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Devwudfw

Zh dqdo|vh surgxfw dqg surfhvv lqqrydwlrqv lq d prqrsro| prgho

zlwk yhuwlfdo gl�huhqwldwlrq1 Wkh lqfhqwlyh wrzdugv erwk nlqgv ri lq0

qrydwlrq lv dozd|v odujhu xqghu vrfldo sodqqlqj wkdq xqghu prqrsro|1

Wkhuhiruh/ wkh frpsdulvrq ehwzhhq wkh wzr uhjlphv* zhoiduh shuiru0

pdqfh vkrxog dffrxqw iru wkh srvvlelolw| wkdw wkh sodqqhu dqg wkh

prqrsrolvw dgrsw gl�huhqw whfkqrorjlhv dqg vxsso| gl�huhqw surgxfw

udqjhv1
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Nh|zrugv= surgxfw lqqrydwlrq/ surfhvv lqqrydwlrq/ yhuwlfdo gli0
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4 Lqwurgxfwlrq

Lw lv frpprqo| revhuyhg wkdw �upv dfwlydwh U)G sruwirolrv lqfoxglqj vhy0
hudo lqqrydwlrq surmhfwv +Ekdwwdfkdu|d dqg Prrnkhumhh/ 4<;9> Gdvjxswd dqg
Pdvnlq/ 4<;:,1 U)G fdq eh frqgxfwhg dorqj wzr gl�huhqw gluhfwlrqv/ qdpho|/
surfhvv dqg surgxfw lqqrydwlrq1 Wkh olwhudwxuh xvxdoo| wuhdwv wkh wzr nlqgv
ri lqqrydwlrq vhsdudwho|/ d uhohydqw h{fhswlrq ehlqj Urvhqnudq} +4<<9,1

Rxu dlp lv wr vkrz wkdw mrlqwo| lqyhvwljdwlqj surgxfw dqg surfhvv lqqr0
ydwlrqv lq d prqrsro| prgho zlwk yhuwlfdo gl�huhqwldwlrq fdq uhvkdsh vrph
ri wkh hvwdeolvkhg zlvgrp lq wklv �hog/ gdwlqj edfn wr Pxvvd dqg Urvhq
+4<:;,1 Lq sduwlfxodu/ zh vkrz wkdw wkh vrfldo lqfhqwlyh wrzdugv erwk nlqgv
ri lqqrydwlrq lv dozd|v odujhu wkdq wkh sulydwh lqfhqwlyh fkdudfwhulvlqj wkh
sur�w0vhhnlqj prqrsrolvw1 Lq wxuq/ wklv lpsolhv wkdw wkh h!flhqf| frpsdul0
vrq ehwzhhq wkh wzr uhjlphv vkrxog wdnh lqwr dffrxqw wkdw wkh| pd| gl�hu
zlwk uhvshfw wr erwk surgxfw udqjh dqg whfkqrorj|1

Wkh uhpdlqghu ri wkh qrwh lv rujdqlvhg dv iroorzv1 Wkh prqrsrolvw*v rswl0
pdo ehkdylrxu lv odlg rxw lq vhfwlrq 51 Vhfwlrq 6 lqyhvwljdwhv wkh lqh!flhqf|
ri prqrsro| dv djdlqvw wkh vrfldo rswlpxp1

5 Prqrsro| rswlpxp

Frqvlghu d vlpsol�hg yhuvlrq ri wkh yhuwlfdo gl�huhqwldwlrq vhwwlqj e| Pxvvd
dqg Urvhq +4<:;,1 Dw wkh rxwvhw/ d prqrsrolvw vhoov d vlqjoh jrrg ri txdolw|
^ dw sulfh R1 Surgxfwlrq lqyroyhv yduldeoh frvwv rqo|=

� ' ^2% +4,

zkhuh % lv wkh rxwsxw ohyho1 Frqvxphuv duh xqlirupo| glvwulexwhg zlwk ghqvlw|
4 ryhu wkh lqwhuydo

k
fc w

l
� Khqfh/ wkh wrwdo vl}h ri wkh pdunhw lv w1 Sdudphwhu

w lghqwl�hv hdfk frqvxphu*v pdujlqdo zloolqjqhvv wr sd|1 Hdfk lqglylgxdo

pd{lpl}hv klv qhw vxusoxv/ zklfk lv L ' w^ � R � f li kh ex|v/ rwkhuzlvh lw

lv qlo1 Dffruglqjo|/ wkh ghpdqg ixqfwlrq lv % ' w � R*^� Vlqfh R*^ : fc wkh
pdunhw lv rqo| sduwldoo| vhuyhg1 Zlwk d vlqjoh surgxfw dqg wkh whfkqrorj|

lqlwldoo| dydlodeoh/ wkh prqrsrolvw*v remhfwlyh ixqfwlrq lv �r^ ' ER � ^
2�%c

zkhuh vxevfulsw r^ vwdqgv iru vwdwxv txr dqg uhihuv wr wkh lqlwldo vlwxdwlrq
zkhuh wkh prqrsrolvw lv d vlqjoh0surgxfw �up zlwk surgxfwlrq frvwv dv lq

+4,1 Htxloleulxp sur�wv duh �W

r^
' w

�

*2.� Rswlpdo txdolw| lv ^W ' w*� +iru
frpsxwdwlrqdo ghwdlov/ vhh Odpehuwlql/ 4<<:,1
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Lq prghoolqj lqqrydwlrq/ zh dvvxph xqfhuwdlqw| dzd|1 U)G dfwlylw| fdq
eh fduulhg rxw dorqj wzr gluhfwlrqv/ qdpho|/ surgxfw dqg surfhvv lqqrydwlrq1
Surgxfw lqqrydwlrq fdq eh looxvwudwhg dv iroorzv1 Zkhq d vhfrqg ydulhw| lv
lqwurgxfhg/ wkh prqrsrolvw �qgv lw rswlpdo wr prgli| wkh h{lvwlqj txdolw|/
vxsso|lqj txdolwlhv ^M dqg ^uc zlwk ^M : ^u�Uhvwuxfwxulqj surgxfwlrq hqwdlov
d frvw > : f1 Surfhvv lqqrydwlrq frqvlvwv lq fkdqjlqj wkh frvw ixqfwlrq

iurp ^
2
% wr �^

2
%c zlwk � 5 Efc��� Wklv frvw dedwhphqw fdq eh dfklhyhg e|

lqyhvwlqj &c uhjdugohvv ri wkh qxpehu ri ydulhwlhv ehlqj vxssolhg1 Lq jhqhudo/

wkh prqrsrolvw pd| sxuvxh erwk lqqrydwlrqv1 Zlwk wzr surgxfwv/ pdunhw

ghpdqgv duh %M ' w� ERM � Ru�*E^M � ^u� dqg %u ' ERM � Ru�*E^M � ^u��
Ru*^u� Wkh remhfwlyh ixqfwlrq lv gh�qhg dv iroorzv=

�2� ' dRM � �^
2

M
o%M n dRu � �^

2

u
o%u � & � > +5,

Vxevfulsw 2� lqglfdwhv wkdw wkh prqrsrolvw kdv lqwurgxfhg d vhfrqg ydulhw|
dqg orzhuhg xqlw frvw wr �^

2 iru erwk ydulhwlhv1 Pd{lplvlqj +5, z1u1w1 sulfhv

dqg txdolwlhv |lhogv iRW
M
' .w

2

*E2D��( RW
u
' �w

2

*E2D��( ^W
M
' 2w*ED� �( ^W

u
'

w*ED��j +vhh Odpehuwlql/ 4<<:,1 Sur�wv +5, vlpsoli| wr�W

2�
' w

�

*E2D� ��&�>�
Dowhuqdwlyho|/ wkh prqrsrolvw pd| fkrrvh wr sxuvxh hlwkhu surgxfw ru surfhvv

lqqrydwlrq rqo|1 Lq wkh fdvh ri surgxfw lqqrydwlrq/ htxloleulxp sur�wv duh

�
W

2�
' w

�

*2D � >� Zkhq surfhvv lqqrydwlrq lv dfwlydwhg/ htxloleulxp sur�wv

duh �W

��
' w

�

*E2.� �� &�

Wkh rswlpdo sruwirolr ri lqqrydwlrqv iru wkh prqrsrolvw lv vxppdulvhg lq

wkh iroorzlqj=

Wkhruhp 4 Wkh qhfhvvdu| frqglwlrq iru erwk surfhvv dqg surgxfw lqqryd0

wlrqv wr eh fduulhg rxw lq htxloleulxp lv & n > 	 w
�

E2. � 2D� �*ES.D� � �
Vx!flhqw frqglwlrqv duh=

L1 & 	 w
�

E� � � �*E2.� � dqg > 	 2w
�

*ES.D�� c ru

LL1 & 	 w
�

E�� � �*E2D�� dqg > 	 2w
�

*S.D �

Li & 	 w
�

E� � ��*E2.� � dqg > : 2w
�

*ES.D��c wkh prqrsrolvw uhpdlqv d

vlqjoh0surgxfw �up dqg dfwlydwhv frvw0uhgxflqj U)G iru wkh h{lvwlqj ydulhw|1

Li > 	 2w
�

*S.D dqg & : w
�

E� � � �*E2D� �c wkh prqrsrolvw lqwurgxfhv wkh

vhfrqg ydulhw|/ nhhslqj wkh h{lvwlqj whfkqrorj| xqprgl�hg1
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Surri1 Wr suryh wkh wkhruhp/ zh surfhhg lq vwhsv1 Frqvlghu �uvw wkh lqfhq0

wlyh wr frqgxfw frvw0uhgxflqj U)G zlwk d vlqjoh ydulhw|1 Zh kdyh wkdw

�
W

��
: �

W

r^
li & 	

w
�

E�� � �

2.�
+6,

Wkh lqfhqwlyh wr fduu| rxw surgxfw lqqrydwlrq zlwk wkh h{lvwlqj whfkqrorj|

lv vxppdulvhg e| wkh iroorzlqj=

�
W

2�
: �

W

r^
li > 	

2w
�

S.D
+7,

Wkhq/ h{dplqh wkh lqfhqwlyh wr uhgxfh surgxfwlrq frvwv/ surylghg wkh pr0
qrsrolvw lv zloolqj wr lqwurgxfh d vhfrqg ydulhw|=

�
W

2�
: �

W

2�
li & 	

w
�

E�� � �

2D�
+8,

Wkh lqfhqwlyh wr h{sdqg surgxfw ydulhw|/ surylghg wkh prqrsrolvw �qgv lw
sur�wdeoh wr uhgxfh xqlw frvwv/ lv vxppdulvhg e|=

�
W

2�
: �

W

��
li > 	

2w
�

S.D�
+9,

Vlqfh � 5 Efc��c frqglwlrq +9, lv ohvv ghpdqglqj wkdq frqglwlrq +7,1 Wkhuh0
iruh/ lq hydoxdwlqj vx!flhqf|/ zh wdnh lqwr dffrxqw +9,1 Ilqdoo|/ revhuyh
wkdw

�
W

2�
: �

W

r^
li & n > 	

w
�

E2. � 2D� �

S.D�
+:,

Wklv lv d qhfhvvdu| exw qrw vx!flhqw frqglwlrq iru wkh �up wr xqghuwdnh erwk
lqqrydwlrqv1

6 Zhoiduh dssudlvdo

Zh qrz surfhhg wr hydoxdwh wkh vrfldo gdpdjh dvvrfldwhg zlwk wkh prqrsro|
htxloleulxp1 Wr wklv dlp/ frqvxphu vxusoxv/ zlwk rqh ru wzr ydulhwlhv/ fdq
eh frpsxwhg dv iroorzv=

�7� '

] w

R*^
Ew^ � R�_w +;,
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�72 '

]
w

@

Ew^M � RM�_w n
]

@

K

Ew^u � Ru�_w +<,

zkhuh @ ' ERM � Ru�*E^M � ^u� dqg K ' Ru*^u� Vrfldo zhoiduh lv wkh vxp

ri sur�wv dqg frqvxphu vxusoxv1 Qrz gh�qh htxloleulxp vrfldo zhoiduh dqg

sur�wv/ jurvv ri lqqrydwlrq frvwv/ dv g7`
W

dqg e�
W

c uhvshfwlyho|1 Vwudljkwiru0

zdug fdofxodwlrqv vkrz wkdw/ lq jhqhudo/ g7`
W

' � e�
W*2c wkdw lv/ jurvv vrfldo

zhoiduh lq wkh prqrsro| rswlpxp lv 83( odujhu wkdq jurvv prqrsro| sur�wv1
Wklv vx!fhv wr suryh wkdw wkh vrfldo lqfhqwlyh wr lqqrydwh lv 83( odujhu wkdq
wkh sulydwh lqfhqwlyh1

Qrz/ wxuq wr wkh vlwxdwlrq zkhuh wkh sodqqhu frqwurov sulfhv dqg txdolwlhv
dqg orrnv iru wkh �uvw ehvw1 Wr hydoxdwh klv lqfhqwlyhv wrzdugv lqqrydwlrq/ zh
fdofxodwh vrfldo zhoiduh ohyhov dvvrfldwhg zlwk rqh dqg wzr ydulhwlhv/ uhvshf0
wlyho|/ xqghu pdujlqdo frvw sulflqj1 Pruhryhu/ rq wkh edvlv ri Vshqfh +4<:8,/
zh nqrz wkdw wkh sodqqhu vxssolhv wkh vdph txdolwlhv dv wkh prqrsrolvw1 Dv
d uhvxow/ zh kdyh=

7`
7�

��
'

2w
�

2.�
� & ( 7`

7�

2�
'

2w
�

2D�
� & � > +43,

zkhuh vxshuvfulsw 7� vwdqgv iru vrfldo sodqqlqj1 Wkh uhohydqw pdjqlwxghv
zkhq surfhvv lqqrydwlrq lv qrw xqghuwdnhq/ rewdlq iurp +43, e| vhwwlqj & ' f

dqg � ' �� Lq dq| ri wkh irxu srvvleoh fdvhv/ g7`
7�

' 2 e�
W

c l1h1/ jurvv vrfldo

zhoiduh lq wkh vrfldo rswlpxp lv wzlfh dv odujh dv jurvv surgxfhu vxusoxv lq

wkh prqrsro| rswlpxp1 Wklv ohdgv wr wkh iroorzlqj=

Sursrvlwlrq 4 Hydoxdwh vrfldo sodqqlqj djdlqvw wkh prqrsro| rswlpxp1 Wkh

vrfldo lqfhqwlyh wr lqqrydwh lq wkh iruphu lv wzlfh dv odujh dv wkh sulydwh lq0

fhqwlyh lq wkh odwwhu1

Dv wkh surri hqwdlov vlpsoh dojheud/ zh mxvw looxvwudwh wkh fdvh ri surfhvv

lqqrydwlrq zlwk rqh ydulhw|1 Wkh vrfldo lqfhqwlyh lv phdvxuhg e| 7` 7�

��
�

7` 7�
r^ c zklfk lv srvlwlyh li & 	 2w

�

E�� ��*E2.��� Wkh u1k1v1 ri wklv lqhtxdolw|
lv wzlfh dv odujh dv wkh u1k1v1 lq frqglwlrq +6,1 Wkh vdph krogv lq doo rwkhu
fdvhv dv zhoo1

Wkh deryh sursrvlwlrq kdv vrph uhohydqw ehdulqjv rq wkh dvvhvvphqw ri
wkh vrfldo lqh!flhqf| ri prqrsro|1 Lq wkh h{lvwlqj olwhudwxuh +Pxvvd dqg
Urvhq/ 4<:;> Pdvnlq dqg Uloh|/ 4<;7> Fkdpsvdxu dqg Urfkhw/ 4<;</ lqwhu

dold,/ wklv hydoxdwlrq lv shuiruphg iru d jlyhq whfkqrorj|/ xqghu wkh dgglwlrqdo
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dvvxpswlrq wkdw h{sdqglqj wkh surgxfw udqjh lv frvwohvv/ l1h1/ > ' f� Rq

wkhvh edvhv/ rqh uhdfkhv wkh frqfoxvlrq wkdw wkh prqrsrolvw*v txdolw| udqjh lv

zlghu wkdq wkh vrfldoo| rswlpdo rqh/ lq wkdw wkh prqrsrolvw dlpv dw lqgxflqj

vhoi0glvfulplqdwlrq dprqj fxvwrphuv1 Rxu dssurdfk doorzv xv wr udlvh wzr

remhfwlrqv wr wkh dftxluhg zlvgrp1 Wkh �uvw lv wkdw/ iru d jlyhq qxpehu

ri ydulhwlhv/ wkhuh duh sdudphwhu udqjhv zkhuh wkh sodqqhu rshudwhv zlwk d

pruh h!flhqw whfkqrorj| wkdq wkh sur�w0vhhnlqj prqrsrolvw1 Dv dq h{dpsoh/

wklv kdsshqv zkhq & 5

�
w
�

E� � � �*E2.� �c 2w
�

E�� � �*E2.� �
�
� Lq wklv fdvh/ wkh

prqrsrolvw grhv qrw fduu| rxw d zhoiduh0lpsurylqj surfhvv lqqrydwlrq1 Wkh

vhfrqg remhfwlrq uholhv rq wkh iroorzlqj dujxphqw1 Vxssrvh=

& n > 5

3
Cw

�

E2. � 2D� �

S.D�
c 2

w
�

E2. � 2D� �

S.D�

4
D +44,

dqg/ h1j1/ 7` 7�

��
5

�
7`7�

r^ c 7` 7�
2�

�
( �W

r^
: 4@ i�W

��
c�

W

2�
j� Li vr/ wkh sodq0

qhu xqghuwdnhv erwk lqqrydwlrqv zkloh wkh prqrsrolvw uhpdlqv lq wkh vwdwxv

txr/ vlqfh wkh frvw ri surgxfw surolihudwlrq rxwzhljkv wkh sulydwh ehqh�wv
dvvrfldwhg zlwk glvfulplqdwlrq dprqj frqvxphuv1 Wkhuhiruh/ wkh gl�huhqw
lqfhqwlyhv wrzdugv lqqrydwlrq fkdudfwhulvlqj prqrsro| dqg vrfldo sodqqlqj
pd| hqwdlo wkdw rqh vkrxog frpsduh wkh wzr uhjlphv wdnlqj lqwr dffrxqw wkdw
erwk surgxfw udqjh dqg whfkqrorj| fdq gl�hu lq zd|v wkdw wkh olwhudwxuh kdv
ryhuorrnhg vr idu1
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