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Abstract

We developed a new scheme for computing "Greeks” of derivativeentgsymptotic expansion approach

In particular, we derived analytical approximation formulae for Deltas and Vegas of plain vanilla and av-
erage European call options under general Markovian processes of underlying asset prices. Moreover, we
introduced a new variance reduction method of Monte Carlo simulations based on the asymptotic expansion
scheme. Finally, several numerical examples under CEV processes confirmed the validity of our method.
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1 Introduction

We propose new approximation formulae for computing Greeks, such as the Delta and the Vega that indicate
risk indices, the first derivatives of the value of an asset with respect to its parameters. In particular, we
derive analytic approximation formulae of the Delta and the Vega of plain vanilla and average options where
the underlying assets’ prices follow general diffusion processes. Our method is based on the asymptotic
expansion approach developed by Takahashi[1995,1999], Kunitomo and Takahashi[1992,2001,2003a] and
Takahashi and Yoshida[2004]. We also introduce a new variance reduction method, which is an extension
of Takahashi and Yoshida[2005] to increase efficiency of Monte Carlo simulation in computation of Greeks.
Moreover, we present series of numerical examples where the underlying prices follow the constant elasticity
of variance (CEV) processes and showed effectiveness of our method.

Monitoring and controlling the risks of derivative securities are as important as pricing derivative se-
curities in the practical world. In Black-Scholes(BS) model, option prices and their Greeks are obtained
analytically. However, in the more realistic models, it is usually very hard to evaluate option prices and their
Greeks analytically. Then, numerical methods are applied.

We suppose that the underlying asset’s pfgéollows a stochastic differential equation(SDE);

{ dS; = p Sy dt + o* (S;) dwy "

So = so (> 0)

wherew; is a one-dimensional Brownian motion,= » — ¢. » andg denote a risk-free rate and a dividend
rate respectively which are assumed to be constants. Next, we consider a derivative security whose payoff
function at maturity timel” is given by¢ such as

¢ (St) = (ST — K),  plain vanilla European call option

or, ¢ (S’T) = (ST — K>+ average European call option 2)

whereSp = % fOT S; dt. The price of the derivative security can be represented by

u(sp) = E[efrTqb(ST)]
= ¢ "TE[p(S7)],

whereFE [-] denotes the expectation operator under the risk-neutral measure. To obtain the first order deriva-
tive of the price with respect to the underlying asset’s price at the initial pyjce natural method is
computing
u(so+9) —u(so—9)
20 ’

whered is a sufficiently small positive number, andsy — ¢) andu (sp + ¢) are generated by Monte Carlo
simulations. However, its convergence is sometimes very slow and convergence to the true value may not
be achieved under some conditions.

To overcome the problem, we may utilize a representation such as

u' (s) ~

W (s0) = e "TE [¢ (S7) Yr],
whereY; satisfies the following SDE:

dYy = pYidt + o' (S;) Yy dw,
Yy =1



Although this representation makes Monte Carlo simulations more efficient, using Monte Carlo simulation

itself may be time-consuming, which cause many difficulties in the practical world such as trading business.
Therefore, in the case that analytic formulae can not be obtained, ideally we need analytic approximation
schemes which can generate values precise enough for practical purpose.

The asymptotic expansion approach have been applied successfully to a broad clapsoniisses ap-
pearing in finance. Takahashi[1999] presented a third-order pricing formulae for plain options and second-
order formulae for more complicated derivatives such as average options, basket options, and options with
stochastic volatility in a general Markovian setting. Kunitomo and Takahashi[2001] provided pricing for-
mulae for bond options(swap options) and average options based on an interest rate model in the class of
Heath-Jarrow-Morton[1992] which is not necessarily Markovian. Takahashi[1995] also presented a second
order scheme for average options on foreign exchange rates with stochastic interest rates in Heath-Jarrow-
Morton framework.

Moreover, Takahashi and Yoshida[2004] extended the method to dynamic portfolio problems. Re-
cently, Takahashi and Saito[2003] successfully applied the method to American options, and Takahashi and
Yoshida[2005] proposed a new variance reduction scheme of Monte Carlo simulation with the asymptotic
expansion. For details of mathematical validity based on the Malliavin calculus and of further applica-
tions, see Kunitomo and Takahashi[2003a, 2003b, 2004], Takahashi and Uchida[2004] and Takahashi and
Yoshida[2004,2005].

The organization of this paper is as follows. In section 2 and 3, we review the asymptotic expansion
approach to pricing options and the variance reduction technique by the asymptotic expansion scheme re-
spectively. In section 4, we derive approximation formulae for the Delta of plain-vanilla and average Euro-
pean call options and introduce a variance reduction technique in computation of the Delta. Section 5 treats
approximations for computing the Vega of plain vanilla and average European call options. We present the
results of numerical experiments in section 6. In appendix, we show another derivation of approximation
formulae for the Delta and the Vega.

2 The outline of the asymptotic expansion approach to finance

The asymptotic expansion approach is an unified method of efficient computation justified by Malliavin-
Watanabe theory. We show a brief summary of the asymptotic expansion approach mainly based on Taka-
hashi[1999].

2.1 Underlying Assets

Let underlying stock pricé; follow

{dSt = uSidt+ o (S;) dwy )

So = so(>0) ’

wherew; is a one-dimensional Brownian motion apd= r — ¢q. r andq denote a risk-free rate and a
dividend rate respectively which are assumed to be constants. We introduce a small egfistant< 1)
and letS\®) follow

459 = 1S9dt 4+ eo (5§5>)dwt @
S = s (>0)

whereo is a smooth function with bounded derivatives.



Next, let us consider a familiy dR-valued Wiener functional§F.(w)}, e € (0,1]. Fork =1,2,---,
we sayF.(w) = O(¥;w) in D ase | 0 if

lim sup ——22
elo €

< 0

|| |
k

Here, || f||,,s for a Wiener functionaff denotes a norm that is the sumGf(P)-norms up to the-th order
derivatives in the sense of Malliavin. A Banach spdggis the completion of® with respect to| - ||, s-

norm wherepP is the totality ofR-valued polynomials on the Wiener space. Roughly speaking, a Banach
spaceD, can be regarded as the totality of random variables which are finite with resgect ja-norm.
Moreover, we say that. (w) has the asymptotic expansion

Fo(w)~ fotefi+efat -
in D, ase | Oifforeveryp >1,s >0andk=1,2,---
Fe(w) = (fotefi+efot -+ fior) = 0" w)

in Dy ase | 0. See Chapter V of Ikeda and Watanabe[1989] for the detail.
Then, we obtain the next proposition. See Takahashi[1999] for the derivation.

Proposition 1. St(s) has an asymptotic expansiontat

2

S = Ao +eAy + % Age + -+ ®)
in Do, ase | 0 where
Aot = spett, (6)
t
Ay = / e"1=%) 5 (Aps) duws, (7)
0
t
Ay = 2/ et=5) 6" (Ags) Als dws, (8)
0
do
O'/ (Agt) = & (A()t) . (9)

In order to price the European option, we only need the value of the underlying asset at the maturity.
Therefore, it is reasonable to suppose thiata constant number for calculating the price of the European
option. Since the right hand side of (6) is a deterministic functidg,is a constant number with a given
constantt. Concerning withA;,, sinceet(t=s) & (Ags) is a deterministic function alsay; is a normal
distribution with a constant variance.

2.2 Plain vanilla European call option
Let Xt(a) = (St(e) — A0t> /e, g1 = A1 and go = Aor /2. Then, we obtain

X = gitegto



in Do, ase | 0. The asymptotic expansion of the price of the plain vanilla European call option of which
payoff at the maturityl is (S — K)™ is given by

—rT (e) _ _ —rT ()
e E{(ST K)J = ce E[(erXT )J
= ee_rT E [(y to+eget+- ) 1{91+6g2+“~2—y}] ’

wherey = (Aor — K) /e and E|-] denotes the the expectation operator under the risk-neutral measure.
Under an appropriate assumption suckasumption 6.t Kunitomo and Takahashi[2003b], we obtain its
approximated value as

B {(Sé“g) - K)J = e M E[y+9) lgzp] e E [0 1g5-)]
+e?e T E[(y+ 91) 920-y(q1)] + O (7)),

whered,(-) denotes Dirac’s Delta function at which means that the derivatives of the step function has

a proper mathematical meaning as Schwartz’s distribution. And also, the calculation above has a proper
mathematical meaning as a generalized Wiener functional (see chapter V of lkeda and Watanabe[1989]
or Watanabe[1987] for the detail discussion). Next, by the property of Brownian Motion, we know the
distribution ofg; follows a normal distributionV (0, X) of which variance is

( / 0 5 (40n) dwt> 2]

T
_ / 20 T1) 5 (402 dt. (10)
0

¥ = F

In addition, the conditional expectatidn|gz|g1 = z] is given by
E[glg1 = 2] = ca® + f,

where .
1 S

c= 22/ / el (T_S)O’(A()s) o (Aos) 21 (T—v) U(on)2 dvds,
o Jo

andf = —cX. Therefore,
+
TR [(S(T” —K) ] (11)

:zse’”T/ (y +2) nfz;0,%] dac—l—EQe_’"T/ (cx? + f) n[2;0,%] do + O (%),

-y -y

wheren [z; 0, X] is the density function oV (0, Y), i.e.

nlz;0,%] = e 2%,

Then, we reach the next theorem. For the proof, see Takahashi[1999].



Theorem 1. The asymptotic expansion of the price of the plain vanilla European call option at time zero
with maturity T, C](;)(O, T), is represented by

o e}

(y+ ) nlz;0,%] doe + e T / (cx® + f) n[2;0,%] dz + O(e?)
~y

CS) 0, T) = EerT/

-y

= ce " (yN (\%) +En[y;0,2]) +e2e™ fynly;0,3] + O(e?), (12)

whereN (x) is cumulative distribution function a¥ (0, 1).

2.3 Average European call option
For the average European call option, the similar discussion can be applied. Takahashi [1999] derived

~ ~ ~ 2 ~
S = Ag +edy + % Age + -+ (13)

in D, ase | 0whereS\® = 1[5 quand A = L [! Ay dufori = 0,1,2,---. Let X© =

(ggs) - gOt) /e, g1 = ElT and go = ﬁgT / 2, then we obtain

Xj(f):gl+egg+--- (14)

in Do, ase | 0. The asymptotic expansion of the price of the average European call option of which payoff
~ + ~
at the maturityl” is <ST — K> ,where where5; = % fot Sy du, is given by

eTE {(gé,?) — K) j = ce"TE [(y + )A(/:(Fe))j
= ce " TE[(y+gi+egm+ ) Lgtept>—yl] - (15)
wherey = (EOT - K) /e. Then, we obtain
—rT 3(e) + —rT 2 T
e E [(ST - K) } = ce T Et9) Ypz—y] T Eloalig >y
+e2e T E[(y+ 91) g20-(91)] + O (), (16)

whereX, which denotes the variance of the distributioryofis calculated by

<; /0 ! /O t " (75) 5 (Ags) dws dt) 2]
= %E </OT/STe“<t—S>a(AOS) dtdws)2]
(/:;11 <eu(T—s) — 1) o (Aos) dws>2]

1 T 2
= / (e“(T_S)—1> o (Aos)? ds. (17)
0

> = F

1
72




In addition, the coefficients of the conditional expectatiofyz|g1 = =] = caz? + f are given by

1 /T /t (1) e,u(T—s)—l

¢C = = e —_—
X272 Jo Jo 7
0 K

o (Ags) o (Aps)

o (Agy)? dvds dt,

andf = —cX. Therefore,

T [(gg@ - K) ]

—ee T /00 (y+z) n[z;0,%) de+e2e™ T / (cx2 + f) n[x;0,%] de + O (53) (18)

-y -y

Then, we reach the next proposition. For the proof, see Takahashi[1999].

Proposition 2. The asymptotic expansion of the price of the average European call option at time zero with
maturity T, Cﬁf) (0,7), is represented by

c90,1) = E@TT/ (y+2) n[2:0,5] d:r+€2erT/ (ca® + f) n[2:0,%] do + O()
-y )

= ce T (yN (\}%) +En[y;0,2]> +e2e™ fynly;0,3] + O(e?). (19)

3 Variance reduction technique with asymptotic expansion

The discussion below is the outline of the variance reduction technique with asymptotic expansion, which
is mainly based on Takahashi and Yoshida[2005].

3.1 Hybrid method

Suppose thak’, (s, y) (s < u < T) follows the stochastic integral equation:
X (ty) =y +/ Vo (XS(E_) (t,y) 78) ds +/ 4 (Xs(g_) (t,y) ,€> dws. (20)
t t

For a stochastic approximationof0,y) = E [f (Xf) (0, y))} , an estimator by crude Mote Carlo simu-
lations with N samples is expressed as

N
G(n,N)=G(n,N;wy, - ,wn) %Zf()zj(f)(wj)), (22)
j=1

sinceG(n, N) depends on each sample path - - - ,wy. The discretized approximation &f ©) based on
Euler-Maruyama scheme is given by

O gt /“ Vi (Xgi?s), 5) ds + / v (ng), 5) duws, (22)
0 0

3N

wheren (s) = [%]



We introduce a modified new estimator«, y) as
G* (6,7’L,N) = G*(gﬂnvN'wla . WN)
N
= E[f (X(O (0 y)} Z( (X(E w; ) —f<X;°)(wj))). (23)
7=1
We assume that [f (X}O) (0, y))} is calculated analytically. This estimate can be explained intuitively. If
the difference betweef (X}E) (wj)) —u(0,y) andf (X'}O) (wj)) - E [f (Xéo) (0, y))] is small for each
independent copy, then we can expect that the error®f (¢, n, N') minus true value: (0, y) can be small

because errors of (Xéf) (wj)) and f (X;O) (wj)) can be canceled out.
By definition, we have

& (e ) —ul0) = 53 [{7 (%) - 5[ (3 0.1) ]}

j=1
— {7 (xPw)) - [f (xF 0.0)]}]. (24)
The correlation betweelf ( )( j)> and f (X:(FO) (wj)> become positively high, since we generate the

same Brownian samples for bothﬁépo) ande(f) in the simulation.

This type of estimate is similar to the control variate technique, which has been known in the Monte
Carlo simulation. It is difficult to find control variables whose expectation can not be derived analytically.
Furthermore, usual variance reduction techniques may use control variables that could apply to very narrow
class of processes. The advantage of this technique is due to the asymptotic expansion approach, because
it is an unified method in a sense that it is applicable to the broad class of processes. We call this variance
reduction method with asymptotic expansioybrid method

3.2 Pricing average European call option by hybrid method
Suppose that the reference asset price process follows:
{ dS®® = 89t +eo (S,@) duw,
S = s(>0) '
The price of an option with the strike pridé and the maturityl” is expressed by

e = | (37 - x)'].

It is rewritten as

. L i
¥ = e TR (TX;E}W) ,
where

© _ S -5"

X = e
5(e) _ g(0)

O = (5 -5)

2t = - )

SO K
y =



We utilize equation (23). Consulting equation (18), we replfa(;e) by

f(a:) =eTe [w +y+e (cx2 + f)] Li_y<a)- (25)
And we have 1
St(o) = etlsg, S't(o) — -2 (e“t — 1) .
tp
X% and X' follow
1t 2.4
ax(? = pX(Jat+ o (ex(7+ 80, t) dwr, X =0, (26)

dx§) = xFat, x5 =o. (27)

Then, we obtain the modified estimator@f) as
(0 r_ (156 T (%0
E [f (XQ T)} N Z ( - (T Xyp(wy) + y) —f (XQ,T(WJ>>>- (28)
Xé?t) denotes the Euler-Maruyama scheme’(é?t)

ax{y) = px{Qat + o (8%) dwy, X{3 =0, (29)

dXy) = X3dt, X33 = 0. (30)

Notice that calculating equation (29) does not require the evaluatimn(@fﬁo)) path by path while
crude Monte Carlo scheme requires. Therefore, the amount of calculation of the present technique is
as large as the crude Monte Carlo method. The algorithm shown above is based on the second order
asymptotic value. For other concrete applications using the first order asymptotic value, see Takahashi
and Yoshida[2005]. For other concrete applications using the second order asymptotic value, see Takahashi
and Uchida[2004].

4 Delta
We consider derivative securities whose payoff function at maturity finegiven by¢ such as

#(Sr) = (S —K)T plainvanila European call optign

- - + _
10) (ST) = (ST - K ) average European call option
The price of them can be represented by

u(sg) = E[e_rT¢(ST)]
= ¢ TE[p(S7)],

whereF [-] denotes the expectation operator under the risk-neutral measure.
In order to obtain the first order derivative of the price with respect to the underlying asset’s price at the
initial time, so, computing finite difference value defined by

u(sp+0)—u(sp—9)

20 ’ (31)

u' (s0) ~



is one of the most practical way. In fact, equation (31) does not require the analytic formulag.af § is a
sufficiently small positive number, generatings, — §) andu (so + ) by Monte Carlo simulations gives a
reasonable estimate of the first order derivative. However, its convergence is sometimes very slow due to the
irregularity of functiong. Moreover, if the size of thé or the size of time slice of Euler-Maruyama scheme
is not sufficiently small, convergence to the true value may not be guaranteed even with large number of
simulations.

To avoid the problem, we utilize a representation such as

' (s0) = e " E[¢ (Sr) Y], (32)

whereY; = % (a stochastic floysatisfies the following SDE:

{ dY; = r(t) Yrdt + 0*' (S)) Yy duwy (33)

Yo =1
For the derivation of equation (32), see Fodrei al.[1999] or Imamura et al.[2004] for instance.

4.1 Asymptotic Expansion of Stochastic flow

(e)
S0 as dsp
the asymptotic expansion of the stochastic flow in order to compute the first order derivative of the option
price.

(@)
As briefly discussed above, we have defiﬂ@as%. Here, we also defing, 9%__ Then, we utilize

Proposition 3. The asymptotic expansion of the stochastic flow is represented by:

()  O0Ag  0Ay  50Ay
Y = ce 34
t 880 te 880 te 350 + ’ ( )
in Dy, ase | 0 where
aéiﬁt = (35)
oA (! p(t—s) 1 dAos
850 = /0 (& g (AOS) Tsodws
t
= e“t/ o’ (Ags) dws, (36)
0
0 At = ' p(t—s) 9Aos ! u(t—s) 1 0A1s
aSO = 2 </[; e g (AOS) TSOAlsdws +/0 e g (AOS) 850 dws
t t s
= 2eM </ " (A()S) Aqdwy +/ o (A()S)/ o’ (A()u) dwudws> . (37)
0 0 0

Proof. Differentiate equations (6), (7) and (8) with respectj@nd we obtain equations (35), (36) and (37),
respectively. |

R R - X(E)
4.2 Asymptotic expansion of e

The payoff of the plain vanilla European call option at the maturity is expressed by

(S5 - K)* = e(xf +9)*,



where

Differentiating equation (38), we have

ox\o 1 (asgf) as%”)
9

080

where

Therefore, we obtain

) (0)
S
v :a<aT+1 T)

Utilizing proposition 3 and equation (40), we obtain

oxy) 1 (osy oS\ _om . dg
850 N £ 850 880

in Do, ase | 0 where

T
% = eMT/ AOs dw&
880 0
T T s
% = e“T/ " (Aos) Ay gdws + eHT / o’ (Aos)/ o' (Agy) dwydws.
ds0 0 0 0

10

(38)

(39)

(40)

(41)

(42)

(43)

(44)



4.3 Asymptotic expansion of Delta

In order to obtain the concrete formulae of Delta, we need calculate the following expectation:

E [YY(“E) . 1{35921{}]
=k H d+ % T 5% t } ' 1{91+6g2+~-~2—y}]
= g{E A d+ g%é ' 1{91271/}] tek [% Lgi>—yy
+eF -(d—i— g%é 0—y(g1) %L:O (g1 +ega+--+) }
- g{E _<d + % ' 1{912—y}] tek [% R re—
+eE _(d—i— g—g;) g2 S,y(gl)} } + 0 (e%).
=cE[d-1{g>_y] +eF [% ' 1{91Z—y}} + 52E$gg§ ' 1{912—1;}}
+22E[d- g -6y ()] + 2B |92 g2 8-y(91)| + O (),

O _ _
wherey = y We notice that there are five parts.

For the first part,
E [d. 1{912_@1}} = getT /_C:E [d|g1 = x]1{g,>_pdx (45)
= 5~d-e“T/oon[:U;O,E]dx (46)
—y
- E-d-N<;§>. (47)

For the second part,
o1
E [880 ’ 1{912—y}:|

T
=ce'E {/0 o’ (Ags) dws - 1{gl>—y}}

) T
o™ [ p [ | o () o =x] - (48)
00 T
—se”T/ {/ T =s)g! (Aos)a(Aos)ds} %n [x;0,%] dx (49)
—y 0
T
= et {705 (a0 (A0 ds 0.5, (50)
0

For the forth part

2B [d- g2+ 0-y(g1)]
=4 [ Blgplgr =)0, (a)da (51)

=¢e? (dcy2+f)n[y;0,2]. (52)

11



For the third part, conaderm%ﬂ = etT fT "(Ags) Arsdws +e“Tf ' (Ags) [5 o' (Aou) dwyduws,
we modify as following:

T
62E |:6qu o’ (A05> Ajsdws - 1{g1>y}:|
0

o) T
= Eze“T/ E {/ 0" (Aps) Arsdws g1 = x} lig>—pdx (53)
0

—00

o) T s
2T / { / HT=95 (A0s) o (Aos) / M= (Agy) e“(T_”)J(AOU)duds}
—y 0

0
2
(;2 _ ;) nlz;0,]dx (54)
T s
) { /O o (Aos) o (Aos) /0 =2 (5 (Ag))? duds} Lnlyi03]. (55)

And also,
T s
e2E [e“T/ o (AOS)/ o' (Agy) dwydw - 1{912_y}]
o;) TO s
= 52/ E [e”T/ o’ (Aos)/ o' (Agy) dwydws |g1 = x] Ligi>—yrda (56)

— 00

o) T s
g? /_ ) e { /0 o' (Ags) e" T~ (Ags) /0 o' (Agy) " Tg (Agy) duds} (57)

21
(;2 - Z) n[z;0,X] dz

T S
22 . 3uT —us __/ —pu ! J
geH {/0 e Mg (AOS)U(AOS)/O e Mo (Agy) o (AOU)duds} nly;0,%X]. (58)

For the fifth part,

28 | M(gﬁ}

S
= 22T / ¢ (z)n[2;0,%] 6y (x)dz (59)
= 2T e (~y)ynly; 0,3, (60)

12



where

M8

t
+{ i (o' (Aor))” / et o215 (AOS)stdt} % (61)

o

Therefore, as for coefficient af- n [y; 0, ], we have:
T s
62{—%83‘U‘T [/ e "o’ (Aps) o (Ags) / e Mo’ (Aow) o (Aow) duds}
0 0

[0 a0 [ o () dus

0

3 T
ﬁes"T {/ e "o’ (Aps) o (Aps) ds}
0

A " el (A0s) o (Aow) [ e o (o) duas . (62)
And coefficient ofy® - n [y; 0, Y] is:
52{—$e5“T {/OT e "o’ (Aps) o (Ags) ds}
T s
! (Ags) o (Ags) [ e Au2dd}.
A [ o u)a o) [ 0 (o) duds ) (63

Finally, we reach the next theorem.
Theorem 2. Delta of European Call Optio (0, T') is represented by
D(0,T) = e " {e*(A+ By+ Cy® + Dy’)nly; 0,5
Y 3
4+ eld-N(—)+ E-nly,0,%]) y + O (¢°), 64
(@ N2+ B aly 0.5} +0 () (64

where
A, B,C, D and F are constant,

sk
y = T——,

2
S = E [(foT 10 (Aqy) diwy) ]
= foT (T g (Ag)? dt,
c = % f()T fOS eM(TfS) O(AOS) o' (AOS) €2u (T—v) O_(AOU)Q dv dS,
—cX.

13



Proof. See the calculation which is already shown above. [ |

Remark 1. It is easy to check that the following equation is valid with some mathematical condition,

8X7(f) oy
50 Bsg X2

L oB[(X) +y)] = <B |(
0dsp
The discussion above is to calculate the right hand side of the equation (65). Of course, in order to obtain the
same result, we can compute the derivative with respect to the initial waludirectly using the equation
(12) (to calculate the left hand side of the equation (65)). For the readers’ convenience, we show the result
of this calculation in Appendix.

However, the former way is more suitable for applying the variance reduction method which we propose
in this paper than the latter, because we could obtain the equation (68) more intuitive way.

(65)

4.4 Delta of average European call option

Similar argument can be applied for European average optiorﬁfﬁbandﬁ.t be
. t
S = % / S du, (66)
0

1 t
Ait == t/Awdu i:0,1,2,'-- . (67)
0

AOT / soe“ dt = S0= ( 1) y
AIT = / /eu(t_S)U(Aos) dwsdt
T 0 0
1 T T
= / e_“sa(AOS)/ e dtdws
w(T—s) _
_ / et —1 dw,.
"

AQT = / /eu(t s) Aos)Alsdwsdt

. -1
AOT = / Soeutdt = S0+ < ) y
AlT = / / eu(t_S)O'(AOS) dwsdt
T Jo Jo
1 T T
= / e“SU(AOS)/ eMtdtdws
wT-s) _q
= / S —— dws,
1

AQT = / /e“(t s) AOS)Alsdwsdt

We only need to apply the same discussion plugging above terms into the corresponding locations.

We have

Then, we obtain
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4.5 Variance reduction technique for Delta

We utilize equation (23). In order to construct the funct'ﬁ(m:), we only need to consult equation (45),
(48), (51), (53), (56) and (59). Also, referring the equation (46), (49), (54) and (57), we obtain the following
formulae:

f(@) = e{(d+ diz) + e(da + d3a?) H >y + €2da, (68)
whered,d;, d2, d3 andd, are constants. And, we can apply the analytic formulae of the asymptotic expan-
sion which is given by theorem 2 for computilﬁg[f (Xéo) (0, y))} :

5 Vega

Although this method is quite similar to the case of Delta, we need some adjustments. We calculate the
"differentiation with respect to the volatility coefficieat of St(s) satisfying the following SDE:

dféﬂ =189 dt + eo (5§€)> dwy ©9)
In this paper, we define the Vega for European call option as:
Vega = aagE[e_rT(S;E) - K)']. (70)
We also definé/t(f) as a stochastic process which satisfies the SDE:
e _ e ©) 1 (g )
V@ =D at+ o (517) + 20’ (517) V| duwy -
Vi =0
0

Then the value of Vega for European call option is obtaineEt{y"‘T VT(E) 1{STZK}:| , but it is sometimes
impossible to calculate it analytically. To apply asymptotic expansion of Vega gives us a sufficiently useful
calculation method. We can apply hybrid method as well.

5.1 Vega of plain vanilla European call option

Introducingy = (Agr — K) /e, we obtain Vega as

E [e_“T Vr 1{5T2K}]
= " E[g Ly p] tee T E 202 11,5 )]
+ee TR (91 920-y(91)] + O (52) :

The approximated value of Vegg(jg 5 (0,T) is expressed as

v L (0,7)
= ¢ TE (91 +292) Lg>yy] +ee T Elg1 920y (91)] + O(?)
= e "TE (91 + 2 Egln)) Lgs—y] + e E g E g2lg1] 0-y(g1)] + O(?)
= B9+ 2 (ch+ 1) 1z ] +2e B [0 (cgf + 1) 5y(a)] + OE) (72

= e (S+elf f—yg : 2
= y+ > nly; 0, %] + O(e?). (73)

We obtain the next theorem.
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Theorem 3. The asymptotic expansion of the Vega of plain vanilla European call option with mé&ituisty
represented by

VO =T (St f +f—y3 [y;0, %] + O(e?) (74)
ega, B Yy D ny;y, g7).
where
_ st - K
— - 7
T 2
Y = F </ et (T=1) & (Aot) dwt> ]
0
T
— / e2n (T—1) (AOt)2 dt,
0
L p(T—s) ! 2 (T—v) 2
c= 22 e 0 (Ags) 0’ (Ags) e o (Agy)” dvds,
0 0
and
f=-cX.
Proof. See the discussion above. n

Remark 2. Of course, in order to obtain the same result, we can compute the derivative with respect to
the parameters, directly using the equation (12). For the readers’ convenience, we show the result of
this calculation in Appendix. However, concerning with the variance reduction method, we can obtain the
equation ( 75) more intuitively.

5.2 Variance reduction technique for Vega

We utilize equation (23). In order to construct the funct'ﬁm:), we only need to consult equation (72).
Then, we obtain the following formulae:

f(x)=erT (z +2¢ (ca® + f)) Lip>—yy — e Ty (cy® + f) n[y;0,5], (75)

And, we can apply the analytic formulae of the asymptotic expansion which is given by theorem 3 for
computingE [f <X§O) (O,y))]

Concerning with average European call option’s case, we can follow almost the same calculation as
plain vanilla European call option’s case.

6 Numerical experiments

In this section, we assume that the price processes of the underlying assets follow BS or CEV processes. BS
process is represented by

{ S\ = 1S dt + 0.8 duwy | 76)

S =50 (> 0)
CEV process is represented by

dSt(E) = ,uS,FE) dt + eo (S,FE))W dwy ,0<y<1
S((f) =50 (>0) |

16



Hence, the volatility function of these models are expressed($) = S} (0 <~ < 1). Then,Y; = %
follows the SDE: .
Yi=pnY; 7Y,
dt )2 tdt—i—avSt tdwt 0n{0§t<7’},
Yo=1 (77)
Y, =0 on {T < t},

wherer = inf{t > 0; S; = 0}.

6.1 Model of plain vanilla European call option

The asymptotic expansion of the Delta and Vega of plain vanilla European call om@{,o,T) and
Ve(gi, £(0,T) respectively, whose payoff function at maturityare expressed b5 — K )T are given by

P (0,1) = ce 7 <dN (y> + Z—En [y;0,2]>
0

VY
2y —1
e T (%)fy + (cy2 + f) <d — Zy)) n[y;0,%] + O(e3),
0 0
(e) _ T fy , )
Vegar (0,T) = e Ete | fyt5-))nly0,Z+ 00,
where
_ st K
— - 7
d= }e“T
E )
T 2
> = FE </ et Tt 5 (Aot) dwt> ]
0
T
= / 2 (T=1) & (AOt)2 dt
: sg” ouT _ 2u~T :
= 2#((1)—7) (6“ — e ) fo<y<l1
s2T 2T if v =1,
1 T prs . .
c = 22/0 A eﬂ(T )J(AOS) 0_/ (A(]s) eQu(T )U(AOU)Q dv ds
g1 (1_€2u(1—'v)T)2 )
s et iy =1,
and

f=—cX.

The coefficientss, ¢, and f are the function ofg, T, v and . Paying attention toy, we represent

¥ =X (y), ¢ =c(y). We can easily check the continuityat= 1, i.e. ¥ (y) — X (1) andc(v) — ¢(1)
asy — 1.
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For the variance reduction technique of Delta, we replace equation (23) by

flz)=ce ™™ (d+ e 2071
S0 S0

(cx2 + f)) 1{;::27@/}‘*‘52 e T (d - gy) (cy2 + f) nly;0,%].
0
For the variance reduction technique of Vega, we replace equation (23) by

flx)=erT (z+ 2 (cx2 + 1)) Lia>—y) — e Ty (cy2 + f) nly;0,%].

6.2 Model of average European call option

The asymptotic expansion of the Delta and Vega of average European call d]bﬁb(m),, T andVe(;i 4(0,7)
respectively, whose payoff function at maturityare expressed bQST — ) are given by
pYw0,1) = ce7 (dN <y> + 7En[y;o,zo (78)
Ve 50

+e2e™ T (@Sol)fy + (cy* + f) <d - Z()y)) nly;0,%] 4+ O(e?),

Ve o017 = T <z+5 <fy+ Iy )) n[y;0,%] + O(c2),
where
80 (erT —1) /uT — K
y - € 9
d— erT — 1
euT
2
T (T—t) _
1 et 1
Y o= / —————— 0 (An) | dt
0 <T H
S2W 2uT 2 pnT uyT . 1
uQOTQ {2u(1—7) B u(le—%) 2uT T 2uv(lev)(1 27)} f0<y<ly#j
2uT .
= 3 (25 — 2 e - 1) if = L
2
(%) {62“T (T - %) - 2€:T - ﬁ} ify=1,
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o (Ags) o' (Aps)

T rt T—s)—1
. - 1/ /emt—s) et
2272 Jo o 7

0 1%

(=1 +erT) (2= 2y + T (—1 +27))°
+(et DTy (=7 4 107)
+4(=14+7)% (3 - 13+ 129?)

ystr +erIH20T (6 — 44y + 9672 — 64+°)
$2 573 +4€2pfyT (_3 4 19,}/ _ 32,72 + 16’)/3)

- +e2 Ty (=5 + 36 — 7672 + 48+?)
—2¢eMT (3 — 28y + 8992 — 11273 + 48+*4))
/7 (3 = 167 +1642))/8 (1 — 3y + 292)°

o (Agy)? dvds dt

fo<vy<l,v#1

3uT ouT (1 _ 2T T 1 T , T2 1 i 1
zzf;i;w{ezm““ (o= 25) +e (g — o+ %) — i} Ty =3
gmisrs 1T (WPT? = 3uT + i) + T (2uT —5) + gerT — 5} if v =1,

and
f=—-cx.

As in the plain vanilla case, the coefficieiis ¢, andf are the function ofg, 7', v andu. We can easily
check the continuity af = 1, i.e. X (y) — X (1) ande (y) — ¢(1) asy — 1.
For the variance reduction technique of Delta, we replace equation (23) by

A 2v—1
fz)=ce ™™ <d+ Sla: + VS € (c:r2 + f)) 1{x2,y}+52 e T (d - gy> (cy2 + f) nly;0,3].
0 0 0

For the variance reduction technique of Vega, we replace equation (23) by

f(z)=e*T (z 42 (c:z:2 + 1)) La>—y) — e Ty (cy2 + f) nly;0,%].
6.3 Parameter settings

In the numerical simulation, we suppose two kind of options. The first are interest rate options (six month
caplets) under Libor Market Model (LMM) settings. This is an example of plain vanilla European call
options. We check the accuracy of the approximate formulgs=n1 (BS process) cases comparing with
the result of LMM and the efficiency iy = 0.1,0.4,0.6 and0.9 cases. Wher # 1, we usually do not
know the exact value of Deltas nor Vegas. Therefore, we use the value of the numerical simulation with
1,000,000 paths as a benchmark. In this case, we can apply zero as ‘drift ierAt, the same time, we
need to check the validity of the computation when the maturities are rather long in the practical sense.
Therefore, for interest rate options, we put 0.05@<zero as:, and 1,5,7,10 year(s) &5

The second are average (stock) options. While we need the ‘non-zero* drift, the maturities are at most
one year practically. So, for average European call options, we put 18Q @95 asu, and 1 year ag".
We check the accuracy and efficiency with= 0.1,0.4,0.6,0.9 and1.

For both case, we put 20% ass]. And strike price is set from 20% in the money(ITM) to 40% out of
the money(OTM).
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6.4 Computing results

Table 1 compares the Deltas of plain vanilla European call options between by LMM and our approximation
with v = 1. Colum (A), (B) and (C) indicate Delta given by LMM, by asymptotic expansion formulae and
the error defined by(B) — (A))/(A) respectively. Around the at the money(ATM), the accuracy of the
approximation is very good. Even ifi = 10 case, the error is below 1%. We can think approximations
from 20% ITM to 20% OTM are acceptable for almost all purposes. However, we can find that we may not
satisfy the accuracy of the approximations especially in very far ITM or OTM cases.

Table 2 compares the Vegas of plain vanilla European call options between by LMM and our approxima-
tion withy = 1. Colum (A), (B) and (C) indicate Vega given by LMM, by asymptotic expansion formulae
and the error defined by B) — (A))/(A) respectively. Even around the ATM, the accuracy of the approxi-
mation may not be satisfactory in the longer maturity cases. However, We also notice that the level of both
Vega and the difference between colum (A) and (B) are very small. Considering this fact, we can think that
the approximation works well.

On table 3 and 4, we check the accuracy and efficiency of the hybrid method. Table 3 indicates the
result of the Deltas of plain vanilla European call options. Table 4 indicates the result of the Vegas of plain
vanilla European call options. Colum (A), (B) and (C) indicate Delta (Vega) given by LMM, by asymptotic
expansion formulae and the error defined(b®) — (A))/(A) respectively. Colum (D) and (G) shows the
result simulation by crude Monte Carlo method and hybrid method respectively. These figures are given by
1,000,000 paths simulation. Colum (E) and (H) are the error of (D) and (G) defingd’hy— (A)/(A))
and((G) — (A)/(A)) respectively. Colum (F) and (I) indicates the variance of the simulations. For each
method, we compute Delta (Vega) with 10,000 paths and repeat them 100 times. Then, we have distributions
of Delta (Vega) which consist of 100 values. From the distributions, we compute variance and then calculate
the value of Var(A)2.

As for table 3, colum (C) and (E) indicate the crude Monte Carlo method with 1,000,000 paths gives
us better accuracy than asymptotic expansion. Colum (E) and (H) indicate hybrid method with 1,000,000
paths gives better accuracy than crude Monte Carlo method. The value of (F) and (1) indicates that even in
10,000 paths simulation, the accuracy is satisfactory in all cases, especially in hybrid method. The value
(P)/(1) indicates the ratio of the speed of convergence. The larger value implies that hybrid method achieves
the faster convergence. We find that hybrid method is at least five or six times faster than crude monte Carlo
method and at most 74 times faster.

As for table 4, the tendency is very similar to table 3. We find that hybrid method is at least five times
faster than crude monte Carlo method and at most 335 times faster.

On table 5 and 6, we check the efficiency of the hybrid method i+ 0.1,0.4,0.6 and 0.9 cases.

Colum (A) and (C) on table 5 and 6 corresponds to colum (D) and (F) on table 3 and 4 respectively. Only
the difference is that colum (C) uses value of colum (A) as the mean value on table 5 and 6, while Colum
(F) uses value of colum (A) on table 3 and 4. Similarly, Colum (D) and (F) on table 5 and 6 corresponds
to colum (G) and (I) on table 3 and 4 respectively. Colum (B) and (E) on table 5 and 6 is the raw data of
variance made by 100 values.

As for the table 5, we can find the asymptotic expansion works wellas4inl case. We also notice that
the accuracy of the asymptotic expansion is the better in the shorter maturity cases. Moreover, the accuracy
is the better in the asymptotic expansion case, the ratio of the speed of convergence is the larger. In other
words, the better approximation formulae gives the better reduction of the computing resources in the hybrid
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method. Hybrid method is at least three times faster than crude monte Carlo method and at most 976 times

faster.
The tendency on table 6 is very similar to table 5. We find that acceleration ratio by hybrid method is

larger than in the case of table 5.

On table 7 and 8, we check the accuracy of our approximation and both the accuracy and efficiency of
hybrid method in average option’s case. Colum (A) indicates the result of asymptotic expansion formulae.
colum (B) to (G) corresponds to colum (A) to (F) on table 5 and 6.

We find the accuracy of asymptotic expansion is well and the efficiency of the hybrid method is very
well. We notice that the ratio of the acceleration is higher than plain vanilla European options cases.

A Appendix
A.1 Direct derivation of plain vanilla European call option’s Delta

Consider the derivative of equation (12) with respectito

9 @
850 C (

T)
= T _ Yy 98\ 08 (108 yd 0% .
- <N< > << 2zaso>+aso+z 5o~ 5 Tasrgs ) )P0
eZe T of _i@g_yid Lzag . 3
< yrfd+fy ( 2% 9sg X +222350 n[y;0,%] 4+ O(e?)
o T 10X
- ! <dN <\/§> +28sn[y;0’2]>

N of 10% y? 0%
2 rT - _ . 3
+e“e <880y+fd+cy <28 + yd 22850>>n[y,0,2]+0(5 ),

whered = %’0 = e’ /e. The derivatives of coefficients are calculated as follows:

)Y o [T _

T
= 2/ €2u (T—t) €'ut0' (A()t) O'/ (A()t) dt
0

T
_ / 2T=0t o (A0) o (Agy) dt
0

T s
aac — 88 {;2/ / eu(T s) (AOs) I(A()s> 62M(T7v)0.<AOU)2 dvds}
S0 50 o Jo
T s
= _;gz/ / eM (TfS)O.(AOS) 0_/ (AOS) eQu(va) U(A0v)2 dv ds
S0 .Jo Jo
1 T S
+22/ / eMTO_/ (AOS)2 eQu(T—U) O_(AOU)Q dv ds
0 0
1 T s
+22/ / eMTO_(AOS) 0_// (AOs) €2u (T—v) P (A0v)2 dv ds
0 0
9 T s
+22/ / et T=9) 5 (Aps) o' (Ags) €211 5 (Ag,) o' (Agy) dv ds
0 0
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A.2 Direct derivation of average option’s Delta

Consider the derivative of equation (19) with respecito

0
.04 (0.7)

_ ox ox 1 0% yd y? 0%
— T N (L _ Y 9= o 2= s, J 0.}
=€ <d \/i + Y d 2% 880 + 880 + 23 850 by + 252 880 " [y7 0’ ]

- of 1 0% yd  y? 0%
2 —rT [ YJ 108 yd  y* 0% ‘ ,
e <880y+fd+fy( 22880 M +222680 n[y7072]+0(5)

= ce T (dN <y> —i—lé}zn[y;O,Z])
0

N 20s
B of 10% y? 0%
2 —rT [ YJ d 2= d— 2= 0.% 3
+e'e <650y+f +Cy<2850+y 2% 9o n[y; 0, X] + O(e”),
whered = (% = (e'T — 1) /(uTe). The derivatives of coefficients are calculated as
ox _ 18/T(eu(T—S)_1)20(A )2 ds
5o w?T? dsg Jo Os
2 [T 2
— w(T—s) _ ws !
o [ (1 = 1) o (o) o (da)
2 r 2uT T /
- uT—ps _ 9 u ps A A
| (e T+ %) 7 (Aas) o (Aas) ds,
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and

dc

dso

o (Ags) o (Aps)

(- w(T—s)—1
880 22T3/ /6#
X/ o (5—0) !
0

o (Agy)? dvds dt}

2 9% 1 g |
iz, ) [ it
s wT—v) _
X/ eh (5=v) [el o (Aoy)? dvds dt
0
—1
E2T3/ /em ————| o (Agy)’
wT—v) _ 1
X/ et (5=v) [6 o (Agw)? dvdsdt
0
—1
E2T3/ /eut —————| o (Aos) 0" (Aos)
w(T— )_1
X/ et (5=) [e o (Agw)? dvdsdt
7
T—s)—1
E2T3/ /eut ) | ————1 o (Aos) o’ (Aos)
—v) 1
X/ eu(s v) [6 (AOU) o (A(]v) dUdet,
0 12
of 0 oc 1)
030 0sp (C ) 0sg 6880

A.3 Direct derivation of plain vanilla European call option’s Vega

Consider the derivative of equation (19) with respect:to

0

Oe
0

Oe

— 7T (yN(\/i>+Zn[y;0,E]—yN<\/y§>—yzn[y;O,E]—i—an[y;O,E])+O(62)

c0,1)

(ae'"T <yN <\}%> + zn[y;o,Z]) +e? eTTfyn[y;O,Eo +0(2)

fy?

+2¢e T fynly;0,%]

—ee T fyn[y;0,%] +

€T”[?J,0 X

T <z+g <fy—|—fy >>n[y;o,z}+0(52).
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(A) (B) ©) (A) (B) ©

K T |BS AE error K T |BS AE error

0.020 10]0.961219 0.938009 -2.414656%]10.020 5]0.988472 0.972526 -1.613206%
0.025 10]0.921053 0.906544 -1.575285%]10.025 5]0.961930 0.945815 -1.675213%
0.030 10]0.869475 0.864533 -0.568426%]10.030 5]0.914007 0.902952 -1.209412%
0.035 10]0.810619 0.812861 0.276495%]10.035 5]0.846410 0.842503 -0.461523%
0.040 10]0.748268 0.753689 0.724543%]10.040 5]|0.765028 0.766271 0.162493%
0.045 10]0.685387 0.690209 0.703533%]10.045 5|0.676955 0.679387 0.359328%
0.050 10]0.624085 0.626157 0.331927%}]10.050 5]0.588468 0.589206 0.125390%
0.055 10]0.565736 0.565199 -0.094925%]10.055 5]0.504184 0.503321 -0.171172%
0.060 10]0.511150 0.510319 -0.162513%]10.060 5]|0.426977 0.427450 0.110767%
0.065 10[0.460725 0.463336 0.566622%]10.065 5]|0.358281 0.364071 1.616089%
0.070 10]0.414579 0.424674 2.435083%]10.070 5]0.298483 0.312316 4.634273%
0.075 10]0.372640 0.393425 5.577795%]10.075 5|0.247290 0.269054 8.800625%
0.080 10]10.334721 0.367667 9.842707%]10.080 5]0.204018 0.230578 13.018336%
0.085 10]0.300567 0.344960 14.769694%]10.085 5|0.167795 0.194111 15.683386%
0.090 10]0.269890 0.322893 19.638454%]10.090 5]|0.137697 0.158570 15.158197%
0.020 7]10.977044 0.955619 -2.192875%]10.020 1]0.999999 1.000689 0.069018%
0.025 7]10.942314 0.925343 -1.800956%]10.025 110.999819 1.001021 0.120243%
0.030 7]0.890641 0.881668 -1.007524%]10.030 1]0.996024 0.995607 -0.041915%
0.035 7]0.826039 0.824727 -0.158771%]10.035 1]0.970175 0.966544 -0.374333%
0.040 7]0.753731 0.756777 0.404108%]10.040 1]0.887954 0.884899 -0.343963%
0.045 7]0.678564 0.681961 0.500633%]10.045 1]0.734606 0.734590 -0.002079%
0.050 710.604332 0.605550 0.201653%}]10.050 1]0.539828 0.539894 0.012288%
0.055 7]10.533653 0.532809 -0.158220%]10.055 1]0.353254 0.353426 0.048725%
0.060 7]10.468126 0.467849 -0.059196%]10.060 1]|0.208508 0.211889 1.621285%
0.065 7]10.408562 0.412812 1.040284%]10.065 1|0.112790 0.117643 4.302139%
0.070 710.355208 0.367619 3.494111%]10.070 1]0.056784 0.058384 2.818767%
0.075 7]10.307946 0.330353 7.276561%]10.075 1]0.026969 0.024395 -9.544832%
0.080 7]0.266429 0.298082 11.880355%]10.080 1]0.012224 0.008175 -33.123037%
0.085 7]10.230191 0.267838 16.354659%]10.085 1]0.005338 0.002137 -59.960186%
0.090 7]10.198710 0.237435 19.488212%]10.090 1]0.002263 0.000430 -80.979700%

Table 1: Deltas of Plain Vanilla European Call Options= 1)
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(A) (B) ©) (A) (B) ©

K T [BS AE error K T (BS AE error

0.035 10]/0.042821 0.046009 7.446638%]]0.035 5(0.026481 0.027870 5.244776%
0.040 10]/0.050429 0.053402 5.895150%]]0.040 5(0.034355 0.035516 3.377900%
0.045 10]0.056138 0.059102 5.279271%]]0.045 5/0.040140 0.041218 2.685837%
0.050 10]0.060002 0.063078 5.127110%]]0.050 5/0.043502 0.044603 2.531512%
0.055 10]0.062220 0.065487 5.251220%]|0.055 5/0.044601 0.045786 2.657013%
0.060 10]0.063054 0.066602 5.627723%]|0.060 5/0.043854 0.045202 3.073360%
0.065 10]0.062772 0.066724 6.295099%]|0.065 5/0.041758 0.043363 3.842481%
0.070 10]0.061627 0.066105 7.265933%]]0.070 5/0.038784 0.040662 4.841814%
0.075 10]/0.059836 0.064897 8.458397%]]0.075 5(0.035323 0.037304 5.607524%
0.080 10]/0.057584 0.063146 9.658748%]]0.080 5(0.031676 0.033367 5.339922%
0.085 10]/0.055022 0.06081210.523134%]]0.085 5(0.028056 0.028924 3.093111%
0.090 10]0.052269 0.05782010.619138%]]0.090 5(0.024605 0.024134 -1.915774%
0.035 7]0.033972 0.036032 6.065064%]]0.035 1{0.003386 0.003319 -1.970762%
0.040 7]0.041702 0.043521 4.362319%]]0.040 1{0.009527 0.009679 1.596742%
0.045 7]0.047396 0.049156 3.714451%]]0.045 1{0.016390 0.016503 0.692609%
0.050 7]0.050960 0.052775 3.561971%]]0.050 1{0.019848 0.019947 0.501252%
0.055 7]0.052587 0.054526 3.686180%]]0.055 1{0.018582 0.018703 0.654121%
0.060 7]0.052607 0.054753 4.079353%]]10.060 1{0.014350 0.014518 1.174357%
0.065 7]/0.051383 0.053848 4.797066%]]0.065 1{0.009572 0.009633 0.637254%
0.070 7]0.049260 0.052124 5.813721%]]10.070 1{0.005704 0.005399 -5.343853%
0.075 7]0.046535 0.049752 6.914621%]]10.075 1{0.003114 0.002465 -20.834878%
0.080 7]0.043448 0.046776 7.659233%]]0.080 1{0.001587 0.000886 -44.145205%
0.085 7]/0.040188 0.043175 7.433523%]]0.085 1{0.000766 0.000246 -67.899358%
0.090 7]0.036891 0.038950 5.580414%]]0.090 1{0.000355 0.000052 -85.282090%

Table 2: Vegas of Plain Vanilla European Call Optiofis< 1)
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(A) (B) © (D) (B) (F) (&) (H) @O

K T [BS AE error Crude error Var/(Mean”2; |Hybrid error Var/(Mean”2 |(F)/(T,

0.03 10| 0.869475 0.864533 -0.568426%)0.86877719 -0.080279%  0.00010990(0.86972539 0.028775% 0.00000213|51.635
0.04 10| 0.748268 0.753689 0.724543%0.74689552 -0.183403%  0.00017490(0.74807987 -0.025124%  0.00001052( 16.622
0.05 10| 0.624085 0.626157 0.331927%0.62235008 -0.278013%  0.00017737|0.62419739 0.017990% 0.00002138| 8.296
0.06 10[ 0.511150 0.510319 -0.162513%)0.51089100 -0.050643%  0.00036690(0.51056803 -0.113828%  0.00005721| 6.413
0.07 10| 0.414579 0.424674 2.435083%0.41446397 -0.027758%  0.00041712|0.41425951 -0.077075% 0.00006836( 6.102
0.08 10| 0.334721 0.367667 9.842707%0.33272196 -0.597315%  0.00066018|0.33450235 -0.065412% 0.00006310( 10.463
0.09 10| 0.269890 0.322893 19.638454%0.26947796 -0.152789%  0.00098681|0.26985832 -0.011858%  0.00002661 | 37.086
0.04 7 0.753731 0.756777 0.404108%0.75380784 0.010223%  0.00011434(0.75364738 -0.011066% 0.00000882( 12.963
0.05 7| 0.604332 0.605550 0.201653%)0.60422292 -0.017976%  0.00018079]0.60411111 -0.036477%  0.00002149( 8.411
0.06 7| 0.468126 0.467849 -0.059196%)0.46953214 0.300286%  0.00032621|0.46751679 -0.130228%  0.00004837( 6.744
0.07 7| 0.355208 0.367619 3.494111%0.35559455 0.108827%  0.00050760(0.35496267 -0.069063% 0.00005779| 8.783
0.04 5[ 0.765028 0.766271 0.162493%|0.76572928 0.091626%  0.00007590]0.76514766 0.015600%  0.00000541( 14.031
0.05 5[ 0.588468 0.589206 0.125390%]0.58905289 0.099337%  0.00017059(0.58855133 0.014105% 0.00001911] 8.928
0.06 5[ 0.426977 0.427450 0.110767%)0.42718140 0.047944%  0.00022749(0.42671627 -0.060992%  0.00004273| 5.323
0.07 5[ 0.298483 0.312316 4.634273%0.29798904 -0.165550%  0.00058010(0.29870112 0.073016%  0.00005523( 10.503
0.04 1| 0.887954 0.884899 -0.343963%)0.88749403 -0.051768%  0.00001843|0.88794510 -0.000969%  0.00000027(67.142
0.05 1 0.539828 0.539894 0.012288%0.54021864 0.072383%  0.000093290.54004679 0.040549% 0.00001566( 5.958
0.06 1| 0.208508 0.211889 1.621285%|0.20813464 -0.179206%  0.00061038|0.20844899 -0.028445% 0.00000818|74.597
0.07 1 0.056784 0.058384 2.818767%|0.05650152 -0.496713%  0.00273819(0.05659569 -0.330873% 0.00089689( 3.053

Table 3: Deltas of Plain Vanilla European Call Options by Hybrid methog (1)
(A) (B) © D) B ) (&) (H) D

K T [BS AE error Crude error Var/(Mean”2; |Hybrid error Var/(Mean”2, [(F)/(T,

0.03 10| 0.033542 0.037184 10.858815%0.03417980 1.902788%  0.00358509]0.03356008 0.055176%  0.00048757| 7.353
0.04 10| 0.050429 0.053402 5.895150%0.05056428 0.268498%  0.00209694| 0.05049383 0.128796%  0.00032698( 6.413
0.05 10[ 0.060002 0.063078 5.127110%0.06003373 0.052961%  0.00110998]| 0.05998620 -0.026252% 0.00018898( 5.874
0.06 10| 0.063054 0.066602 5.627723%|0.06288745 -0.263632%  0.00110244|0.06307760 0.037946%  0.00011779 9.359
0.07 10 0.061627 0.066105 7.265933%0.06174325 0.189025%  0.00132503|0.06156455 -0.100947%  0.00012446( 10.646
0.08 10[ 0.057584 0.063146 9.658748%|0.05777334 0.328328%  0.00139169|0.05768212 0.169910%  0.00019660( 7.079
0.09 10 0.052269 0.057820 10.619138%0.05219150 -0.148309%  0.00134616]| 0.05224904 -0.038240% 0.00016437( 8.190
0.04 7 0.041702 0.043521 4.362319%)0.04162488 -0.185186%  0.00140858|0.04174095 0.093157% 0.00014873| 9.471
0.05 7 0.050960 0.052775 3.561971%0.05084451 -0.226490%  0.00079223|0.05101622 0.110474% 0.00007417| 10.681
0.06 7 0.052607 0.054753 4.079353%0.05268027 0.140080%  0.00094428]| 0.05259670 -0.018781%  0.00005709( 16.540
0.07 7| 0.049260 0.052124 5.813721%0.04921219 -0.096668%  0.00101367|0.04928743 0.056059%  0.00007059( 14.361
0.04 5[ 0.034355 0.035516 3.377900%]0.03422500 -0.378543%  0.00109475|0.03434293 -0.035278%  0.00007967( 13.741
0.05 5[ 0.043502 0.044603 2.531512%0.04366824 0.382493%  0.00070214|0.04351783 0.036745% 0.00002799( 25.089
0.06 5[ 0.043854 0.045202 3.073360%]0.04382771 -0.059493%  0.00066501|0.04386263 0.020142%  0.00002259( 29.444
0.07 5[ 0.038784 0.040662 4.841814%)0.03888714 0.266153%  0.00095613|0.03881078 0.069270%  0.00005127( 18.650
0.04 1 0.009527 0.009679 1.596742%0.00959848 0.753318%  0.00248930]0.00953222 0.057823%  0.00002006 124.075
0.05 1 0.019848 0.019947 0.501252%)0.01981001 -0.189541%  0.00040210|0.01984706 -0.002879%  0.00000120( 334.501
0.06 1 0.014350 0.014518 1.174357%)0.01429368 -0.390582%  0.00075063| 0.01434524 -0.031272%  0.00000531( 141.402
0.07 1 0.005704 0.005399 -5.343853%)0.00563689 -1.174929%  0.00267239| 0.00569887 -0.088233%  0.00052857 5.056

Table 4: Vegas of Plain Vanilla European Call Options by Hybrid method (1)
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(A) B) © D) B )

K T gamma|AE Crude Var Var/(Mean”2) |Hybrid Var Var/(Mean”2) [(C)/(F)
0.04 10 0.110.639422( 0.640105 0.002123% 0.000052| 0.639183 0.000145% 0.000004| 14.56
0.05 10 0.1]10.512616(0.512301 0.002945% 0.000112] 0.513403 0.000160% 0.000006| 18.47
0.06 10 0.1]0.386979( 0.387733 0.002833% 0.000188| 0.388599 0.000114% 0.000008| 24.91
0.07 10 0.1]0.274452(0.276818 0.002862% 0.000374| 0.276580 0.000075% 0.000010| 38.01
0.04 10 0.4 0.682263( 0.680254 0.004499% 0.000097| 0.680634 0.000469% 0.000010 9.61
0.05 10 0.410.550463( 0.551200 0.003500% 0.000115] 0.551433 0.000590% 0.000019 5.94
0.06 10 0.4 0.423340( 0.427675 0.003643% 0.000199| 0.427742 0.000357% 0.000019| 10.22
0.07 10 0.4/ 0.314115(0.319046 0.002898% 0.000285| 0.318106 0.000393% 0.000039 7.33
0.04 10 0.6/ 0.708184( 0.704140 0.004679% 0.000094| 0.704880 0.000457% 0.000009| 10.27
0.05 10 0.6 0.575694 0.574634 0.005289% 0.000160| 0.575937 0.000731% 0.000022 7.27
0.06 10 0.6/ 0.450221( 0.453449 0.003731% 0.000181] 0.453954 0.000753% 0.000037 4.97
0.07 10 0.6/ 0.346341( 0.347590 0.004681% 0.000387| 0.347881 0.000571% 0.000047 8.21
0.04 10 0.910.743105( 0.738024 0.007891% 0.000145] 0.738090 0.000540% 0.000010| 14.61
0.05 10 0.910.613541(0.612073 0.006969% 0.000186| 0.612398 0.000932% 0.000025 7.48
0.06 10 0.9 0.494503 0.496566 0.007986% 0.000324| 0.496948 0.000853% 0.000035 9.37
0.07 10 0.910.403356( 0.396081 0.007441% 0.000474| 0.396335 0.000962% 0.000061 7.74
0.04 7 0.1]0.660244( 0.660811 0.002676% 0.000061| 0.660017 0.000102% 0.000002| 26.07
0.05 7 0.1]10.510555(0.511298 0.002867% 0.000110] 0.511020 0.000148% 0.000006| 19.38
0.06 7 0.1]0.362219( 0.363209 0.002497% 0.000189] 0.363395 0.000102% 0.000008| 24.51
0.07 7 0.1]0.234636( 0.235917 0.001696% 0.000305| 0.235886 0.000029% 0.000005( 57.75
0.04 7 0.4 0.696465( 0.695186 0.002372% 0.000049| 0.695054 0.000362% 0.000007 6.55
0.05 7 0.4 0.542220( 0.543470 0.003170% 0.000107| 0.542805 0.000388% 0.000013 8.16
0.06 7 0.4 0.393386( 0.396231 0.002898% 0.000185] 0.396642 0.000302% 0.000019 9.61
0.07 7 0.410.269989( 0.272047 0.002695% 0.000364| 0.272048 0.000175% 0.000024| 15.37
0.04 7 0.6/ 0.718366( 0.714988 0.003072% 0.000060| 0.715657 0.000335% 0.000007 9.20
0.05 7 0.6/ 0.563330( 0.564012 0.004612% 0.000145] 0.563470 0.000560% 0.000018 8.22
0.06 7 0.6/ 0.416410( 0.420451 0.003361% 0.000190| 0.419302 0.000518% 0.000029 6.45
0.07 7 0.6 0.298544(0.297994 0.003634% 0.000409| 0.297663 0.000284% 0.000032( 12.75
0.04 7 0.910.747848( 0.744886 0.006046% 0.000109| 0.744472 0.000501% 0.000009| 12.05
0.05 7 0.910.594995( 0.594271 0.006361% 0.000180| 0.594502 0.000727% 0.000021 8.76
0.06 7 0.910.454316( 0.454936 0.005252% 0.000254| 0.455291 0.001056% 0.000051 4.98
0.07 7 0.9 0.348855( 0.341004 0.006107% 0.000525| 0.340066 0.000535% 0.000046| 11.35
0.04 5 0.1]0.683746( 0.683594 0.002289% 0.000049| 0.683526 0.000088% 0.000002| 25.99
0.05 5 0.1]0.508921( 0.509843 0.002132% 0.000082| 0.509232 0.000108% 0.000004| 19.76
0.06 5 0.1]0.335626( 0.336210 0.001841% 0.000163| 0.336490 0.000053% 0.000005| 34.48
0.07 5 0.1{0.194349( 0.194875 0.001833% 0.000483| 0.195174 0.000010% 0.000003| 181.76
0.04 5 0.410.714742(0.713803 0.002890% 0.000057| 0.713654 0.000246% 0.000005| 11.73
0.05 5 0.4]0.535682( 0.535940 0.003103% 0.000108| 0.536485 0.000343% 0.000012 9.06
0.06 5 0.410.362747(0.365572 0.003237% 0.000242] 0.365042 0.000284% 0.000021| 11.38
0.07 5 0.410.225921( 0.226498 0.002532% 0.000494| 0.226157 0.000068% 0.000013| 37.18
0.04 5 0.6 0.733468( 0.731799 0.003040% 0.000057| 0.731636 0.000276% 0.000005| 11.01
0.05 5 0.6 0.553524(0.553649 0.003618% 0.000118] 0.553675 0.000609% 0.000020 5.94
0.06 5 0.6 0.382765( 0.385749 0.002848% 0.000191] 0.384824 0.000450% 0.000030 6.30
0.07 5 0.6 0.251275( 0.248343 0.002531% 0.000410] 0.248500 0.000132% 0.000021| 19.21
0.04 5 0.910.758652( 0.757366 0.004961% 0.000086| 0.757047 0.000365% 0.000006| 13.57
0.05 5 0.910.580286( 0.579701 0.004741% 0.000141] 0.579584 0.000545% 0.000016 8.70
0.06 5 0.910.415697(0.416918 0.006380% 0.000367| 0.416067 0.000703% 0.000041 9.04
0.07 5 0.910.295764 0.287106 0.004736% 0.000575] 0.285101 0.000429% 0.000053| 10.87
0.04 1 0.1]10.846571(0.846721 0.001304% 0.000018| 0.846571 0.000002% 0.000000| 699.81
0.05 1 0.1]0.503989( 0.504452 0.003009% 0.000118] 0.504007 0.000036% 0.000001| 83.18
0.06 1 0.1]0.163108( 0.163105 0.001371% 0.000515] 0.163190 0.000001% 0.000001| 976.05
0.07 1 0.1]0.025342] 0.025361 0.000236% 0.003663| 0.025186 0.000016% 0.000247| 14.85
0.04 1 0.410.861090( 0.861357 0.001360% 0.000018| 0.861532 0.000007% 0.000000| 188.00
0.05 1 0.4]0.515958( 0.516048 0.002301% 0.000086| 0.516017 0.000191% 0.000007| 12.04
0.06 1 0.410.177626( 0.177599 0.001517% 0.000481| 0.177366 0.000009% 0.000003| 171.40
0.07 1 0.410.034412( 0.033753 0.000321% 0.002814| 0.033606 0.000100% 0.000881 3.19
0.04 1 0.6/ 0.8698010.870741 0.001175% 0.000015] 0.870797 0.000012% 0.000000| 101.59
0.05 1 0.6 0.523937( 0.523230 0.002680% 0.000098| 0.524055 0.000203% 0.000007| 13.26
0.06 1 0.6/ 0.188272(0.187722 0.001923% 0.000546| 0.187240 0.000010% 0.000003| 184.59
0.07 1 0.6/ 0.041539( 0.040353 0.000458% 0.002814| 0.040453 0.000128% 0.000783 3.59
0.04 1 0.910.881415(0.883591 0.001727% 0.000022| 0.883775 0.000016% 0.000000| 106.11
0.05 1 0.910.535905 0.536393 0.002851% 0.000099| 0.536088 0.000302% 0.000011 9.42
0.06 1 0.910.205694( 0.203798 0.002474% 0.000596| 0.203094 0.000035% 0.000008| 70.32
0.07 1 0.910.053849( 0.052412 0.000746% 0.002714] 0.052503 0.000244% 0.000884 3.07

Table 5: Deltas of Plain Vanilla European Call Options by Hybrid method
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(A) B) © D) B )

K T gamma|AE Crude Var Var/(Mean”2) |Hybrid Var Var/(Mean”2) [(C)/(F)
0.04 10 0.110.879607( 0.861035 0.021539% 0.000291| 0.864740 0.000542% 0.000007 40.11
0.05 10 0.110.934990( 0.924037 0.022415% 0.000263| 0.923509 0.000197% 0.000002 113.69
0.06 10 0.1]0.899173 0.887686 0.021924% 0.000278| 0.889660 0.000083% 0.000001 263.87
0.07 10 0.1]0.786939( 0.776204 0.020838% 0.000346| 0.777378 0.000141% 0.000002 147.76
0.04 10 0.410.346132(0.332214 0.003875% 0.000351| 0.331046 0.000104% 0.000010 36.91
0.05 10 0.410.380626( 0.368111 0.005939% 0.000438| 0.367596 0.000052% 0.000004 113.19
0.06 10 0.410.377993( 0.364255 0.004388% 0.000331| 0.365533 0.000027% 0.000002 163.08
0.07 10 0.4|0.346532(0.332137 0.004576% 0.000415] 0.332827 0.000075% 0.000007 61.26
0.04 10 0.6/ 0.185748(0.175984 0.001575% 0.000508| 0.176293 0.000078% 0.000025 20.21
0.05 10 0.6/ 0.209070( 0.200064 0.001863% 0.000465| 0.200219 0.000023% 0.000006 81.44
0.06 10 0.6/ 0.211999( 0.202938 0.002332% 0.000566| 0.202840 0.000010% 0.000002 239.69
0.07 10 0.6/ 0.199929( 0.188973 0.001750% 0.000490( 0.189374 0.000033% 0.000009 52.67
0.04 10 0.910.072945( 0.068770 0.000524% 0.001108| 0.068885 0.000064% 0.000134 8.24
0.05 10 0.910.085110( 0.080945 0.000603% 0.000921| 0.081007 0.000047% 0.000071 12.99
0.06 10 0.910.088975( 0.084689 0.000609% 0.000849| 0.084359 0.000049% 0.000069 12.30
0.07 10 0.9]0.087243(0.081478 0.000637% 0.000960| 0.081601 0.000030% 0.000044 21.66
0.04 7 0.1]10.720018( 0.713115 0.019853% 0.000390| 0.711890 0.000184% 0.000004 107.69
0.05 7 0.1]0.782269( 0.775435 0.019357% 0.000322| 0.776295 0.000011% 0.000000| 1,720.95
0.06 7 0.1]0.736665( 0.729612 0.014244% 0.000268| 0.731420 0.000050% 0.000001 288.13
0.07 7 0.1]0.606333( 0.602280 0.016252% 0.000448| 0.600522 0.000073% 0.000002 221.05
0.04 7 0.4 0.282947( 0.274848 0.003370% 0.000446| 0.274031 0.000069% 0.000009 48.42
0.05 7 0.410.318454(0.310110 0.004045% 0.000421] 0.311077 0.000016% 0.000002 249.98
0.06 7 0.410.310055( 0.303208 0.003253% 0.000354| 0.302619 0.000017% 0.000002 193.23
0.07 7 0.410.269396( 0.261565 0.003282% 0.000480| 0.260690 0.000047% 0.000007 68.79
0.04 7 0.6/ 0.151694(0.145432 0.001431% 0.000677| 0.145883 0.000046% 0.000022 31.21
0.05 7 0.6/ 0.174921(0.169719 0.001349% 0.000468| 0.169731 0.000012% 0.000004 110.99
0.06 7 0.6/ 0.174030( 0.168778 0.001634% 0.000574| 0.168580 0.000007% 0.000002 250.32
0.07 7 0.6/ 0.156236( 0.149747 0.001201% 0.000536| 0.149536 0.000020% 0.000009 59.10
0.04 7 0.910.059480( 0.056817 0.000317% 0.000982| 0.056932 0.000023% 0.000071 13.75
0.05 7 0.910.071209 0.068668 0.000462% 0.000980| 0.068792 0.000018% 0.000038 26.02
0.06 7 0.910.073119( 0.070200 0.000315% 0.000640| 0.070306 0.000010% 0.000021 30.21
0.07 7 0.9 0.068648 [ 0.064895 0.000379% 0.000901| 0.064982 0.000016% 0.000038 23.51
0.04 5 0.1]10.591044(0.586723 0.011927% 0.000346| 0.586618 0.000043% 0.000001 274.90
0.05 5 0.1]10.661138( 0.656247 0.012246% 0.000284| 0.657688 0.000004% 0.000000| 3,297.30
0.06 5 0.1 0.605401 | 0.602459 0.009753% 0.000269| 0.602176 0.000031% 0.000001 315.18
0.07 5 0.1 0.459128| 0.454799 0.008122% 0.000393| 0.455315 0.000025% 0.000001 323.45
0.04 5 0.410.231841(0.226130 0.002346% 0.000459| 0.226382 0.000057% 0.000011 41.44
0.05 5 0.410.269143 0.264623 0.002288% 0.000327] 0.264731 0.000007% 0.000001 346.14
0.06 5 0.4 0.255220( 0.250845 0.002410% 0.000383| 0.250705 0.000016% 0.000003 152.73
0.07 5 0.4/ 0.206391( 0.200419 0.002278% 0.000567| 0.200576 0.000019% 0.000005 117.72
0.04 5 0.6/ 0.124135(0.120797 0.001015% 0.000696| 0.120521 0.000028% 0.000019 35.93
0.05 5 0.6/ 0.147835( 0.145035 0.000677% 0.000322| 0.144689 0.000004% 0.000002 190.62
0.06 5 0.6 0.143398( 0.140526 0.000979% 0.000496| 0.139965 0.000006% 0.000003 168.01
0.07 5 0.6/ 0.120502( 0.116014 0.000750% 0.000557] 0.115999 0.000009% 0.000007 80.38
0.04 5 0.910.048574(0.046921 0.000213% 0.000966| 0.047019 0.000012% 0.000054 17.99
0.05 5 0.910.060182( 0.058627 0.000228% 0.000662| 0.058698 0.000006% 0.000018 36.72
0.06 5 0.910.060336( 0.058527 0.000214% 0.000625| 0.058596 0.000005% 0.000014 45.18
0.07 5 0.910.053412( 0.051223 0.000243% 0.000927] 0.051027 0.000006% 0.000025 37.50
0.04 1 0.1]0.175746( 0.174284 0.002957% 0.000973| 0.175239 0.000001% 0.000000| 2,066.88
0.05 1 0.1]0.295670( 0.295556 0.001649% 0.000189| 0.295383 0.000000% 0.000000]30,554.28
0.06 1 0.1]0.182919( 0.182899 0.001895% 0.000567| 0.182503 0.000001% 0.000000| 1,794.19
0.07 1 0.1]0.044016] 0.043862 0.000788% 0.004095| 0.043586 0.000032% 0.000168 24.33
0.04 1 0.4]0.067164(0.066130 0.000433% 0.000990| 0.066500 0.000001% 0.000001 773.62
0.05 1 0.410.120364(0.119951 0.000338% 0.000235] 0.119981 0.000000% 0.000000| 2,696.85
0.06 1 0.410.078845(0.078115 0.000281% 0.000461| 0.078264 0.000001% 0.000001 535.99
0.07 1 0.4 0.022805( 0.022592 0.000199% 0.003901| 0.022545 0.000030% 0.000594 6.57
0.04 1 0.6/ 0.035288( 0.034903 0.000146% 0.001201| 0.034832 0.000000% 0.000004 342.98
0.05 1 0.6/ 0.066114( 0.066098 0.000106% 0.000243| 0.065840 0.000000% 0.000000| 1,506.38
0.06 1 0.6/ 0.044912( 0.044633 0.000122% 0.000613| 0.044473 0.000000% 0.000002 328.30
0.07 1 0.6/ 0.014316( 0.014280 0.000070% 0.003441| 0.014391 0.000013% 0.000622 5.53
0.04 1 0.910.013386(0.013177 0.000035% 0.002015] 0.013189 0.000000% 0.000009 215.24
0.05 1 0.910.026914( 0.026835 0.000026% 0.000366| 0.026784 0.000000% 0.000001 393.93
0.06 1 0.910.019263(0.019016 0.000019% 0.000526| 0.019041 0.000000% 0.000003 158.26
0.07 1 0.910.006921 0.007270 0.000011% 0.002127] 0.007228 0.000003% 0.000658 3.23

Table 6: Vegas of Plain Vanilla European Call Options by Hybrid method
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(A) (B) © (D) E) ) G)
K gamma |AE Crude Var Var/(Mean”2|Hybrid Var Var/(Mean”2|(D)/(G)

5%ITM  97.41508 0.1 0.654064( 0.654330 0.0000194 0.004542%| 0.653742 0.0000003 0.000068% 66.500
ATM 102.54219 0.1 0.489509( 0.489068 0.0000219 0.009173%| 0.489299 0.0000002 0.000099% 92.549
5%0TM 107.66930 0.1 0.325548( 0.324583 0.0000210 0.019935%| 0.325466 0.0000002 0.000149% 133.888
10%0TM 112.79641 0.1f 0.189790( 0.189376 0.0000169 0.047143%| 0.189655 0.0000001 0.000210% 224.649
20%0TM 123.05063 0.1] 0.041959| 0.041995 0.0000045 0.255775%| 0.041864 0.0000001 0.007417% 34.487
5%ITM  97.41508 0.4 0.659954( 0.659781 0.0000285 0.006557%| 0.659627 0.0000008 0.000174% 37.754
ATM 102.54219 0.4 0.494935( 0.495165 0.0000254 0.010346%| 0.494545 0.0000014 0.000555% 18.642
5%0TM 107.66930 0.4 0.332288( 0.331281 0.0000256 0.023290%| 0.332243 0.0000008 0.000768% 30.316
10%0TM 112.79641 0.4 0.198466( 0.197969 0.0000145 0.037005%| 0.198286 0.0000003 0.000639% 57.941
20%0TM 123.05063 0.4] 0.049476| 0.048816 0.0000056 0.233946%| 0.048903 0.0000005 0.019119% 12.236
5%ITM  97.41508 0.6 0.663747( 0.663530 0.0000218 0.004948%| 0.663514 0.0000009 0.000202% 24.468
ATM 102.54219 0.6] 0.498563| 0.497843 0.0000185 0.007449%| 0.498433 0.0000015 0.000596% 12.502
5%0TM 107.66930 0.6 0.336938( 0.336738 0.0000228 0.020094%| 0.336830 0.0000011 0.000985% 20.393
10%0TM 112.79641 0.6 0.204595( 0.203896 0.0000170 0.040778%| 0.204242 0.0000004 0.000925% 44.078
20%0TM 123.05063 0.6 0.055044( 0.053580 0.0000047 0.164805%| 0.054227 0.0000007 0.022433% 7.346
5%ITM  97.41508 0.9 0.669235( 0.668938 0.0000227 0.005077%| 0.669115 0.0000019 0.000432% 11.738
ATM 102.54219 0.9] 0.504023| 0.503286 0.0000296 0.011696%| 0.503920 0.0000026 0.001010% 11.575
5%0TM 107.66930 0.9 0.344149( 0.343168 0.0000258 0.021909%| 0.343782 0.0000016 0.001384% 15.828
10%0TM 112.79641 0.9] 0.214308| 0.212834 0.0000191 0.042070%| 0.213365 0.0000006 0.001317% 31.940
20%0TM 123.05063 0.9 0.064253( 0.062386 0.0000073 0.186694%| 0.062693 0.0000014 0.034685% 5.383
5%ITM  97.41508 1] 0.671010| 0.670881 0.0000255 0.005661%| 0.670938 0.0000015 0.000344% 16.469
ATM 102.54219 1| 0.505848| 0.505434 0.0000227 0.008880%| 0.505868 0.0000026 0.001029% 8.630
5%0TM 107.66930 1[ 0.346617( 0.346289 0.0000241 0.020068%| 0.346284 0.0000016 0.001329% 15.102
10%0TM 112.79641 1| 0.217686( 0.215948 0.0000174 0.037318%| 0.216507 0.0000007 0.001483% 25.164
20%0TM 123.05100 1| 0.067555| 0.065428 0.0000066 0.154573%| 0.065870 0.0000015 0.035633% 4.338

Table 7: Deltas of Average European Call Optiohs= 1)
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(A) (B) © (D) E) ) G)
K gamma |AE Crude Var Var/(Mean”2|Hybrid Var Var/(Mean”2|(D)/(G)

5%ITM  97.41508 0.1{ 0.321133( 0.320411 0.0000373 0.036306%| 0.321095 0.0000000 0.000033%| 1,089.109
ATM 102.54219 0.1 0.354286( 0.353064 0.0000257 0.020634%]| 0.354159 0.0000000 0.000000%| 53,319.866
5%0TM 107.66930 0.1 0.323419( 0.323477 0.0000267 0.025502%| 0.323195 0.0000000 0.000039% 650.252
10%0TM 112.79641 0.1{ 0.245120( 0.244207 0.0000331 0.055580%| 0.244750 0.0000000 0.000075% 741.937
20%0TM 123.05063 0.1] 0.081607| 0.080836 0.0000170 0.260092%| 0.081219 0.0000003 0.004460% 58.319
5%ITM  97.41508 0.4 1.270425( 1.263062 0.0005453 0.034184%| 1.268738 0.0000024 0.000149% 230.160
ATM 102.54219 0.4 1415718 1.411778 0.0005507 0.027628%| 1.414053 0.0000002 0.000010%| 2,723.779
5%0TM 107.66930 0.4 1.307002( 1.303195 0.0005270 0.031029%| 1.304241 0.0000015 0.000090% 344.386
10%0TM 112.79641 0.4 1.012752( 1.012073 0.0004192 0.040927%| 1.009453 0.0000030 0.000292% 140.000
20%0TM 123.05063 0.4] 0.374925| 0.367922 0.0002836 0.209505%| 0.372758 0.0000160 0.011500% 18.218
5%ITM  97.41508 0.6 3.177614( 3.155467 0.0031814 0.031952%| 3.172798 0.0000198 0.000197% 162.393
ATM 102.54219 0.6] 3.565024| 3.554975 0.0033793 0.026739%| 3.559398 0.0000027 0.000022%| 1,233.098
5%0TM 107.66930 0.6 3.315839( 3.290550 0.0036781 0.033970%| 3.307924 0.0000149 0.000137% 248.741
10%0TM 112.79641 0.6 2.606188( 2.575140 0.0033317 0.050241%| 2.595140 0.0000237 0.000352% 142.616
20%0TM 123.05063 0.6 1.027001| 1.024212 0.0018046 0.172033%| 1.021342 0.0001545 0.014812% 11.615
5%ITM  97.41508 0.9 12.568705( 12.489924 0.0722371 0.046306%| 12.551482 0.0007059  0.000448% 103.346
ATM 102.54219 0.9] 14.246137| 14.184014 0.0700261 0.034807%| 14.218662 0.0001599  0.000079% 440.040
5%0TM 107.66930 0.9 13.397888( 13.282798 0.0728660 0.041300%| 13.360984 0.0005436 0.000305% 135.628
10%0TM 112.79641 0.9] 10.750092| 10.642989 0.0594140 0.052452%] 10.693793 0.0004542  0.000397% 132.056
20%0TM 123.05063 0.9 4.606249( 4.585882 0.0384366 0.182768%| 4.620611 0.0043734 0.020484% 8.922
5%ITM  97.41508 1] 19.876665| 19.829848 0.1715604  0.043629%| 19.839990 0.0025972  0.000660% 66.123
ATM 102.54219 1] 22.607037| 22.509795 0.2058188  0.040620%| 22.567062 0.0007547  0.000148% 274.116
5%0TM 107.66930 1{21.339049(21.226979 0.1723755 0.038256%|21.275983 0.0013481  0.000298% 128.455
10%0TM 112.79641 1] 17.236851(16.935203 0.1312096 0.045749%| 17.147439 0.0021928 0.000746% 61.346
20%0TM 123.05100 1| 7.577571( 7.533425 0.1219983 0.214966%| 7.624605 0.0136844 0.023539% 9.132

Table 8: Vegas of Average European Call Optiofis 1)
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