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Abstract: The spatial concentration of firms has long beeergral issue in economics both under
the theoretical and the applied point of view duainty to the important policy implications. A
popular approach to its measurement, which doesuftgr from the problem of the arbitrariness of
the regional boundaries, makes use of micro dath lanks at the firms as if they were
dimensionless points distributed in the economiacep However in practical circumstances the
points (firms) observed in the economic space ardrébm being dimensionless and are conversely
characterized by different dimension in terms & ttumber of employees, the product, the capital
and so on. In the literature, the works that oadinintroduce such an approach (e.g. Arbia and
Espa, 1996; Marcon and Puech, 2003) disregard gheca of the different firm dimension and
ignore the fact that a high degree of spatial cotraon may result from both the case of many
small points clustering in definite portions of spaand from only few large points clustering
together (e.g. few large firms). We refer to thieepomena as tdustering of firmsandclustering

of economic activitiesThe present paper aims at tackling this problgnadapting the populdf-
function (Ripley, 1977) to account for the pointng@insion using the framework of marked point
process theory (Penttinen, 2006).
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1. Introduction

Spatial economics theories show that economic iatem may boost spatial concentration of
economic activities and industrial specializatiastibat a regional and at an international level
(Bickenbach and Bode, 2008). Furthermore, due ¢oetkternal increasing returns driven by the
spatial concentration, the core regions (wherei@patsters of firms are more likely to occur) may
reach higher levels of economic growth than thépperal regions (see Krugman, 1991 and Fujita
et al, 1999 among others). As a consequence, the plammof spatial concentration is of

paramount importance to explain the determinantgrowth and development on one hand and
regional disparities on the other.

Fostered by the centrality of these issues undaethoretical and the practical point of view,
a variety of empirical studies have tried to depgbooper indices and statistical tests to measige t
degree of spatial clustering in real industrialiaitons. Under this respect, a series of receng¢rsap
(Arbia et al, 2008, 2010; Marcon and Puech, 2003, 2009; Duraatal Overman, 2005, 2008) have
introduced the use of distance-based methods. Theffgods are more robust than the traditional
measures of spatial concentration (such as Girexir(@Gini, 1912, 1921) or Ellison-Glaeser index
(Ellison and Glaeser, 1997)), which make use oforegy aggregates and thus depend on the
arbitrariness of the definitions of the spatialtaniThe distance-based methods, conversely, make
use of micro economic data, treating each firm gmiat on a map and studying their spatial
distribution with the methods borrowed from thecatledpoint pattern analysi¢Diggle, 2003).

In many empirical circumstances where the presefapatial clusters of firms is tested by
using micro-geographical data, an important elen@ite taken into account is represented by the
firm dimension.

Indeed a high level of spatial concentration caribe to two very different phenomena (see
Figure 1). Namely,

Case 1 many small firms clustering in space, and
Case 2few large firms (in the limit just one firm) cligsing in space.

We can refer to the first case as to the casd#ustering of firmsand to the second as to the
case oflustering of economic activities

Figure 1: Two extreme paradigmatic situations of spatialoemtration.
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A proper test for the presence of spatial clusstisuld thus consider the impact of the firm
dimension on industrial agglomeration by clearlstitiguishing these two cases.

Under this respect, Marcon and Puech (2009) andarion and Overman (2005) have
extended the use of Ripley&function (Ripley, 1977) considering firm size trieatit as a weight
attached to each of the points constituting thdepat Both quoted papers developesdative
measures of the spatial concentration, detectiegettira-concentrations of firms belonging to a
specific industry with respect to the distributiohfirms of the whole economy. Following this
procedure a positive (or negative) spatial depecel&etween firms is detected when the pattern of
a specific sector is more aggregated (or more disp@ than the pattern of the whole economy.
Although measures of relative spatial concentratame very useful in controlling for the
idiosyncratic characteristics of the territoriesdan study, on the other hand they do not allow
comparisons across different economies (see Haaftaald 1999 and Morkt al, 2005 for a more
detailed discussion).

In this paper we propose a similar extension ofldyip K-function which leads to an
absolute (rather than arelativel measure of the industrial agglomeration and whatlows
comparability amongst different empirical situagsoMore specifically, referring to the theory of
marked point processesve develop a stochastic mechanism which genenatgeghted point
patterns of firms representing stylized facts & thifferent phenomena occurring in real cases
(essentially: spatial randomness or spatial comagan in the sense indicated ilCé4se 1 or “Case
2" above). The values assumed by the proposed neasuthe various cases constitute the
benchmark that allows us to formally test the deparfrom spatial randomness.

We will present our new approach along the follayvimes. In Section 2 we will briefly
discuss the classical Ripleyis-function which represents the starting point to elep more
sophisticated measures of spatial concentratiomtid®e 3 will be devoted to introduce the
stochastic mechanism based on the marked poinegses theory which allows us to develop a test
for the presence of absolute spatial concentradfoiirms and economic activities. In this section
we will introduce the new model, we will discuse timeaning of the model's parameters in the
context of spatial concentration of firms and ecduiw activities and we will present some
simulation results to better illustrate how the mlogorks in practice. Finally, Section 4 contains a
discussion of the results, some conclusions aretiilims for further studies in the field.

2 Measuring the spatial concentration of firms disegarding size: the basi&-function

It is probably fair to say that RipleyK-function (Ripley, 1976 and 1977) is currently thesn
popular distance-based measure to summarize thelative characteristics of a spatial distribution
of events in the context of micro-geographic d#ithas indeed proved a very versatile tool to test
for the presence of spatial concentration withistationary point pattern where each event is
considered as a dimensionless point. As a consequéreK-function has been largely applied in
various fields such as geography, ecology, epidexgyoand, more recently, economics (see Arbia
and Espa, 1996; Marcon and Puech, 2003).

TheK-function is defined as follows:

K(d) = /l'lE{numberof pointsfalling atadistances d from anarbitrarypoint} (1)

with E{} indicating the expectation operator aAdrepresenting the mean number of events per
unitary area, a parameter calledensity Therefore,AK(d) can be interpreted as the expected

number of further points within a distandef an arbitrary point of the process (Ripley, 1p7i
case of a homogeneous field (where the probalafityosting a point is constant across the study
area), th&k-function quantifies the level of spatial dependelpe®veen points at each distamce
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In order to develop a test for the presence oflatesgpatial concentration, we can rely on the
fact that for many stochastic processes, it isiptssso compute the expectation in the right-hand
side of Equation (1), so tha((d) can be written in a closed form (Dixon, 2002). Arp@rocess

generating a spatial distribution of events comghjetat random (that is, points are distributed
uniformly and independently on space) is the stedahomogeneous Poisson process. It can be
shown that if a point pattern is a realisation tfoanogeneous Poisson procéisen K(d) tends to

be equal tord? (see Diggle, 2003). Therefore:
K(d)=m? d>0

represents the null hypothesis of random locatibrewents. Significant departures from this
benchmarking value represent the alternative hygsighof spatial dependence. More precisely, for

K(d)> /d? we have positive dependence and herlastering (where points tend to attract each

other), for K(d)<m|2 we have negative dependence and henhiition (where points tend
conversely to repulse each other). Therefore, tmddly test whether the observed points tend to
cluster in space we can verify if, for somheK (d) is significantly greater thavd?. Critical values

can be computed by Monte Carlo simulation of homeges Poisson processes (see Besag and
Diggle, 1977).

The test for the presence of absolute concentrdtémed on Ripley'&-function, however,
can be used to detect industrial agglomeration dnlyms can be considered to have the same
dimension. Indeed, in a context where economiwitiets are different in terms of dimension with
the presence of small, medium and large firms, iatgaattern is not a good representation of the
location pattern of economic activities and, agsult, theK-function is no more a proper tool to
summarize the spatial distribution. For instanbe,2impleK-function cannot recognize a situation
like the one reported in Figure 1 &dse 2 as a cluster. In other words, the test do mointrol for
the overall agglomeration of manufacturin@@uranton and Overman, 2005).

In such a context, in order to define a proper, te& need to refer to the concepts and
methods of themarked point processtatistics, which is a branch of spatial statsstievoted to
analyse sets of events scattered in space, whehesgant is not only defined by its spatial locatio
but also by anark, that is a supplementary set of information whidlghthbe either quantitative or
qualitative (lllianet al, 2008).

3 Measuring the spatial concentration of firms conslering size: the mark-weighted K-
function

3.1 The mark-weighted K-function

The mark-weighted-function, indicated aé(mm(d), is an explorative tool proposed by Penttinen

(2006) to summarize the cumulative characteristica homogeneous quantitative marked point
pattern (that is a pattern where a quantitativeknsattached on each point).hias been proposed
as a natural generalization of RipleYKsfunction. In order to introduce it let us first rete the
classicaK-function as:

K(d)= E[iz (g, < d)}//]

izl j#i

where the termd; is the Euclidean distance between itheandjth arbitrary pointsn is the total



number of points and(d”. < d) represents the indicator function such that1 if d, <d and 0

otherwise. Following this notation, the mark-weggghK-function has a similar form but the marks
are now taken into account:

K () = E{imejl(du < d)} /A i (2)

i=l j#i

In Equation (2)m and m; are the marks attached to title andjth points, respectively, and

u is the mean of the marks. Thus the tetm?K__(d) can be interpreted as the mean of the sum

of the products formed by the mark of ilte arbitrary point and the marks of all other psiint the
circle d centred in it (lllianet al, 2008). Therefore, the mark-weight&dfunction measures the
joint cumulative distribution of marks and pointsach distance.

Turning now to the estimation aspects, followingtiieen (2006), a proper approximately edge-
corrected unbiased estimator kf,(d) is

K,.(d)= (izmmjw“ (g, < d)J/n;lle

where A = n/|A is the estimated spatial intensifyy is the area of the study region ajdis the

mean of the observadarks. Due to the presence of edge effects arfsorg the arbitrariness of
the boundaries of the study region, the adjustrfestor w; is introduced thus avoiding potential

biases in the estimates in proximity to the bouiedaof the study region. More precisely, the
weight functionw;, expresses the reciprocal of the proportion of tiea &f a circle centred on the

ith point, passing through thjéh point, which lies within the study regioh (Boots and Getis,
1988).

In an economic context, in which the marks are wadies of a quantitative variable
representing the firms size, the mark-weighitetlinction might be used to develop a test for the
presence of absolute spatial concentration. Howewemneed to derive the benchmark value of the
function representing the null hypothesis of spadadomness. For this reason the next paragraph
is devoted to derive a stochastic model to generatdked point patterns of firms which is able to
represent the stylized situations of spatial ranuess and concentration in the meaning@dse 1
(i.e., many small firms clustering in space) af@@dse 2 (i.e., few large firms clustering in space).

3.2 A model for the null hypothesis of spatial ramdess

The basic idea we follow is that the spatial cotragion of economic activities (in the sense of
“Case 1 and “Case 2) can be originated by some form of correlationween the spatial point
intensity and the marks. This would imply, for svste, that in regions characterized by high spatial
point intensity the marks tend to be systematic#dgge if such a correlation is positive or,
conversely, small if such correlation is negative.

To define a model which incorporate such a cori@tastructure we refer to the design,
already explored by Ho and Stoyan (2008), ofraensity-marked Cox processhere the spatial
point intensity is driven by a Cox process and mharks are realizations of a process whose
parameters are conditioned by the values of theasp@int intensity.

3.2.1 The log Gaussian Cox process for the spptait intensity



To start with we assume that the spatial pointnisity can be modelled as a log Gaussian Cox
process (a specific kind of Cox process proposeiler et al, 1998). According to this model

each point pattern represents a partial realizatmdnan inhomogeneous Poisson process
characterized by a spatial intensity functiﬁ(x), with x representing the spatial coordinates of an

arbitrary point (see Diggle, 2003). The vaIuesAaﬁf() constitute a realization of a positive random
field {A(x}} such thatA(x) = exdS(x)}, where{S(x)} is a Gaussian random field with mean,
varianceo? and correlation functiom(d). {A(x}} is known as a log Gaussian Cox process.

The log Gaussian assumption is particularly uséktause explicit expressions can be
derived for the intensity and covariance structoféhe point process. Indeed, according to the
moment generating function of a log Gaussian distion, the intensityl of a log Gaussian Cox
process{A(x)} can be written as:

A = E[A(x)] = E[exdS(x))] = exp{ys +%0’§j.

Concerning to the covariance structure, for anyitary pairs of points (sax and x'),
AXA(x) = exdS(x)+ S(x')}, and S(x)+ S(x) is also Gaussian with mean= 2, and variance
v=202[1+ps(d)] where d is the Euclidean distance between and x'. As a result,
E[A(X)A(X)] = exdm +v/2), and hence:

E[AA()] = Aexdoza, (d).
3.2.2 The marks process

Our model assumes that the markx, ) attached to the point, generated by the log Gaussian
Cox process depends on the intensity of the pratsst More formally we have:

m(x,) = an(x,) + bE(x,) ©)

where A(x, ) is the value of the spatial intensity at poiqtand E(x, ) is due to a residual process

such thate(x) = exdR(x)} , whereR(x) is a Gaussian random field with meag, variances? and
correlation function p,(d). Thus, the expected value of proceBfx), indicated with &, is

£ = ElexdR(x}}] = exp{,uR + %aé}s.

The two constanta andb appearing in Equation (3) are the model paramelteigsimportant
to understand the role of these two parametetseigéneration of the patterns of firms and the way
in which they can model the relationship betweenitttensity with which firms are distributed in
space and their dimension. More specificadlys the parameter driving the correlation betwéen t
spatial point intensity process and the marks m®c@/hera = 0 the marks are independent of the
spatial intensity. Conversely when> 0 the marks process generates marks that tehd targer
(that is larger firms) in regions characterizedabyigh spatial point intensity. Finally, in thoseses
wherea < 0 the marks tend to be smaller (and hence thesfof smaller dimension) in regions

% In order to avoid any misunderstanding, note thatgreek letterE , used to indicate the residual process, and the
expectation operatdt are different symbols.
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characterized by a high spatial point intensity. e other hand the parameterepresents the
perturbation effect of the residual process on dbeelation between marks and intensity. The
larger isb in absolute value, the more the residual processrlls the phenomenon of correlation
controlled bya.

The log Gaussian assumption makes the computafiadheoexpected value of the marks
process mathematically tractable, indeed we have:

= E[m(x)] = atexdo?} + be.

It is easy to show that the expected value of tleekm process would beA +be. However,
following Ho and Stoyan (2008), the true unbiasepleeted value ig/ = ad exp{aé}+ be, which is

larger thanal +be whena > 0, and smaller whea < 0. For a detailed explanation of this bias
correction see Ho and Stoyan (2008).

The model proposed here is particularly interestiaging in mind economic application and
specifically the study of firm location. In fact itme application of the present methodological
framework to the problem of assessing industriagjl@geration, the marked point patterns
generated whea = 0 represent the null hypothesis of spatial ramuess of firms. Similarlya > 0
anda < 0 refer to the alternative hypothesis of spat@icentration of economic activities in the
sense expressed i€ase 1 and “Case 2, respectively, in Section 1.

To better illustrate how the model works, in thenieder of this section we will show some
realizations of a marked point process. In whdbfes all the generated patterns are obtained using
the same random seed so that all realizationsiezetly comparable and the differences between
the patterns can be ascribed only to differencethén model parameters. Figure 2 shows the
realization of the underlying spatial point intepgprocess given ag\(x) = esgS(x)} on the unit

square, with meanug = ,Svarianceg? =0.25 and correlation functionpg(d) = exd- d/0.25*.

As we can see, in this particular realisation,dpatial point intensity tends to be higher (light\g
colours) towards the centre of the unitary area.

Figure 2: A realization of the underlying spatial point insély (grey-scale image).

In order to illustrate the role of paramegan driving the correlation between the spatialnpoi
intensity and the marks Figure 3 displays differegdlizations of the marked point process with
different values foa. The six simulated marked point patterns appearirfgigure 3 show the net

* This specific form of the correlation functionkisown as thexponential functionsee Diggle and Ribeiro (2007) for
details.
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effect of parametea sinceb is always set to zero. In each pattern the mamksescaled to the unit
interval and each point is represented by a ciwadté radius proportional to its rescaled mark.
Figure 3 shows quite clearly that, for positiveuesd ofa, the marks tend to be larger where the
spatial point intensity is higher, that is approately at the centre of the unitary area (see paitter

iii andv). On the other hand, for negative values,ahe marks tend to be smaller where the spatial
point intensity is higher (see pattarniv andvi). The two kind of clustering situation — namely,
“Case 1 and “Case 2 —tend to be more evident wharincreases in absolute value.

Figure 4 shows six simulated marked point pattevitis different values fob which illustrate
the role of this parameter in disturbing the catieh between the spatial point intensity and the
marks. In all six cases the residual proc&s) is characterised by, =5, o2 =0.25 and
Pr(d) = exd-d/0.25 anda s set to be equal to 0.25. To understand how ahanpeteb disturbs
the effect of the parametar we can compare the patterns of Figure 4 withptteern of Figure 3)
wherea = 0.25. Asb increases in absolute terms, the residual probessmes relatively more
important in generating the marked point patteidnsthis situation the correlation between the
spatial point intensity and the marks depicted hwy pattern reported in FigureiBbecomes less
strong.

3.2.3 The benchmark valoéthe mark-weighted K-function
Because of the mathematical tractability of the elatkfined above, the corresponding theoretical

mark-weighted-function can be derived in a closed form. Inddedsuch a marked log-Gaussian
Cox process (fod >0), the mark-weightel-function assumes the form:

a2 exf20? +302pg(d)} + 2ab) exp{aé + 2 olpg(d )}s +b2e? exfo?pq(d)}

[axl ex;{aé} + b.s]2 o

K

wnld) =272 u
()

The formal derivation of Equation (4) is reportedhe Appendix. Equation (4) above allows
us to develop a test for the presence of absolomeantration of economic activities using the
mark-weighted K-function, in which the null hypothesis of spatidndomness of firms is
represented by the values Iéfnm(d) whena = 0. In fact, whem = 0, then we have:

K,.(d)= 27TJ.: uexgo?o.(d)ldu. (5)

To help the visualization, Figure 5 shows the me‘aﬁrpm(d) for 1000 marked point patterns
generated in the unit square from model (3) withrapeters u,= 5 o2 =0.25,
os(d)=exd-d/0.25, u, =0, 02 =025, ps(d)=exd-d/0.25, a=0 and b = 1. Since the
theoretical function (dashed line), given by Egomt(5), lies within the confidence envelopes
(resulting from the highest and lowest valuesﬁqjm(d) calculated from the 1000 simulations) and

very close to the mean d‘f(mm(d) (solid line), the graph confirms that Equation (bay well

represent the proper benchmark to verify the pme=senf spatial concentration of economic
activities.



Figure 3: Simulated patterns of marks according to model T8 figure illustrates the role of
parametea whenb = constant = 0.
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Figure 4: Simulated patterns of marks according to model T8 figure illustrates the role of
parameteb whena = constant = 0.25.
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Figure 5: Mean omem(d) estimated from 1000 simulations of the marked ppiotess following

model (3) with parametes= 0 andb = 1. The behaviour of the empirical mean is represeby
the solid line. The theoretical function given by iGreported in the graph as a dashed line.
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4. Discussion and conclusions

The spatial concentration of firms has long beereatral issue in economics both under the
theoretical and the applied point of view due maitd the important policy implications. An
approach to its measurement, that became recestyypopular, makes use of micro data and looks
at the firms as if they were dimensionless poimdgitiuted in the economic space. This approach is
very attractive because it does not suffer frompgrablem of choosing an arbitrary partition of the
economic space (such as e.g. regions, countieswrtrees). However in practical circumstances
this is an excessive simplification since the poiffirms) observed in the economic space are far
from being dimensionless and are conversely cheniaed by different dimension measured in
terms of the number of employees, the productctptal and so on. In the literature, the papers
that introduced such an approach (e.g. Arbia anph EE996; Marcon and Puech, 2003) disregard
the aspect of the different firm dimension and mgnohe fact that a high degree of spatial
concentration may result from the case of many lspuaihts clustering in definite portions of space
(as it is usually considered in the literature)t &lso from only few large points clustering togeth
(e.g. few large firms). In other words they are mbte to distinguish between two very different
issues, namely thelustering of firmsand theclustering of economic activitie3he aim of this
paper was to introduce absolute measures of sgatigentration of firms based on an extension of
Ripley’'s K-function that accounts for the different firm dinsen. In order to derive the null
hypothesis of spatial randomness in this more cemphvironment, we developed a new stochastic
model that generates marked point patterns of fiams is able to describe the various situations
that could arise in empirical cases. In our mobdelftrm dimension is expressed as a function of the
spatial intensity of the point process. Accordingtie different values assumed by the model
parameters, this could result either in larger {®ilocated in areas with high intensity or,
conversely, smaller points located in areas chariaetd by high intensity. The first case is more
grounded under the economic point view where wepmamtulate that the same conditions that lead
to a higher clustering of firms in some portions splace may also lead to the growth of the
dimension of the existing firms. A good example censtituted by the action of the three
Marshallian forces fostering agglomeration (MarkhdB20). In his seminal work Marshall
emphasized that industrial agglomeration can béaemexd by the fact that firms try to locate near
suppliers to save shipping costs, by the theoryabbr market pooling and by the theory of
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knowledge spillovers. If some of the services aternalized in one leading big company than the
same forces could produce a growth of the firmeiahsion rather than an increase in the number
of firms located in the area. We would expect tf@eethat in most practical cases the parameeter
in Equation (3) will be positive and large in abdelwalue. Similar arguments reinforcing this
empirical expectation may be found in Krugman (1991

On the basis of the stochastic model introduce@ kex derived the corresponding mark-
weightedK-function and, by making use of some simulated pati@e presented evidence that this
tool represents a proper mean to detect the presdrabsolute concentration of firms keeping their
dimension into account.

The problem of calibrating the values of the modpisameters in practical cases is complex
and it is not undertaken here where we restrictedadves to only the presentation of the stochastic
mechanism. The inferential aspects would involve #stimation of the parametessandb in
Equation (3) and also of the parameters characigrithe two log Gaussian processes
A(x) = esgS(x)} and E(x) = exdR(x)}} introduced in Section 3.2. A closed form for thelihood
of the model is not yet available at current switehe literature and currently the only viable
possibility appears to be to exploit (as it is uguactice in such instances) a pseudo-likelihood
approach as indicated in Besag (1974). We will wiatte such an approach in some future work.
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Appendix: Analytical derivation of the theoretical mark-weighted K-function

The mark-weightedK-function K (d) can be conceived as the integral of the mark tzadioe
function k., (d) (lllian et al.,2008), i.e.

Kon(d) = 277 Uk, (u)du. (6)
The mark correlation function can be given by:

K, (d)= Eq [m/(loz)m(t)] 7)

where Eot[m(o)m(t)] denotes the conditional mean under the conditian there are points in two

arbitrary locations separated by a distam;ewhich are considered as the originand the
destinationt. m(o) andm(t) are the marks attached to the points locatemandt respectively. The
term in the denominatop: represents the mean of the marks. Therekqrgd) can be interpreted
as the normalized mean of the product of the maflespair of points separated by a distadce
According to Ho and Stoyan (2008), the numeratok f(d) satisfies the condition that:

e, mfoin()] = ESAOR ®

If A(x) is defined as in section 3.2.1 amfx) is given by equation (3) then
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E[mo)m{t)A(o)A(t)] = Ellaexd (o)} + bexdRlo}aexd{S{t) +bexd R{t}]ex{S(o)s(t}]
= a“Elex{2S(0) + 25(t)}] + abElex{2S(0) + S{t) + R(t}]
+abEexi{S(0) + 25(t) + R(o}}] + b*E[R(0) + ( )+S(0)+s{t)

= a’ " ex{2072 + 402 pg (d )} + 2abN° exp{aS +=02p.(d)te
+b22% ext{oZps (d)e? extlo o (d)]
and
N oM ]= A exoon )

Therefore Equation (8) can be written as

E,[mlom(t)] = a*#* exf20? + 302 p5 ()} + 2201 ;{a +2atpy(d )}e +b%e” ext{o pg(d)}

As a result, sincgs = al exp{aé}+ be, the mark correlation function has the followirgrh:

22 expf202 + 307 ps(d)} + 2abA exp{aé + gaé 0s(d )}s +b°e exfo2pq(d)}

laxl exdo?}+ b.sJ2 470

Knn(d) =

9)

Finally, by substituting Equation (9) in Equatidd) (ve obtain, fod > 0, the explicit form of
the mark-weighte&-function:

| an exf20? +302pg(d)} + 2ab) ex;{aé + 2 olp.(d )}5 +b’e? exfo?pq(d)}
K n(d) = 272] v ool e

m

du

(10)
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