
Hence:
ar = ag (Zp()s tptor) (Zp(n))) (19)

From (18) let V; be the set of action variables that belong to the message space of the
ith member but are not observed by thiemember. Let/;; be the subset of members
who command over the action variablesiin Consequently:

Iilz{j€I|Djﬂ‘~/i7A®}

Given(20), for every membey in o, Vi, C Vin, and(Lio U Ij1) € (Lio U Iin).
~ ¢From(14) the members im;, can always be grouped into two disjoint subsets,
A;, andA;, such that:
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A= {j€Aio| LjoUIj C Ao} (21)
Aio = A\ Aio

¢From(21) Ay is the subset of members who command over action variables that
are all observed by thith member and who have a message space either empty or made
of action variables observed by tith member. If theth member belongs to rank,,
from (17) Ao C I<,. Let ;o be the subset of members who belonﬂgg\% Ao

Consequently:

In={j€edp|je ﬂ Ay (22)
ZEI\(Ai()Ui)

Given (22), if the ith member belongs to rank,, I~ (,—1) € I\ 0.

The members ir(I \ I'io) can always be grouped into two disjoint subsét§;

and M;», such thatM;, is the greatest subset, possibly empty, of members receiving
complete messages from memberdip, i.e.:

I\ Lip = M;; U M;s (23)
zEM;1
Mz = UM,z

M =1\ (jiO U Mi2)

Given message structures satisfying Assumption 7, the following Proposition deter-
mines the conditions (necessary and sufficient) related to the distribution of knowledge
that make an organisational model viable.

Proposition 3 under Assumption 7, the knowledge of members making an organisa-
tional model viable is such that for every memier
1) for everyj € Mo in (23):

Iy C Ly with A=4§,n,7,¢ (24)
Ujem;, @5 € Qi
UjeM;nSi — Ujem;, Q5 € Si U Q;
2) for everyj € M;; :
My UMy C Iy =1y with X=46,n,7,¢ (25)
Qi = Qj
Ujer\0)S5 € Si U Qi

3) conditions 1) and 2) are common knowledge for everyl/;;
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Proof. In the Appendix.m

Proposition 3 identifies the requirements in terms of knowledge that have to be sat-
isfied in an informationally diversified system in order to enable members to compute
their own optimal action rule.

Complete competence may be superfluous for all members if some state variables
never enter the members’ decision rules. The following Lemma shows under which
conditions some unobserved state variables are redundant in the competence set of
team members.

Lemmal If S; = 0 for somei € I, the knowledge of members making an organisa-
tional model viable will be such that for every membet I:

QJQS\S with g:{sk‘vkEDi\/Sk¢SjVj€I}

As well as state variables, so messages may be unnecessary if they neither convey
information nor make the computational problem of the receiver easier. The following
Lemma defines the sufficient conditions for messages to be redundant.

Lemma?2 if S; € S; andV; C V;, the knowledge of members required by viability
will be the same in all organisational models with eitheg I, \ Ioorj ¢ L.

¢ From Proposition 3, ranks can have a somewhat new and significant function in
realising economies of scale in the use of knowledge. Indeed, the following Lemma
shows that the knowledge of members in progressive ranks need be nested.

Lemma3 Qn C Qa-1) € Qa—2) C ... CQ
Ivi C Ina-1) € Ina—2) C oeeee C with A =4,n,7,¢

In this context, ranks correspond to different and ordered degree of intelligibility
of the team operations. Alike principal-agents models, ranks are not the elements of
an unproductive and sterile architecture directed to monitor the monitors of a unique
rank of productive agents. Alike Garicano (2000), all members in all ranks are always
active and the knowledge of the organisational model is itself as much relevant as
the knowledge of the production technology. Alike models of parallel and sequential
operations (Radner 1993), ranks are not a level of aggregation in the basic, identical
and repeated, computational task, but suggest a diversified management ability.

As a matter of fact, there are circumstances in which the potential function of ranks
gets wasted. The following Lemma defines the sufficient conditions under which every
team members’ competence and knowledge need be complete.

Lemma 4 If for someith member in/; there exists somgh member in/; belonging
toI\ I,,, then all viable organizational models will require that:

Qi = Q1) = Qa—2) = Q1
Inm =1 foreverym €I with A =4d,n,7,¢

In contrast with Lemma 4, the following Lemma shows the conditions that need be
satisfied in order to minimize the distribution of knowledge among team members.
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Lemma 5 the minimum knowledge of members making an organisational model vi-
able is such that for everith member in/,, and for everyn:

I<n = jiO (26)
I>(n71) =1\ with A= 5777a7-a ¥

Qi, = Qn = U U Sj - Sm, U U Sj - Q(n+1) - Snz

mely JEIL\L JE€EL(nt1)
with the conditions ir{26) common knowledge for eveith member ir/,,

The following Lemma considers the case of symmetric information within the same
rank. In particular:

Lemma 6 under the conditions of Lemma 5,5f = S; = 5,, for every:,j in I,
and for everyn, the minimum knowledge of members making an organisational model
viable will be such that for eveny:

Qn = On+1 _Sn

Hence, the greater is the information diversification within the same rank, the
higher will be the requirements in terms of knowledge. Moreover, as long as every
rank defines the premises for the decisions of the next rank, an organisational model
will not plan jumps of more than one step in the communication ladder among differ-
ent ranks. Finally, if the costs of enlarging members’ competence decrease, there will
jointly follow both a reduction in the number of ranks and the empowerment of the
lower ranks.

Example 2 Suppose that:

1 0 O 1 0 0
§=0 10 n5=2010 @27)
0 0 1 0 0 1
0 0 O 1 1 1
=1 0 0 o= 0 1 1
1 1 0 0 0 O
In=1 Ixn={23} ©Lu={3} with A =4,7m,7,¢
Hence:
Elw|ds,ug) = —x303 — a2 — a3 — a2 + 2q (a1a3 + ajas + asas)
E
8 [w|d3,u3]:0 (28)
6013

1
ag (dz | uz) = 573 +q (a1 + az)
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Ew | dy,ug] = —xo0n — a? — a3 + 2qaica+
+ E[—as (ds | us) [ws + a3 (ds | us) — 2q (a1 + o2)] | dz, ue]
with a (ds | us) from (28)

aE[W|d2,U2] :0 (29)
8042
1+gros q
d - _
g (da | ug) 2(1—q2)$2+1—qa1
Elw|di,w]=—x01 — a3+

+ E[~az (d2 | uz) [v2 + a2 (da | uz) — 2900 — 2qaz (d3 | ug)] | di,ur] +
El—az(ds | us) w3 + as (ds | uz) — 2qon | di, ]
with ae (da | u2) from (29), and

= fl _ q (1 +qra3) q
0 (ds | us) = 2" 2(1-¢? x2+1—qa1
from (28)
E
OB diw] _ o
8@1
1- + 19 + 715
041(d1|u1):_( q) +4q(ri2 +713) X

2(144q)(1—-2q)
Now compare the previous results with an analogous case of a éelanMarschak-
Radner. In particular, suppose that:

100 111
§=0 10 ¢=1 11 Iy=I (31)
00 1 111

with i =1,2,3 and A =4,n,7,¢
Given(31), the following systems are equivalent:

1 0 0 0 0 O
0 0 1 1 1 0
1 00 0 0O
byn=1 1 0 7=10 0 0
1 1 1 0 0 0
Hence consider system b). It follows that:
OF w | di,u
% = —x1 — 201 +2q¢F [az (d | ug) + qas (d3 | uz) | di,ui] =0
OF [w | da,u
% = —29 — 200 + 2qa (dy | u1) + 2¢F [as (d3 | uz) | da,us] =0
OF [w | ds,u
%Z_JE_QO‘S"'QQ[QI(CH|U1)+a2(d1‘ul)]zo
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(1—q)+q(riz2+ris)
2(14q)(1—2q)
1 q q

2(1—q2)$2+1—qa1_2(1—q2)

1
ag(ds | uz) = az(ds | uz) = —5%3+ q (a1 +az)

a1 (dl | ul) = —

E[z3 | 1, 22]

(%) (d2 | ’LLQ) = —

If 5 is sufficient tar; with respect tacs, so thatri3 = r12723, the optimal action
rules in (32) are the same that follow frorf28) — (30). In this event the net expected
payoff of the organisational system (@7) will never be lower and will possibly be
higher than that of the organisational system(#1).

5 Conclusions

The paper is concerned with the endowment of knowledge that agents in a simple team
model must possess in order to have optimal interdependent actions, notwithstanding
decentralised information.

In particular, if some members can transmit the values chosen for their action vari-
ables to other members, hierarchical ranks can be interpreted as ordered degrees of
intelligibility of the team operations among the team members. The paper suggests
that instructions can be thought of as a similar type of message: they are a way of
setting premises for subsequent decisions when the knowledge of the agents does not
mutually overlap.

Some assumptions of the model presented in the paper could be relaxed. For in-
stance, the team payoff function is quadratic in the action variables, and there is no
garbling in the transmitted instructions. In particular, the portrait of hierarchies, sug-
gested by the paper, could be conducive to models in which superiors act in the quality
of "experts” for their subordinates.

To sum up, the paper suggests that, along with the dissemination of information
among several decision makers, the control, i.e. the understanding, of the team oper-
ations can be diversified as well among team members. Flatter organisations demand
higher knowledge of their members. In this sense, the boundaries between economies
in the transmission of information and economies in the use of knowledge get blurred.

6 Appendix

Example 3 Consider the following example of the role of command in Marschak-
Radner, in a slightly modified set-up. In particular, suppose that:

1) there are only two final action variables; andas, witha; € {—1,1} Vi

2) the team payoff function is (z, a) with

w(z,a) = x1a1 + T202 — qaiag q>0

wherex; and z, are random variables, statistically independent, each having a
continuous distribution symmetric around zefo ((z;) = 0).
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Consider the case of members working in series, i.e.:

m = (z1,22) = (a1, a2) (33)
2 = (a1,a2)

According to(33) memberl observe§z;,z2) , computega;,as) and sends a
corresponding command to memi2awho simply follows orders.

Let B;; represent the set of possible alternative messages that can be sent directly
from element to elementj, where: = 0, 1, 2 (0O=nature, I=memberl, 2=member2).
In the present case:

Bo1 = space of pairs of real numbers - complete information

Bis = {(17 1) ) (717 1) ) (15 71) ) (71, 71)}

Byy = By> - complete command

Bip =By =@

Marschak and Radner show that(i83) the optimal pair of actior{a, , a2 ) is given
by:

(1,1) 1 +x2—q
~ o (—1,].) . —{E1+{E2+q .
a(z) = (1,-1) according as oy tq (S the largest
(—=1,-1) —T1 — T2 —q

It follows that:
q

E & (z,a)] :Q/xldFl (1) +2 -

/qi IldFl (1‘1) ng (IQ) + (34)

q
+2/Z2dF2 (1'2) + 2 / Z’QdFQ (.TQ) dF1 (1'1)+
q T2=2T1

4R (=) Fa (—q)— 1]

In the current example it is particularly evident that "optimal orders convey their
own justification” in Marschak-Radner. Indeed, the team would achieve the same
expected payoff if membegjust sent a message(z), and not an order, to membeér
Consider the following case:

m = (w1, 22) = v () (35)
172 =7 (z) = (a1, a2)

By, = space of pairs of real numbers - complete information

Bz ={(1),(2),(3),(4)}

Bso = {(17 1) ) (_17 1) ) (17 _1) ) (_17 _1)}

Big = Bo2 = @

Proposition 4 in (35) the expected team payoff will be the same a&3if) provided
v (z) satisfies:

priy(z)=X1]s;)] A B C D
$1 1 0 0 0
S 0O 1 0 O
83 0 0 1 0
54 0 0 0 1
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whereX € {A,B,C,D}, A € {1,2,3,4}, B € {A°}, C € {(AUB)°}, D €
{(AUBUC)}

Proof. In the current example, the relevant set of the states of natuse -is
{s1, 82, 83,84} Where:
s1:{x1, 20 | 2, > q Vi}
. {z1, 22 |21 < —q , 2> —q} }
S9 1
{z1, 22 | —g<21<q, 22> 21}
33:{ {z1, 20|21 > ¢, 22 < ¢} }
{z1,22 | —¢ <21 <q, 22 <21}
sq {21,290 | 2y < —q Vi}
under the following prior distribution:

pr(s1) = / B / AR ) dF (r2)

pr(s2) :/W—q /wz—qul (1) dF (x2)+/:__qq /w_ dF, (1) dFs (z2)
pr(ss) :/m_q /m:qul (1) dF> (x2)+/:__2/m_$1 dFy (z1) dFy (22) =
)

]
)]
]
)]

= pr(s2
pr(54):/ . q/ . qul (1) dFs (z2) = pr(s1)

Member2's action rule is given by:

(1,1) Elz1+x2—q|v(z
(ar,az | v (x)) = EIL b according a El-ai+z+q|~(
( )

~—

,—1) Elzy—zo+q|7v(x
-1,-1 El—x1—2a—q|~(

8 8

is the largest
where:
Elzitzs—qly(@)]=-E[-z1 —22—q|v(2)] =
{1~ B (@] [, _,21dF; (@1) + [1 = Fi (a)] [,,_, 24P (22) |
lor (s1 [y () —pr(sa |y ()] prv(z))+
+ {[1 — Fi (g)] fm:q xodFy (x2) + ff;::_qq poFy (x2) dFs (1‘2)}
[or (s2 | v (@) —pr(ss | v (@))] /pr(y () +
+ {[1 = B2 ()] [, rrdFy (w1) + [720 mFp (21) dFy (351)}
[pr (s3 | v (2)) —pr(s2 | v (2))] /pr(v(x)) —q
El-z1+z2—q|v(z)] =
={ (1= B (@) [,y 220> () } [pr (51| 7 (2)) = pr (51 | (@) /pr (3 () +

[1 - F (q ]foZq TodFy ($2) + f$2:j X9l (.232) dFy (3;‘2) =+ }

T2=—4q

[1 — F2 (q ]le:q J}ldFl (.’I}l) + _|_f;11:‘1q mlFZ (.’L‘l)dFl (1‘1)

[pr (s2 [ 7 (2)) —pr(ss | v (@) /pr(v () +4¢
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Elrr —za—qly(z)] =
— {1~ B (@)] [, _y21dFy (@0) } [pr (s1 |7 (2) = pr (s4 | 7 (@)] /pr (7 () +
(1= Fi(q)] [,,—, v2dF2 (z2) +
4 + [ =t w2 Py (22) dFs (22) +
(1= F(q)] [, _, z1dF (z1) +
+f;11—3q IlFQ 1‘1) dF1 (Il)
+q
Suppose that, gives;, memberl sends a messaggx) € {1, 2, 3,4} to member
2 according to the following conditional distribution:
1 2 3 4
s1 P P2 P13 Pua
sy P21 Paz Pz P Wich?zl Bij =1
s3 B31 P32 B3z P
sS4 Ba1 Baz Paz Bua

Givens;

E[w | SL] = ﬁﬂw [Zzl,(zz | 1] +6i2w [al,ag ‘ 2] +
+ Bisw [a1,as | 3] + Biaw (a1, as | 4]

The maximisation of the payoff function requires that:
(a1,az | 1) # (a1, a2 | 2) # (a1, a2 | 3) # (ar, a2 | 4) (36)

A sufficient condition for(36) is:

A B C D
s1 €4+m ¢ ¢ €
So 0 L+n L 0
S3 0 L L+n 0
S4 € ¢ ¢ e+m

where A € {1,2,3,4},B € {A°},C € {(AUB)‘},D € {(AUBUC)},
provided:

q .
m> ———— Vi, 2e +2C(+m=204+2t+n=1
E[Mz‘|A]
It follows that:

Elw | s1] = —2eq+m (p1 + p2 — q) + 2(q
Elw | s2] = =2t0qg+n(—p1 + po + q) + 2ig
Elw [ s3] ==20q + n(u1 — p2 + q) + 2iq
Elw|ss) = —2eq+m(—p1 — p2 — q) +2(q

Hence, ife = ( =9 =+ = 0 andn = m = 1, the resulting expected team payoff
will be the same as if34). m
Proof. of Proposition 3
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¢From(17), (22)and(23), giveni € I,,:
I>(n—1) crI \ jiO (37)
In g A/[zl
(Itng1) © Mix) A (Ing1y © M)
(I(nq) - jiO) A (In-1y € M)

Givend, n, 7, (19) and(16), the optimal action rule of thé&th member inZ; will
result from the solution of:

OF [w | di]
il ol B2 R 38
b (38)
=F|—xr+2q Z Z O‘z(zjvtj (ij)) | di| +
J€NAi0 szgj\Vu
- 2(1k + 2(] Z a,+
z#k:v,€D;
+2¢ Y ci.=0 Vo eD;
1)226:‘/1

The solution of(38) depends on the optimal action rules of all members ;o
from (14). Since some members in\ A;, may transmit messages to membersljp,
the solution of(38) will depend on the optimal action rules of all memberd i A,
from (21). Moreover, some members ih\ A;, may receive incomplete messages
from members imMd;,. Hence the solution af38) will be jointly determined with the
solution of:

OB [w|d;] _ _
=0 W%ew,]el\@wuo (39)
¢From(22), sinceE [ax (p(u,), tp(on)) | dj] = cjx = ay foreveryv,inu, ;. D,

for everyjin I'\ I;,, the subsystem made of the equationé3is) and(39) hasm un-
knowns, wheren = # (V\ U,; D).
Theith member can solve the subsystem made of the equatiai3s)rand (39)

only if for everyj € I'\ (I'w U z)
je Iy withh=20,n,7,¢ (40)
I; C Iy
Q; C Qi
Uij C S, uQ;

Giveni € I, by construction, the subsystem made of the equatio3sipand(39)
is the same that needs be solved by all membegsdn’ \ (I'io U z) Hence, given
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i € I andQ; satisfying(40) denoted byQ, the solution of the subsystem made of
the equations i1i38) and(39) will require that for everyj € '\ I;, :

My C Iy =Da With A =6,7,7,¢ (41)
Qj=Qx
U Sm € 5;UQx

mGI\(fion)

that satisfies the conditions {85), sinceM;, = () from (37).

Now consider théth member in/ . From(23), M;; N I = (). Hence, either
Mo is empty orM;s is equal tol;.

In the first case, théth member belongs té \ fjo for everyj in I, and the
conditions in(41) need be applied. In particula®;,—1) = Qx.

In the second case, the system of equations:

OF [w | xﬂ(vk)’tp(“k)}

ar =0 Yo € V'\ Uzeijz (42)
contains the set of equations:
OF |w | (0,1

[ | p(vi) /)(Uk)} -0 Vo € User, D (43)

ay

For all combinations of data and knowledge of members isatisfying(41)(hence
sufficient to provide a well defined solution ¢43)), that same solution can be worked
out by theith member in)/;; provided:

Vi€ I : (44)
Iva C Iy with A=6,n,7,0
Qn C Qi
Ujer, S5 — Qa € S UQ;
Giveni € I(;_1), by construction, the system made of equatio(¥) is the same
that needs be solved by all membergia (M;; \ 7). Hence, givern € I(;_1y andQ;

satisfying(44) denoted byQ);,—1), the solution of the system made of the equations in
(42) will require that for everyj € M;; :

My UM C Iyj = Ix(n—1)y WithA=0,7,7,¢ (45)
Qn C Q5 = Qa-1)
Umer, Sm — Qa € S5 UQ(h—1)
U Sn<SSuUQu-y

meM;1\j

Now consider theéth member in/(;, _,). From(23), M;; N I, = (. Hence, either
M5 is empty orM;, containsly.
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In the first case, théth member belongs td \ fjo for everyj in I, and the
conditions in(41) need be applied. In particula®;,—2) = Qi—1) = Q.

In the second casé{;, is either equal tdy, or to I, (o). If M;, is equal toly,
theith member belongs tb\ fjo for everyj in I(;_), and the conditions i(45) need
be applied. In particula 32y = Q(s—1)-

If M;, is equal tol (;_o), the system of equations if@2) contains the set of
equations:

OE [w | Zp(op)s tp(un)]
ag

=0 Yoy, € Uze]>(ﬁ72)Dz (46)

For all combinations of data and knowledge of members i _,) satisfying(41)
and/or(45)(hence sufficient to provide a well defined solution46)), that same so-
lution can be worked out by thi#h member inM;; provided:

Vi€ -1y (47)
Ih—1y € Iy wWith A =6,7m,7,¢
Qa-1) € Qs
Ujerayy S5 — Qa—1) € Si UQ;
Giveni € I(;_2), by construction, the system made of the equatior{g is the
same that needs be solved by all members & (M;; \ ). Hence, given € I(;_)

and @; satisfying (47) denoted byQ;,_2), the solution of the system made of the
equations in42) will require that for everyj € M;; :

M1 UMz C Inj = In—2) With A =4,7n,7,¢
Qn-1) € Qj = Qa2
Umel,_1Sm — Qa € S5 U Qra—2)
U Sm € S5 U Qa2

meM;1\j

By induction, the proof follows for every,, with 1 < n < n.

Suppose that foi in I,,, with 1 < n < @, the conditions in(24) and (25) are
satisfied. Considefin I,,_,y. From(37), either a)l(,, 1) € M;; orb) I,,_;) C L.

If a), thenl \ I;o = I\ I;0 andM,, = M;,, and the conditions ifi24) and (25)
are satisfied foy as well.

Ifb), I (n—1) € Mj2, hence the system of equations:

OE [w ] T p(uy)s tp(un)]

o =0 Vo €V\U,; D. (48)
contains the set of equations:
aE Vi 7t v

[W | CEP( k) o( k)} =0 VU}C c UZEI>(”_1>DZ (49)

ag
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For all combinations of data and knowledge of members.in ) satisfying(24)
and(25) (hence sufficient to provide a well defined solutiorf46)), that same solution
can be worked out by thith member in}/;; provided:

Viel,: (50)
Iy, C 1y with A=6,n,7,¢

Qn CQj

Umer, Sm — Qn € S5 UQ;

Givenj € I(,,_1), by construction, the system made of equatio(¥#) is the same
that needs be solved by all memberg i, \ j). Hence, givere € I(,,_;) andQ;
satisfying(50) denoted byQ)(,,—1), the solution of the system made of the equations in
(48) will require that for every: € M :

MjIUMjQ C I :I)\(nfl) With)\=577],7,80 (51)
Qn c Qz = Q(n—l)
UrnEInSm - Qn g Sz U Q(n—l)

U Sm €85, U Q(ﬁ—l)

meM;i\z

The conditions in(51) are analogous to those (@5). m
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