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Devwudfw

Zkdw gulyhv wkh fkrlfh ri �qdqflqj2rujdql}dwlrq prgh ri U)GB

Zkdw wkh lpsolfdwlrqv ri surshuw| uljkwv surwhfwlrq/ dqg �up rujdql0

}dwlrqdo irupB Zlwklq d vhwwlqj zkhuh dq hvwdeolvkhg �up +lqfxpehqw,

dqg d qhz yhqwxuh hqjdjh lq U)G dqg frpshwh lq wkh surgxfw pdunhw/

zh dqdo|}h wkh lqfhqwlyhv wr frrshudwh dw wkh U)G vwdjh/ wkh lqfhqwlyh

vfkhphv r�huhg wr djhqwv/ dqg wkh rswlpxp �qdqflqj prgh ri wkh qhz

yhqwxuh1 Zh vkrz wkdw= l, li dq htxloleulxp lv rqh zkhuh �upv frrs0

hudwh/ wkhq lw lv rqh zkhuh �qdqflqj lv surylghg e| wkh lqfxpehqw> ll,

lqfhqwlyh vfkhphv duh frvwolhu xqghu frrshudwlrq1 Frrshudwlrq lv pruh

olnho| lq rujdql}dwlrqv zkhuh djhqf| sureohpv duh ohvv vhyhuh/ h1j1 idp0

lo| �upv/ dqg wkh ulvnlhu wkh U)G surfhvv> lll, li wkh U)G rxwsxw lv

sdwhqwdeoh/ frrshudwlrq lv lpsohphqwhg h{0srvw yld olfhqvlqj dqg wkh

rswlpxp �qdqflqj prgh kdv �qdqflqj surylghg e| d sxuh �qdqfldo

lqvwlwxwlrq1

Nh| Zrugv= U)G> lqirupdwlrq vkdulqj> �qdqflqj> lqfhqwlyhv1

MHO fodvvl�fdwlrq= G56> G;3> J651
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U)G dfwlylw| lv shuiruphg dffruglqj wr gl�huhqw rujdql}dwlrqdo irupv dqg

�qdqfhg dffruglqj wr gl�huhqw prghv1 Lq wkh Dqjor0Vd{rq v|vwhp/ zh re0

vhuyh d �rxulvklqj Yhqwxuh Fdslwdo dfwlylw| fduulhg rxw e| sxuh �qdqflqj

lqvwlwxwlrqv1 Dw wkh vdph wlph zh revhuyh vwudwhjlf dooldqfhv ehwzhhq frp0

sdqlhv gxulqj wkh gl�huhqw vwdjhv ri wkh U)G surfhvv dv zhoo dv yhqwxuh fds0

lwdo dfwlylw| fduulhg rxw e| qrq0�qdqflqj �upv +frusrudwh yhqwxuh fdslwdo,1

Lq wkh vr fdoohg lqgxvwuldo glvwulfwv/ vwduw0xsv duh qrxulvkhg e| wkh h{lvwlqj

+hvwdeolvkhg, �upv zlwk wkh hvwdeolvkhg �up sod|lqj wkh uroh ri %yhqwxuh

fdslwdolvw%1 Zkdw gulyhv gl�huhqw �qdqflqj2rujdql}dwlrq prghvB Zkdw wkh

lpsolfdwlrqv ri surshuw| uljkwv surwhfwlrq/ l1h1 lqqrydwlrq sdwhqwdelolw| dqg

vxevhtxhqw olfhqvlqj frqwudfw ihdvlelolw|B Dqg zkdw wkh lpsolfdwlrqv ri �up

rujdql}dwlrqdo irup/ olnh idplo| �upv yhuvxv pruh duwlfxodwhg vwuxfwxuhv zlwk

zhoo gh�qhg %glylvlrq ri wdvnv% srvvleo| surqh wr djhqf| sureohpvB

Wklv sdshu dwwhpswv wr wdfnoh wkhvh txhvwlrqv1 Zh h{dplqh d prgho

zkhuh dq hvwdeolvkhg �up +lqfxpehqw, dqg d qhz yhqwxuh hqjdjh lq U)G

dqg vxevhtxhqwo| frpshwh lq wkh surgxfw pdunhw1 Zh dqdo|}h wkh lqfhqwlyhv

wr frrshudwh dw wkh U)G vwdjh +l1h1 vkduh wkh U)G uhvxowv,/ wkh lqfhqwlyh

vfkhphv r�huhg wr djhqwv/ dqg wkh rswlpxp �qdqflqj prgh ri wkh qhz yhq0

wxuh1 Zh vkrz wkdw= l, li dq htxloleulxp lv rqh zkhuh �upv frrshudwh/ wkhq

lw lv rqh zkhuh �qdqflqj lv surylghg e| wkh lqfxpehqw> ll, djhqwv* lqfhqwlyh

vfkhphv duh frvwolhu xqghu frrshudwlrq1 Frrshudwlrq lv dwwdlqhg li wkh jdlqv

dfklhydeoh lq d �uvw0ehvw zruog duh qrw xqghuplqhg e| djhqf| frvwv/ dqg wklv

lv pruh olnho| lq rujdql}dwlrqdo vwuxfwxuhv zkhuh djhqf| sureohpv duh ohvv

vhyhuh/ olnh iru h{dpsoh idplo| �upv/ dqg wkh ulvnlhu lv wkh U)G surfhvv> lll,

Li wkh U)G rxwsxw lv sdwhqwdeoh/ wkhq frrshudwlrq lv lpsohphqwhg h{0srvw

yld olfhqvlqj dqg dq rswlpxp �qdqflqj prgh kdv �qdqflqj surylghg e| d

sxuh �qdqfldo lqvwlwxwlrq1

Wkh ohdglqj h{sodqdwlrq r�huhg e| frusrudwlrqv zlwk uhjdug wr wkhlu

yhqwxuh fdslwdo dfwlylw|/ lv wkdw vwduw0xs �qdqflqj doorzv wr dfklhyh v|qhu0

jlhv zlwk wkh frusrudwlrq*v fruh exvlqhvv1 Lqghhg/ lw lv yhu| riwhq wkh fdvh

wkdw erwk frusrudwlrqv dqg wkh qhz yhqwxuh hqjdjh lq U)G dfwlylw| zlwk

wkh xowlpdwh jrdo ri ghyhorslqj surgxfwv wkdw zloo eh wudghg lq wkh vdph

pdunhw1 Wkh ydoxh dwwdlqhg e| wkhvh dfwlylwlhv zloo eh lqwhughshqghqw dqg

gl�hu dffruglqj wr zkhwkhu wkh sduwlhv hqjdjh ru devwdlq iurp frrshudwlrq/
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wkdw lv dffruglqj wr zkhwkhu wkh v|qhujlhv ehwzhhq wkhlu dfwlylwlhv duh h{0

sorlwhg1 Zh prgho frrshudwlrq dv vkdulqj wkh U)G uhvxowv +lqirupdwlrq

h{fkdqjh,1 Hyhq wkrxjk wkh wzr �upv pd| frpshwh �hufho| lq wkh �qdo

surgxfw pdunhw/ frrshudwlrq pd| vwloo eh ehqh�fldo lq wkdw lw hqkdqfhv wkh

olnholkrrg wkdw d pdunhwdeoh surgxfw zloo eh ghyhorshg1 Krzhyhu/ xqghu

frrshudwlrq/ d grxeoh prudo kd}dug sureohp dulvhv1 Djhqwv lqyroyhg lq wkh

U)G dfwlylw| pd| zlvk wr iuhh ulgh rq wkh ulydo*v dfwlylw|/ dqg wklv lpsolhv

wkdw djhqwv* lqfhqwlyh vfkhphv duh frvwolhu/ ehfdxvh sduw ri wkh vxusoxv jhq0

hudwhg iurp frrshudwlrq dffuxhv wr djhqwv1 Wkh Sulqflsdo pd| qrw �qg lw

rswlpdo wr r�hu vxfk frvwo| lqfhqwlyh vfkhphv/ vlqfh lw vx�huv wkh frvw dqg

vkduhv wkh ehqh�wv zlwk wkh frxqwhusduw yld lqirupdwlrq h{fkdqjh1 Krog0

lqj d vwdnh lq wkh frxqwhusduw*v yhqwxuh doorzv wkh lqfxpehqw wr lqwhuqdol}h

sduw ri wkhvh ehqh�wv/ wkh juhdwhu wkh vwdnh wkh juhdwhu wkh h{whqw wr zklfk

wkh sduwlhv frrshudwh lq pd{lpl}lqj wkh olnholkrrg wkdw wkh ryhudoo U)G

dfwlylw| zloo lqghhg vxffhhg1 Pd{lpl}lqj wkh jdlqv iurp frrshudwlrq vxe0

mhfw wr sduwlflsdwlrq frqvwudlqwv ehlqj vdwlv�hg/ l1h1 vxemhfw wr wkh sduwlhv

hduqlqj dq h{shfwhg sd|r� wkdw grhv qrw idoo ehorz zkdw wkh| zrxog rewdlq

e| shuiruplqj wkh yhqwxuhv lqghshqghqwo|/ wkhq uhtxluhv ixoo �qdqflqj ehlqj

surylghg e| wkh lqfxpehqw1 Zh wkhq kdyh wkh uhvxow wkdw li frrshudwlrq lv

rswlpdo/ l1h1 li wkh ehqh�wv dwwdlqdeoh lq d Iluvw0Ehvw zruog duh qrw xqghu0

plqhg e| wkh djhqf| frvwv wkdw frrshudwlrq fduulhv/ wkhq wkh lqyhvwru zloo

qrw eh d sxuh �qdqfldo lqvwlwxwlrq exw udwkhu wkh frpsdq| zkrvh exvlqhvv

lv surqh wr v|qhujlhv zlwk wkh vwduw0xs1 E| frqwudvw/ li frrshudwlrq lv qrw

rswlpdo/ wkhq �qdqflqj zloo eh surylghg e| d sxuh �qdqfldo lqvwlwxwlrq vr

dv wr plqlpl}h lqirupdwlrq ohdndjhv wr ulydov1 Zkhwkhu frrshudwlrq lv ghvlu0

deoh/ fuxfldoo| ghshqgv rq zkhwkhu U)G uhvxowv duh sdwhqwdeoh1 Li wkh| duh

sdwhqwdeoh/ wkhq olfhqvlqj zloo doorz wkh sduwlhv wr vkduh wkh U)G uhvxowv

h{ srvw/ vlqfh wkh olfhqvru +wkh lqqrydwru, fdq jlyh lwv ulydo +olfhqvhh, wkh

uljkw wr xvh wkh lqqrydwlrq lq h{fkdqjh iru d ihh1 Olfhqvlqj wkhq doorzv wkh

wzr sduwlhv wr xvh wkh U)G uhvxow lq wkh surgxfw0ghyhorsphqw vwdjh h{dfwo|

dv zlwk lqirupdwlrq h{fkdqjh/ zlwkrxw lqfxuulqj lq wkh iuhh ulglqj sureohpv

wkdw lqirupdwlrq h{fkdqjh jlyhv udlvh1 Frqvhtxhqwo|/ li wkh U)G rxwsxw lv

sdwhqwdeoh/ wkhq wkh wrwdo vxusoxv jhqhudwhg xqghu qr0lqirupdwlrq h{fkdqjh

fxp h�flhqw olfhqvlqj h{fhhgv wkdw dwwdlqhg xqghu lqirupdwlrq h{fkdqjh/

dqg wkh rswlpxp �qdqflqj prgh kdv �qdqflqj surylghg e| d sxuh �qdqfldo

lqvwlwxwlrq1
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Wkhvh uhvxowv pd| khos h{sodlq gl�huhqw sdwwhuqv ri U)G �qdqflqj dfurvv

vhfwruv dqg frxqwulhv1 Lq vhfwruv zkhuh lqqrydwlrqv duh sulpdulo| lqfuhphq0

wdo lq wkh vhqvh wkdw fdqqrw phhw sdwhqwdelolw| uhtxluhphqwv/ ru duh vxfk

wkdw %lqyhqwlqj durxqg% lv olnho| vr wkdw wkh rswlpdo vwudwhj| lv qrw wr sxe0

olfo| glvforvh wkh lqqrydwlrq/ dv zrxog eh uhtxluhg e| sdwhqwlqj lw/ zh zloo

qrw �qg pxfk ri yhqwxuh fdslwdo �qdqflqj ri wkh Dqjor0Vd{rq w|sh/ exw

udwkhu frrshudwlrq dprqj �upv fhphqwhg e| �qdqfh surylvlrq dqg htxlw|

sduwlflsdwlrqv1 Wkh pruh vr wkh orzhu djhqf| frvwv/ olnh iru h{dpsoh lq idp0

lo| �upv zkhuh sulqflsdov dqg djhqwv frh{lvw lq wkh vdph hqwlw|1 Dqdorjrxv

frqfoxvlrqv krog iru frxqwulhv zkhuh sdwhqw surwhfwlrq lv olplwhg1

Wkh sdshu lv olqnhg wr wkh olwhudwxuh rq lqirupdwlrq vkdulqj/ dqg rq yhq0

wxuh fdslwdo1 G*Dvsuhprqw hw do1 +5333,/ Ekdwwdfkdu|d hw do1 +4<<5,/ Ndw}

) Vkdslur +4<;:, vwxg| wkh lqfhqwlyh iru nqrzohgjh wudqvihu lq wkh frqwh{w

ri olfhqvlqj1 Vhyhulqry +5334, hqgrjhql}hv U)G vslooryhu dfurvv �upv dqg

fkdudfwhul}hv wkh frqwudfwv r�huhg wr hpsor|hhv wkdw lpsohphqw wkh ghvluhg

lqirupdwlrq �rzv ehwzhhq wkhp1 Ekdwwdfkdu|d dqg Fklhvd +4<<8, frqwudvwv

htxloleuld zlwk elodwhudo edqn0eruurzhu wlhv/ lq zklfk nqrzohgjh lv qrw uh0

yhdohg wr surgxfw pdunhw frpshwlwruv/ zlwk htxloleuld xqghu pxowlodwhudo

�qdqflqj lq zklfk vxfk nqrzohgjh pd| eh vkduhg dprqj frpshwlqj �upv/

dqg vwxglhv wkh h{0dqwh rswlpdo uhjlph +elodwhudo2pxowlodwhudo, zkhq wkh

�upv hqjdjhg lq U)G qhhg rxwvlgh �qdqflqj1 Wklv sdshu irfxvhv rq wkh

lqfhqwlyh0frpsdwleoh surylvlrq ri lqfhqwlyhv iru U)G wkdw uhvxow iurp wkh

fkrlfh ri wkh lqirupdwlrq uhjlph dqg wkdw ri wkh �qdqflqj prgh/ zkhq U)G

�qdqflqj fdq eh surylghg lqwhuqdoo| +l1h1 e| wkh lqfxpehqw/ wkh hvwdeolvkhg

�up, dqg lqirupdwlrq �rzv fdqqrw eh frqwuroohg e| wklug sduwlhv +lq frq0

wudvw wr Ekdwwdfkdu|d Fklhvd/ 4<<8,1 Khoopdqq +5335, dgguhvvhv wkh wrslf

ri vwudwhjlf yhqwxuh lqyhvwphqwv e| dqdo|}lqj wkh frpshwlwlrq iru vwduw0xs

�qdqflqj ehwzhhq d sxuh �qdqfldo lqyhvwru dqg d vwudwhjlf lqyhvwru/ zkhuh

wkh odwwhu lv dq hvwdeolvkhg �up wkdw rzqv dq dvvhw zkrvh ydoxh lv d�hfwhg

e| wkh qhz yhqwxuh1 Wklv sdshu frpsohphqwv Khoopdqq +5335, lq wkdw wkh

shuirupdqfh ri erwk yhqwxuhv/ wkh vwduw xs dqg wkh hvwdeolvkhg �up/ duh

lqwhughshqghqw dqg hqgrjhqrxvo| ghwhuplqhg e| wkh �qdqflqj prgh1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh

edvlf prgho1 Vhfwlrq 6 ghulyhv wkh htxloleulxp �qdqfldo duudqjhphqw iru wkh

elqdu| dfwlrqv* prgho1 Vhfwlrq 7 h{whqgv wkh dqdo|vlv wr d frqwlqxxp ri

dfwlrqv1 Vhfwlrq 8 doorzv iru sdwhqwdelolw| dqg dqdo|}hv olfhqvlqj1 Vhfwlrq 9
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frqfoxghv1
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Frqvlghu d ulvn0qhxwudo zruog zlwk qr glvfrxqwlqj1 Dq hqwuhsuhqhxu +H,

zdqwv wr vwduw d qhz yhqwxuh wkdw uhtxluhv dq dprxqw O/ exw kdv qr zhdowk1

Kh fdq dssurdfk d frpshwlwlyh srro ri lqghshqghqw yhqwxuh fdslwdolvwv +Y F,

dqg2ru d vwudwhjlf lqyhvwru1 Wklv lv dq lqfxpehqw +L, wkdw gl�huv iurp Y F lq

wkdw kh rzqv d yhqwxuh zkrvh shuirupdqfh lqwhudfwv zlwk wkdw ri wkh hqwudqw=

wkh hqwudqw*v yhqwxuh shuirupdqfh ghshqgv rq wkh lqfxpehqw*v yhqwxuh shu0

irupdqfh dqg ylfhyhuvd1 Erwk yhqwxuhv frqvlvw ri wzr vwdjhv/ d uhvhdufk vwdjh

dqg d vxevhtxhqw ghyhorsphqw vwdjh wkdw/ li vxffhvvixo/ gholyhuv d qhz pdu0

nhwdeoh surgxfw1 Wkh uhvhdufk uhvxow/ ul/ l @ H> L/ fdq eh hlwkhu xqvxffhvv/

>> ru vxffhvv/ lq zklfk fdvh wkh uhvhdufk dfwlylw| gholyhuv dq rxwsxw +n, > wklv

rxwsxw lv d qhfhvvdu| lqsxw iru wkh vxevhtxhqw +ghyhorsphqw, vwdjh1 Wkh

ghyhorsphqw vwdjh/ zklfk wdnhv sodfh li dqg rqo| li wkh �up kdv wkh uhvhdufk

rxwsxw n/ vxffhhgv zlwk suredelolw| S qr pdwwhu wkh �up*v lghqwlw| +zkhwkhu

wkh �up lv wkdw ri wkh hqwudqw ru wkh rqh ri wkh lqfxpehqw,1 Li erwk �upv duh

vxffhvvixo dw wkh ghyhorsphqw vwdjh/ wkhq Ehuwdqg frpshwlwlrq gulyhv suri0

lwv wr }hur1 Li rqh ri wkh wzr �upv lv wkh rqo| rqh wkdw lv vxffhvvixo dw wkh

ghyhorsphqw vwdjh/ wkhq lwv sd|r� lv Y / dqg wkdw ri lwv frpshwlwru lv }hur1

Wklv lv vxppdul}hg lq Wdeoh 4/ zkhuh H
�hYH m==

�
/ H

�hYL m==
�
ghqrwh wkh h{0

shfwhg ydoxh ri wkh yhqwxuh/ frqglwlrqdo xsrq wkh dydlodelolw|2xqdydlodelolw|

ri wkh uhvhdufk rxwsxw +n@>,/ ri wkh hqwudqw dqg ri wkh lqfxpehqw/ uhvshf0

wlyho|> Y f � S +4� S ,Y / lv wkh h{shfwhg ydoxh ri wkh yhqwxuh frqglwlrqdoo|

xsrq erwk wkh hqwudqw dqg wkh lqfxpehqw kdylqj wkh uhvhdufk rxwsxw n/

l1h1 frqglwlrqdoo| xsrq erwk wkh hqwudqw dqg wkh lqfxpehqw hqwhulqj wkh

ghyhorsphqw vwdjh> Y � SY lv wkh h{shfwhg ydoxh ri wkh yhqwxuh wkdw kdv

wkh uhvhdufk rxwsxw n +hqwhuv wkh ghyhorsphqw vwdjh, frqglwlrqdoo| xsrq lwv

ulydo qrw kdylqj wkh uhvhdufk rxwsxw/ l1h1 frqglwlrqdoo| xsrq lwv ulydo qrw

hqwhulqj wkh ghyhorsphqw vwdjh1

Wdeoh 4 Derxw Khuh
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Wkh lqfxpehqw lv dq hvwdeolvkhg �up zkhuh wkh hqwuhsuhqhxu +Sulqflsdo,

ghohjdwhv wkh uhvhdufk dfwlylw| wr dq djhqw +wkh uhvhdufk ghsduwphqw,1 Wkh

djhqw lv ulvn qhxwudo exw olplwhg oldeoh/ klv uhvhuydwlrq xwlolw| lv }hur1 Wkh

djhqw*v fkrlfh ri dfwlrq ghwhuplqhv wkh suredelolw| ri vxffhvv ri wkh uhvhdufk

vwdjh1 Wkh uhvhdufk uhvxow lv n zlwk suredelolw| d =

d 5 i3> sj

zkhuh

3 ? s ? 4

Wkh djhqw*v frvw ri dfwlrq/ f+d,/ lv =

f+d @ s, @ f

f+d @ 3, @ 3

zkhuh f lv d vwulfwo| srvlwlyh qrq0shfxqldu| frvw1 Zh fdq wklqn ri d @ s dv

wkh djhqw h{huflvlqj h�ruw1

E| frqwudvw/ wkh hqwudqw lv gluhfwo| lqyroyhg lq wkh uhvhdufk surfhvv/ wklv

vxffhhgv zlwk suredelolw| 3 ? t ? 4 surylghg wkdw wkh hqwudqw lqyhvwv wkh

fdvk0rxwod| O1

Vxssrvh wkdw wkh hqwudqw fdq hqwhu wkh ghyhorsphqw vwdjh li dqg rqo| li

klv uhvhdufk vwdjh lv vxffhvvixo/ dqg vlploduo| iru wkh lqfxpehqw/ dqg wkdw

wkh odwwhu holflwv wkh djhqw*v h�ruw +d @ s,1 Wkhq wkh h{shfwhg ydoxh ri wkh

hqwudqw*v yhqwxuh lv

t
�
sY f . +4� s,Y

�
/

dqg wkdw ri wkh lqfxpehqw*v yhqwxuh lv=

s
�
tY f . +4� t,Y

�
1

Zh dvvxph wkdw=

t
�
sY f . +4� s,Y

�
�O A 3 +4,

s
�
tY f . +4� t,Y

�
� f A 3 / +5,

l1h1 wkh qhw suhvhqw ydoxh ri wkh hqwudqw*v yhqwxuh/ frqglwlrqdoo| xsrq wkh

lqfxpehqw*v holflwlqj wkh djhqw*v h�ruw/ lv srvlwlyh +e| +4,,> dqg wkh qhw
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suhvhqw ydoxh ri wkh lqfxpehqw*v yhqwxuh/ frqglwlrqdoo| xsrq h�ruw holflwdwlrq

dw wkh frvw f/ lv srvlwlyh +e| +5,,1

Lq sulqflsoh/ hyhq li wkh lqfxpehqw*v uhvhdufk lv xqvxffhvvixo kh fdq vwloo

hqwhu wkh ghyhorsphqw vwdjh li wkh hqwudqw*v uhvhdufk vxffhhgv dqg wklv +vxf0

fhvvixo, uhvxow lv glvforvhg wr klp/ dqg vlploduo| iru wkh hqwudqw1 Zh vkdoo

dvvxph wkdw wkh uhvhdufk uhvxow lv qrq0sdwhqwdeoh +exw vhh Vhfwlrq 8, dqg

khqfh d vsrw pdunhw iru wkh uhvhdufk uhvxow lv xqihdvleoh1 Krzhyhu/ zh vkdoo

doorz iru wkh ihdvlelolw| ri lqirupdwlrq h{fkdqjh +h{0dqwh, djuhhphqwv1 Wkh

srwhqwldo ehqh�w ri wkh lqfxpehqw ri djuhhlqj h{0dqwh wr lqirupdwlrq h{0

fkdqjh dulvhv iurp wkh srvvleoh rffxuuhqfh ri wkh vwdwh lq zklfk klv uhvhdufk

idlov dqg wkdw ri wkh hqwudqw vxffhhgv1 Wkhq wkh lqfxpehqw*v h{shfwhg sd|r�

xqghu qr0lqirupdwlrq h{fkdqjh lv qlo/ zkhuhdv jlyhq lqirupdwlrq h{fkdqjh

lv Y f � S +4 � S ,Y 1 Wkh srwhqwldo ehqh�w ri wkh hqwudqw iurp h{0dqwh

lqirupdwlrq0h{fkdqjh djuhhphqw vkduhv wkh vdph urrwv/ exw lw lv wkhuh sur0

ylghg wkdw wkh lqfxpehqw �qgv lw lqfhqwlyh frpsdwleoh wr holflw wkh djhqw*v

h�ruw +lq zklfk fdvh wkh lqfxpehqw*v uhvhdufk dfwlylw| vxffhhgv zlwk sured0

elolw| s,1 Li wklv zhuh qrw wkh fdvh/ l1h1 li wkh lqfxpehqw zrxog vdyh rq frvwo|

holflwdwlrq ri h�ruw/ wkhq klv uhvhdufk zrxog idlo iru vxuh1 Wkh lqirupdwlrq0

h{fkdqjh djuhhphqw zrxog gh idfwr eh rqh zkhuh wkh hqwudqw xqlodwhudoo|

wudqvihuv klv uhvhdufk uhvxow wr wkh lqfxpehqw1 Wkh iroorzlqj dvvxpswlrq

uxohv rxw wkdw wklv fdq eh sduw ri dq htxloleulxp=

�
t
�
sY f . +4� s,Y

�
� O

�
.
�
s
�
tY f . +4� t,Y

�
� f

�
A VVH

d'f +6,

VVH

d'f � itY f � Oj. tY f

Wkh h{suhvvlrq lq wkh ohiw0kdqg vlgh ri +6, lv wkh h{shfwhg vrfldo vxu0

soxv/ l1h1 wkh vxp ri wkh qhw0suhvhqw ydoxh ri wkh hqwudqw*v dqg lqfxpehqw*v

yhqwxuhv/ ru htxlydohqwo| wkh vxp ri wkh hqwudqw*v dqg lqfxpehqw*v h{shfwhg

sd|r�v/ zklfk lv dwwdlqhg xqghu qr0lqirupdwlrq h{fkdqjh dqg h�ruw holflwd0

wlrq e| wkh lqfxpehqw dw wkh frvw f> VVH

d'f
lv wkh h{shfwhg vrfldo vxusoxv wkdw

zrxog eh dwwdlqhg xqghu lqirupdwlrq h{fkdqjh dqg qr h�ruw holflwdwlrq e|

wkh lqfxpehqw/ l1h1 d @ 3 ~ wkh lqfxpehqw*v uhvhdufk idlov iru vxuh1 Vxssrvh

wkdw xqghu qr0lqirupdwlrq h{fkdqjh wkh lqfxpehqw holflwv wkh djhqw*v h�ruw

dqg wkdw h�ruw holflwdwlrq frvwv f/ wkhq +6, lpsolhv wkdw qr0lqirupdwlrq h{0

fkdqjh Sduhwr grplqdwhv lqirupdwlrq0h{fkdqjh djuhhphqwv wkdw gr qrw ohdg

:



wr h�ruw holflwdwlrq1 Zh dvvxph wkdw +6, krogv/ e| vr grlqj zh uxoh rxw wkh

wulyldo rxwfrph wkdw lqirupdwlrq h{fkdqjh lv dozd|v sduw ri dq htxloleulxp1

Lqhtxdolw| +6, fdq eh zulwwhq dv=

f ? f +61d,

f � SY ^s� t . 5t+4� s,S ` /

wkdw lv +6, lv dq xsshu0erxqg frqvwudlqw rq f/ wkh djhqw*v frvw ri h{hu0

flvlqj h�ruw1

Lq d �uvw ehvw zruog zkhuh hyhu|wklqj lv revhuydeoh dqg frqwudfwleoh/ wkh

lqfxpehqw fdq suh0frpplw frqwudfwxdoo| wr holflw wkh djhqw*v h�ruw dqg wkh

djhqw fdq frpplw wr h{huw h�ruw lq h{fkdqjh iru frpshqvdwlrq f1 Zh suryh

ehorz wkdw lq d �uvw ehvw zruog= l, wkh sduwlhv zrxog djuhh wr lqirupdwlrq h{0

fkdqjh zkhq wkh ghyhorsphqw vwdjh lv vx�flhqwo| ulvn|/ wkdw lv zkhq S / wkh

suredelolw| dffruglqj wr zklfk wkh ghyhorsphqw vxffhhgv/ vdwlv�hv S � �

2
>

ll, wkh fkrlfh ri wkh vrxufh ri �qdqflqj/ zkhwkhu wkh hqwudqw udlvhv �qdqflqj

iurp wkh YF ru wkh lqfxpehqw/ lv glvmrlqw iurp wkh fkrlfh ri lqirupdwlrq

h{fkdqjh1

��� �� �
��� ���� ���	���

Frqvlghu d �uvw0ehvw zruog zkhuh hyhu|wklqj lv revhuydeoh dqg frqwudfwleoh=

wkh djhqw fdq frpplw wr h{huw h�ruw lq h{fkdqjh iru frpshqvdwlrq f/ dqg

wkh lqfxpehqw fdq suh0frpplw frqwudfwxdoo| wr holflw wkh djhqw*v h�ruw1

Frqvlghu dq lqirupdwlrq h{fkdqjh djuhhphqw zlwk suhfrpplwphqw ri

wkh lqfxpehqw wr holflw wkh djhqw*v h�ruw1 Jlyhq wklv djuhhphqw/ erwk wkh

hqwudqw dqg wkh lqfxpehqw zloo hqwhu wkh ghyhorsphqw vwdjh zkhqhyhu dw

ohdvw rqh ri wkh wzr uhvhdufk dfwlylwlhv vxffhhgv/ wklv rffxuv zlwk suredelo0

lw| ^4� +4� s, +4� t,` = Pruhryhu/ lq d �uvw0ehvw zruog wkh djhqw*v h�ruw lv

holflwhg dw wkh frvw f +ehfdxvh djhqw*v dfwlrqv duh frqwudfwleoh,1 Wkh qhw

suhvhqw ydoxh ri wkh lqfxpehqw*v yhqwxuh lv wkhq �HW

L
=

�HW

L @ ^4� +4� s, +4� t,`Y f � f

dqg wkdw ri wkh hqwudqw lv �HW

H
=

�HW

H
@ ^4� +4� s, +4� t,`Y f � O 1

;



Xqghu d uhjlph qr0lqirupdwlrq h{fkdqjh/ wkh qhw suhvhqw ydoxh ri wkh lq0

fxpehqw*v yhqwxuh lv �QHW

L
=

�QHW

L
@ s

�
tY f . +4� t,Y

�
� f

dqg wkdw ri wkh hqwudqw lv �QHW

H
=

�QHW

H
@ t

�
sY f . +4� s,Y

�
� O=

Wkh sduwlhv zloo djuhh wr lqirupdwlrq0h{fkdqjh +fxp djhqw*v h�ruw holfl0

wdwlrq, li dqg rqo| li=

�HW

L
� �QHW

L

�HW

H
� �QHW

H
1

Wkdw lv l�=

VVH
W

� VVQHW +7,

zkhuh=

VVH
W

� �HW

L . �HW

H @ ^4� +4� s, +4� t,` 5Y f � +f. O,

lv wkh h{shfwhg vrfldo vxusoxv dwwdlqhg xqghu lqirupdwlrq h{fkdqjh dqg h�ruw

holflwdwlrq dw wkh frvw f> dqg

VVQHW � �QHW

L .�QHW

H @
�
t
�
sY f . +4� s,Y

�
� O

�
.
�
s
�
tY f . +4� t,Y

�
� f

�
lv wkh h{shfwhg vrfldo vxusoxv dwwdlqhg xqghu qr0lqirupdwlrq h{fkdqjh1

Lqhtxdolw| +7, krogv li dqg rqo| li

^t +4� s, . s +4� t,`
�
5Y f � Y

�
� 3 +71d,

wkdw lv l� 5Y f � Y / zklfk lv wuxh l�=

5S +4� S ,Y � SY +71e,

zkhuh S lv wkh suredelolw| dffruglqj wr zklfk wkh ghyhorsphqw vwdjh lv vxf0

fhvvixo/ Y lv wkh �up*v uhyhqxh frqglwlrqdoo| xsrq ehlqj wkh rqo| vxffhvvixo

surgxfw ghyhorshu1

<



Ohppd 4 Lq d Iluvw0Ehvw zruog wkh lqfxpehqw holflwv wkh djhqw*v h�ruw dqg

wklv frvwv f/ wkh hqwudqw xqghuwdnhv wkh surmhfw/ dqg zkhq S � �
2
/ wkh sduwlhv

djuhh wr lqirupdwlrq0h{fkdqjh 1

Surri1 Gluhfwo| iurp +4,� +5, dqg +7=e, =

Lq wkh �uvw0ehvw zruog/ wkh lqfxpehqw fdq suhfrpplw frqwudfwxdoo| wr

holflw wkh djhqw*v h�ruw1 Lqirupdwlrq h{fkdqjh djuhhphqwv wkdw ohdg wr hi0

iruw holflwdwlrq duh wkhq ihdvleoh lqghshqghqwo| ri wkh hqwudqw*v vrxufh ri

�qdqflqj1 Wkdw lv/ lq wkh �uvw0ehvw zruog/ wkh fkrlfh ri wkh vrxufh ri �qdqf0

lqj/ zkhwkhu wkh hqwudqw udlvhv �qdqflqj iurp wkh YF ru wkh lqfxpehqw/ lv

glvmrlqw iurp wkh fkrlfh ri lqirupdwlrq uhjlph1

��� ����
��� ������	��

Zh ghsduw iurp wkh �uvw0ehvw zruog1 Wkh vhw ri frqwudfwv wkdw fdq eh hq0

irufhg lv uhvwulfwhg ehfdxvh= l, wkh djhqw*v fkrlfh ri dfwlrq lv xqrevhuydeoh>

ll, wkh lqfxpehqw fdqqrw suhfrpplw wr holflw wkh djhqw*v h�ruw1 Krzhyhu/

surmhfwv* whuplqdo sd|r� uhdol}dwlrqv +hlwkhu Y ru 3, duh revhuydeoh dqg yhul0

�deoh/ wkdw lv lqfhqwlyh vfkhphv iru wkh djhqw fdq eh frqglwlrqhg rq surmhfwv*

whuplqdo sd|r�v1 Pruhryhu/ uhvhdufk uhvxowv duh qrq0sdwhqwdeoh +vhh Vhfwlrq

8 iru wkh lpsolfdwlrqv ri sdwhqwdelolw|,1

Iljxuh 4 ghvfulehv wkh vhtxhqfh ri fkrlfhv dqg hyhqwv1

Iljxuh 4 Derxw Khuh

Zh vkdoo vhh wkdw/ lq frqwudvw zlwk wkh �uvw0ehvw zruog/ wkh srvvlelolw| ri

lqirupdwlrq h{fkdqjh d�hfwv wkh fkrlfh ri wkh �qdqflqj prgh1

� ���
�
��
�� �
���	
�� ����

Wklv vhfwlrq ghulyhv wkh htxloleulxp �qdqflqj prgh dqg pruh jhqhudoo| wkh

vroxwlrq dwwdlqhg lq wkh vhfrqg0ehvw zruog ri qrq0frqwudfwlelolw| ri dfwlrqv

dqg qrq sdwhqwdelolw| ri uhvhdufk rxwfrphv1 Dv lw zloo ehfrph fohdu vrrq/

wkh uhohydqw +xqgrplqdwhg, �qdqflqj prghv duh Lqfxpehqw*v �qdqflqj fxp

lqirupdwlrq h{fkdqjh dqg YF �qdqflqj zlwk qr lqwhudfwlrq ehwzhhq wkh

lqfxpehqw dqg wkh hqwudqw +qr0lqirupdwlrq h{fkdqjh,1 Zh vkdoo uhihu wr wkh

odwwhu vlpso| dv YF �qdqflqj1
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Frqvlghu YF �qdqflqj/ wkh qhw suhvhqw ydoxh ri wkh hqwudqw*v yhqwxuh/ frqgl0

wlrqdo xsrq wkh lqfxpehqw xqghuwdnlqj wkh surmhfw +l1h1 holflwlqj wkh djhqw*v

h�ruw,/ lv �Y FH =

�
Y F
H @ t

�
sY

f � +4� s,Y
�
� O> +8,

wklv lv vwulfwo| srvlwlyh +e| +4,,1

Qrz frqvlghu wkh lqfxpehqw1 Li kh holflwv wkh djhqw*v h�ruw wkhq wkh

pd{lpxp h{shfwhg sd|r� kh jhwv htxdov wkh h{shfwhg ydoxh ri wkh �up*v

whuplqdo ydoxh/ l1h1 t
�
sY

f � +4� s,Y
�
/ plqxv wkh h{shfwhg frvw ri holflwlqj

wkh djhqw*v h�ruw1 Frqvlghu dq rswlpxp lqfhqwlyh vfkhph/ wklv plqlpl}hv

wkh Sulqflsdo*v +lqfxpehqw*v, frvw vxemhfw wr wkh frqvwudlqw wkdw wkh djhqw

h{huwv h�ruw1

Ohppd 5 Xqghu qr0lqirupdwlrq h{fkdqjh/ wkh rswlpxp lqfhqwlyh vfkhph

frvwv wkh lqfxpehqw f=

Surri1 Vhh wkh Dsshqgl{1

Xqghu qr0lqirupdwlrq h{fkdqjh/ wkh h�flhqw0lqfhqwlyh0frpsdwleoh uh0

zdug vfkhph vdwlv�hv wkh djhqw*v sduwlflsdwlrq frqvwudlqw dw htxdolw|1 Wkh

h{shfwhg sd|r� wr wkh lqfxpehqw frqglwlrqdo xsrq holflwlqj wkh djhqw*v hi0

iruw wkhq htxdov s
�
tY

f � +4� t,Y
�
� f> wklv lv vwulfwo| srvlwlyh +e| +5,,1 Li

wkh lqfxpehqw grhv qrw holflw wkh djhqw*v h�ruw/ wkhq klv uhvhdufk dfwlylw|

idlov iru vxuh dqg kh fdqqrw hqwhu wkh ghyhorsphqw vwdjh/ l1h1 klv sd|r� lv

qlo1 Lw wkhq iroorzv wkdw/ jlyhq wkh hqwudqw uhvruwlqj wr YF �qdqflqj/ wkh

lqfxpehqw �qgv lw rswlpdo wr holflw wkh djhqw*v h�ruw1 Zh wkhq kdyh wkdw/

xqghu YF �qdqflqj/ wkh lqfxpehqw*v h{shfwhg sd|r� lv �Y FL =

�
Y F
L @ s

�
tY

f � +4� t,Y
�
� f> +9,

dqg wkdw ri wkh hqwudqw lv �Y FH dv jlyhq e| +8,1

Lw iroorzv iurp +8, dqg +9, wkdw wkh hqwudqw*v dqg wkh lqfxpehqw*v sd|r�

xqghu YF �qdqflqj duh lghqwlfdo wr wkh sd|r�v wkh| zrxog hduq lq wkh �uvw0

ehvw zruog e| qrw djuhhlqj wr lqirupdwlrq h{fkdqjh +e| frpsdulvrq zlwk

�
QHW

H dqg �
QHW

L ,1 Xqghu YF �qdqflqj/ wkh vrfldo vxusoxv +wkh vxp ri wkh

hqwudqw*v dqg lqfxpehqw*v qhw suhvhqw ydoxh yhqwxuhv/ ru htxlydohqwo|/ wkh

vxp ri wkh hqwudqw*v dqg lqfxpehqw*v h{shfwhg sd|r�v, lv wkhq VV
Y F =
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VV
Y F � �

Y F
H .�Y FL @

�
t
�
sY

f . +4� s,Y
�
� O

�
.
�
s
�
tY

f . +4� t,Y
�
� f

�
/

+:,

lghqwlfdo wr VVQHW~ wkh qr0lqirupdwlrq h{fkdqjh �uvw0ehvw vrfldo vxusoxv 1

��� ��	������ � !���	
�� 	�� 
�"�����
�� �#	���� ���

���
�
��
�� !���	
�� ����

Wkh suhylrxv vhfwlrq kdv hvwdeolvkhg wkdw YF �qdqflqj lv yldeoh dqg wkdw YF

uhsolfdwhv wkh sd|r�v wkh sduwlhv zrxog dwwdlq lq wkh �uvw0ehvw zruog xqghu

qr0lqirupdwlrq h{fkdqjh1 Wkh lvvxh wr eh dgguhvvhg lv zkhwkhu lqfxpehqw*v

�qdqflqj fxp lqirupdwlrq h{fkdqjh +LH, fdq grplqdwh YF �qdqflqj/ dqg

pruh jhqhudoo| eh wkh htxloleulxp �qdqflqj prgh1

Vxssrvh wkh htxloleulxp �qdqflqj prgh lv LH/ dqg ohw �LHH / �LHL ghqrwh

wkh hqwudqw*v dqg wkh lqfxpehqw*v h{shfwhg sd|r�v lq vxfk dq htxloleulxp1

Qhfhvvdulo| �LHH / �LHL vdwlvi|=

�
LH
H � �

Y F
H / +;,

�
LH
L � �

Y F
L 1 +<,

Wkdw lv/ li LH lv dq htxloleulxp �qdqflqj prgh/ wkhq qhfhvvdulo|= l, lw

vdwlv�hv lqhtxdolw| +;,/ l1h1 lw surylghv wkh hqwudqw zlwk dq h{shfwhg sd|r�

zklfk grhv qrw idoo ehorz zkdw kh zrxog hduq xqghu YF �qdqflqj> dqg

ll, lw vdwlv�hv lqhtxdolw| +<,1 Wkdw lv/ LH jlyhv wkh lqfxpehqw dq h{shfwhg

sd|r�/ �LHL / zklfk lv qrw orzhu wkdq zkdw wkh lqfxpehqw zrxog rewdlq e|

qrw djuhhlqj rq LH/ lq zklfk fdvh wkh hqwudqw zrxog udlvh YF �qdqflqj dqg

wkh lqfxpehqw zrxog hduq �
Y F
L 1

Zh vkdoo uhihu wr +;, dv wr wkh hqwudqw*v sduwlflsdwlrq frqvwudlqw/ dqg wr

+<, dv wr wkh lqfxpehqw*v sduwlflsdwlrq frqvwudlqw> wkh frqvwudlqwv wkdw pxvw

qhfhvvdulo| eh vdwlv�hg iru LH wr eh wkh htxloleulxp �qdqflqj prgh1 Fohduo|/

li +;,0+<, krog/ wkhq qhfhvvdulo|=

VV
LH � �

LH
L . �

LH
H � VV

Y F � �
Y F
H . �

Y F
L +43,

zkhuh VV
LH ghqrwhv wkh vrfldo vxusoxv/ wkh vxp ri wkh hqwudqw*v dqg

lqfxpehqw*v h{shfwhg sd|r�v +ru htxlydohqwo|/ wkh vxp ri wkh hqwudqw*v dqg
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lqfxpehqw*v qhw0suhvhqw ydoxh yhqwxuhv,/ zklfk lv dwwdlqhg xqghu LH +lq0

fxpehqw �qdqflqj fxp lqirupdwlrq h{fkdqjh,> VVY F lv wkh vrfldo vxusoxv

dwwdlqhg xqghu YF �qdqflqj dv jlyhq e| +:,1

Vxssrvh wkdw xqghu LH wkh lqfxpehqw grhv qrw holflw wkh djhqw*v h�ruw/

wkhq VVLH htxdov wkh vxp ri wkh hqwudqw*v dqg lqfxpehqwv* qhw0suhvhqw ydoxh

yhqwxuhv frqglwlrqdo xsrq lqirupdwlrq h{fkdqjh dqg qr0h�ruw holflwdwlrq/ l1h1

VV
LH � VV

LH
d'f @ itY f � Oj. tY

f /

dqg wkh qhfhvvdu| frqglwlrq +43, idlov wr krog=

VV
LH
d'f ? VV

Y F +e| +6,, 1 +44,

Wkdw lv/ ehfdxvh ri +6,/ YF �qdqflqj Sduhwr grplqdwhv dq LH vxfk wkdw wkh

lqfxpehqw grhv qrw holflw wkh djhqw*v h�ruw +lqfxpehqw*v uhvhdufk idlov iru

vxuh,1�

Ohppd 6 Li wkh htxloleulxp �qdqflqj prgh lv LH/ wkhq qhfhvvdulo| LH

surylghv wkh lqfxpehqw zlwk wkh lqfhqwlyh wr holflw wkh djhqw*v h�ruw1

Surri1 E| frqwudglfwlrq1 Li xqghu LH wkh lqfxpehqw grhv qrw holflw wkh

djhqw*v h�ruw/ wkhq frqglwlrq +43, idlov wr krog +e| +6,,/ dqg LH fdqqrw

srvvleo| vdwlvi| wkh sduwlhv* sduwlflsdwlrq frqvwudlqwv +;,0+<,1

Wklv hvwdeolvkhv wkdw iru LH wr eh wkh htxloleulxp �qdqflqj prgh lw pxvw

qhfhvvdulo| eh wkdw wkh lqfxpehqw �qgv lw rswlpdo wr holflw wkh djhqw*v h�ruw/

ghvslwh wkh lqirupdwlrq h{fkdqjh djuhhphqw hpehgghg lq LH1 Wkdw lv/ lw

pxvw eh wkdw wkh lqfxpehqw*v h{shfwhg sd|r� e| holflwlqj wkh djhqw*v h�ruw

dqg wkxv hqwhulqj wkh ghyhorsphqw vwdjh zlwk suredelolw| 4�+4� s, +4�t,/

grhv qrw idoo ehorz zkdw kh zrxog jhw e| iuhh ulglqj rq wkh hqwudqw*v uhvhdufk

dfwlylw|/ l1h1 wkh sd|r� kh zrxog jhw e| qrw holflwlqj wkh djhqw*v h�ruw dqg

vwloo hqwhulqj wkh ghyhorsphqw vwdjh zlwk suredelolw| t/ wkh suredelolw| wkdw

wkh hqwudqw*v uhvhdufk dfwlylw| vxffhhgv +dqg wudqvihuuhg wr klp wkdqnv wr

wkh lqirupdwlrq0h{fkdqjh djuhhphqw,1

Ohw +�> V,/ zkhuh V � O/ dqg � � 4/ ghqrwh dq LH frqwudfw1 Wkh

frqwudfw zkhuhe| wkh lqfxpehqw jlyhv wkh hqwudqw/ dw wkh lqlwldo gdwh/ wkh

�Wu T@h@4i|ih �@*�it �ihi t�U� |L ��L*@|i �?i^�@*�|) E��c �u f �ihi ��}�ih |�@? fc |�i?
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dprxqw V qrw orzhu wkdq O lq h{fkdqjh iru wkh vkduh � � 4 ri wkh hqwudqw*v

uhyhqxh uhdol}dwlrq dw wkh whuplqdo gdwh/ dqg wkh sduwlhv djuhh wr lqirupdwlrq

h{fkdqjh1 Wkh lqfxpehqw*v h{shfwhg sd|r� e| qrw holflwlqj wkh djhqw*v h�ruw

lv �LHL +d @ 3, =

�
LH
L +d @ 3, @ tY

f +4 . �,� V / +45,

lqghhg xqghu lqirupdwlrq h{fkdqjh/ zlwk qr0h�ruw holflwdwlrq erwk wkh hq0

wudqw dqg wkh lqfxpehqw zloo hqwhu wkh ghyhorsphqw vwdjh zlwk suredelolw|

t/ wkh suredelolw| wkdw wkh hqwudqw*v uhvhdufk vxffhhgv/ dqg wkh h{shfwhg uhy0

hqxh ri hdfk yhqwxuh/ frqglwlrqdo xsrq erwk wkh hqwudqw dqg wkh lqfxpehqw

hqwhulqj wkh ghyhorsphqw vwdjh/ lv Y f1 Frqglwlrqdoo| xsrq wkh hqwudqw*v

uhvhdufk vxffhhglqj/ wkh lqfxpehqw zloo wkhq h{shfw wr hduq Y
f iurp klv

yhqwxuh dqg �Y
f iurp klv vwdnh lq wkh hqwudqw*v yhqwxuh1 Klv h{shfwhg sd|0

r� e| qrw holflwlqj wkh djhqw*v h�ruw lv wkhq tY
f +4 . �, plqxv wkh wudqvihu

sd|phqw V wr wkh hqwudqw1

Li wkh lqfxpehqw holflwv wkh djhqw*v h�ruw/ wkhq wkh suredelolw| ri hduqlqj

Y
f +4 . �, udlvhv iurp t wr ^4� +4� s,+4� t,`/ exw kh lqfxuv wkh frvw ri

r�hulqj wkh djhqw dq lqfhqwlyh0frpsdwleoh frqwudfw1 Ohppd 7 ehorz jlyhv

wkh frvw ri wkh rswlpxp lqfhqwlyh vfkhph/ l1h1 wkh djhqw*v uhzdug vfkhph

zklfk plqlpl}hv wkh lqfxpehqw*v frvw vxemhfw wr wkh frqvwudlqw wkdw wkh

djhqw �qgv lw lqfhqwlyh frpsdwleoh wr h{huw h�ruw1

Ohppd 7 Xqghu lqirupdwlrq h{fkdqjh/ wkh rswlpxp lqfhqwlyh vfkhph

frvwv wkh lqfxpehqw f.�/ � �
k

t

sE�3t�

l
f 1

Surri1 Vhh wkh Dsshqgl{1

� lv wkh h{wud uhzdug wr eh jlyhq wr wkh djhqw lq rughu iru klp wr suhihu

%h�ruw% wr %vklunlqj% +iuhh ulglqj rq wkh hqwudqw*v uhvhdufk,1 Wkh nh| lv lq

wkdw wkh djhqw fdq eh lqgxfhg wr h{huw h�ruw e| uhzduglqj klp zkhq wkh

�up*v whuplqdo ydoxh lv Y / ehfdxvh lqfhqwlyh vfkhphv fdqqrw eh frqglwlrqhg

rq dfwlrqv exw udwkhu rq uhyhqxh uhdol}dwlrqv/ l1h1 hlwkhu Y ru 31 Xqghu

lqirupdwlrq h{fkdqjh/ wkh djhqw*v h{shfwhg sd|r� e| vklunlqj lv vwulfwo|

srvlwlyh/ lw dprxqwv wr �1 Lqghhg/ hyhq wkrxjk wkh lqfxpehqw*v uhvhdufk

idlov iru vxuh/ wkh �up fdq vwloo hqwhu wkh ghyhorsphqw vwdjh +dwwdlq Y zlwk

suredelolw| S +4�S ,, zkhqhyhu wkh hqwudqw*v uhvhdufk vxffhhgv1 Dq lqfhqwlyh

frpsdwleoh frqwudfw wkhq sd|v wkh djhqw wkh uhqw �1 Qrw vxusulvlqjo|/ wkh

kljkhu t ~ wkh suredelolw| wkdw wkh hqwudqw*v uhvhdufk vxffhhgv ~ wkh kljkhu

wkh h{wud uhzdug �1
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Wkh lqfxpehqw*v h{shfwhg sd|r� e| holflwlqj wkh djhqw*v h�ruw lv wkhq

�
LH
L +d @ s,=

�
LH
L +d @ s, @ ^4� +4� s, +4� t,`Y f +4 . �,� ^f.�`� V +46,

Wkh lqfxpehqw �qgv lw rswlpdo wr holflw h�ruw li dqg rqo| li=

�
LH
L +d @ s, � �

LH
L +d @ 3, / +47,

Lqhtxdolw| +47, lv wkh lqfxpehqw*v lqfhqwlyh frqvwudlqw/ wkh frqvwudlqw

wkdw pxvw eh phw lq rughu iru wkh lqfxpehqw wr holflw wkh djhqw*v h�ruw

xqghu LH1 Xvlqj +45,0+46,/ wkh lqfhqwlyh frqvwudlqw +47, fdq eh zulwwhq dv=

^4� +4� s, +4� t,`Y f +4 . �,� ^f.�` � tY
f +4 . �, 1 +471d,

Ohppd 8 Xqghu lqirupdwlrq h{fkdqjh/ wkh lqfxpehqw �qgv lw rswlpdo

wr holflw wkh djhqw*v h�ruw li dqg rqo| li wkh vkduh ri wkh hqwudqw*v uhyhqxh

dffuxlqj wr klp vdwlv�hv=

� � �LF +471e,

�LF �
f.�

s+4� t,Y f
� 4

Surri1 Xqghu lqirupdwlrq h{fkdqjh/ wkh lqfxpehqw �qgv lw rswlpdo wr

holflw wkh djhqw*v h�ruw li dqg rqo| li lqhtxdolw| +471d, krogv1 +471d, krogv l�

� � �LF 1

Ohw �LF A 3/ wkhq d fruroodu| ri Ohppd 8 lv wkdw sur�w vkdulqj lv d

qhfhvvdu| hohphqw ri dq lqirupdwlrq h{fkdqjh djuhhphqw1

Frqglwlrqdoo| xsrq wkh lqfxpehqw �qglqj lw rswlpdo wr holflw wkh djhqw*v

h�ruw xqghu lqirupdwlrq h{fkdqjh/ l1h1 frqglwlrqdoo| xsrq � � �LF +e|

Ohppd 8,/ wkh hqwudqw*v dqg wkh lqfxpehqw*v h{shfwhg sd|r� xqghu LH duh

uhvshfwlyho| �LHH +d @ s,/ �LHL +d @ s,=

�
LH
H +d @ s, @ ^4� +4� s, +4� t,`Y f +4� �, . +V � O, / +48,

�
LH
L +d @ s, @ ^4� +4� s, +4� t,`Y f +4 . �,� ^f.�`� V 1 +49,
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zkhuh lq +48,/ +V�O, lv wkh wudqvihu sd|phqw qhw ri wkh fdvk rxwod| uhtxluhg

e| wkh hqwudqw*v surmhfw> +V � O, dffuxhv wr wkh hqwudqw1

Ohppd 9 LH lv wkh htxloleulxp �qdqflqj prgh li dqg rqo| li wkhuh

h{lvwv dq +�>V, wkdw vdwlv�hv wkh hqwudqw*v dqg wkh lqfxpehqw*v sduwlflsdwlrq

frqvwudlqwv +;,0+<,/ wkh lqfxpehqw*v lqfhqwlyh frqvwudlqw +471e, dqg wkh

ihdvlelolw| frqvwudlqwv � � 4/ V � O> wkdw lv l� =

�
LH
H +d @ s, � �

Y F
H +;1d,

�
LH
L +d @ s, � �

Y F
L +<1d,

4 � � � �LF +4:,

V � O +4;,

Surri1 Qhfhvvlw| iroorzv e| Ohppdv 6 dqg 8/ dqg ehfdxvh li LH lv dq

htxloleulxp/ wkhq qhfhvvdulo| lw pdnhv erwk wkh hqwudqw dqg wkh lqfxpehqw

ehwwhu r� zlwk uhvshfw wr YF +lw vdwlv�hv sduwlflsdwlrq frqvwudlqwv +;1d,0

+<1d,,1 Vx�flhqf|= vxssrvh wkdw sdudphwhu ydoxhv duh vxfk wkdw +�>V, wkdw

vdwlvi| +;1d,0+<1d,/ +4:, dqg +4;, gr h{lvw1 Wkhq LH duudqjhphqwv wkdw pdnh

erwk sduwlhv ehwwhu r� zlwk uhvshfw wr YF/ l1h1 Sduhwr lpsurylqj LHv/ gr

h{lvw1 Ehfdxvh wklv lv frpprq nqrzohgjh +lqirupdwlrq lv v|pphwulf,/ wkhuh

zloo eh d Sduhwr lpsurylqj LH wkh sduwlhv djuhh xsrq1

Fohduo| li sduwlflsdwlrq frqvwudlqwv +;1d,0+<1d, krog/ wkhq qhfhvvdulo|=

�
LH
H +d @ s, . �

LH
L +d @ s, � �

Y F
H . �

Y F
L > +4<,

Wkh uljkw0kdqg vlgh lv wkh vrfldo vxusoxv dwwdlqhg xqghu YF> wkdw lv/

�
Y F
H .�

Y F
L � VV

Y F dv jlyhq e| +:,1 Wklv lv lghqwlfdo wr wkh qr0lqirupdwlrq

h{fkdqjh �uvw0ehvw ohyho VVQHW1 Wkh ohiw0kdqg vlgh lv wkh vrfldo vxusoxv

dwwdlqhg xqghu dq LH duudqjhphqw wkdw ohdgv wr h�ruw holflwdwlrq e| wkh

lqfxpehqw1 Ohw lw eh qdphg VV
LH
d's> e| xvlqj +48,/ +49,/ VVLHd's=

VV
LH
d's � �

LH
H +d @ s,.�

LH
L +d @ s, @ 5 ^4� +4� s, +4� t,`Y f� ^f.�`�O

+53,
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VV
LH
d's htxdov wkh vrfldo vxusoxv wkdw zrxog eh dwwdlqhg lq wkh �uvw ehvw

zruog xqghu lqirupdwlrq h{fkdqjh/ l1h1 VVHW> plqxv wkh %h{wud uhzdug% �

wr eh jlyhq wr wkh djhqw iru klp wr h{huw h�ruw=

VV
LH
d's @ VV

HW �� 1 +531d,

Lqhtxdolw| +4<, fdq wkhq eh zulwwhq dv=

VV
HW � VV

QHW � � / +4<1d,

ru htxlydohqwo|=

^t +4� s, . s +4� t,`
�
5Y f � Y

�
� � 1 +4<1e,

Wkh ohiw0kdqg vlgh lv wkh h{0dqwh jdlq jhqhudwhg e| lqirupdwlrq h{fkdqjh lq

wkh Iluvw Ehvw zruog> wklv lv srvlwlyh l� wkh ghyhorsphqw vwdjh lv vx�flhqwo|

ulvn|/ wkdw lv l� S � �
2
+e| Ohppd 4,1 � �

k
t

sE�3t�

l
f lv wkh djhqf| frvw ri

holflwlqj h�ruw xqghu lqirupdwlrq h{fkdqjh lq d Vhfrqg Ehvw hqylurqphqw ri

qrq frqwudfwlelolw| ri dfwlrqv1

Ohppd : Dq +�> V, wkdw vdwlv�hv wkh frqglwlrqv dw Ohppd 9/ l1h1

lqhtxdolwlhv +;1d,/+<1d,/ +4:, dqg +4;,/ h{lvwv li dqg rqo| li lqhtxdolw| +4<1e,

krogv1

Surri1 Qhfhvvlw|= li lqhtxdolw| +4<1e, idlov wr krog/ wkhq sduwlflsdwlrq frq0

vwudlqwv +;1d,0+<1d, fdqqrw srvvleo| krog1 Vx�flhqf|= li lqhtxdolw| +4<1e,

krogv/ wkhq vlpsoh fdofxodwlrqv vkrz wkdw= l, �LF ? 4/ wkdw lv wkh lqfxp0

ehqw*v lqfhqwlyh frqvwudlqw � � �LF grhv qrw ylrodwh wkh ihdvlelolw| frqvwudlqw

� � 4> dqg ll, wkhuh dozd|v h{lvw � dqg V/ zkhuh 4 � � � �LF dqg V � O/

wkdw vdwlvi| +;1d,0+<1d,/ ru htxlydohqwo|=

^4� +4� s, +4� t,`Y f +4� �, . V � t
�
sY

f � +4� s,Y
�
/ +;1e,

^4� +4� s, +4� t,`Y f +4 . �,��� V � s
�
tY

f � +4� t,Y
�
1 +<1e,

Wkh nh| wr Ohppd : lv lq wkdw V fdq h{fhhg O +e| +4;,, dqg wklv lpsolhv

wkdw wkh lqfxpehqw*v lqfhqwlyh frqvwudlqw � � �LF grhv qrw elwh/ wkdw lv wkh

4:



rqo| frqvwudlqwv wkdw elwh duh wkh sduwlhv* sduwlflsdwlrq frqvwudlqwv +;1d,0

+<1d,1 Lqghhg/ rqh fdq dozd|v lqfuhdvh � +vdwlvi| wkh lqfhqwlyh frqvwudlqw

� � �LF, dqg vwloo nhhs sduwlhv* sd|r�v xqfkdqjhg e| lqfuhdvlqj V/ wkh

wudqvihu sd|phqw iurp wkh lqfxpehqw wr wkh hqwudqw/ vr dv wr r�vhw wkh

hqwudqw*v +lqfxpehqw*v, orvv +jdlq, wkdw uhvxowv iurp wkh lqfuhdvh lq �12

Lw wkhq iroorzv e| Ohppd 9 dqg Ohppd : wkdw LH lv wkh htxloleulxp

�qdqflqj prgh li dqg rqo| li lqhtxdolw| +4<1e, krogv1 Lqghhg/ surylghg wkdw

frqglwlrq +4<1e, krogv LH duudqjhphqwv wkdw vdwlvi| wkh frqglwlrqv dw Ohppd

9 gr h{lvw +e| Ohppd :,/ dqg khqfh LHv wkdw pdnh erwk sduwlhv ehwwhu r�

zlwk uhvshfw wr YF/ l1h1 Sduhwr lpsurylqj LHv/ gr h{lvw +e| Ohppd 9,1

Ehfdxvh wklv lv frpprq nqrzohgjh +lqirupdwlrq lv v|pphwulf,/ wkhuh zloo

eh d Sduhwr lpsurylqj LH wkh sduwlhv djuhh xsrq1

Xvlqj Y f � S +4�S ,Y / dqg Y � SY / frqglwlrq +4<1e, fdq eh uhzulwwhq

dv=

Y ^t+4� s, . s+4� t,`
�
S � 5S 2

�
�� � 3

zklfk krogv iru S wkdw vdwlv�hv=

S � S � S +54,

S �
.

�
2 � ;�

� �

2

7
+55,

S �
�

�
2 � ;�

� �

2

7
+56,

 � Y ^t+4� s, . s+4� t,`

Wklv ohdgv wr=

Sursrvlwlrq 4 Zkhq S 5
�
S / S

�
/ �qdqflqj lv surylghg e| wkh lqfxpehqw

dqg wkh sduwlhv djuhh wr lqirupdwlrq h{fkdqjh1 Zkhq S @5
�
S / S

�
/ �qdqflqj

lv surylghg e| Yhqwxuh Fdslwdolvw dqg wkh sduwlhv gr qrw frrshudwh1

2Wu V �ihi UL?t|h@�?i_ |L Mi i^�@* |L Oc |�i? UL?_�|�L? E�b=e� �L�*_ Mi ?iUitt@h) M�|
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Iru S 5
�
S / S

�
/ wkh h{0dqwh jdlq jhqhudwhg e| lqirupdwlrq h{fkdqjh

lq wkh Iluvw0Ehvw zruog h{fhhgv � �
k

t

sE�3t�

l
f/ wkh djhqf| frvw ri holflwlqj

h�ruw xqghu lqirupdwlrq h{fkdqjh lq d Vhfrqg Ehvw hqylurqphqw ri qrq

frqwudfwlelolw| ri dfwlrqv= Wkh htxloleulxp �qdqflqj prgh lv LH1 Erwk S

dqg S ghshqg rq �/ dqg

� @ 3 = S @
4

5
/ S @ 3

;� A 3 = 3 ? S ? S ?
4

5
/

wkdw lv zhuh djhqf| sureohpv devhqw/ olnh iru h{dpsoh lq idplo| �upv zkhuh

wkh sulqflsdo dqg wkh djhqw frh{lvw lq wkh vdph hqwlw|/ wkhq S � �
2 zrxog

eh qhfhvvdu| dqg vx�flhqw iru h{0dqwh rswlpdolw| ri lqirupdwlrq h{fkdqjh1

Zlwk djhqf| sureohpv/ wkh vhw ri sdudphwhu ydoxhv vxfk wkdw lqirupdwlrq

h{fkdqjh lv dwwdlqhg vkulqnv1 Lqirupdwlrq h{fkdqjh lv dwwdlqhg li wkh ghyho0

rsphqw vwdjh lv ulvn|/ exw qrw %wrr% ulvn|/ l1h1 l� S 5
�
S / S

�
1 Lqghhg/ li

S lv vx�flhqwo| orz vr dv wr vdwlvi| S ? S / wkhq wkh h{shfwhg ydoxh ri wkh

yhqwxuh xqghu lqirupdwlrq h{fkdqjh/ Y f @ S +4� S ,/ lv %wrr% orz wr pdnh

lw zruwkzkloh wr lqfxu wkh lqfuhphqwdo frvw � zklfk lv uhtxluhg iru holflwlqj

wkh djhqw*v h�ruw xqghu lqirupdwlrq h{fkdqjh1

Zkhq S 5
�
S / S

�
/ wkh htxloleulxp �qdqflqj prgh lv dq LH1 Wkh LH/ wkdw

lv wkh +�>V,/ wkh sduwlhv djuhh xsrq zloo eh wkh uhvxow ri edujdlqlqj xqghu

v|pphwulf lqirupdwlrq/ zkhuh lq wkh qr0djuhhphqw srlqw wkh sduwlhv* sd|r�v

duh wkh sd|r�v wkdw zrxog eh dwwdlqhg xqghu YF1� Vxfk LH lv fkdudfwhul}hg

lq wkh Dsshqgl{ +Htxloleulxp +ixoo0�qdqflqj, LH,1

Ihz revhuydwlrqv duh lq rughu1 Vwulfwo| vshdnlqj/ iru S wkdw od|v rxw0

vlgh wkh lqwhuydo
�
S>S

�
/ YF grplqdwhv LH1 Sursrvlwlrq 4 vwdwhv vrphwklqj

vwurqjhu/ l1h1 wkdw YF lv wkh htxloleulxp �qdqflqj prgh1 Wklv lv wuxh li lq

wklv udqjh/ qr duudqjhphqw fdq grplqdwh YF1 Wklv lv fohduo| wkh fdvh= iru S

@5
�
S>S

�
> duudqjhphqwv wkdw lqyroyh lqirupdwlrq vkdulqj duh grplqdwhg e|

YF/ ehfdxvh ri +6, dqg ehfdxvh +4<, idlov wr krog1 Wkdw lv/ ehfdxvh wkh vrfldo

vxusoxv/ wkh vxp ri wkh hqwudqw*v dqg lqfxpehqw*v qhw0suhvhqw ydoxh yhqwxuhv

+ru htxlydohqwo|/ wkh vxp ri wkh hqwudqw*v dqg lqfxpehqw*v h{shfwhg sd|r�v,/

zklfk lv dwwdlqhg xqghu lqirupdwlrq h{fkdqjh lv orzhu wkdq wkdw dwwdlqhg

�W?_ii_c �u i�|�ih T@h|) hiu�tit |L @}hii L? W,c |�i i?|h@?|<t LT|�4@* t|h@|i}) �t t|�** |L
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xqghu qr0lqirupdwlrq h{fkdqjh1 Wkhq lq wklv udqjh/ wkh uhohydqw dowhuqd0

wlyh wr YF �qdqflqj lv lqfxpehqw*v �qdqflqj zlwk qr0lqirupdwlrq h{fkdqjh1

Wklv fdqqrw grplqdwh YF dqg lv vwulfwo| lqihulru li wkh �qdqfldo uhodwlrqvkls

ehwzhhq wkh lqfxpehqw dqg wkh hqwudqw jlyhv udlvh wr lqirupdwlrq vslooryhu1

Iru S 5
�
S>S

�
/ dq htxloleulxp �qdqflqj duudqjhphqw lv qhfhvvdulo| rqh

zkhuh wkh sduwlhv djuhh wr lqirupdwlrq h{fkdqjh dqg wkh lqfxpehqw krogv d

vwdnh lq wkh hqwudqw*v yhqwxuh vx�flhqwo| odujh vr dv wr vdwlvi| wkh lqfhqwlyh

frqvwudlqw � � �LF +ehfdxvh +4<, krogv,1 Iru S 5
�
S>S

�
/ dq htxloleulxp

+ixoo0�qdqflqj, LH/ dq +�> V, zlwk V � O/ dozd|v h{lvwv dqg lv fkdudfwhul}hg

lq wkh Dsshqgl{1 Krzhyhu/ li wkh hqwudqw*v �qdqflqj qhhg/ O> lv vx�flhqwo|

odujh/ wkhq wkhuh h{lvwv d sd|r�0htxlydohqw +sduwldo0�qdqflqj, LH zkhuh wkh

lqfxpehqw surylghv sduw ri wkh �qdqflqj/ V ? O/ lq h{fkdqjh iru d vkduh

� � �LF dqg wkh uhpdlqlqj O�V lv surylghg e| d yhqwxuh fdslwdolvw +vhh wkh

Dsshqgl{,1 Wkdw lv iru S 5
�
S>S

�
/ li O lv vx�flhqwo| odujh wkhq lqfxpehqw

�qdqflqj fxp lqirupdwlrq h{fkdqjh fdq frh{lvw zlwk YF �qdqflqj1 Krz0

hyhu wklv frh{lvwhqfh uhvxow lv vshfl�f wr wkh elqdu| dfwlrqv* prgho/ zlwk d

frqwlqxxp ri dfwlrqv lw grhv qrw vxuylyh1

$ ����
���� �" �	�
���

Zh kdyh fkdudfwhul}hg wkh vroxwlrq xqghu wkh vlpsoli|lqj dvvxpswlrq wkdw

wkh djhqw kdv d elqdu| dfwlrqv* fkrlfh/ d 5 i3> sj1 Zh looxvwudwh ehorz wkh

lpsolfdwlrqv wkdw uhvxow iurp d frqwlqxxp ri dfwlrqv1 Wkh pdlq srlqw wr

eh pdgh lv wkdw wkh +srvvleoh, frh{lvwhqfh ri lqfxpehqw*v �qdqflqj dqg YF

�qdqflqj grhv qrw vxuylyh1

Vxssrvh wkdw wkh djhqw fkrrvhv wkh suredelolw| ri vxffhvv ri wkh uhvhdufk

vwdjh/ s/ zlwklq wkh xqlw lqwhuydo/ wkdw lv

s 5 ^3> 4`

Wkh djhqw*v frvw ri h�ruw2suredelolw| s lv f+s, frqwlqxrxvo| gl�huhqwldeoh/

qrq0qhjdwlyh/ lqfuhdvlqj dqg frqyh{= ;s 5 +3> 4`/ f+s, � 3/ f�+s, A 3/ f��+s, A

31 Pruhryhu/ f+3, @ 3> f�+3, @ 3 / olp
s3<�

f+s, @41

Ohppd ; Wkh plqlpxp frvw ri holflwlqj h�ruw ohyho s xqghu lqiru0

pdwlrq h{fkdqjh/ F +smH,/ htxdov wkh plqlpxp frvw ri holflwlqj s xqghu

qr0lqirupdwlrq h{fkdqjh/ F +smQH,/ soxv wkh djhqw*v uhqw �+s, lqfuhdvlqj
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lq s=

F +smH, @ F +smQH, .�+s,

F +smQH, � sf
�+s,

� +s, �
t

4� t
f
�+s,

Surri1 Vhh wkh Dsshqgl{1

Vxssrvh wkdw wkh sduwlhv kdyh djuhhg wr h{fkdqjh lqirupdwlrq dqg wkdw

wkh lqfxpehqw lv hqwlwohg wr wkh vkduh � ri wkh hqwudqw*v uhyhqxh/ wkhq wkh

lqfxpehqw zloo r�hu wkh djhqw wkh lqfhqwlyh vfkhph wkdw holflwv h�ruw ohyho

s
H +�,=

s
H +�, @ dujpd{

s
i^4� +4� t, +4� s,`Y f +4 . �,�F+smH,j +57,

s
H +�, vdwlv�hv wkh �uvw0rughu frqglwlrq=

+4� t,Y f +4 . �, @
CF+smH,

Cs
+58,

wkh ohiw0kdqg vlgh ri +58, lv wkh lqfxpehqw*v pdujlqdo ehqh�w ri h�ruw> wkh

uljkw kdqg vlgh lv wkh pdujlqdo frvw ri h�ruw/ dqg lw lv lqfuhdvlqj lq s +ehfdxvh

F+smH, lv frqyh{ lq s,1 Khqfh/ sH +�, lv lqfuhdvlqj lq �= wkh kljkhu wkh vkduh

ri wkh hqwudqw*v uhyhqxh wkdw dffuxhv wr wkh lqfxpehqw/ �/ wkh kljkhu wkh

ehqh�wv wr wkh lqfxpehqw ri holflwlqj h�ruw/ wkh kljkhu wkh h�ruw ohyho kh �qgv

lw rswlpdo wr holflw dqg khqfh wkh kljkhu wkh vrfldo jdlqv iurp frrshudwlrq1

Ohw VVH +�, ghqrwh wkh vrfldo vxusoxv jhqhudwhg xqghu lqirupdwlrq h{0

fkdqjh/ zkhq d vkduh 3 � � � 4 ri wkh hqwudqw*v uhyhqxh dffuxhv wr wkh

lqfxpehqw1 Wklv lv jlyhq e|=

VV
H +�, @

�
4� +4� t,

�
4� s

H +�,
��
5Y f �F+sH +�, mH,� O +59,

Ohppd < VV
H +�, lv prqrwrqlfdoo| lqfuhdvlqj lq �1

Surri1 Ehfdxvh sH +�, lv wkh vroxwlrq wr +57,/ dqg � � 41

Lw iroorzv e| Ohppd < wkdw wkh jdlqv iurp lqirupdwlrq h{fkdqjh duh

pd{lpl}hg e| pd{lpl}lqj wkh vkduh ri wkh hqwudqw*v yhqwxuh dffuxlqj wr

wkh lqfxpehqw1 Wklv dprxqwv wr plqlpl}lqj wkh vkduh dffuxlqj wr rxwvlgh

�qdqflhuv/ dqg khqfh wr kdylqj wkh lqfxpehqw ehlqj wkh rqo| ixqgv* surylghu1

Vlqfh wkh htxloleulxp �qdqflqj prgh lv qhfhvvdulo| wkdw zklfk pd{lpl}hv
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wkh vrfldo vxusoxv +e| wkh vdph uhdvrqlqj dv lq Vhfwlrq 6,/ zh lpphgldwho|

kdyh=

Ohppd 43 Li lqirupdwlrq h{fkdqjh lv sduw ri dq htxloleulxp/ wkhq

�qdqflqj lv surylghg hqwluho| e| wkh lqfxpehqw1

Zlwk d frqwlqxxp ri dfwlrqv/ wkh frh{lvwhqfh ri YF �qdqflqj dqg lqfxp0

ehqw*v �qdqflqj fdqqrw eh dq htxloleulxp1 Wkh htxloleulxp �qdqflqj prgh

lv hlwkhu YF �qdqflqj ru lqfxpehqw*v �qdqflqj fxp lqirupdwlrq h{fkdqjh1

Wkh odwwhu rffxuv l� wkh h{0dqwh jdlqv iurp lqirupdwlrq h{fkdqjh h{fhhg

djhqf| frvwv +e| wkh vdph uhdvrqlqj dv lq Vhfwlrq 6,1 Li wklv lv wkh fdvh

wkhq wkh htxloleulxp �qdqflqj prgh lv ixoo0�qdqflqj LH/ wkdw lv dq +�> V,

zlwk V � O1 Wkh LH wkh sduwlhv djuhh xsrq lv wkdw zklfk uhvxowv iurp edu0

jdlqlqj dorqj wkh olqhv looxvwudwhg lq wkh Dsshqgl{ iru wkh ghulydwlrq ri wkh

ixoo0�qdqflqj LH lq wkh elqdu| dfwlrqv* prgho1

% &�������
�
�' ��� (
	���
��

Vxssrvh wkh uhvhdufk rxwsxw lv sdwhqwdeoh1 Wkhq olfhqvlqj zloo doorz wkh

sduwlhv wr vkduh wkh uhvhdufk uhvxow h{ srvw/ vlqfh wkh lqqrydwru +olfhqvru,

fdq jlyh lwv ulydo +olfhqvhh, wkh uljkw wr xvh wkh lqqrydwlrq lq h{fkdqjh iru d

ihh1 Vxssrvh wkdw wkh sduwlhv kdyh qrw hqjdjhg lq lqirupdwlrq h{fkdqjh dqg

wkdw rqh ri wkhp lv vxffhvvixo dw wkh uhvhdufk vwdjh/ wkhq wkh vwdwxv txr zloo

eh rqh zkhuh wkh h{shfwhg sd|r� ri wkh vxffhvvixo �up +olfhqvru, lv Y dqg

wkdw ri lwv ulydo +olfhqvhh, lv qlo1 Li wkh lqqrydwlrq lv olfhqvhg/ wkhq hdfk ri

wkh wzr �upv zloo hduq Y f lq h{shfwhg ydoxh1 Wkhuhiruh/ olfhqvlqj lv h�flhqw

li=

5Y f � Y

ru htxlydohqwo| li=

S �
4

5

zklfk lv h{dfwo| wkh vdph frqglwlrq uhtxluhg iru lqirupdwlrq h{fkdqjh ehlqj

rswlpdo lq d Iluvw0Ehvw zruog +Ohppd 4,1

Olfhqvlqj lv d shuihfw vxevwlwxwh iru lqirupdwlrq h{fkdqjh= lw doorzv

erwk �upv wr xvh wkh uhvhdufk uhvxow lq wkh surgxfw0ghyhorsphqw vwdjh/ h{0

dfwo| dv zlwk lqirupdwlrq h{fkdqjh1 Pruhryhu/ ehfdxvh wkh djhqw*v uhzdug

fdq eh frqglwlrqhg rq wkh sdwhqw ehlqj dwwdlqhg/ wkh plqlpxp h{shfwhg

55



frvw ri holflwlqj h�ruw s xqghu olfhqvlqj/ F+smO,> lv h{dfwo| wkh vdph dv

wkdw xqghu qr0lqirupdwlrq h{fkdqjh/ l1h1 F+smO, � F+smQH,/ zkhuhdv wkh

plqlpxp h{shfwhg frvw ri holflwlqj h�ruw s xqghu lqirupdwlrq h{fkdqjh lv

F+smH, A F+smQH, � F+smO, +e| Ohppd ;,/ ehfdxvh xqghu lqirupdwlrq

h{fkdqjh/ wkh djhqw fdq iuhh ulgh rq wkh ulydo*v uhvhdufk dfwlylw|1 Wkxv/

li wkh uhvhdufk rxwsxw lv sdwhqwdeoh/ wkh wrwdo vxusoxv jhqhudwhg xqghu qr0

lqirupdwlrq h{fkdqjh fxp h�flhqw olfhqvlqj h{fhhgv wkdw dwwdlqhg xqghu

lqirupdwlrq h{fkdqjh1 Vlqfh wkh htxloleulxp �qdqflqj prgh lv qhfhvvdulo|

wkdw zklfk pd{lpl}hv wkh vrfldo vxusoxv/ zh kdyh=

Sursrvlwlrq 5 Li wkh uhvhdufk rxwsxw lv sdwhqwdeoh/ wkhq lqirupdwlrq h{0

fkdqjh lv lpsohphqwhg h{0srvw yld olfhqvlqj dqg wkh htxloleulxp �qdqflqj

prgh lv Yhqwxuh Fdslwdo �qdqflqj1

) ���	���
��

Yhqwxuh �qdqflqj lv surylghg qrw rqo| e| sxuho| �qdqfldo lqyhvwruv/ exw dovr

e| frusrudwlrqv zkrvh exvlqhvv lv uhodwhg zlwk wkrvh ri wkh qhz yhqwxuhv eh0

lqj �qdqfhg1 Grhv wkh lghqwlw| ri wkh lqyhvwru pdwwhu/ dqg zkdw gulyhv wkh

fkrlfh ri wkh �qdqflqj prghB Wkh dqvzhu surylghg e| wklv sdshu lv wkdw

frusrudwh �qdqflqj fhphqwv frrshudwlrq ehwzhhq wkh frusrudwlrq dqg wkh

vwduw0xs1 Wkh fkrlfh ri wkh lqyhvwru lv wkhq d e|0surgxfw ri wkh fkrlfh derxw

zkhwkhu wr frrshudwh ru qrw1 Zh kdyh prghoohg frrshudwlrq dv vkdulqj uh0

vhdufk uhvxowv +lqirupdwlrq h{fkdqjh,1 Hyhq wkrxjk wkh wzr �upv pd| frp0

shwh �hufho| lq wkh �qdo surgxfw pdunhw/ frrshudwlrq pd| vwloo eh ehqh�fldo

lq wkdw lw hqkdqfhv wkh olnholkrrg wkdw d pdunhwdeoh surgxfw zloo eh ghyho0

rshg1 Krzhyhu/ frrshudwlrq jlyhv udlvh wr d grxeoh prudo kd}dug sureohp1

Djhqwv lqyroyhg lq wkh uhvhdufk dfwlylw| pd| zlvk wr iuhh ulgh rq wkh ulydo

dqg wklv lpsolhv wkdw lqfhqwlyh vfkhphv ehfrph frvwolhu1 Kroglqj d vwdnh

lq wkh frxqwhusduw*v yhqwxuh doorzv wkh lqfxpehqw wr lqwhuqdol}h sduw ri wkh

ehqh�wv/ wkh juhdwhu wkh vwdnh wkh juhdwhu wkh h{whqw wr zklfk wkh sduwlhv

frrshudwh lq pd{lpl}lqj wkh olnholkrrg wkdw wkh ryhudoo uhvhdufk dfwlylw| zloo

vxffhhg1 Pd{lpl}lqj wkh jdlqv iurp frrshudwlrq wkhq uhtxluhv ixoo �qdqflqj

ehlqj surylghg e| wkh lqfxpehqw1 Zh wkhq kdyh wkh uhvxow wkdw li frrs0

hudwlrq lv rswlpdo/ l1h1 li wkh ehqh�wv dwwdlqdeoh lq d Iluvw0Ehvw zruog duh

qrw xqghuplqhg e| wkh djhqf| frvwv wkdw frrshudwlrq fduulhv/ wkhq wkh lq0
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yhvwru zloo qrw eh d sxuh �qdqfldo lqvwlwxwlrq exw udwkhu wkh frpsdq| zkrvh

exvlqhvv lv surqh wr v|qhujlhv zlwk wkh vwduw0xs1 Zkhwkhu frrshudwlrq lv gh0

vludeoh/ fuxfldoo| ghshqgv rq zkhwkhu uhvhdufk uhvxowv duh sdwhqwdeoh1 Li wkh|

duh sdwhqwdeoh/ wkhq olfhqvlqj zloo doorz wkh sduwlhv wr vkduh uhvhdufk uhvxowv

h{ srvw/ vlqfh wkh olfhqvru +wkh lqqrydwru, fdq jlyh lwv ulydo +olfhqvhh, wkh

uljkw wr xvh wkh lqqrydwlrq lq h{fkdqjh iru d ihh1 Olfhqvlqj wkhq doorzv wkh

wzr sduwlhv wr xvh uhvhdufk uhvxowv lq wkh surgxfw0ghyhorsphqw vwdjh h{dfwo|

dv zlwk lqirupdwlrq h{fkdqjh/ zlwkrxw lqfxuulqj lq wkh iuhh udlglqj sure0

ohpv wkdw lqirupdwlrq h{fkdqjh jlyhv udlvh1 Frqvhtxhqwo|/ li wkh uhvhdufk

rxwsxw lv sdwhqwdeoh/ wkhq wkh wrwdo vxusoxv jhqhudwhg xqghu qr0lqirupdwlrq

h{fkdqjh fxp h�flhqw olfhqvlqj h{fhhgv wkdw dwwdlqhg xqghu lqirupdwlrq

h{fkdqjh dqg wkh htxloleulxp �qdqflqj prgh kdv �qdqflqj surylghg e| d

sxuh �qdqfldo lqvwlwxwlrq1
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G*Dvsuhprqw/ F1/ V1 Ekdwwdfkdu|d/ dqg O1D1 Jhudug0Yduhw +5333,/ %Edu0

jdlqlqj dqg Vkdulqj Lqqrydwlyh Nqrzohgjh%/ Uhylhz ri Hfrqrplf Vwxglhv

9:/ 58805:51

Ekdwwdfkdu|d/ V1/ M1 Jod}hu/ dqg G1 Vdsslqjwrq +4<<5,/ % Olfhqvlqj dqg

wkh Vkdulqj ri Nqrzohgjh lq Uhvhdufk Mrlqw Yhqwxuhv%/ Mrxuqdo ri Hfrqrplf

Wkhru| 89/ 7609<1

Ekdwwdfkdu|d/ V1/ dqg J1 Fklhvd +4<<8,/ % Sursulhwdu| Lqirupdwlrq/ Il0

qdqfldo Lqwhuphgldwlrq dqg Uhvhdufk Lqfhqwlyhv%/ Mrxuqdo ri Ilqdqfldo Lq0
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Jurvvpdq/ V1/ dqg R1 Kduw +4<;6,/ %Dq Dqdo|vlv ri wkh Sulqflsdo0Djhqw

Sureohp%/ Hfrqrphwulfd 84/ <5:0<731

Khoopdqq/ W1 +5335,/ %D Wkhru| ri Vwudwhjlf Yhqwxuh Lqyhvwlqj% / Mrxu0

qdo ri Ilqdqfldo Hfrqrplfv 97/ 5;8~6471

Ndw}/ P1 dqg F1 Vkdslur +4<;:,/ % U)G Ulydou| zlwk Olfhqvlqj ru Lpl0

wdwlrq%/ Dphulfdq Hfrqrplf Uhylhz ::/ 73307531

Vhyhulqry V1 +5334,/ %Rq Lqirupdwlrq Vkdulqj dqg Lqfhqwlyhv lq U)G%/

Udqg Mrxuqdo ri Hfrqrplfv 65/ 87508971
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�����	�
Surri ri Ohppd 5

Ohw ] ghqrwh wkh sd|phqw iurp wkh lqfxpehqw wr wkh djhqw lq wkh hyhqw

wkdw wkh �up*v whuplqdo ydoxh lv Y 1 Wkhq/ xqghu qr0lqirupdwlrq h{fkdqjh/

wkh lqfxpehqw*v plqlpxp h{shfwhg frvw ri holflwlqj wkh djhqw*v h�ruw lv wkh

vroxwlrq ri wkh iroorzlqj sureohp=

plq
]

is ^tS +4� S , . +4� t,S `]j +D14,

v=w=

s @ dujpd{
dMtf>s�

id ^tS +4� S , . +4� t,S `] � f +d,j +D14d,

s ^tS +4� S , . +4� t,S `] � f � 3 +D14e,

+D=4d, lv wkh djhqw*v lqfhqwlyh frqvwudlqw/ +D=4e, lv wkh djhqw*v sduwlfl0

sdwlrq frqvwudlqw frqglwlrqdoo| xsrq dfwlrq d @ s1 Dw wkh rswlpxp/ +D14d,

elqgv=

s ^tS +4� S , . +4� t,S `] � f @ 3 > +D15,

dqg wklv lpsolhv wkdw wkh djhqw*v h{shfwhg sd|r� htxdov klv uhvhuydwlrq xwlo0

lw|1 Ohw ]W ghqrwh wkh vroxwlrq wr wkh plqlpl}dwlrq0frvw sureohp +D=4,1 Wkh

lqfxpehqw*v frvw ri holflwlqj wkh djhqw*v h�ruw lv f=

s ^tS +4� S , . +4� t,S `]W @ f +e| +D15,, 1

Ohppd 5 lv suryhg

Surri ri Ohppd 7

Xqghu lqirupdwlrq h{fkdqjh/ wkh lqfxpehqw*v plqlpxp h{shfwhg frvw

ri holflwlqj wkh djhqw*v h�ruw lv wkh vroxwlrq ri wkh iroorzlqj sureohp=

plq
]

i^4� +4� s, +4� t,`S +4� S ,]j +D16,

v=w=

s @ dujpd{
dMtf>s�

i^4� +4� d, +4� t,`S +4� S ,] � f +d,j +D16d,
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^4� +4� s, +4� t,`S +4� S ,] � f � 3 +D16e,

zkhuh ] lv wkh sd|phqw iurp wkh lqfxpehqw wr wkh djhqw lq wkh hyhqw wkdw

wkh �up*v whuplqdo ydoxh lv Y 1 +D=6e, lv wkh djhqw*v sduwlflsdwlrq frqvwudlqw

frqglwlrqdoo| xsrq dfwlrq d @ s1 +D=6d, lv wkh djhqw*v lqfhqwlyh frqvwudlqw/

wklv fdq eh zulwwhq dv=

^4� +4� s, +4� t,`S +4� S ,] � f � tS +4� S ,] +D16f,

Wkh uljkw0kdqg vlgh ri +D=6f, jlyhv wkh djhqw*v h{shfwhg sd|r� e| h{huflvlqj

qr h�ruw +l1h1 d @ 3,/ lq zklfk fdvh klv h{shfwhg sd|r� lv vwulfwo| srvlwlyh/ l1h1

lw lv S +4� S ,]/ zkhqhyhu wkh hqwudqw*v uhvhdufk lv vxffhvvixo/ wklv rffxuv

zlwk suredelolw| t1 Wkh ohiw0kdqg vlgh ri +D=6f, jlyhv wkh djhqw*v h{shfwhg

sd|r� e| h{huflvlqj h�ruw +l1h1 d @ s,> e| h{huflvlqj h�ruw wkh suredelolw|

dffruglqj wr zklfk klv h{shfwhg sd|r� dwwdlqv wkh vwulfwo|0srvlwlyh ydoxh

S +4� S ,] udlvhv iurp t wr ^4� +4� s, +4� t,` � t . +4� t, s/ exw kh

vx�huv wkh frvw f=

Dw wkh rswlpxp/ wkh lqfhqwlyh frqvwudlqw lv elqglqj/ exw vlqfh e| h{0

huflvlqj qr h�ruw wkh djhqw iuhh ulghv rq wkh hqwudqw*v uhvxow/ klv h{shfwhg

sd|r� h{fhhgv klv uhvhuydwlrq xwlolw| +wkh sduwlflsdwlrq frqvwudlqw lv vodfn,1

Wkh vroxwlrq wr wkh plqlpl}dwlrq0frvw sureohp +D=6, lv ]W=

]W @
f

s+4� t, ^S +4� S ,`

Wkh h{shfwhg frvw ri holflwlqj wkh djhqw*v h�ruw/ lv wkxv=

^4� +4� s, +4� t,`S +4� S ,]W � f.

�
t

s+4� t,

�
f 1

Ohppd 7 lv suryhg

Htxloleulxp +ixoo0�qdqflqj, LH

Ohw frqglwlrq +4<1e, krog/ ru htxlydohqwo| S 5
�
S>S

�
1 Wkhq ehfdxvh wkh

vrfldo vxusoxv +wkh vxp ri wkh lqfxpehqw*v dqg hqwudqw*v h{shfwhg sd|r�v,

dwwdlqhg xqghu LH h{fhhgv wkdw dwwdlqhg xqghu YF/ VVLHd's A VVY F / wkhuh

lv vfrsh iru wkh sduwlhv wr uhdfk dq LH djuhhphqw wkdw pdnhv erwk ri wkhp

ehwwhu r� zlwk uhvshfw wr YF1 Ohw � eh wkh hqwudqw*v edujdlqlqj srzhu/
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wkh lqfxpehqw*v edujdlqlqj srzhu lv +4� �,1 E| vwdqgdug dujxphqwv/ lq

wkh htxloleulxp ri wkh edujdlqlqj jdph/ wkh hqwudqw*v dqg wkh lqfxpehqw*v

sd|r�v duh �LHH +d @ s,/ �LHL +d @ s, =

�LHH +d @ s, � �Y FH . �
�
VVLHd's � VVY F

�
+D17,

�LHL +d @ s, � �Y FL . +4� �,
�
VVLHd's � VVY F

�
+D18,

zkhuh �Y FH / �Y FL duh uhvshfwlyho| wkh hqwudqw*v dqg wkh lqfxpehqw*v sd|0

r�v lq wkh qr0djuhhphqw srlqw +YF �qdqflqj,> VVLHd's lv wkh vrfldo vxusoxv

dwwdlqhg xqghu dq LH vxfk wkdw wkh lqfxpehqw holflwv wkh djhqw*v h�ruw/

VVLHd's lv jlyhq e| +53,=

VVLHd's � �LHH +d @ s,.�LHL +d @ s, @ 5 ^4� +4� s, +4� t,`Y f�^f.�`�O >

VVY F lv wkh vrfldo vxusoxv dwwdlqhg xqghu YF/ wkdw lv

VVY F � �Y FH . �Y FL

dv jlyhq e| +:,> wkh h{suhvvlrq
�
VVLHd's � VVY F

�
�

��
VVHW ��

�
� VVQHW

�
lv wkhq wkh jdlq jhqhudwhg e| djuhhlqj wr dq LH wkdw surylghv wkh lqfxpehqw

zlwk wkh lqfhqwlyh wr holflw wkh djhqw*v h�ruw1 Wklv jdlq lv srvlwlyh xqghu rxu

pdlqwdlqhg k|srwkhvlv wkdw +4<1e, krogv1 Wkh LH wkh sduwlhv djuhh xsrq

lv +�>V, vxfk wkdw sduwlhv* sd|r�v duh �LHH +d @ s,/ �LHL +d @ s, dv jlyhq e|

+D17,/ +D18,/ dqg wkhuhiruh lw lv +�> V, wkdw vroyhv=

^4� +4� s, +4� t,`Y f +4� �, . +V � O, @ �Y FH . �
�
VVLHd's � VVY F

�
/

+D19,

^4� +4� s, +4� t,`Y f +4 . �,�^f.�`�V @ �Y FL .+4� �,
�
VVLHd's � VVY F

�
/

+D1:,

4 � � � �LF / +D1;,

V � O / +D1<,
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zkhuh wkh ohiw0kdqg vlgh ri +D19, lv wkh sd|r� wkh hqwudqw jhwv xqghu

+�> V,/ wkh ohiw0kdqg vlgh ri +D1:, lv wkh lqfxpehqw*v sd|r� xqghu +�> V,/

frqglwlrqdoo| xsrq wkh lqfxpehqw holflwlqj wkh djhqw*v h�ruw +l1h1 frqglwlrq0

doo| xsrq � � �LF,1 Wkh uljkw0kdqg vlgh ri +D19, dqg wkdw ri +D1:, duh/

uhvshfwlyho|/ wkh hqwudqw*v dqg wkh lqfxpehqw*v sd|r�v lq wkh htxloleulxp

ri wkh edujdlqlqj jdph/ wkdw lv �LHH +d @ s,/ �LHL +d @ s, dv jlyhq e| +D17,/

+D18,1 Dq +�> V, wkdw vdwlv�hv +D19,0+D1<, wkxv surylghv wkh sduwlhv zlwk wkh

sd|r�v gh�qhg e| wkh htxloleulxp ri wkh edujdlqlqj jdph1 Frqglwlrq +4<1e,

ehlqj vdwlv�hg lpsolhv wkdw �LF ? 4/ pruhryhu V fdq h{fhhg O1 Wkhq/ vlpsoh

fdofxodwlrqv vkrz wkdw wkhuh h{lvw +�> V,/ zlwk 4 � � � �LF dqg V � O/ wkdw

vroyh +D19,0+D1:,1 Wkdw lv/ wkh vhw ri ihdvleoh +�> V, wkdw surylgh wkh hqwudqw

zlwk d sd|r� lghqwlfdo wr �LHH +d @ s, dv jlyhq e| +D17, dqg wkh lqfxpehqw

zlwk d sd|r� lghqwlfdo wr �LHL +d @ s, dv jlyhq e| +D18,/ lv qrq hpsw|1 Wkh

LH wkh sduwlhv djuhh xsrq/ zloo eh dq +�>V, wkdw ehorqjv wr wklv vhw1

Sd|r�0htxlydohqw sduwldo0�qdqflqj LH ~ Frh{lvwhqfh ri lqfxp0

ehqw �qdqflqj dqg YF �qdqflqj1

Frqvlghu d sduwldo0�qdqflqj LH/ dq +�> V, zlwk V ? O1 Xqghu wklv du0

udqjhphqw/ wkh lqfxpehqw �qdqfhv wkh hqwudqw*v yhqwxuh xs wkh dprxqw

V ? O> lq uhwxuq iru d vkduh � � 4 ri wkh hqwudqw*v uhyhqxh uhdol}dwlrq dw wkh

whuplqdo gdwh dqg wkh sduwlhv djuhh wr lqirupdwlrq h{fkdqjh1 Wkh hqwudqw

udlvhv wkh uhpdlqlqj dprxqw/ O� V> iurp d frpshwlwlyh yhqwxuh fdslwdo1

Ohppd D14 Ohw frqglwlrq +4<1e, krog/ ru htxlydohqwo| S 5
�
S>S

�
/ dqg

ohw O eh vx�flhqwo| odujh vr dv wr vdwlvi|=

O A ^4� +4� s, +4� t,`Y f +4 . �LF,� ^f.�`� �LHL +d @ s, / +D143,

zkhuh �LHL +d @ s, lv gh�qhg e| +D18,1 Wkhq wkhuh h{lvwv d sduwldo0�qdqflqj

LH zklfk lv sd|r� htxlydohqw wr htxloleulxp +ixoo0�qdqflqj, LH1

Surri=

D sduwldo0�qdqflqj LH/ dq +�>V, zlwk V ? O/ lv sd|r� htxlydohqw wr

htxloleulxp +ixoo0�qdqflqj, LH/ li dqg rqo| li +�>V, vdwlv�hv=

^4� +4� s, +4� t,`Y f +4� �,� +O� V, @ �LHH +d @ s, +D144,

^4� +4� s, +4� t,`Y f +4 . �,� +f.�,� V @ �LHL +d @ s, +D145,
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4 � � � �LF +D146,

V ? O / +D147,

zkhuh/ �LHH +d @ s, lv gh�qhg e| +D17,/ �LHL +d @ s, lv gh�qhg e| +D18,1

Wkh uljkw0kdqg vlgh ri +D144, dqg wkh uljkw0kdqg vlgh ri +D145, duh uh0

vshfwlyho| wkh hqwudqw*v dqg wkh lqfxpehqw*v sd|r�v xqghu dq htxloleulxp

+ixoo0�qdqflqj, LH1 Wkh ohiw0kdqg vlgh ri +D144, dqg wkh ohiw0kdqg vlgh ri

+D145, duh uhvshfwlyho| wkh hqwudqw*v dqg wkh lqfxpehqw*v sd|r�v xqghu dq

+�> V, wkdw vhwv � � �LF +wkh lqfxpehqw holflwv wkh djhqw*v h�ruw, dqg V ? O/

wkdw lv wkh hqwudqw udlvhv wkh dprxqw O�V iurp d frpshwlwlyh yhqwxuh fds0

lwdo1 Fohduo|/ dq +�> V, wkdw vdwlv�hv +D144,0+D147, lv e| doo phdqv sd|r�0

htxlydohqw wr dq htxloleulxp +ixoo0�qdqflqj, LH1 Surylqj Ohppd D14 wkhq

lw dprxqwv wr surylqj wkdw iru O wkdw vdwlv�hv lqhtxdolw| +D143,/ vxfk dq

+�> V, h{lvwv1

Gh�qh V dv

V � ^4� +4� s, +4� t,`Y f +4 . �,� +f.�,� �LHL +d @ s, /

dqg ohw=

� @ �LF /

wkhq V lv lghqwlfdo wr wkh uljkw0kdqg vlgh ri +D143,/ wkdw lv=

V ? O +e| D143, /

dqg wkhuhiruh
�
�>V

�
vdwlv�hv lqhtxdolwlhv +D146,0+D147,1 Pruhryhu/ iru

� @ �/ dqg V @ V/ wkh ohiw0kdqg vlgh ri +D144, lv lghqwlfdo wr wkh uljkw0

kdqg vlgh/ dqg wkh vdph krogv iru +D145,1 Wklv hvwdeolvkhv wkdw
�
�>V

�
vdwlv�hv +D144,0+D147,/ dqg wkhuhiruh wkdw iru O wkdw vdwlv�hv lqhtxdolw|

+D143, wkhuh h{lvwv dw ohdvw rqh sduwldo0�qdqflqj LH zklfk lv sd|r�0htxlydohqw

wr dq htxloleulxp +ixoo0�qdqflqj, LH1 E| wkh vdph uhdvrqlqj/ rqh dovr suryhv

wkdw iru O vx�flhqwo| odujh wkhuh h{lvw sd|r�0htxlydohqw sduwldo0�qdqflqj LHv

wkdw vhw � A �LF 1
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Surri ri Ohppd ;

Wkh plqlpxp frvw ri holflwlqj s xqghu qr0lqirupdwlrq h{fkdqjh lv F+smQH, =

F+smQH, @ s ^+4� t,S . tS +4� S ,`]W

zkhuh

]W @ dujplq
]

^+4� t,S . tS +4� S ,`] +D148,

v=w=

s = dujpd{
s

is ^+4� t,S . tS +4� S ,`] � f+s,j +D148d,

s ^+4� t,S . tS +4� S ,`] � f+s, � 3 +D148e,

zkhuh ] lv wkh sd|phqw iurp wkh lqfxpehqw wr wkh djhqw lq wkh hyhqw

wkdw wkh �up*v whuplqdo ydoxh lv Y 1

Wkh lqfhqwlyh frqvwudlqw +D=48d, lv htxlydohqw wr wkh �uvw0rughu frqgl0

wlrq=

^+4� t,S . tS +4� S ,`] @ f�+s,

dqg wklv lpsolhv wkdw

]W @
f�+s,

^+4� t,S . tS +4� S ,`

dqg wkhuhiruh wkdw=

F+smQH, @ sf�+s,

Wkh plqlpxp frvw ri holflwlqj s xqghu lqirupdwlrq h{fkdqjh lv F+smH, =

F+smH, @ ^4� +4� t, +4� s,`S +4� S ,]W

zkhuh

]W @ dujplq
]

^4� +4� t, +4� s,`S +4� S ,]

v=w=

s = dujpd{
s

i^4� +4� t, +4� s,`S +4� S ,] � f+s,j

^4� +4� t, +4� s,`S +4� S ,] � f+s, � 3
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Iurp wkh �uvw0rughu frqglwlrq=

+4� t,S +4� S ,] @ f�+s,

Wklv lpsolhv wkdw=

]W @
f�+s,

^+4� t,S +4� S ,`

dqg wkhuhiruh wkdw=

F+smH, @ sf�+s, .
t

4� t
f�+s,

ru htxlydohqwo|=

F+smH, @ F+smQH, .
t

4� t
f�+s, 1

Ohppd ; lv suryhg
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Wdeoh 4

H{shfwhg ydoxh ri wkh Hqwudqw*v dqg Lqfxpehqw*v yhqwxuhv

Hqwudqw Lqfxpehqw

H
�hYH muH @ n> uL @ n

�
@ Y f H

�hYL muH @ n> uL @ n
�
@ Y f

H
�hYHmuH @ >> uL @ n

�
@ 3 H

�hYL muH @ >> uL @ n
�
@ Y

H
�hYHmuH @ n> uL @ >

�
@ Y H

�hYL muH @ n> uL @ >
�
@ 3

H
�hYH muH @ >> uL @ >

�
@ 3 H

�hYL muH @ >> uL @ >
�
@ 3

Y f � S +4� S ,Y > Y � SY

Iljxuh 4= Vhtxhqfh ri fkrlfhv dqg hyhqwv

3 4 5 6

Ilqdqflqj prgh/

Hqwudqw lqyhvwv
Uhvhdufk vwdjh Ghyhorsphqw vwdjh

Sd|r�v

duh uhdol}hg

Uhvhdufk vwdjh=

41d 41e 41f

lqfxpehqw

fkrrvhv djhqw*v

lqfhqwlyh vfkhph

djhqw

fkrrvhv h�ruw

Uhvhdufk uhvxowv

duh gholyhuhg
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