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Monopoly with Resale
Summary

This paper studies revenue-maximizing mechanisms for a monopolist who expects her
buyers to resell in a secondary market. We consider two modes of resale: the first is to a
third party who does not participate in the primary market; the second is inter-bidders
resale, where the winner in the primary market resells to the losers. We show that resale
to third parties is revenue-enhancing for the initial monopolist, whereas inter-bidders
resale is revenue-decreasing compared to the case where resale is prohibited.

The revenue-maximizing mechanisms in the primary market are obtained by
investigating the optimal informational linkage with the secondary market. The results
show that to sustain higher resale prices the monopolist may find it optimal (a) to induce
stochastic allocations in the primary market, and (b) to design a disclosure policy that
optimally controls for the information revealed to the participants in the secondary
market. The optimal allocation rule and disclosure policy maximize the expected sum of
the bidders’ resale-augmented virtual valuations, taking into account the effect of
information disclosure on the price formation process in the secondary market.
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1 Introduction

Durable goods are typically traded in primary and secondary markets. Indeed, auctions for real
estates, artwork and antiques are often followed by resale. The same is true for licenses, patents,
pollution and spectrum rights. Similarly, IPOs and privatizations generate ownership structures
which evolve over time as a consequence of active trading in secondary markets.

Resale may have different explanations. First, trade in a primary market may be followed by
resale because of the presence of new buyers in the secondary market. This occurs, for instance,
when a buyer prefers to let other agents buy in the primary market to purchase in a secondary
market. Indeed, intermediation, which is typical for example in IPOs and Treasury securities mar-
kets, may well be value-enhancing for a final buyer.! Alternatively, participation only to secondary
markets may be due to a change in the environment: At the time the government decides to sell
spectrum rights, a company may not bid in the auction because at that point it does not attach a
high value to the rights, possibly because of its current position in the market, or because of the
business strategy of its management. After a merger, or following a successful takeover, the same
firm may have interest in possessing the rights and decide to buy them from the winner in the
primary market.? Finally, non-participation to primary markets may also be strategic as indicated
in McMillan (1994) and Jehiel and Moldovanu (1996).

Second, resale may be a direct consequence of misallocations in the primary market. As shown
first in Myerson (1981), optimal auctions in the presence of asymmetric information are typically
inefficient if bidders’ valuations are not identical. By misplacing the good into the hands of a
buyer who does not value it the most, a seller can induce more aggressive bidding and raise higher
expected revenues. However, when resale can not be prohibited, bidders will typically try to correct
misallocations in the auction by further trading in a secondary market.?

This paper studies the properties of optimal mechanisms for a monopolist who expects her
buyers to resell. Following the literature on optimal auctions (see, among others, Bulow and
Roberts (1989), Harris and Raviv (1981), Maskin and Riley (1984), Myerson (1981), Riley and
Samuelson (1981)), we assume the seller does not know the buyers’ valuations so that she has
to provide incentives for truthful revelation. Contrary to standard auction design, the allocation
in the primary market is not final, as bidders have the option to trade in a secondary market.
As a consequence, the bidders’ valuations reflect the expectations of the resale outcome. Even if
bidders’ utilities from the direct possession of the good are independent, resale introduces a common
value component in the willingness to pay (see also Haile, 1999, 2001). Optimal mechanisms when

'The reader can refer also to Bikhchandani and Huang (1989) and Haile (1999) for alternative analyses of auctions
followed by resale where the set of bidders in the primary market does not include all potential buyers.

?Haile (2001) and Schwarz and Sonin (2001) develop models where bidders’ valuations change over time.

#See also Gupta and Lebrun (1999) for an analysis of First price sealed bid auctions followed by resale where trade
in the secondary market is motivated by the inefficiency of the allocation in the primary market.
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buyers are expected to resell are however different than standard optimal auctions for common
value environments as the informational linkage between the primary and the secondary market
is endogenous and so are bidders’ valuations for the good on sale. Indeed, the price in the resale
market reflects the information bidders learned from the outcome of the primary market which in
turn can be fashioned by the monopolist through her choice of a disclosure policy.

To characterize the optimal informational linkage between primary and secondary markets in
a tractable way, we analyze a simple two-stage game of incomplete information. In the first stage,
a monopolist sells a durable good in a primary market. In the second stage, the buyer in the
primary market can either keep the good for himself, or resell it in a secondary market. Bargaining
in the resale game is modelled in a reduced form where players exchange take-it-or-leave-it offers
with a probability that reflects their relative bargaining power, as well as the level of competition
in the secondary market. Although stylized, this simple bargaining procedure suffices to illustrate
the dependence of the outcome in the resale market on the information disclosed in the primary
market and hence to examine the optimal informational linkage from the monopolist’s viewpoint.

In the first part of the paper, we consider an environment where the monopolist sells to a
buyer in the primary market who then resells to a third party who participates only in a secondary
market. Resale to third parties has two effects on the monopolist’s expected revenue: first, it
increases the value the buyers in the primary market assign to winning the good; second, it reduces
the informational rents the monopolist must leave to the bidders to induce them to truthfully reveal
their private information. As a result, resale to third parties is always revenue-enhancing for the
monopolist. In the optimal mechanism, the monopolist may induce stochastic allocations in the
primary market, for example, selling lottery tickets, using stochastic reserve prices, or inducing
buyers to follow mixed strategies. Randomizations are motivated by the fact that the allocation of
the good in the primary market is itself a signal of the buyers’ valuations. Contrary to deterministic
procedures, a stochastic allocation gives the monopolist a better control over the beliefs of the
participants in the secondary market and hence over the resale price. The optimal informational
linkage with the secondary market may also require the adoption of a disclosure policy richer than
the simple announcement of the allocation determined in the primary market. We show how the
optimal policy can be designed by introducing into a direct mechanism signals that the monopolist
sends to the participants in the secondary market as a function of the information disclosed in the
primary market.

The second part of the paper examines how to design optimal auctions when the monopolist
can contract with all potential buyers but can not forbid inter-bidders resale. To the best of
our knowledge, this problem has been examined only by Ausubel and Cramton (1999) and Zheng
(2002). Ausubel and Cramton assume perfect resale markets and show that if all gains from
trade are exhausted through resale, then it is strictly optimal for the monopolist to implement an
efficient allocation directly in the primary market. The case of perfect resale markets, although an
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important benchmark, abstracts from a few important elements of resale. First, when bidders trade
under asymmetric information, misallocations are not necessarily corrected in secondary markets
(Myerson and Satterthwaite (1983)). Second, and more important, efficiency in the secondary
market is endogenous as it depends on the information revealed in the primary market which is
optimally fashioned by the monopolist through her choice of the disclosure policy.

Zheng assumes it is always the winner in the auction who has all bargaining power in the
secondary market and suggests a mechanism that, under standard assumptions on the distributions
of valuations supplemented by two extra conditions, gives the monopolist the same expected revenue
as in the static optimal auction when resale can be prohibited. Instead of selling to the bidder with
the highest virtual valuation, the monopolist sells to the bidder who in the secondary market is more
likely to implement the same allocation as in the optimal auction of Myerson (1981). Although
a remarkable result, Zheng’s mechanism relies on the possibility to transfer monopolistic power
from one market to the other via the allocation of the good. On the contrary, in environments
where the distribution of bargaining power in the resale game is identity-dependent, we show that
it is in general impossible to achieve Myerson’s expected revenue and hence the impossibility to
prohibit inter-bidder resale is revenue-decreasing for the monopolist. Furthermore, when this is the
case, the revenue-maximizing mechanism in the primary market may require the use of a stochastic
allocation rule and the design of an optimal disclosure policy. This can be done, in a direct revelation
mechanism, by maximizing the expected sum of the bidders’ resale-augmented virtual valuations,
taking into account the effect of information disclosure on the outcome in the secondary market.

Auctions followed by resale have also been extensively examined by Haile (1999, 2001). Haile
(1999) studies the properties of equilibria of standard auction formats (First Price, Second Price
and English) when the winner in the primary market can resell in a secondary market (possibly via
another auction). Our analysis differs from his in that we assume the monopolist is not constrained
to use any standard format. Also, the choice of the disclosure policy is endogenous and is obtained
as part of the monopolist’s optimal mechanism. Haile (2001) considers the performance of standard
auction formats in the presence of resale when new information about the value the bidders attach
to the good is exogenously revealed at the end of the auction. In this case, resale may occur even
if the allocation in the primary market is efficient. On the contrary, we assume here the bidders
learn their final valuations prior to participating to the primary market and the only additional
information revealed at the end of the auction is that released by the monopolist’s disclosure policy.

The rest of the paper is organized as follows. Section 2 studies the first mode of resale where the
monopolist sells to a buyer in the primary market who then resells to a third party in a secondary
market. Section 3 considers the alternative mode of resale where the monopolist contracts with
all potential buyers but can not prohibit the winner in the primary market to resell to the losers.
Section 4 concludes. All proofs are relegated to the Appendix.
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2 Resale to Third Parties

2.1 The environment

Consider a very stylized trading environment where in the primary market, a monopolistic seller
(S hereafter) trades a durable and indivisible good with a (representative) buyer, B. If B receives
the good from S, he can either keep it for his own use, or resell it to a (representative) third party,
T, in a secondary market.* We assume S and B can not contract, nor communicate with 7" at the
time they trade in the primary market.?:6

Let x% € {0,1} represent the decision to trade between B and player i, with ¢ = S,7. When
xiB = 1, the good “changes hands”. For example, for i = S, x% = 1 means that B obtains the
good from S. Similarly, for ¢ =T, a:g = 1 means that T obtains the good from B. On the contrary,
if :z:iB = 0, there is no trade between B and player i. A trade outcome {a:fg, ZB} , consists of the
allocation of the good z%; and a monetary transfer t; € R between B and player 7. Let 6; be the
value of the good to player i, with ¢ = B, T and 6 := (0p,07) € © := Op x Op. For simplicity, we
assume the value to S is common knowledge and is normalized to zero.

The payoffs for the three players are respectively

ug = t%,
up = 0pry(1 — x5) — 3 + t5,
ur = HTm%xg — t}g.

We make the following assumptions on valuations.

Al: For i e {B,T}, 0, = {gl,QZ} with Af; := E *Qi >0, Qz > 0, and Pl“(gi) = p;.

A2: For any 6 € ©, Pr(0) = Pr(0p) - Pr(0r).

A3: B is the only player who knows 6 and T is the only player who knows 6.

A4: 0 < 0r and 53 < ET.

Assumptions A1-A4 identify two markets in which (i) agents have discrete independent private
values, (ii) trade occurs under asymmetric information, and (iii) there are gains from trade in either
market. Assumption A4 leads to two possible cases:

A4.1: 05 <07 <05 < 0r,

4We adopt the convention of using masculine pronouns for B and feminine pronouns for S and 7.

By this we mean: (a) S can not trade with T neither in the primary market nor in the secondary market; (b) S
can not ask T to report her private information and make the transaction with B contingent on 7’s type; and (c)
S can disclose information to T but she can not ask her to pay for it. In addition, B and T can not contract, nor
exchange information at the time B participates to the primary market.

SRestricting the analysis to an environment with a single (representative) buyer in the primary market and a
single (representative) third party in the secondary market is for simplicity. To extend the analysis to multiple third
parties, one just needs to average the expected resale surplus for the winner in the primary market over the identities
and valuations of the many participants in the secondary market. The extension to multiple bidders in the primary
market is more interesting from a strategic viewpoint and is discussed at the end of this section.
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A4.2: O <0p <O <07

In all other cases, the outcome in the resale market does not depend on the beliefs B and T
have about the rival’s valuation.

Primary Market

In the primary market S offers B a contract which consists in a trading mechanism with
a disclosure policy. As proved in Pavan and Calzolari (2002), there is no loss of generality in
restricting attention to direct revelation mechanisms ¢4 € ®g such that

bg:Op — RxA({0,1} x Z).

For any message fp € ©p, B pays an expected transfer ¢%(0p) € R to S and with probability
#5(1,2|0p) he receives the good and information z € Z is disclosed to T in the secondary market.”
We do not assign any precise meaning to the set Z at this stage, but we assume it is sufficiently rich
to generate any desired posterior beliefs in the secondary market.® This abstract representation
of information transmission between the two markets allows to replicate with a direct revelation
mechanism fairly general disclosure policies. The implementation of the optimal mechanisms in
the next sections will suggest possible interpretations of Z. Also note that the disclosure policy is
stochastic for two reasons. First, trade between B and S may be subject to uncertainty which may
well be reflected into the signal z. Second, it may be in the interest of S to commit not to fully
disclose to T the information that has been revealed in the primary market.

We also assume S is not exogenously constrained to release any information, so that disclosure
is voluntary. In the case she decides to release information, S can not charge T for the observation
of z. Finally, S can fully commit to ¢4 but can not make the outcome in the primary market
contingent on the outcome in the secondary market.

Secondary Market

Trade between B and T in the resale market takes place according to the following simple
bargaining procedure. With probability A\, B makes a take-it-or-leave-it offer to 7. With probability
1 — A, T makes a take-it-or-leave-it offer to B.? As suggested in Marx and Shaffer (2002), A may
reflect possible uncertainty about the determinants of future bargaining power.

Timing

"Since players have quasi-linear payoffs, it is without loss of generality to restrict attention to mechanisms og :
Op — A({0,1} x Z) x R instead of ¢g : Op — A(Rx {0,1} x Z).

8One may think of Z as a set of cards of different colors that S can disclose to T as a function of the outcome
determined in the primary market. That Z is sufficiently rich to generate any desired beliefs for player T leads to
the most favorable case for S. As we prove in Lemma 1, in this environment with a discrete number of players and
types, without loss of optimality, Z is a finite set.

% Assuming the two players make take-it-or-leave-it offers instead of using more general mechanisms is without loss
of generality in this simple environment with two players, quasi-linear preferences, private values and discrete types
(Maskin and Tirole, 1990, Prop. 11). Hence, one can interpret A also as the probability a player is the mechanism
designer in the resale market.
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Figure 1: The trading game

e At t = 1, S publicly announces a selling mechanism ¢g € ®g, where ®g is the set of all

possible feasible (direct) mechanisms.!” If B rejects ¢g, the game ends and all players enjoy

their reservation payoffs which are normalized to zero. If ¢4 is accepted, B pays an expected

transfer ¢3(0p) to S and with probability ¢g(1,2|0p5) he receives the good and information

z € Z is disclosed to T in the secondary market.

e At t =2, if x% = 1, bargaining between B and T occurs according to the simple procedure

described above. Otherwise, the game is over.

Figure 1 summarizes the trading environment.

2.2 The outcome in the secondary market

The game described in Section 2.1 can be solved by backward induction examining first how the

outcome in the secondary market is influenced by the information disclosed in the primary market.

e T fixes the price.

0Pavan and Calzolari (2002) formally prove that assuming S publicly announces her mechanism is without loss of

generality. It is important to note that although 7' can observe the mechanism ¢g, she does not observe its realization.
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Given information z € Z, T’s posterior beliefs in the secondary market are given by

_ _ ¢S(17Z|93)p3
¢s(1,2108)p5 + ¢5(1,205)(1 — pB)

Note that, even if T" does not directly observe whether B has obtained the good, she can

Pr(fp|zs =1, 2)

always make her offer contingent on the event m% = 1; indeed, trade between B and 7T in the
secondary market can occur only if B received the good from S in the primary market. For
any z € Z and O € O, T optimally offers B a price'!

) . ) A0
t%(QT Z) _ 03 if PI‘(?B‘$§ = 1,2) Z 925537
Op if Pr(0plzg =1,2) < 9T—§B’

If T offers B a price t5(0r,2) = 0p, she receives the good with certainty with a surplus
equal to 7 — 0. On the contrary, by offering 65, T saves on the price, but trade occurs

if and only if §p = 5. Hence, a high price is preferable for T if and only if 7 — g >
Afp
Or—0p-

(01 — 805) Pr(0p|z3 = 1, 2), or equivalently Pr(0p|z% = 1,2) > The price t5(0r, 2) is

thus increasing in #7 and in Pr(6 B|x% = 1,2). The surplus B obtains from reselling to 7" is

rp(0p,07|2) =0 for any 07 € Or and z € Z.
A@B if t£(9T72> = 93,

B (QBv HT’z) = 0 otherwise.

It follows that Arp(z) :=Tp(2)—rg(2) := Eo, [rB(0p, 07]2)]| —Boy [r5(0p, 01|2)] € [-A05,0],

with C g A
0 if Pr(dplzy =1,2) < 5T—QBB’
Arp(z) = —prAdp if Pr(@plas =1,2) € [Efng,QTAng> ,

—Afp  if Pr(fplaP =1,2) > 2

O0r—0p"

e B fixes the price.

Let tﬁ (0B) € Or be the price B asks T" when he has value 6p for the good he purchased in
the primary market. We have!?

- 0.0

T B QT if pr > ﬁ,

tp(0p) = . 0r 0%
O0p ifpr < o,

"Tn the case T is just indifferent between offering a high and a low price, we assume here she offers a high price.
In addition, we assume B sells to T when he is indifferent between accepting 7”s offer and retaining the good. Such
assumptions simplify the exposition in this section, but are not crucial for any of the results.

2We assume B asks T a low price when he is just indifferent between asking 9, and 0r. Furthermore, we assume T
accepts to buy when she is indifferent. Once again, these assumptions are introduced just in this section to simplify
the exposition and are not crucial for any of the results.
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Since T' does not participate in the primary market, there is no information S can disclose
to B about 71”s value for the good. By asking 6, B obtains §7 — 6p with certainty. On the
contrary, by asking 07, trade occurs if and only if 7 has a high valuation. Asking a low price
is then optimal if and only if 8, — 6 < pr(01 — 0p); the price tg (0p) is thus increasing in
fp and in pp. The surplus B obtains from resale is

9T—03 if tg(@B) :éT, and HT:éT,
sp(0p,0r) =< O0p—0p iftL(0g) =0y,
0 otherwise.

It follows that ASB =SB — Sp = EQT [SB(EB, QT)] — EQT [SB(QB, QT)] € [—AHB, 0] s with

—AQB if pr < QT*QB’
0r—0g
B _ _ . 0r—0p 01—0
Asp =4 pr(0r—08) — (0r —05) ifpr € (F=2, _éi—eﬂ ’
—prAdp ifpr > 5;:5?

2.3 The optimal mechanism in the primary market

At t =1, S anticipates the outcome in the secondary market and designs a mechanism ¢g € ®g
which solves the following program.

[ max B, [t5(00)
subject to
Up(0p) == Zgzqﬁs(la 2|05) {05 + X5p + (1 = \Tg(2)} —t3(0p) >0, (IR)
Ps 4 Us(lp) := 2 051 2l8p) s + Asp + (1= Nrp(2)} ~ th(8s) 2 0. (IR)
Up(fp) > ZLEZ ¢s(1,2|0p) {08 + X5p + (1 = \TB(2)} — t3(0p), (IC)
Up(lp) > ZEZ ¢s5(1,2008) {05 + Asp + (1 = Nrp(2)} — t3(0p). (LC)

\

The first two constraints are individual-rationality constraints and guarantee B is willing to accept
the contract ¢g. The last two are incentive-compatibility constraints and guarantee B has the right
incentives to reveal his type.

Given the equilibrium outcome in the resale (sub)game, there is no loss of generality in assuming
S discloses only three signal, say z; with [ = 1,2, 3, such that

tg(QT,zl) = 0p for any O,
t%(eT,ZQ) = QB for any 6, )
tg(GT, 23) = 93 if and only if ‘9T = HT.
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Indeed, suppose S discloses two signals that induce 7' to make the same offer in the resale market.
One can replace them with a single signal that has probability equal to the sum of the probabilities
of the two signals and which induces the same outcome in the secondary market. The formal
argument is in Lemma 1. Let #4,Z be the cardinality of the subset of Z which is in the range of
bs5

#Ho .2 = F1{2 € Z : ¢5(1,2]0p) > 0 for some Op € Op}.

Lemma 1 For any mechanism ¢g such that #4,7 > 3, there exists another mechanism ds such
that #45{9 Z = 3 which is payoff-equivalent for all players.

Using Lemma 1, one can simplify Pg. We show that the optimal mechanism for S can be
analyzed in terms of resale-augmented virtual valuations, which are defined as the sum of the
standard virtual valuations, as in Myerson (1981), along with the (endogenous) payoff that each
type expects from resale, conditional on the information disclosed in the primary market.

Definition 1 Let V(0p|z;) be the resale-augmented virtual valuation for a buyer with private value
0p, conditional on S disclosing information z; to T in the secondary market. We have

V(?B’Zl) = §B + Asp + (1 — )\)FB(ZZ),

V(@glz) =05 — T PB AOp+ A |sp — ] PB ASB] +(1=X) |:£B(Zl) ~3 PB

Arp(z1)|
— DB —PB B

forl=1,...,3.

Since the high type does not expect any surplus from resale if it is 7' who makes the offer in
the secondary market, V (0p|z) = 05 + Asp for any z. Furthermore, as we prove in Lemma 2, the
high type can always guarantee himself at least the same payoff as the low type by announcing 6.
Hence, p must be given a price discount (informational rent) to truthfully report his type in the
primary market. This discount depends on the probability of receiving the good by announcing
05, as well as the payoff differential between the high and the low types, which is a function of the

information disclosed to T" in the secondary market. Formally, the rent for the high type is'?

3
Up(0) = ¢s (1, 21|0p) [A05 + Msp + (1 — \)Arg(z)).
=1

For each signal z;, the resale-augmented virtual valuation of type fp is then simply the difference
between the (endogenous) surplus 05 expects from buying the good, and the discount .S must offer

13Ug(0p) is obtained by setting (IC) and (IR) binding. The proof is in the Appendix — Lemma 2.
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the high type to induce him to reveal his type in the primary market. As

Alp + 1€§BA93 if z; = 21,
EB(ZZ) — 1 fB A’I“B(Zl) = 0 if 2] = 22,
bp pr |Abp + 13;’33 AGB] if 2 = z3,

we have that V(0p|z1) > V(05|23) > V(05|22).

The optimal selling mechanism for S is obtained by choosing an allocation rule and a disclosure
policy that maximize the probability of the signals associated with the highest resale-augmented
virtual valuations, taking into account the effect of disclosure on the outcome in the secondary
market.

Lemma 2 The optimal selling mechanism in the primary market ¢ maximizes

Us = Egj [2?21 V(0Bl2)9s (1, 210B)

subject to
S 6s (1, 2108) [A05 + AAsp + (1 — N)Arg(z)] > 10)
S 65 (1,21105) [A0p + Msp + (1 — X)Arp(z)] T
and ~
Pr(Opleh = 1,21) > g2, (1)
Pr(fplaf = 1,2) < 5722, (2)

Pr(fplaf, = 1,20) € |24, 20| (3)

Constraints (1) — (3) guarantee that, given the mechanism ¢§ and information z;, it is sequen-
tially optimal for T to follow the equilibrium strategy in the secondary market. Constraint (IC')
guarantees that the low type does not gain from mimicking the high type. Note that, contrary
to standard monopolistic screening mechanisms, (IC) is equivalent to the monotonicity condition
Z?:l ¢g (1,2)08) > Z?:l ¢g (1, 2|0p) only when A\ = 1, in which case the outcome in the primary
market has no effect on the resale price. The remaining constraints, (IC), (IR) and (IR) are
embedded into the reduced program via the resale-augmented virtual valuations.

In the following Proposition, we use Lemma 2 to characterize the optimal mechanism in the
primary market. For simplicity, we report only the results for the case A4.1. The results under
A4.2 are similar and are omitted for brevity. Under A4.1, T' always offers B a low price when she
has a low valuation. In this case, there are no signals z; that can result in tg (Op,21) = Op for any
9T and hence ¢*S(1,21|QB) = ¢§(1,21’é3) =0.

s ._ pB(6r—0p) — [A95+AAsp]J(O7)
Proposition 1 Let J(0r) := (oppat, ond K = TS VNSNS P S TT R vy v Under

assumptions A1-A4.1, the revenue-mazximizing mechanism in the primary market is the following.
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o If J(07) > 1, ¢% (1,23l05) =1, ¢ (1, 22l0p) = 0 and

0 otherwise.

¢Z’ (17 Z3|QB) = {

° IfJ(ET) <1,

* n * 7 1 Zf V(QB|Z2) < K V(QB|Z3)7
1 =1- 1 =
¢S( ’ZS‘GB) ¢S( ’zsz) 0 otherwise,

0 if V(8plz2) <0, ]
65 (1, 2al0) = | [B0et2on Copr A IOn) iy (g, 125) € [0, K V(@5129))
1 if V(fpl22) > K V(0plzs),
J(O7) if V(0p|z3) > 0 and V(8g|20) < K V(0p|23),

0 otherwise.

¢s (1, 23105) =

In all cases, the possibility for B to resell to T in the secondary market is revenue-enhancing
for the monopolist.

The optimal mechanism is such that S sells with certainty to B when the latter has a high
valuation. As far as the low type is concerned, the probability to trade depends on the asymmetry of
information in the primary market, as well as the expected resale surplus in the secondary market.
This, in turn, depends on the price T is ready to offer and hence reflects the information disclosed
in the primary market. When J(67) > 1, 07 offers B a high price in the case she learns nothing
from the primary market. This is clearly the most favorable case for S who then sells to either type
provided that V(0z|z3) > 0.

Things are more difficult for the monopolist when .J(67) < 1. In this case, T offers B a low price
when the information she receives from the primary market does not result in a significant change
of her prior beliefs. S can then try to sustain a higher expected resale price by disclosing some
information to 1. However, this comes at a cost. Because of incentives reasons, when S discloses
information, she has to sacrifice the possibility to trade with the low type with certainty. To see
this, suppose trade occurs with probability one with either type. In this case, the price discount
for the high type would be Ug(fg) = Afp + Msp — prék (1, 23/05) (1 — \) Afg. But then if the
low type pretends he has a high valuation, he gets

Ug(0)
=1

[A@B + Asp — (1 — )\) (;53 (1, Z3|§B) pTAQB] =
A pr [0 (1,23]08) — &% (1,23105)] Abp >0

as information z3 leads to a high price in the secondary market if and only if ¢% (1, 23/05) <
¢% (1, 23/0p) . Faced with the trade-off between selling with higher probability or sustaining higher
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resale prices, S finds it optimal to favor the probability to trade when V(0p|z2) > K V(8g|23),
that is when the low type has a high virtual valuation even when T offers him a low price. On the
contrary, when V(@p|22) is positive but less than K V(6g|z3), the optimal mechanism consists in
selling with probability ¢§ (1, 22/05) + ¢% (1, z3/05) < 1 to the low type and disclosing information
zg with probability ¢% (1, 23|05) = J(07)¢% (1,23/65) . Since the right hand side is increasing in
oy (1, Z3|§B) , S sends information z3 with certainty when B has a high valuation. Furthermore,
as ¢g (1, 23/0p) is bounded above by J(67) < 1, it is optimal for S to trade with B also with the
other (less favorable) signal zo: that is, ¢ (1,22|0g) > 0. However, as indicated above, to sort
the two types in the primary market, ¢ (1,22/0p) + ¢% (1,23/05) < 1, and the upper bound on
¢5 (1, 22|0p) is determined by (IC).

Finally, when V(0g|z2) < 0, but V(0p|z3) > 0, S finds it optimal to trade with 65 only when
the expected resale surplus is high, which occurs if and only if information z3 is disclosed to T". In
this case, ¢% (1, 23/05) = J(0r), and ¢% (1, 22|05) = 0.

That the monopolist benefits from allowing B to resell to 1" follows directly from the examina-
tion of the virtual valuations. First, resale enables S to use B as an intermediary, or a middleman,
to extract surplus also from 7" in the secondary market. Indeed, the price in the primary market
incorporates the surplus B expects from trading in the resale market. Second, resale reduces the
informational rent the monopolist has to leave to the high type by decreasing his comparative ad-
vantage with respect to the low type (recall that Asp and Arp(z;) are negative, for any [ = 1, ..., 3).
As a consequence, the possibility for B to resell to T is revenue-enhancing for 5.4

The next proposition suggests a possible implementation for the optimal mechanism.
Proposition 2 The optimal mechanism of Proposition 1 has the following implementation.
1. If J(07) > 1, S makes a take-it-or-leave-it offer to B at a price

| O+ XS if V(Bp|zs) <0,
] O+ Asp + (1 = X) prAlp otherwise.

2. If J(O7) < 1 and V(0p|22) <0, S offers B two prices,
{ O+ \sp if V(05]23) <0,

TH 0B+ \sp — J(07) (A0 + A\Asp — (1 — \) prAfdg) otherwise.
] 0 if V(85l2) <O,
L J(O7) [0 + Xsp + (1 — \) prAfOp] otherwise.

B receives the good with certainty if he pays Tg. If, on the contrary, he pays 71, he receives
the good with probability J(01) if V(65|23) > 0 and with probability zero otherwise.

"The formal argument is in the proof of Proposition 4 where we generalize this result to primary markets with
multiple bidders.
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8. If J(0r) < 1, and V(0g|z2) € [0, K V(85|23)], B receives the good with certainty if he pays

TH =05+ AsB — (0% (1, 23|0p5) + ¢ (1, 22|0p)] (A0 + AAsp) +
+ (1= X) o5 (1, z3|05) prAlB.

and with probability 6 = %if he pays T, = 005 + Asp]. The high type pays Tg.

The low type pays Ty with probability ¢ (1, 23|0p) and 71, with probability 1 — ¢ (1, z3|0p) -

4. If J(0r) < 1, and V (0p|22) > K V(05|23), S makes a take-it-or-leave-it offer to B at a price
T = QB + )\ﬁB

In all cases but 2, it is optimal for S to disclose the price B pays in the primary market.

To create the optimal informational linkage with the secondary market, the monopolist has
two natural instruments: First, she can sell to the two types with different probabilities so that the
decision to trade becomes itself a signal of the buyer’s valuation. Second, she can disclose the price
B pays in the primary market.

When J(07) > 1, S sells to either type at a price 7 = 0 +Asg+(1 — A) prAfp if V(0p|z3) > 0,
and only to the high type at a price 7 = 05 + A\5p otherwise. In either case, disclosing the price
has no effect on the seller’s expected revenue.

Suppose now J(f7) < 1. When V(fz|23) < 0, S sells only to the high type at a price 7 =
Op + A\sp and hence disclosing the price is again revenue-neutral. When instead V(g|z3) >
0, the optimal disclosure policy depends on the sign of V(0p|z2). If V(0p|22) < 0, the optimal
informational linkage is obtained by giving B the possibility to pay a high price 7y and receive
the good with certainty, or a low price 77, and receive the good with probability J(67) < 1. In the
continuation game, the high type is indifferent and in equilibrium pays 7z, whereas the low type
strictly prefers 7r. In this case, the price B pays conveys too much information about B’s type
and hence must be kept secret.

When V(0p|22) > 0, but V(8g|22) < K V(0p|z3), S offers B two prices, 7 and 7. If B pays
TH, he receives the good with certainty, whereas if he pays 7 with probability 6. Contrary to the
previous case, since in equilibrium @5 receives the good with probability J(67) + [1 — J(07)]6 >
J(07), the decision to trade is no longer sufficient to induce 67 to offer g in the resale game.
In this case, it becomes necessary for S to disclose also the price and use it as a signal of B’s
valuation. In the continuation game, 05 pays 75 whereas f 5 randomizes paying 7 with probability
#% (1,23105) = J(O7). Given B’s strategy, it is sequentially optimal for 67 to offer a high price when
she observes 7 and a low price otherwise, making 0 just indifferent between the two prices.

Finally, in case 4, S offers B a single price that either type accepts to pay and which, without
any effect on the revenue, is made public.
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Note that to create the optimal informational linkage S may need to combine lotteries with
mixed strategies. This happens precisely in case 3. Suppose, for example, that S tries to make B
randomize over two prices 7, and 7 with 7, < 7y without using lotteries, i.e. by selling with
certainty with either price. In this case, the high type, who does not care about the information
disclosed to T, will always pay the low price 7;. But then, anticipating that 7" will never offer
a high price if she observes 7p, the low type will also pay 7. To avoid this outcome, S must
associate 7y with a lottery. Similarly, suppose S tries to implement the optimal informational
linkage without making B play a mixed strategy. If S separates the two types!® and discloses the
prices, she perfectly informs T about B’s valuation, which is clearly not optimal. If, on the other
hand, she separates the two types and keeps the price secret, then the only thing S can do to
sustain a high resale price is to associate 77 with a lottery that gives the good with probability at
most equal to J(f7). On the contrary, by disclosing the price and making B randomize over 7p
and 77, S can induce a high resale price with the same probability and at the same time sell to 05
with probability J(07) + [1 — J(61)]d, which in case 3 leads to a higher expected revenue.

Due to the presence of asymmetric information, the revenue-maximizing mechanism for the
monopolist may induce inefficient allocations in either market. The inefficiency in the primary
market comes from the fact that S may find it optimal to retain the good with positive probability.
The inefficiency in the secondary market arises when 7" offers too little, and/or B asks too high a
price. Whereas this latter possibility is not influenced by the outcome in the primary market, the
price T offers depends on the disclosure policy selected by the monopolist. It is then interesting to
investigate how ex ante efficiency (i.e. the probability the good is allocated to the player who values
it the most) is influenced by A, i.e. by the distribution of bargaining power in the secondary market.
Assume A4.1 holds. From Proposition 1, trade in the primary market always occurs if B has a
high type. On the contrary, trade with the low type depends on the value of the resale-augmented
virtual valuations, V(@g|z2) and V(83|z3), which can be either increasing, or decreasing in A. As
indicated above, inefficient allocations in the secondary market arise when 7" offers too little and /or
B asks too high a price (the first possibility occurs when ¢§ (1, Z3|§B) < lie. when J(f7) < 1 and

V(0p|z2) > K V(0p|23), the second when pr > br—fp ); it follows that efficiency in the secondary
B

O0r—0
market may also increase or decrease with A\. We can conclude that ex-ante efficiency is typically

non monotone in the distribution of bargaining power in the secondary market.

The optimal mechanism in Proposition 1 has been obtained assuming in the primary market
S and B do not collude at the expenses of T. Collusion possibilities arise from the fact that S
could publicly announce a mechanism ¢¢ and then sign a secret side contract with B so that she
discloses only the most favorable signals with probability one.'® When S lacks of the commitment

In the sense Op (respectively, ) pays T (7r) with probability one, with 74 # 7r.

16 An alternative form of collusion that one can envision in the absence of full commitment is between S and 7.



16 G. CALZOLARI AND A. PAVAN

not to privately renegotiate ¢ with B, the only credible information that can be disclosed to the
participants in the secondary market is the decision to trade. Furthermore, without commitment,
the possibility for S to make ¢g public has no strategic effect so that ¢¢ must be itself a best
reply to the strategy 1" is expected to follow in the secondary market. As in the case with full
commitment, the optimal mechanism in the primary market can be designed by looking at the
value of the (collusion proof) resale-augmented virtual valuations. Let & = By, [Pr(t5(07) = 05)]
be the probability T offers B a high price in the secondary market. Without commitment, no
signals are disclosed to T" and the (collusion proof) resale-augmented virtual valuations reduce to

V(05l¢) =05 + A5,

fB Abg| .

V(05l€) =05 — —22— N0 + A\ |55 — p—BAsB] +(1=N¢ [A@B +
1 —pB DB

1—pp 1

The seller’s optimal (collusion-proof) mechanism then simply maximizes Ug := Eqg,, [V (65|€)¢5(1|05)]
under the monotonicity condition ¢g(1|65) > ¢5(1|@5).!" It is important to note that even when
S can not commit to a credible disclosure policy, the endogenous informational linkage between
the two markets does not vanish. Indeed, the decision to trade in the primary market represents
valuable information for 7' and is reflected in the equilibrium resale price. Moreover, stochastic
(collusion-proof) mechanisms may be optimal also without commitment. Suppose, for example,
A4.1 holds, so that T offers a low price when she has a low valuation and hence £ € [0, pr|. Assume
J(07) < 1, meaning that @7 also offers a low price in the case she learns nothing from the allocation
of the good in the primary market. When V(05]¢ =0) < 0 and V(85| = pr) > 0, the equilibrium
is in mixed strategies with @7 offering a high price with probability £ € (0,1) and S selling to 5
with probability J(67) and to 65 with certainty.'®

2.4 Multiple bidders

Consider now a primary market where S sells to one out of N bidders who then resells to a
representative third party who does not participate in the primary market. This corresponds to an
environment where S can prohibit inter-bidders resale, but is not able to contract with all potential
buyers at the time she needs to sell. Without any loss of generality, let N = 2 and denote the two
bidders by By and Bs. We will refer to B; as a generic bidder and to B; as his rival, with i = 1,2
and j # i. At the end of the auction, the winner may keep the good for himself or resell it to T" in

This would lead to the ratchet-effect results highlighted in the literature of dynamic contracting. In this paper, we
have ruled out this form of collusion by assuming there are no means by which S can contract with 7" at any time.
17 A complete characterization of the optimal collusion-proof mechanism for S is available upon request.
"8The equilibrium £" solves V(QB\pTE*) = 0. In this case, S is just indifferent between selling to either type or to
the high type only and in equilibrium she sells to §; with probability J (§T) and to 0 with certainty. Given og, Or
is also indifferent between offering a high or a low price and in equilibrium she randomizes with probability £".
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the secondary market, in which case the bargaining game is exactly as above with A; denoting the
relative bargaining power of B; with respect to T.

Assumptions A1-A4 are replaced by

Al @z = {gz,Ql} with AQZ = 51 _Qi > 0 and PI‘(?Z) = Di, with ¢ = 1,2. @T = {§T7QT}7
Pr(?T) = pT-

A2’: (Independent private values) For any 6 : = (01,62,07) € ® := ©1 X O3 X Or, Pr(0) =
Pr(6,) - Pr(03) - Pr(07).

A3’: Player ¢ is the only player who knows 6;. T is the only player who know 67.

A4 9, <@ and 0; < Op for i =1,2.

An outcome in the primary market is now defined by (xg,tg), where

xg = (z7,25) € Xg := {(xf,wg) € {0,1}? such that 2§ + 5 < 1}

denotes the allocation of the good, and tg = (t7,t5) € R? the profile of transfers from B; and By
to S. A (direct) mechanism is a mapping

$g:Op — R x A(Xg x Z).

When the two bidders announce valuations Op := (61,02) € O@p := ©1 x O, with probability
¢g(xg,2|0p) the allocation is xg € Xg and information z € Z is disclosed to T. We assume S
can fully commit to ¢g. From Lemma 1, S does not need to use more than three signals: signal
z1 represents information such that tiT(QT,zl) = 6, for any Or, signal zo information such that
tH(0r,2) = 0, for any 07, and signal 23 information for which t!'(6r,23) = 6; if and only if
97 = 07, where tiT is the resale price T pays bidder 3.

Proposition 3 An optimal auction in the primary market maximizes the expected sum of the bid-
ders’ resale-augmented virtual valuations, taking into account the effect of disclosure on the outcome
in the secondary market. Formally, let V(0;]z;) be as in Definition 1. An optimal mechanism ¢§

maxrimizes
3
Boy | > Y V(lil2)os (27 = 1,21605)
i=1,2 1=1
subject to -
PI’(HZ‘I',LS 1, 21) > gffig_? (Zl
_ _Aei_z .
Pr(f;|zf = 1,2) < o (1.2)
Pr(H,\xS = 1, 23) S [@fﬁze ) Q?flgj ) (Z 3)
and

Eg, Z?:l bg (:cs =1,z ]gi, Hj) [A0; + \iAs; + (1 — )\i)Ari(zl)]} >

Bo, {320, és (25 = 1,2/05,0,) [A0; + \iAs; + (1 — /\i)An(zl)]}
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fori=1,2 and j # 1.

The only difference with respect to the single bidder case is that now S compares the two
bidders’ resale-augmented virtual valuations for each state 8. However, note that contrary to
standard auction design, in the presence of resale, S does not necessarily assign the good to the
bidder with the highest (resale-augmented) virtual valuation. Indeed, this would be the case if
the resale price were exogenous. When, instead, the price in the secondary market depends on
the information disclosed in the primary market, S may find it optimal to assign the good to a
bidder with a lower resale-augmented virtual valuation in state @p if this allows to relax constraints
(i.1)—(¢.3) and increase the probability of selling to a bidder with a high virtual valuation in another
state 0. Assume, for example, that in state 05 = (01,0s), V(01|z;) > V(02|%) for any j and I.
If constraint (2.1) in Proposition 3 is binding, assigning the good to By in state 85 = (61, 603) is
more effective in relaxing (2.1) than assigning the good to Bj. By giving the good to B in state
05, S can then increase the probability of selling to By with signal z1 or z3 in state 8’5 = (61,6,),
which in turn may result in a higher expected revenue if the probability of state @y is relatively low
compared to that of state @5 and if V(85]2) — V(8;]2) are high compared to V (01]|z) — V (62|2)
for I = 1,3. We will see in Section 3 that similar incentives for (virtual) misallocations arise in the
case of auctions followed by inter-bidders resale.

Comparing the expected revenue of the optimal auction of Proposition 3 with the maximal
expected revenue S could obtain absent the possibility for By and Bs to resell to 7" in the secondary
market gives the following result.

Proposition 4 A monopolist benefits from the existence of a secondary market when (a) she can
not contract with all potential buyers, and (b) she can prohibit the winner in the primary market
to resell to the losers.

Resale to third parties has two effects: first, it increases the value the bidders in the auction
assign to winning the good; second, it reduces the comparative advantage of the high types with
respect to the low types and hence the informational rents S must leave to the bidders to induce
them to truthfully reveal their private information. As a result, resale to third parties is always
revenue-enhancing for the monopolist. As indicated in Proposition 4, this result however depends
on the possibility for the monopolist to prevent the losers to purchase in the secondary market.
As we show in Section 3, when this assumption is relaxed, a bidder may underbid in the auction
to signal he has a low valuation to the winner and then receive an offer at a lower price in the
secondary market. In this case, extracting information from the bidders becomes more costly than
in the absence of a secondary market and, as a consequence, inter-bidders resale may well lead to
a loss of expected revenue for the monopolist.

Apart from the inter-bidders comparisons of the resale-augmented virtual valuations, the pro-
gram in Proposition 3 is very similar to that for the single bidder case as in Proposition 1. Hence,



MoONOPOLY WITH RESALE 19

instead of further characterizing the properties of the optimal auction for this environment, we
move directly to the study of optimal auctions for the case where resale takes place among the
same bidders who participate in the primary market.

3 Inter-Bidders Resale

In this section we consider the second mode of resale, where the winner in the primary market resells
to the losers. The monopolist can not prohibit resale. To highlight the effects of inter-bidders resale
on optimal auction design, we also assume there are no third parties in the secondary market.!
Bargaining in the resale game takes place according to the simple procedure described in Section
2, i.e. each bidder fixes the resale price with probability \;.2 Before deriving the optimal auction
in this environment, we first illustrate the effect of inter-bidders resale on two other mechanisms
examined in the literature.

Myerson Auction

Assume S designs an optimal auction & la Myerson, i.e. an auction which gives the good to
the bidder with the highest virtual valuation M(6;), where M(0;) := 0; and M(8,) := 0, — pf’%;i",
with ¢ = 1,2. Suppose ©; and O4 are such that 8, < 6, and 0y < 0;.2!

When M (6,) > M (62), the allocation rule is efficient and consists in selling the good to B at a
price equal to ;. In this case, the impossibility to prevent resale does not have any bite since there
are no gains from trade in the secondary market. Suppose on the contrary that M(6;) < M(6s).
If S uses a Myerson auction and bidders can resell, the final allocation in the secondary market
may differ from the one which maximizes the monopolist’s expected revenue. Assume, for example,
that M(8;) < M(6,). Myerson auction prescribes that ; should always win and pay 61, whereas
0 should never receive the good. As far as By is concerned, o should receive the good if and only
if By has a low valuation. Furthermore, if M(0,) > 0, then #, should also receive the good if and
only if #; = ;. A simple way to implement this allocation rule is to fix two personalized reserve
prices respectively equal to 6; for By and @, for By and use any auction format which assigns the
good to the player who submits the highest bid.

When bidders have the possibility to resell, this auction is no longer a truthful mechanism as
B can simply decide not to buy (equivalently announce any bid below ) and purchase in the
resale market at a price lower than ;. Indeed, the equilibrium in this game is for player By to pay
65 and receive the good with certainty and for B; to bid less than 0, and lose the auction with

YA model embedding both modes of resale (inter-bidders and to third parties) would combine the results of this
section with those derived in Section 2.

20Equivalently, each bidder offers a mechanism with probability A;. As in Section 2, restricting attention to take-
it-or-leave-it offers is without loss of generality in this quasi-linear environment with two bidders and discrete types.

21 This assumption is the analog of A4 in the previous section.
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probability one. In this case, the revenue in the auction falls from p16; + (1 — p1)fs to 8, and thus
the possibility for the bidders to resell results in a loss of expected revenue for the monopolist.

Zheng Auction

Zheng (2002) recently proposed an alternative optimal mechanism which is designed to replicate
Myerson’s expected revenue in an environment where inter-bidders resale can not be prohibited.
We sketch here the main idea. Assume it is always the winner in the primary market who fixes
the price in the secondary market and let M (0;) < M(0,). Zheng optimal auction prescribes that
S should simply sell to By at a price equal to p10; + (1 — p1)f, and use By as a middleman to
extract surplus from Bj in the secondary market. Since in this case By asks a price 61 independently
of his valuation (indeed, M (0;) < M (f,) implies p; > %i_e

—0
can implement the same final allocation as in Myerson optimal auction where resale is not allowed.

z for any 0 € ©3), through resale S

Furthermore, since either bidder receives zero surplus when he has a low valuation, from the Revenue
Equivalence Theorem, this mechanism generates the same expected revenue as the static optimal
auction without resale.

Although a remarkable result, Zheng optimal mechanism relies upon the possibility for S to
transfer bargaining power from a bidder to the other through the allocation of the good in the
primary market. Suppose, on the contrary, that the distribution of the bargaining power in the
resale game is a function of the identity of the two bidders. In this case, it is in general impossible
to implement an allocation rule that assigns the good to By with certainty when 85 = (8,0,).
Whenever B; has some bargaining power in the secondary market (in our model A\; > 0), he will
always offer at least 65 and therefore trade will ultimately transfer the good to B; with positive
probability. In this case, the impossibility to prohibit resale may well result in a loss of expected
revenue for the initial seller, as we show in this section. Furthermore, the optimal auction in the
primary market may require the use of a stochastic allocation rule and the design of an optimal
disclosure policy to create the desired informational linkage with the secondary market.

Optimal auction design

As in Section 2.4, let the allocation of the good in the primary market be represented by a
vector Xg := (1:*19, xf) € Xg, with :1:15 = 1 when bidder ¢ wins the auction. The payoff of B; is now
u; = 0z (1 — 2") + Gia:fxr — 2 + 1", where 2" = 1 if the good changes hands in the secondary
market, and " = 0 otherwise. t" denotes the resale price and is positive if B; is the winner in
the primary market and negative otherwise. Finally, z := (2!,2%) € Z := Z' x Z? represents the
information S privately discloses to the two bidders at the end of the auction.??
Consider first the outcome in the secondary market when B; wins the auction and makes the

price in the resale game. If §; > max ©;, B; retains the good. On the contrary, if §; < max©;, B;

22Implicitly, we are assuming there are no exogenous constraints that oblige S to disclose any information apart
from xg. Hence, by examining the case where S sends private (possibly correlated) signals to By and Bs, we are de
facto considering the most favorable scenario for the monopolist.
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asks a price??
5 3 R
, ~ 5 o (9J if Pr(&ﬂmf = 1,21,91) > ﬁ,
t (91,9%3:1 = 1,,2 ) = . ~ Q]v—Gi
QJ lf PI‘(QJ‘LL’l = 1,27', Z) S Ej—_gz
The resale price t”(@l,g z? = 1,2') depends on bidder i’s type and his beliefs about bidder j’s
valuation; these in turn are a functlon of the allocation in the primary market, :c = 1, the

information S discloses to B;, z*, and the behavior B; followed in the auction, 01-. Given a type
profile Op:= (6;,0;) € Op := 0©; x O}, the surplus B; obtains in the secondary market is

9]‘—91' iftT(G g S i)zé-andﬁjzéj,
si0pl0ia7 =1,2") = 0, —6; ift"(6;,0; f: 2) =0,
0 otherwise.

The surplus for Bj is

ri(0:,0,00; 27 = 1,2°) =0,
seogr D...5 _
L) :{ AG; i 7(0;, 05,05 = 1,27) =4,

0 otherwise.

Next, consider the case where B; wins the auction and B; makes the price in the secondary market.
Clearly, B; does not make any acceptable offer When 0; < min©®;. On the contrary, when this

inequality is reversed, B; offers a price t"(6;, 91, xj 1,2%) € ©,, with
- - = A6
A g ; 0; if Pr(@ﬂa:]s =1,2"0i) > 5=,
t (gz,ei,xj :1,2’)_ X — 5 i A@j
0; if Pr(0;]z7 =1,2",6;) < 70

Given a type profile 8p, the surplus B; obtains in the resale game is

(91'—93' if t’"(c9 /é .7) , l) :9]',
(03\91, r; =1,2")=¢ 0; —0; ift"(0;,0; a:S 1,2') =6 and 6; =0
0 otherwise.

The surplus for Bj is

I
>
<.

(2] J

j 9170 /é 7
Tj( = 8: 0 otherwise

{Ac91ft99:n 1,2%)

’I"j(@i 9 ’/9\

k‘Clz

»That B; asks (offers) a low (high) price when indifferent between ; and 8; is not crucial for any of the results.
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In what follows, we adopt the convention of referring to s;(6p|z5 = 1,2') and r;(8p|z; = 1,2%) as
the equilibrium resale surplus of bidder 7 (respectively j) in state 85, conditional on B; making the
price in the secondary market and bidder h winning the auction, with ¢ = 1,2, h = 1,2, and j # 1.
Formally, s;(0p|zy =1,2%) = si(ag@,xf =1,2%) and r;(@p|zy = 1,2%) = rj(OB@,x,SL =1, 2% for
52- = 0,. Note that conditional on B; receiving information z*, the resale surplus si (0 B[xf =1, zi)
and 7j(0p|xy = 1, 2%) does not depend on the behavior of bidder j in the auction, Ej.

To be individually rational and incentive compatible, an auction followed by inter-bidders resale

must satisfy the following constraints:

A T(h — (e O lS — 1 i
Uz(ez) . Eg]. h:Zi’j Zgz [Qzﬂ(h Z) + )\251(0“ 9j|Ih 1a z )+ (IRZ)

+A7i (05, 05]ay, = 1,27)] pg(xy = 1,2[0;,0;) —t7 (05,05)} >0,

and

h=i,j z€Z (ICz)

UZ(&) > on { Z Z [Qlﬂ(h = Z) + )\Zsl(el,&ﬂ@,xg = 1,zi)+
+ATi(03, 05125 = 1,27)] pg(y = 1,2(0:,0;) — tf@»@j)}

for any (Hi,gi) € ©2, i = 1,2, where I(h = 1) is the indicator function, assuming value one if h = i
and zero otherwise. As in Section 2, constraints (IR); and (IC); must be binding in an optimal
auction. This also implies that (IR); are verified.

Definition 2 Let
%(51,93\33;? = 1,Z) = él]l(h = l) + )\ZSZ(EZ,9]|$E = 1,Zi) + )\jri(gi,eﬂxf = 1,Zj),

and

Vills, 05l = 1,2) == [0; — 725 80| 1(h = i)+

S ; pilsi(04,0;10,,27=1,2")—si(0,,0,|z5=1,2")]
+)‘l si(Qia ej‘xh - 1a ZZ) - 1—p; +
+A; 3 Ti(0;,05|z7 = 1,27) — pi[n@ﬁjlx%lvzf)n(eiﬁjlezl’zj)]}
J (A2 — 4

1—p;

be the resale-augmented virtual valuations of bidder i, respectively when he has a high and a low
valuation, conditional on bidder j having valuation 0; and bidder h winning the auction, for h =1, j.

As in the case where resale is to third parties, a revenue-maximizing auction followed by inter-
bidders resale can be designed by choosing an allocation rule and a disclosure policy that maximize
the expected sum of the bidders’ resale-augmented virtual valuations, taking into account the
effect of disclosure on the resale outcome and IC;. From Lemma 1, there is no loss of generality
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in restricting attention to disclosure policies that map a profile of announcements @p into three
possible signals for each bidder. Given each signal zlZ with [ =1, ..., 3, bidder 7 does not ask (offer)
any acceptable price when 7 = 1 and 6; > max ©; (respectively, a:f =1 and §; < min ©;). Signal
2} stands for information that induces either type of bidder i to ask (offer) either a high or a non
acceptable price. Signal 24 induces either type to ask (offer) either a low or a non acceptable price.
Finally, signal zf,; represents information for which a high type does not ask (offer) a low price and
a low type does not ask (offer) a high price.

Proposition 5 An optimal auction followed by inter-bidders resale mazximizes

EHB Z Z Z %(03’332 = 17Z)¢S($€ = 17Z|HB)

h=1,22€Zi=1,2

subject to IC; and

53]
|
1>

Pr( J\a:f =1,24,0;) > 9;2?,’ (S.1)
Pr(9jlaf = 1,2, 0:) < 7=, (5.2)
e = =
Pr(f;la5 = 1,24, 6:) > 7%, (B.1)
Pr(f;|2% = 1,2}, 6;) < gA—_@QL (B.2)
Pr o] = 1.54.00 € |2 2] (B

for any 0; € ©;, withi =1,2 and j # 1.

Constraints (5.1)—(S.3) and (B.1)—(B.3) in Proposition 5 control for the sequential optimality
of a bidder’s behavior in the resale game, respectively when B; is a seller (z7 = 1) and a buyer
(xjs = 1). They guarantee that resale prices are sequentially optimal on and off the equilibrium
path. For example, assume 0, < 02 < §; < 01 and suppose mg = 1. Given the announcement ¢, in
the auction, signal z% stands for information that on the equilibrium path induces Bs to ask a low
price and off equilibrium a high price. Similarly, given the announcement 67, signal 21 represents
information that induces Bj to offer a high price in the resale game, independently on whether he
truthfully reported his type in the auction. Clearly, since ¢4 is incentive-compatible, no deviations

take place in equilibrium.

The following is a direct implication of Proposition 5.

Remark 1 (Revenue equivalence theorem for auctions with resale — two-type case).
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Any two truthful revelation mechanisms ¢g and ¢'s in which the (IR) and (IC) constraints are
binding, respectively for the low and the high types of each bidder, are revenue equivalent if they
are characterized by the same allocation rule and the same disclosure policy, i.e. if ¢pg(xg,2z|0p) =
ds(xs,2z|0p) for any xg, z and Op.

When bidders have the option to resell, two mechanisms that generate the same allocation in
the primary market are revenue-equivalent if they also induce the same disclosure of information.?*
Note that the version of the Revenue Equivalence Theorem in Remark 1 is in terms of the allocation
in the primary market; an alternative version can be stated in terms of the final allocation in the
secondary market. The two versions are clearly equivalent. Indeed, the mechanism in Proposition
5 implicitly characterizes the final allocation in the secondary market and imposes constraints for

this allocation to be resale-implementable.

In what follows, we study the properties of the optimal auction in the two polar cases where
one of the two bidders has full bargaining power in the secondary market, i.e. \; =1 for i = 1,2.
The purpose for restricting the analysis to the polar cases is twofold. First, they are particularly
tractable.?® Second, it suffices to look at these two polar cases to see that: (1) inter-bidders resale is
never revenue-enhancing and typically leads to a loss of expected revenue for the monopolist?; and
(2) the optimal mechanism in the primary market may require the use of a stochastic allocation rule
— Proposition 7 — and the design of an optimal disclosure policy to create the desired informational
linkage with the secondary market.

For simplicity, and in analogy with the previous sections, we report only the results for the
case where 6, < 0, < 05 < 6,. In this case, if B; wins the auction, he retains the good when he
has a high valuation and makes an offer to By at a price 0o otherwise. Similarly, when B; wins the
auction, By offers a price equal to 0, if he has a high valuation and does not make any acceptable
offer otherwise. It follows that the resale price and the surplus in the secondary market is not
influenced by the information disclosed in the auction when it is Bj the winner in the primary
market. Hence, without loss of optimality, .S does not disclose any signal to either bidder when the
allocation of the good is z7 = 1.

The next proposition presents an optimal auction for the polar case where it is By who has full

?4The reader can refer to Haile (1999) for a comparison of the performance of standard auction formats (English,
First price sealed bid, Second price sealed bid) in the presence of resale.

2 Deriving the optimal auction for all possible parameters’ configurations is not an easy task: the program in
Proposition 5, although linear, has seventy two control variables and one hundred and ten constraints (including
feasibility constraints).

26That the expected revenue of any auction followed by inter-bidders resale is never higher than in a Myerson static
optimal auction where resale is prohibited is immediate when the monopolist can contract with all potential buyers.
That S strictly suffers from the impossibility to prevent inter-bidders resale is however not obvious in the light of the
recent literature (see, for example, Zheng, 2002).



MoONOPOLY WITH RESALE 25

bargaining power in the secondary market.?”

Proposition 6 Suppose Ay = 1. The following is an optimal auction with inter-bidders resale. Let
1= Z Vi(0y,05)27 = 1) = M(6;) — 1321;2 (02— 01) and v := 3 Vi(ly, 05|25 =1,27) = M(6y).

i=1,2 i=1,2

1. Assume max {v1,va} > 0.
(i) If v1 < wg, S sells the good to Bs with probability one.
(i3) If v1 > va, S sells to By if Op= (0;,02) and to By otherwise.

2. If max {vi,ve} < 0, Bg wins the auction if one of the two bidders has a high valuation.
Otherwise, S retains the good.

Without loss of optimality, S discloses only the identity of the winner.
The impossibility to prohibit inter-bidders resale is revenue-decreasing for the monopolist.

Consider first case 1. When vy < vg, p1 > %i :%2, meaning that Bs always asks B a high price
if he learns nothing from the outcome in the prin_12ary market. If M(0;) < M(0,), the possibility
for the bidders to resell does not hurt the monopolist. Indeed, S can simply sell to By at a price
p101+4 (1 —p1)8, which is the same expected revenue as in a Myerson static optimal auction without
resale. Suppose, on the contrary, that M(6;) > M(0,). In the static optimal auction, S assigns
the good to By if 85 = (61, 02) and to By otherwise; this allocation can be achieved, for example,

through a second price sealed bid auction with reserve prices?®

, respectively for By and Bj, equal to
0 and 0, (the expected revenue of the static optimal auction is thus pafa 4 (1—p2)8;). Now assume
S runs a Myerson auction when bidders can resell. In this case, 0 is strictly better off by losing the
auction (bidding strictly less than 63) and then purchasing from Bj (in the event the latter has a
low valuation) at a price §;. It follows that the expected revenue falls from pefla +(1—p2)f; to ;. As

we prove in Proposition 6, the best S can do is then selling to By at a price equal to p101+ (1 —p1)8s

when 0 < M(0,) — M(8,) < 1322 (62 — 0,) —i.e. v1 <wvg — and running a second price auction
with common reserve price 6, when the second inequality is reversed. In the first case, By always
asks Bj a high price in the secondary market and hence when 8 = (65, 0;) the good remains in the
hands of By, contrary to what prescribed in the static optimal auction. The impossibility to prevent

resale results in a loss of expected revenue equal to pafs + (1 — p2)0; — [p1§1 + (1 —p1)8s] > 0.2

?TThe optimal allocation rule in the primary market is not unique. This explains the qualifier "an optimal auction..."
in the statement of Proposition 6. A similar non-uniqueness result holds for Proposition 7.

28 A second price sealed bid auction with personalized reserve prices is a mechanism which allocates the good to
the bidder who submits the highest acceptable bid at a price equal to the maximum between the second highest
acceptable bid and the winner’s reserve price.

29 Note that the possibility to resell would not bite if the (re)seller had always full bargaining power in the secondary
market. In this case, S could simply sell to By at a price paf2 + (1 — p2)d,, as indicated in Zheng 2002.
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In the second case, the final allocation is exactly as in Myerson, but the expected revenue is just
p1p20a + (1 — p1p2)f; instead of pafs + (1 — p2)6;.*"

In the presence of resale, the optimal allocation rule in the primary market is not unique. For
example, when 0 < M (6,)— M (8,) < 7£2-(02—0,), selling to By with certainty for all @5 # (01,05),

1-p2
and assigning the good to By with probability [#‘:ﬁ_%)

probability when 8p = (51, 52) is also optimal. In this case, when Bs wins the auction, his posterior

-1
} and to By with the complementary

beliefs that By has a high valuation are sufficiently high to induce him to always ask a high price
in the secondary market so that the final allocation and the expected revenue are exactly the same
as when S sells to Be with probability one.

Next consider case 2, where max {M(Ql) — 202 - 6,), M(QQ)} < 0. In this case, S sells to

P2
Bs if Op# (04,05) and retains the good otherwise. When M (6;) < 0, the impossibility to prohibit

resale does not result in a loss of expected revenue. On the other hand, when M (68,) > 0 > M(0,),
S must withhold the good when 8= (0;,05), whereas this would not be necessary if bidders
could not resell. The problem with resale is that if S sells to By when 8p= (0;,05), she has to
increase the rent for 02 by (1 — p1)(f2 — 6;), which is suboptimal when pa(1 — p1)(f2 — 0;) >
(I1—=p1)(1—p2)M(8,), i.e. when M(0;)— T%(@g —0,) < 0. On the contrary, without resale, selling
to By when Og= (0;,0,) increases the rent for f; by (1 — ps)Af;, but has no effect on the rent
for Oa: hence, if p1(1 — pa)Af; < (1 — p1)(1 — p2)dy, i.e. if M(6;) > 0, trade always occurs in the
primary market.

The following presents an optimal auction for the other polar case where B; has all bargaining
power in the resale market.

Proposition 7 Assume Ay = 1. The following is an optimal auction with inter-bidders resale. Let

v1(0p) = % Vi(0plaf =1), v2(0p) = 3 Vi(@pla§ =1,2}) and J(01) = L2052
i=1,2 i=1,2
1. Suppose first J(?l) > 1. ForOg= (?1,52) and = (01,0,), By wins the good. For Op= (6;,03),
By wins if v2 (@) > 0, or if By, [va(0,,02)] > 0. Otherwise, S retains the good. For

O0p= (01,05), B1 wins if v1 (@) > 0 and p1 < p2. By wins if v2 (@) > 0, p1 > p2 and
Eg, [v2 (01, 02)] > 0. In all other cases, S retains the good.

2. Assume now J(01) < 1. For = (01,02) and Og= (01,0,), By is the winner. For Op= (04, 02),

39That the final allocation is the same as in the Myerson static optimal auction and yet the expected revenue is
lower is not in contrast with the Revenue Equivalence Theorem. Indeed, if one considers the entire convex hull of
the type space ®p, in a Myerson auction By receives the good only if 62 = 05, whereas in the optimal auction with
resale of Proposition 6 for any 62 > 6,. Hence, although the two mechanisms are characterized by the same final
allocation rule on the equilibrium path (i.e. for 5 € ®p), they do not give B2 and By the same rents, and thus are
not revenue equivalent for S. We thank Charles Zheng for pointing this out to us.
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By wins if va (0p) > 0, or if

2 (81,82) I8 + (T2 ) 2 (607) > 0.
— D2
Otherwise, S retains the good. For Op= (01,05), By wins if v1 (@) > 0 and p; < p2, he
receives the good with probability 1 — J(01) if v1(05) > 0 and p1 > p2, and never wins
otherwise. By receives the good with probability J(01) if

v (0) > max {0, v (05), — < b2 )J(§1)1v2 (Q1,§2)}

1—p2

and loses in all other cases.

Without loss of optimality, S discloses only the identity of the winner.
The impossibility to prohibit inter-bidders resale is revenue-decreasing for the monopolist.

Assume M(6;) < M(8,) and M (8,) > 0. Myerson static optimal auction prescribes S should
assign the good to B; when the latter has a high valuation and to By otherwise. In the absence
of resale, this allocation can be achieved, for example, through a first price sealed bid auction
with personalized reserve prices equal to §; for By and @, for By. On the contrary, when resale
can not be prohibited and B; has some bargaining power, it is no longer possible to implement
an allocation rule that assigns the good to Bs with probability one when both bidders have a low
valuation. Starting from this observation, Proposition 7 exhibits an optimal auction for Ay = 1. A
few properties of the optimal mechanism are worth being highlighted. First, as in the case Ay =1,
the impossibility to prevent inter-bidders resale typically results in a loss of expected revenue for
the initial seller. For example, contrary to the static optimal auction, it is impossible for S to
extract the full surplus from B; when he has a high valuation, unless S commits not to sell to Bo,
which is in general suboptimal. Second, contrary to the case where it is B who has full bargaining
power, the optimal auction may require the use of a stochastic allocation rule. As in Section 2, this
happens exactly when J (51) < 1, i.e. when Bj offers By a low price in the event he learns nothing
from the outcome of the primary market. To sketch the intuition for the optimality of a stochastic
allocation rule, suppose S designs a mechanism that assigns the good to B; when the latter reports
a high valuation and to Bs otherwise. In this case, if §; announces ¢; in the auction, he offers
Bs a low price in the resale market; to induce him to truthfully reveal his type, S must then give
him a rent at least equal to (1 — pa)Af;. On the contrary, by selling to By with probability J(6;)
and to B; with the complementary probability when 8= (8;,6,), S induces 6; to offer a high
price after losing the auction when announcing ¢;. In this case, the rent S has to give to 0y is
p2(01 — 02) + (1 — p2)[J(01) A0y + (1 — J(61))(A0; — Af)], which is smaller than (1 — p2)Af; for
J (91) < 1.
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A final remark concerns the optimal disclosure policy. In either Proposition 6 and Proposition
7, the optimal informational linkage between the two markets can be implemented by disclosing
only the identity of the winner. This result is, however, specific to the two polar cases. When both
bidders have some bargaining power in the secondary market, creating the desired informational
linkage only through the design of an optimal (stochastic) allocation rule is, in general, not feasible.
In fact, even if a certain allocation rule induces the right posterior beliefs for one bidder, it is unlikely
that the same rule also induces the desired beliefs for the other. When this is the case, S may gain
by disclosing to the bidders more information than the simple identity of the winner. In particular,
the optimal disclosure policy may require the announcement of the winning price or, more generally,
of statistics of the bids submitted in the auction3!.

4 Concluding Remarks

In primary markets where buyers have the option to resell, bidders’ valuations reflect the expec-
tations of future gains from trade in the secondary market. The outcome in the resale market
is also endogenous as it depends on the information disclosed in the primary market. Starting
from this observation, the paper has suggested a simple model to examine the revenue-maximizing
mechanisms for a monopolist who expects her buyers to resell. Although stylized, the analysis has
indicated a few important elements of resale.

First, a monopolist benefits from the existence of secondary markets when (a) she can not
contract with a potential buyer in the primary market and (b) she can prohibit the winner to
resell to the losers. Second, in order to sustain higher resale prices, the monopolist must create an
optimal informational linkage with the secondary market. This may require the use of stochastic
allocations as well as the design of an optimal disclosure policy.

All the results in the paper have been derived using a simple two-bidder two-type model.
Although this is clearly not without loss of generality, we believe the properties of the results,
as well as the methodology used to characterize the optimal mechanisms, extend to richer envi-
ronments. For example, the idea that the optimal allocation rule and disclosure policy can be
designed supplementing standard direct revelation mechanisms with abstract signals to control for
the informational linkage with the secondary market extends to cases with N bidders and M types.
Similarly, the fact that the optimal mechanisms maximize the sum of the bidders’ resale-augmented
virtual valuations, taking into account the effect of disclosure on resale outcomes, is not specific to
the two-bidder two-type model. On the other hand, characterizing the properties of optimal mech-
anisms in environments where the bidders’ valuations have a continuous distribution is in general
more difficult as the cardinality of the signal space is not always well defined.

A last remark concerns the foundations for secondary markets. In this paper we have assumed

31Simulations for the general program of Proposition 5 when A; € (0,1), i = 1,2 confirm this intuition.
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resale occurs as a result of (i) the impossibility for the monopolist to contract with all potential

buyers, and (ii) the possibility for the bidders to correct misallocations in the primary market by

further trading in a secondary market. Extending the analysis to environments where resale is a

consequence of endogenous changes in bidders’ valuations represents an interesting line for future

research.

References

1]

2]

Ausubel, L., and P. Cramton, (1999): “The Optimality of Being Efficient,” mimeo University
of Maryland.

Bikhchandani, S., and C. Huang, (1989): “Auctions with Resale Markets: An Exploratory
Model of Treasury Bill Markets,” Review of Financial Studies, Vo. 2, 311-340.

Bulow, J., and J. Roberts (1989): The Simple Economics of Optimal Auctions,” Journal of
Political Economy, Vo. 97, 1060-1090.

Calzolari, G., and A. Pavan, (2002): “Optimal Design of Privacy Policies,” mimeo Northwest-
ern University.

Gupta, M. and B. Lebrun, (1999): “First Price Auctions with Resale,” Economic Letters, Vo.
64, 181-185.

Haile P., (1999): “Auctions with Resale,” mimeo University of Wisconsin-Madison.

Haile P., (2001): “Auctions with Private Uncertainty and Resale Opportunities,” mimeo Uni-
versity of Wisconsin at Madison, forthcoming in Journal of Economic Theory.

Harris, M., and A. Raviv, (1981): “Allocation Mechanisms and the Design of Auctions,”
Econometrica Vo. 49, 1477-1499.

Jehiel P., and B. Moldovanu, (1999): “Resale Markets and the Assignment of Property Rights,”
Review of Economic Studies, Vo., 971-991.

Jehiel P., and B. Moldovanu, (1996): “Strategic Non-Participation, ” RAND Journal of Eco-
nomics, Vo. 27, 84-98.

McMillan, J., (1994): “Selling Spectrum Rights,” Journal of Economic Perspectives, Vo. 8,
145-162.

Marx, L., and G. Shaffer, (2001): “Bargaining Power in Sequential Contracting,” mimeo
University of Rochester.



30 G. CALZOLARI AND A. PAVAN

[13] Maskin, E., and J. Riley, (1984): “Monopoly with Incomplete Information,” RAND Journal
of Economics, Vo. 15, 171-196.

[14] Maskin, E., and J. Tirole, (1990): “The Principal-Agent Relationship with an Informed Prin-
cipal: The Case of Private Values,” FEconometrica, Vo. 58, 379-409.

[15] Myerson, R. (1981): “Optimal Auction Design,” Mathematics Operations Research, Vo. 6,
58-73.

[16] Myerson, R., and M. Satterthwaite (1983): “Efficient Mechanisms for Bilateral Trading,”
Journal of Economic Theory, Vo. 29, 265-281.

[17] Pavan, A. and G. Calzolari, (2002): “A Markovian Revelation Principle for Common Agency
Games,” mimeo Northwestern University.

[18] Riley, J., and W. Samuelson, (1981): “Optimal Auctions,” American Economic Review, Vo.
71, 381-392.

[19] Schwarz, M. and K. Sonin, (2001): “The Variable Value Environment: Auctions and Actions,”
mimeo Harvard University.

[20] Zheng, C., (2002): “Optimal Auctions with Resale,” Econometrica, Vo. 70, 2197-2224.

5 Appendix

Proof of Lemma 1
One can partition Z into three sets, Z1, Zy and Z3 such that

Zy:={z:t5(0r,2z) =05 for any 07},
Zy:={z:t5(0r,2) = QB for any 67}, )
Z3 — {z : t£(0T72) = 93 if and only if (9T = QT} .

Suppose S replaces ¢g with a mechanisms ¢ that maps Op into lotteries that assign positive
measure to at most three signals, i.e. # 4 7 = 3. Without loss of generality, let these three signals
S

be labelled by z; with [ = 1, ..., 3. Construct ¢s so that for any 65 € Op,
(1, z10p) = Z bg(1,2|0B),

Z€Z;
for I = 1,...,3. The mechanism ¢Y is payoff-equivalent to ¢g for all players if in the resale game
that follows ¢s
tE(0r,21) = 0p for any Or,
t5(0r, 22) = O for any O,

tg(GT, 23) = 93 if and only if ‘9T = 9T~
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This is true if given ¢{g

7 )
PT(?BIHC% =1,21) > %537
Pr(fplop =1,22) < e

2 S _ Abp Abp
Pr(Oplay =1, 23) € [—GT_QB’—O—T_QB} ,

where

os(1,2|05)pp

¢s5(1, 2110)pB + d5(1, 21/05)(1 — pB)
> ez 05(1,208)pB

> ez [0s(1,210B)pB + ¢5(1,2105)(1 — pB)|

Pr(fplzy = 1,z)=

Since for any z € 73

¢s(1,2|0p)pB . _Abp

P é 2 - 17 = 0
r(0slep = 1,2) ¢s(L, 2|0p)pB + ¢5(1,2/0p)(1 —pp) ~ O0r —Op

it follows that Pr(@3|x% =1,21) > eTAng. Repeating the same argument for zo and z3 gives the

result. m

Proof of Lemma 2

The proof is in two steps. First, we reduce Pg by showing that in the optimal mechanism (IR)
and (IC) constraints are binding, which also implies that (IR) is satisfied. Second, we express the
reduced program for ¢g in terms of resale-augmented virtual valuations. Using the expressions for
Up(fp) and Ug(fg), (IC) and (IC) can be written as

Us(0p) + 11 65 (1, 21/05) [A0p + AAsp + (1 — X) Arp(z)] < Up(fp) <
< Us(0p) + Xiey 65 (L 2l0B) [A0p + AAsp + (1 — \) Arg(z)].

It follows that it is optimal for S to set Ug(8z) = 0 and
_ 3
Up(0p) = ¢s (1, 21l05) [A05 + Msp + (1 — X) Arp(z)].
=1
That is, (IC) an ( R) are binding. Furthermore, as Afp + AAsp + (1 — A) Arg(z;) > 0 for any
l=1,...,3, (IC) and (IR) imply that (IR) is satisfied. Substituting

t508) =Yy 65 (1, 21108) [0 + Asp] — Y1y ¢ (1, 21/05) [A0p + AMsp + (1 — A) Arp(z)]
t%(QB) = E?:l s (1, 210p) [0 + Asp + (1 = N) rp(z1)]

into Pg and (IC) and using the expressions for the resale-augmented virtual valuations as in
Definition 1, gives the result. Constraints (1) — (3) guarantee that given the mechanism ¢g and
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the posterior beliefs associated with each signal z; for [ = 1, ..., 3, it is sequentially optimal for 7" to
follow the equilibrium strategy in the resale market. m

Proof of Proposition 1
Take the program for the optimal mechanism as in Lemma 2. Under A4.1, constraint (1) can
be neglected. Constraints (2) and (3) can be written as

e Consider first the case in which J(f7) > 1, meaning that 7 offers B a high price when
she receives no information from the primary market. Since V(0p|z3) > V(8p|22), and
V(65|23) = V(0p|22), the optimal mechanism is ¢% (1, 23/05) = 1, ¢% (1, 22|05) = 0, and

p 1 if V(8g|z3) >0,
¢s(1,z3|QB):{ . (@p]23)

otherwise.

Constraint (IC) is clearly satisfied in this case.

e Next consider the case where J(f7) < 1. The solution depends on the value of V(85|22). If
V(0plz2) < 0, the optimal mechanism is ¢% (1, 23/05) = 1, ¢% (1, 22|05) = 0, and

o5 (1, 2300p) = { g(gT) if V(8p|z3) >0,

otherwise.

Again, constraint (IC) is satisfied.

If, instead, V(fp|z2) > 0, then, ignoring (IC), the solution would be ¢§ (1,2365) = 1,
o5 (1,23105) = J(0r1), and ¢% (1, 22/05) = 1 — ¢% (1, 23/05) . However, in this case, given the
price discount for the high type, Up(0p) = Afp + Msp — (1 — )) ¢% (1, 23|05) prAdp, it
becomes attractive for the low type to pretend he has a high valuation and get

UB(EB) — [AGB + A\Asp — (1 — )\)pTAQB] = (1 — )\)pT[l — (ﬁg (1,23|QB)]A03 >0= UB(QB).
Hence, (IC) must be binding, i.e.

[A0p + MAsp] 30, b5 (1, 2110) — [(1 — N) prAds] ég (1, 23/0) =

) )= o)
= [A0p + MAsp] Y5 o 6g (L, 21105) — [(1 — N prAdp og (1,23008) .

We proceed ignoring (2), and then show it is satisfied at the optimum. Given any ¢g(1, 23/05) €
[0, 1], it is optimal to set ¢g(1, 22|05) = 1—¢¢(1, 23/05). Indeed, Us is increasing in ¢4(1, 22|05)
and maximizing ¢4(1,22|0p) relaxes (IC) and hence allows S to increase ¢g (1, 22|05). At
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the optimum, constraint (3) must also bind. If not, S could increase ¢g(1,23/05) and de-
crease ¢g (1, 22/05) enhancing Ug and relaxing (IC). Using (3) and (IC), we have that Ug is
increasing in ¢¢(1,23/0p) if and only if

[A@B + Aspg — (1 — )\)pTAQB] J(gT) + (1 — )\)pTAQB v

J(O1)V (0p|zs) — AOp + \Asp

(@plz2) 20,

or, equivalently V(0p|22) < K V(8g|23), where

[AQB + )\ASB]J(gT)
[AOp + AAsp]J(O7) + [1 — J(07)] (1 — \) prAfp

The optimal mechanism is then ¢% (1,23/05) = 1, ¢% (1, 23|05) = J(07), and ¢%§ (1, 22|0p) =

AOp+AAsp—(1=N)prAop][1-J(07)] . " —= «
(80n 2 n N MO 3517 (g, |2) € [0, KV (O5)25)], and 65 (1, 22[0) = &% (1, 20/65) =

1if V(0g|z2) > K V(fg|z3). Since constraint (2) is satisfied in either case, this proves the

result.

Finally, that S benefits from the possibility for B to resell to 1" follows from Proposition 4.
|

Proof of Proposition 2

In what follows we give the proof for the case J(0r) < 1, and V(0g|22) € [0, K V(85|23)]. In
all other cases the proof is immediate and hence is omitted.

Let z3 =17 = t%(gg) and zo = 71, and assume S discloses the price. Given the equilibrium
mixed strategy of player B, it is optimal for T" to offer 5 when she observes 7y and 5 when she
observes 71,. Now assume 1" follows the equilibrium strategy in the resale market. For the low type
to be indifferent between 7y and 7, it must be that

Op+Asp+ (1= NprAlp — 7 =00+ Asg| — 7L

Since 7 = t% (6B), the left hand side is also equal to the payoff #5 obtains from announcing 6
in the direct mechanism of Proposition 1, which is equal to zero because IC and IR are binding in
the optimal contract. As a consequence, 7, = J [0 + Asg].

The value of § is then obtained by imposing 6[1—¢5 (1, 23|05)] = ¢5 (1, 22|0 5) which guarantees
that the indirect mechanism of Proposition 2 induces the same distribution over ZL’% and Z as the
direct mechanism of Proposition 1.

Next, we prove that the high type is also indifferent between 7 and 7, that is Ug(fp) =
1) [53 + )\EB] — 7. Using the values of § and 7, this equality is equivalent to

UB(gB) = [AHB + AMsp — (1 — )\)pTAQB] R
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which holds true since IC' and IR are binding in the optimal contract.

Since the mechanism in Proposition 2 induces the same distribution over m% and Z as the
direct mechanism of Proposition 1 and gives B the same expected payoff, it follows that it also
induces the same expected transfers from B to S. m

Proof of Proposition 3
An optimal auction solves

;

max Ug := g
$s€Ps B

subject to

UZ(EZ) = Eg. {i (Z)S(IS =1, Zl|§’ia 9]) {gz + NS + (1 - )\i)Fi(Zl)} (92,9 )} (m)z
U80) = B, { 5 05 = 1,160, 65) {0+ N+ (1= ()} = 0984670} 0. (LD
Ui(ei) > Eg. {Z QZ)S(:L‘ = 1,ZZ|QZ-,¢9]') {51 + \iS; + (1 — )\i)ﬁ(zl)} (9 0 )}

Ui6,) > Eo, {zm 1 zl|9z,e>{Qi+xi§i+<1—Ai>z@-<zz>}—tf@,eﬂ}. (10);

>t (93)]

1=1,2

0,

(IC);

\

Following Lemma 2, one can show that it is optimal to have (IR); and (IC); binding for i = 1, 2.
In this case, constraints (IR); are also satisfied. Substituting transfers from (IR); and (IC); into
Ug and (IC); and using the expressions for the resale-augmented virtual valuations of Definition 1
gives the result. m

Proof of Proposition 4

To prove the claim, we compare the expected revenue associated with the optimal auction in
the presence of resale, as in the program of Proposition 3, with the maximum expected revenue S
could achieve absent the possibility for By and Bs to sell to 1" in a secondary market, — i.e. as in
a Myerson optimal auction with bidders B; and Bsy. Recall that for any type profile 85, Myerson
allocation rule consists in assigning the good to the bidder with the highest virtual valuation, M (6;),
when max;—12{M(6;)} > 0, and in withholding the good otherwise. The expected revenue of a
Myerson optimal auction is thus Eg, [max {0, M(61), M(02)}], where M (0;) := 0; and M(0,) :=
0, — 13—’@A9i, fori=1,2.

The proof is in two steps. The first proves that for any 6; € ©; and signal z;, the resale-
augmented virtual valuations of either bidder are higher than the corresponding Myerson virtual
valuations; that is, V(6;|z;) > M(0;) for any [ = 1,...,3 and ¢ = 1,2. This follows directly from
Definition 1, As; € [-A0;,0], and Ar;(z;) € [-A0;,0] for I =1, ...,3.

The second step proves that Myerson allocation rule is feasible and incentive compatible also
in the presence of resale. To see this, assume S adopts a disclosure policy that reveals to T
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only the identity of the winner. Formally, conditional on B; winning the auction, S sends to T
always the same signal, independently of whether B; has announced a low or a high type so that

Pr(6;|z¥ = 1,2) = Pr(f;|x7 = 1). The particular signal z S sends to 7' depends on the value of
Pr(;]z = 1) associated to Myerson allocation rule; that is, z = 21 if Pr(6;|zf = 1) > fea z = 29
if Pr(f;|z5 = 1) < Ae@ ,and z = z3 if Pr(f;]2f = 1) € [Effigi’ QTA%Q)' Such a disclosure policy
trivially satisfies constraints (2.1) — (¢.3). Furthermore, since Myerson allocation rule is monotonic,

constraints (IC); are also satisfied and hence Myerson allocation rule is implementable also in the
presence of resale. From the previous two steps it follows that

3
> V(0ilz) ek (27 = 1,2105) | > g, [max {0, M(61), M(62)}],
1=1,2 [=1

which gives the result. m

Proof of Proposition 5

To write the seller’s expected revenue in terms of resale-augmented virtual valuations it suffices
to recover the expected transfers from the four binding constrains (IC;), (IR;) i = 1,2 and substi-

tute them into Us := By, | > #7(0p)| . Using Lemma 1, one can then show that for each profile
i=1,2

of announcements @p € © g, there is no loss of optimality in assuming S sends to each bidder just

three signals. Constraints (S.1) — (5.3) and (B.1) — (B.3) control for the sequential optimality of

a bidder’s behavior in the resale game, respectively when x7 = 1 and x =1 m

Proof of Proposition 6

When Ay = 1, constraints S.1-S.3 and B.1-B.3 for ¢ = 1 do not have any bite on the solution
of the program in Proposition 5 and thus can be eliminated. Furthermore, since S does not
need to disclose any information to B; we drop the presence of zll in the mapping ¢4 and let
og(x5 =1,220p) = Z?n:l og(x5 =1,21,,220p), for any [ = 1,...,3.

When 0, < 0; < 0y < 01, there are no signals zg that can induce either type of bidder 2
to ask a low price in the secondary market; that is ¢g(x5 = 1,22|05) = 0 for any Op€ Op. As
indicated in Proposition 5, the optimal auction ¢ then maximizes the expected sum of the bidders’
resale-augmented virtual valuations subject to (IC;), ¢ = 1,2, and the constraints on the sequential
optimality of By’s strategy in the resale game, S.1 and S.3 for ¢ = 2. Substituting for the resale-
augmented virtual valuations as in Definition 2 and using the expressions for the Myerson virtual
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valuations M (6;), the optimal mechanism ¢§ maximizes

Us= pip2 {01 [d)s af = 1|91’92) +og(a5 = 1,27[01,02) + ¢g(25 = 1,23(01,02)] } +
+p1 (1 —p2) {01 [ds(af = 1[01,05) + dg(a5 = 1,27(01,0,)] +
+ [51 — Ael] bg(as = 1,z§y§1,gz)}
+ (1 —p1)p2 { [52 - 4 AQl} og(xf = 1[6;,02)+
+0, [(]ﬁs(xg = l,zf\Ql,gg) + <z55(a:2 =1 z3|61,§2 ]}-i—
+(1—p1)(1 —P2 {M ) ¢S(332 =1 Z1|91,92)
+ [M(@) — 12502 — 0,)] [95(af = 1161, 85) + 65(af = 1,2316,.05)] |

subject to

respectively for 3 = 0 and s = 0,

D2 [fbs(afig =1|01,02) — dg(af = 1\Q1792)] +
+ (1 = p2) [¢S($‘1g =1|01,8,) — dg(af = 1)0;,8,)] + (1Cy)
+ (1 _p2) [¢S(x§ - 172?%’@17@2) - (bS(wg - 172‘32,|Q17Q2)] >0,
and
p1A61 [¢S (5132 = 1 z |(91,52) ¢S ({L'g = 1,2’%‘91,@2)] +
— p1)A0> [¢g (372 =1,2710),02) — b5 (25 = 1,27]61.0,)] +
—p1) (5 — 0 ) [¢S (951 = 1‘91792) Ps (fcf = 1\Q17Q2)] + T
1 —Pl) (? 91) [ ( Ty = 1,23|Q1,92) — ¢g (xig = 1’Z§|Q1,Q2)] > 0.

1. Assume first max {M

6,),M(6,)} >0

(i) If M(8,)— l—pz (92—9 ) < M(Hz), then ¢%(25 = 1,2%|0p) = 1 for any @€ Op is optimal
(note that M (8,) — £ s (02 — 0,) < M(0,) implies Weﬁl) > 1 so that all constraints
are trivially satisfied). Alternatively, the following is also a solution:

P5(zs = 1,23101,0,) = ¢5(a5 = 1,27[01,0,) = ¢(a5 = 1,21(0,,02) = 1
1
%/ .S 2F. 7 p1A0;
xT = 1,2 0 ,9 Z )
P53 102 2 [T @ - 8)
¢5(x7 = 1001,02) = 1 — ¢5(w5 = 1,27[01,02).

(ii) If M(6,) — 125 (62 — 0;) > M (,), the following is an optimal auction:

527 = 1[01,05) = ¢5(a7 = 1[0, 85) = ¢§(a7 = 1[01,02) = ¢5(x3 = 1, 23|6,,02) = 1.
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Assume now max {M(Ql) - 15;2 (62 — 0,), M(QQ)} < 0. In this case, S retains the good when

Op= (6,,0,). If % > 1, then ¢%(z5 = 1,22|05) = 1 for any 0p# (0;,0,) is optimal. If
on the contrary #:11_92) < 1, then

¢*S<x§ = 17Z§|§17§2) = ¢i§($§ = 172§’Q17§2) = (b*S(xg = 172%@17@2) =1

In all cases, since at most one signal is disclosed for each 8p, announcing only the identity of the
winner is sufficient to implement the desired informational linkage with the secondary market.

That inter-bidders resale is revenue-decreasing for the monopolist follows directly from the
impossibility for S to achieve the same expected revenue as in the Myerson static optimal auction
for all possible parameters’ configurations. m

Proof of Proposition 7

When A\; = 1, constraints S.1-S.3 and B.1-B.3 for ¢ = 2 can be eliminated. Furthermore, since
S does not need to disclose any information to By as it is always By who makes the price in the
secondary market, we drop the presence of zl2 in the mapping ¢g¢ and let <Z>S(a:§ = 1,zl1|0 B) =
an:l pg(z5 = 1,2z}, 22|0p), for any | = 1,...,3.

Since 0y < 0; < 0 < 0y, there are no signals z{ that can induce @, to offer a high price to By
in the secondary market when x5 = 1; that is ¢g(25 = 1, 24|@p) = 0 for any 85€ @p. The optimal
auction ¢§ then maximizes the expected sum of the bidders’ resale-augmented virtual valuations
subject to (LC;), ¢ = 1,2, and the constraints on the sequential optimality of the resale price B;
offers Bs in the secondary market, B.2 and B.3 for ¢ = 1. Substituting for the expressions for the
resale-augmented virtual valuations as in Definition 2, the optimal mechanism ¢ maximizes

Us= pip2 {61 [¢s($f = 1|61,02) +_¢5(96*29 =1,23161,02)] -_F52¢s(33§ =1,23(61,02)} +
+p1 (1= p2) {01 [pg(af = 1[01,05) + pg(a5 = 1,23(01,05)] +
+ [B1 - 122,20, ¢S<x§:1 23[01,0) } +
+ (1 =p)p2{ [B2 = 25 (01— B2) | [05(af = 1101, 82) + 655 = 1,2310,,82)] +
\staf = 1,0, 7 (- p1) 1 - ) {162 — 725201 65(@f = 116, 6)+
100 — t2: 001 — 12200 65(w5 = 1, 23101, 0,)+
[0 — 25001+ (£2; - 12) A0 65(25 = 1,2416,,0,)}

subject to

¢S ((L'g = 1725’91722) Z:]( 1)¢ ( Ty = =1 22|017§2) (32)
¢s (25 =1,23101,02) J(61) > ¢ (2§ = 1,23161,65) , (B.3)
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respectively for 61 = 01 and 0, = 64,

p2 (01 — 02) [ps(af = 1[01,02) — dg(zf = 1|0,,02)] +

+pa (91 — 52) [(bs(xg = 1,z§|§1,92) — ¢g(x5 =1, z%]Ql,gg)] +

+ (1 = p2) A1 [pg (a7 = 1]01,05) — ds(z? = 1|0;,0,)]+ (LCy)
+ (1 —p2) A0y [Cbs(f’fg = 1»Z%’@I»Q2) - ¢S(l‘§ = 17z%|€17€2)]

+ (1= p2) (A0 — AG2) [pg (x5 = 1, 23|61, 85) — ds(a5 = 1,2316;,05)]} > 0,

and
D1 |:¢S (xg = 1,Z%|§1752) - ¢S (xg = 1725‘517Q2)] +

+(1 _pl) l223¢5 (xég = 172’11’@1752) - 12239%' (w§ = 17211|Q1;Q2) > 0.

(LC5)

Note that the controls ¢g(+|@ ) associated with the states 8 p= (6;,02), Op=(8,,8,) are linked
to the controls associated with the other two states @g= (51,52) and Og= (51, QQ) only through
the two incentive compatibility constraints (IC;) and (IC5).

e Suppose first J(6;) > 1.

1. For Op= (01,02) and Op= (01,0,), ¢% (xf = 1]93) = 1. Indeed, this maximizes Ug and
since ¢g (25 = 1,23(01,02) < dg (25 =1, 23|01,0,) — from B.2 — it also relaxes (ICy).
Furthermore, it implies (IC;) is always satisfied and thus can be neglected.>?

2. For Op= (0;,02), and Og= (8;,8,), constraint B.2 is necessarily binding. If not, one can
always reduce ¢g(x5 = 1,24|60;,05) and increase ¢g(x7 = 1|6;,05) increasing Us and
relaxing (1C5).

3. Without loss of optimality, ¢% (25 = 1, 24|65) = 0 for 8= (6,,02) and O5= (8;,0,). To

see this, take first the case where 65 — 1271 (@1 - 52) > 0 so that S always sells the good

when By has a high valuation. Since

(1 —=p1)p2 {52 - [52 -7 P (61 —52)} } J(01)

— D1

b1 P2
+(1— 1-— 0, — Al — Aby » =
(I=p1) (1 —p2) {_1 1—p 1 1—po 2}

e e e I L)

- D1 1—-p1 1-—p2

32Note that ¢g (mf = 1\03) = 1 is payoff equivalent to qﬁs(xg =1,23|05) = 1 for 05=(01,02), and 5=(01,0,).
Nevertheless, selling to By in these two states is more effective in relaxing (IC;) than selling to Bs. This also implies
that when (IC;) does not bind at the optimum, the optimal allocation rule need not be unique.



MoONOPOLY WITH RESALE 39

AUg
A¢s (xQS:l,z% |Q1 7Q2)

for 5= (6,,02) and 8= (8;,0,) can not be strictly better than an optimal mechanism
where ¢g(z5 = 1,23|65) = 0.

ext, assume 0y — £ (0, — 63) < 0. In this case, (/C,) must also bind as otherwise
N 0 f’;l 01— 0 0. In th 1C, Iso bind h

one could reduce ¢g (acg =1, Z%‘Ql,gz) and increase Ug without violating B.3 which is

we have that < 0. Hence, any mechanism where ¢g(z5 = 1, 23|05) > 0

always implied by (IC,) and hence can be neglected.

Since

(1= p1)p {92 +[J (1) — 1] [52 -1 flpl (61 — 52)} } J(@) 1+

b1 D2
+ (L =p1) (1 = p2) {Ql T A0 _p2A02}

p1 P1 P2
=(1- 1-— 0, — Afy + — Afy 5+
(1—p1) (1 —p2) {_1 1—p 1 (1—p1 1—p2> 2}
—_ p]. — —_
+ (1= p1)p2 {92 T (61 92)]

. AUg
it follows that Adg(#5=1,2110,.05)

ng(irg = 172%|03) =0 for Op= (th?) and @p= (QlaQQ)'

4. For Op= (04, 02), ¢% (l‘g =1, z%]OB) = 1is clearly optimal when 65 — 1317)1 (@1 — 52) >0,

i.e. when vy(@p) > 0. In this case (IC5) is always satisfied. If, on the other hand,

is again negative and hence without loss of optimality

0y — 18;1 (91 - 52) < 0, then (IC5) is binding and ¢§ (:cg =1,2 ’Ql,gg) =1 if and only
if

v P1 3 v P1 P1 P2

0y — 0, —0 + (1 - 0, — Af; + - Afy| >0,
p2 |02 1—p ( 1 2)] ( P2) [_1 1—p, 1 (1 o 1—p2> 2] =

or, equivalently, By, [va (61,62)] > 0. In either case, without loss of optimality, ¢ (x;7 =
1|0, 02) = 0. The solution for = (6,,0,) then follows from the previous steps.

e Suppose now J(f1) < 1. In this case (IC5) can be neglected as, as we show below, it is never
binding at the optimum.

1. For 8p= (01,02) and = (01,0,), ¢% (:Uf = 1|93) = 1 is again payoff maximizing. This
also implies (IC) is always satisfied.

2. For Op= (0,,02), and Op= (6, 0,), constraint B.2 is necessarily binding. The argument
is the same as for J(61) > 1.
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3. Without loss of optimality, ¢% (x5 = 1,24|6p) = 0 for @5= (8,,02) and 8= (8;,0,). To
[ 12;1 (91 —52) > (. Since

=) (= a8 {81~ 720 - 20,

(61— 02) { P < pi s > }
M) g - - Ay b
oo 1—-p1 1-—po 2

Ay
< 0 so that it is (weakly) optimal to set ¢g(ze =

=(1—-p1)p2

AUg

we have that A¢S(z2_1 z%|¢91792)
1,2’%’98> =

If

12)1 (él - 52) < 0. In this case, B.3 is always binding.

Abfy —

(1—p1)p2§2+(1—p1) (1—p2)J(§1) {Ql 1_p1 1—]92

AUg
(332 =1 z%|91792)

Agz} <0,

then clearly A < 0. If, on the contrary, the left hand side in the above
S

inequality is positive, then §; — 131])1 Afy + (1% T pz) Afy > 0, and in this case
one can reduce dg(z5 = 1,21|60;,02) and increase ¢g(z5 = 1, 23|0;,02) maintaining Ug

constant.

(91 02) >0, i.e. if v2(0y,02) > 0, then ¢§(25 = 1,2310;,02) = 1. If, on the
12)1 (@1 —52) < 0, then ¢ (xg = 1,2%@1,52) =1 if and only if

{Ql_ L Afy + (1 P — 5 m)A@J J(01)+

+(1 m)[ 1(91—92)}_0

or equivalently vs (6, 65) J(61) + ( L2 ) v2 (61,02) > 0. In either case, there is no loss

1-p2
of optimality in setting ¢%(x7 = 1|6, 02) = 0. The solution for @ 5= (;,0,) then follows
from that for = (0;,02).

In all cases, since for each 8 the monopolist discloses at most one signal, the optimal disclosure
policy can be implemented announcing only the identity of the winner.

The suboptimality of inter-bidders resale follows directly from the impossibility for S to achieve
the same expected revenue as in the Myerson static optimal auction for all possible parameters’
configurations. m
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