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S.1 Introduction and notation

This paper contains supplemental materials for Marmer, Shneyerov, and Xu (2011),
MSX hereafter. It establishes validity of the bootstrap delta-method expansion (65)
in Appendix E of MSX.

In what follows, the statistics with superscript T denote the bootstrap analogues
of the statistics computed using the original data. To simplify the notion, we will
suppress the subscript indicating the bootstrap sample number for bootstrap objects
(m). Let P' denote probability conditional on the original sample. We use ET and
Var' to denote expectation and variance under PT respectively.

Let 7! denote the distribution of NlT implied by P, i.e.

7f(N) = PH(N/ = N)
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where 7(N) = P(N; = N). Also, define
p'(N) = Pl(ylh = 1IN)

_ i (m/N) P! (nf = m|N)

Sk, (m/N)1{N, = N}
Zlel 1 {Nl = N}
=p(N),

where p (N) = P (yq = 1|N; = N).

We say (;, = O;()\L) if for all € > 0 there is A. > 0 such that for all L > L.,
P(P(J¢L/ALl > AL) > ¢) < e. Wesay ¢ = of (Ap) if PY(|¢L/AL] >€) — 0 for all
e>0as L — oo.

S.2 Auxiliary results

In this section, we present some simple results concerning the stochastic order (with
respect to PT) of the bootstrap statistics. Let 01 be a statistic computed using the

data in the original sample, and let QAE be the bootstrap analogue of 0r.

Lemma S.1 (a) Suppose that 0, = 6 + o0, (8,) and 61 = ;, + ol (6L). Then, 0} =
0+ ol (61).

(b) Suppose that 6, = 6 + O, (3;,) and 8} =0, + Ol (0). Then, 0 =60+ Ol (01)-
Proof. For part (a), since 0, is not random under P,

Pt <6gl

é}—@) >e) <Pl (o)

=1 (6;1

b, —9‘ > %) + P! (o7

-]

éL—e‘ >§)+op<1).

For the first summand, we have that for all £,n7 > 0,

P (1 (5;1

The proof of part (b) is similar. m

éL—0‘>%>>n>:P<5gl

N g
QL—6’>§)%O.



Lemma S.2 Suppose that E1(01)2 = 0,(\2). Then 0} = Of(AL).

Proof. Since Ef(01)2 = 0,(\2), for all £ > 0 there is A, > 0 such that P(E!(6])? >
A2)\2) < e. Let A2 = A?/e. Then, we can write

P(EN01)? > A2:)\2) < ¢ (S.1)
for all L large enough. By Markov’s inequality,

al
L

0
pf
{

Thus, for all € > 0 there is A, such that for all L large enough,

N2
: & (01)
>A | > | <P|———F—>¢]| <e¢,

AN

0}

o

L

where the last inequality is by (S.1). =

S.3 Main result

The validity of (65) in MSX follows from Lemma S.3 below, which is similar to Lemma
3 in MSX. Given the results in Lemma S.3, (65) can be shown by the same arguments
as those in the proof of Proposition 7 in Appendix C in MSX, and by applying Lemma
S.1.

Lemma S.3 Suppose that assumptions of Lemma 3 in MSX hold. Then, for all x in
the interior of X and N € N,

(a) ¢ (z) = @ () + OF (Lh?) 2.
(b) &t (N|z) = # (N]z) + O (Lhd) 2.
(c) p' (N, z) =p(N,z) + O} ((Lh?/log L)~*? + hF).

(d) SUDe[y(v.0)5(v.0) |G (BN, z) — G* (BN, z) | = O}((Lh?/log L)"V/2 + hF%).



(e) SUPrele,1—¢] |Cj*’T (T|N7 JZ) - d* (T|Na I) | = O;T)((Lhd/ lOg L)il/Z + hR)7 fO’I" any 0<
e<1/2.

(f) SUPpeby (N,z),b2(N,z)] |g*7T (b|N7 ZL‘)—Q* (b|N7 JZ) | = O;]L)((Lhd+1/log L)il/z_’_hR); where
by (N,z) and by (N, x) are defined in (40) and (41) in MSX.

(g) SUDre[r (N,z),m2(N,z)] IQ*’T (T|Na ZL‘) - Q* (T|N7 ZL‘) | = O;((LhdJrl/ log L)il/Q + hR)

(h) Q*'(3! (r,N,z)|N,z) = Q* (8 (r,N,z)|N, z)+Of (LA™ [ log L)~Y2 £ ht) uni-
formly in T such that 5 (17, N,z) € [1(N,z) + ¢, (N, z) — €|, for any 0 < e <
(1o(N,z) — 11 (N, x))/2.

Proof. Part (a) follows from the uniform strong approximation in Chen and Lo
(1997), Proposition 3.2.
For part (b), write

By Proposition 3.2 in Chen and Lo (1997), (Lh?)'/?(7 (N,z) — E&(N,z)) = O}(1).
By the Taylor expansion of 77 (N|z), the result in part (a), and since ¢ (z) is bounded
away from zero with probability approaching one by Assumption 3(b) and Lemma

3(a) in MSX,

(La?)"* (31 (N|z) — & (N]x)) =3 éj) (Lh)? (& (N, 2) — # (N, 2))
B i (N,{E) i 1/2 (.4 oln

The proof of part (c) is similar to that of part (b) and therefore omitted.
We prove part (d) next. The proof is similar to the proof of Lemma B.1 in Newey
(1994). For fixed z in the interior of X and N € N, write

G* (b, N, &) = G (N, 2) p (N,2) 7 (N]2) ¢ (z) ,
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so that

L mny
. 1
G* (b, N, x) m;;ﬂl,
1 Tr — T
Tz‘l_myul(bilSb)l{Nl—N}HZ:1K< “h ’“) (S.2)

and let

i) = —yi1 (6h <b)1{Nf = NV K Ty — Tk
il = hdyu il > 1= k=1 h .

Next, for the chosen values N and x, let

I = [l_)(N,x),
I= Ugiljk‘)

(N, )],

where the sub-intervals [I;’s are non-overlapping and of length

log L
sp = Oi : (S.3)

Denote as ¢ the center of I;,. Note that I, Iy, ¢, depend on N and z. Denote as x(b)

the interval containing b, i.e. b € Ip). Since
G (b, N, z) = ETT;;([))’

we can write



ny

1
L) = 57 D0 (T (eotn) = BT (cutn) ) -

=1 =1

In the above decomposition, A} (b) is the average of the deviations of T} (b) from
its value computed using the center of the interval containing b, and BT 1 (b) is the
expected value under Pt of Al (b). The terms sup,.;|Al (b) | and sup,c, | B} (b) | are
small when sj, is small.

For ATL we have

T3 (b) = T} (cuiey) ‘
< h~(sup K)*yi1 <NJr ) ‘1 <bzl < b) -1 <bzl < c,{(b)>‘
W (sup K)* yi1 (NT N) 1 (bj, e [R(b)> , (S.4)

where the second inequality holds because |1(bf, < b) — 1(b}, < Cr(ry)| is equal to zero
if bjl & I3 and is at most 1 if b;rl € L. Thus,

L N
41 0)] < 1 sup ' ﬁ >3 it (N =N)1(thern). (S5
Next,
1 L N
bl (ﬁ ; ; yh1 (NlT - N) 1 (bjl e Ik>>

- gt (yjl1 (NZT - N) 1 (bjl S Ik>>

= B' (gl (N = ) P1 (b} € By = 18] = )

— gt (1 (NT - N) pt (V) Pt <be € Iilyh = 1, N} N))

==l (N)p! (V) P! (b, € Iilyl =1, N} = N)
Further,



IN

2
= P (b € = 18] = ) o (V) ()

o (vh € Iyl = 18] = V) = (W) i ()
= NI ’

and by Lemma S.2,

L N

1

Ezzyjzl (NlT = N> 1 (bjl € ]k>
=1 =1

= P! (Bh € Lyl = 18] = V) 2T (V) pf (V)

i (3t f 1 Nt = N ot (A o 12
PU{by € Iilyy = 1, N/ = N )« (N) p" (N)

NL

T
+ 0,

= Pt (bh € Lyl = 18] = V) 2T (V) pf (V)

1/2

1

x |1+ O;
P! (B} € Iyl = 1, N] = N) i (N) p! (V) N L

Now, by a similar argument,

P (bl € iyl = 1N} = N) T (N) pf ()

=P (by € It|lyu =1,Ny=N)7(N)p(N)

1 1/2
1+0
X( + p(P(bileIk\yu:1,N,:N)7r(N)p(N)NL> )
< supJ P (bi € Ilya = 1,N; = N) 7 (N)p(N)

1 1/2
1 )
% ( +Op <infk1 77777 JLP(bZlGIk|yzl:1,NZZN)7T(N)])(N)NL) >




Furthermore, for all I,’s

(b }nfxg* (b|N, x)) s, < P(by € Iilya =1,Ny=N) < ( sup g* (b|N, x)) Sy
el,xe

bel,zeX
(S.9)
Equations (S.5)-(S.9) together imply that
1\ /2
AL (0| =08 | R4y (140, [ —
4, 0 ( o
log L
— O} (—Lhd ) , (S.10)
where the last equality is by (S.3).
By (S.4), (S.8), and (S.9), for B! (b) we have
sup B} )] < sup B [1},0) = 7} ()|
bel bel
<h d(supK)* 7' (n) sup PT (bjl € [k|yjl = 1,NlT = N)
k=11,
log L
=0} ( T ) : (S.11)
Note that C}(b) depends on b only through ¢’s, and therefore
sup |C1 (b)| < max, 1CT ()] (S.12)

bel =1,..., L

A Bonferroni inequality implies that for any A > 0,

o LhNY i
<
P (logL) k:ril,é-},(JL IC (D) >A | <




Further, by (S.6)-(S.9), there is a constant 0 < D; < oo such that

Vart (le (ck)> < Dih™ s (140, (1))
= Dih % (log L/ (Lh")) (1 + 0, (1)).

We therefore can apply Bernstein’s inequality (Pollard, 1984, page 193) to obtain

log L 1/2
> ANL ( Lhd>

AZNZ[2lel
)1/2

P! ( ZL:ZN: <T£ (cx) — E'T) (Ck))

=1 =1

2exp | —= Lh?
= 2o ( 2NLDh=4(1+ o, (1)) 8L 4 (2/3) AN(sup K)dh—dL (8%
) (_ 1 A2N (log L)'/ (Lh?)"? )

2D (log L/ (Lh))!? (14 0, (1)) + (2/3) A(sup K)

—oexn [ — AN o 1/2 n1/2
=200 (= sy R o o8 D (0. (5.14)

=2ex

where the equality in the last line is due to Lh?/log L — oco. The inequalities in
(S.12)-(S.14) together with (S.3) imply that there is a constant 0 < Dy < oo such

that
Lhd 1/2
pt ci)] > A
((bgL) up [CL0)

< 2.J; exp (- AN (log L)/ (Lh%) "/ 2)

(4/3) (sup K)? + 0, (1)

, B AN o 1/2 a\1/2
< Dot (= sy aoyr g (o0 ()

AN Lh' Y
s Dyexp (logL (1 (4/3) (sup K)? + 0, (1) (logL> >>

= Op (1)7

where the equality in the last line is by Lh?/log L — co. By a similar argument as

in the proof of Lemma S.2,

Lhd\ 2
YD) = of 1
swplclo] =} (o) (515



The result of part (d) follows from (S.10), (S.11), and (S.15).

The proof of part (e) is similar to that of Lemma 3(e) in MSX. First, by similar
arguments as in the proof of Lemma 3(e), one can show that b(N,z) < ¢*(¢| B, z) <
G'(1 — eln,z) < b(N,z) with probability P approaching one (in probability), and

that uniformly over 7 € [e,1 — €],
Gt (gt (7N, 2)|N, ) = 7 + O (Lh?)
Next,

(A*T |N 2) =6 (@ IN.a)|V.a)
:G*( )—T+O}T,(Lhd)
— G (g |Nx|zvx) G (¢" (7IN, ) [N, 2) + O} (Lh?) "
— g (@ (71N, @) IN,2) (" (rIN, @) = ¢ (7|N, 2)) + O (L) ",

where ¢' denotes the mean value, or

¢*(r|N,2) = ¢ (7|N, )

* [ kT o A*,T Ak, T
_ G (q (T|N,I)|]Y,I’) G (q (T|N,JZ>|N,1’) +O;r) (Lhd)_l.
g (q*’]L (T|N’ :L‘) |N7 :L“)

By part (d) of this lemma, Lemma 3(d) in MSX, and Lemma S.1(b),

sup |1 (7|N,z) — ¢* z)| =0} (Lhd) . (5.16)

T€le,1—¢]

As in the proof of Lemma S.1 and since ¢* (7|N, z) is non-random under PT, for all
€ > 0 there is A, > 0 such that

P (PJr (Lhd §" (TIN,z) — ¢* (T[N, z)| > A.) > €)

=P (1 (Lhd §* (T|N,z) — ¢" (T[N, z)| > A.) > ¢)

— P (LG (IN,2) — ¢ (7N, 2)] > A)

<€, (5.17)

where the inequality in the last line is by 3(e) in MSX. Furthermore, the last result
holds uniformly in 7 € [e,1 — €]. The result in part (e) of the lemma then follows by
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(S.16) and (S.17).!
The result in part (f) is implied by Proposition 3.2 in Chen and Lo (1997). The
proof of parts (g) and (h) is similar to that of Lemma 3(g) and (h) in MSX. m
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INote that (S.17) establishes a trivial result that, if 67 = 6 + O, (A), then 0 = 6 + O} (\r)
(recall that 0 is computed using the data in the original sample).
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