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Abstract

We propose a quantile-based nonparametric approach to inference on the
probability density function (PDF) of the private values in first-price sealed-
bid auctions with independent private values. Our method of inference is based
on a fully nonparametric kernel-based estimator of the quantiles and PDF of
observable bids. Our estimator attains the optimal rate of Guerre et al. (2000),
and is also asymptotically normal with the appropriate choice of the bandwidth.
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1 Introduction

Following the seminal article of Guerre et al. (2000), GPV hereafter, there has been

an enormous interest in nonparametric approaches to auctions.! By removing the
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need to impose tight functional form assumptions, the nonparametric approach pro-
vides a more flexible framework for estimation and inference. Moreover, the sample
sizes available for auction data can be sufficiently large to make the nonparametric
approach empirically feasible.? This paper contributes to this literature by providing
a fully nonparametric framework for making inferences on the density of bidders’ val-
uations f (v). The need to estimate the density of valuations arises in a number of
economic applications, as for example the problem of estimating a revenue-maximizing
reserve price.?

As a starting point, we briefly discuss the estimator proposed in GPV. For the
purpose of introduction, we adopt a simplified framework. Consider a random, i.i.d.
sample b;; of bids in first-price auctions each of which has n risk-neutral bidders;
[ indexes auctions and ¢ = 1,...,n indexes bids in a given auction. GPV assume
independent private values (IPV). In equilibrium, the bids are related to the valuations
via the equilibrium bidding strategy B: b; = B (v;). GPV show that the inverse
bidding strategy is identified directly from the observed distribution of bids:

) = 1 G

where G (b) is the cumulative distribution function (CDF) of bids in an auction with
n bidders, and ¢ (b) is the corresponding density. GPV propose to use nonparametric
estimators G and §. When b = by, the left-hand side of (1) will then give what GPV
call the pseudo-values 9; = & (by). The CDF F (v) is estimated as the empirical
CDF, and the PDF f (v) is estimated by the method of kernels, both using v; as
observations. GPV show that, with the appropriate choice of the bandwidth, their
estimator converges to the true value at the optimal rate (in the minimax sense;
Khasminskii (1979)). However, the asymptotic distribution of this estimator is as yet
unknown, possibly because both steps of the GPV method are nonparametric with

estimated values 0;; entering the second stage.

2For example, List et al. (2004) study bidder collusion in timber auctions using thousands of
auctions conducted in the Province of British Columbia, Canada. Samples of similar size are also
available for highway procurement auctions in the United States (e.g., Krasnokutskaya (2009)).

3Several previous articles have studied that problem, see Paarsch (1997), Haile and Tamer (2003),
and Li et al. (2003). In the supplement to this paper, we discuss how the approach developed here
can be used for construction of confidence sets for the optimal reserve price. The supplement is
available as Marmer and Shneyerov (2010) from the UBC working papers series and the authors’
web-sites.



The estimator f (v) proposed in this paper avoids the use of pseudo-values. It
builds instead on the insight of Haile et al. (2003).* They show that the quantiles of
the distribution of valuations can be expressed in terms of the quantiles, PDF, and
CDF of bids. We show below that this relation can be used for estimation of f (v).
Consider the 7-th quantile of valuations @) (7) and the 7-th quantile of bids ¢ (7). The
latter can be easily estimated from the sample by a variety of methods available in
the literature. As for the quantile of valuations, since the inverse bidding strategy

¢ (b) is monotone, equation (1) implies that @ (7) is related to ¢ (1) as follows:

n—1)g(q(7))’

Q(T)ZQ(T)+( (2)
providing a way to estimate ) (7) by a plug-in method. The CDF F (v) can then be
recovered by inverting the quantile function, F (v) = Q! (v).

Our estimator f (v) is based on a simple idea that by differentiating the quantile
function we can recover the density: Q' (1) = 1/f(Q (7)), and therefore f(v) =
1/Q" (F (v)). Taking the derivative in (2) and using the fact that ¢’ (1) =1/g (¢ (7)),

we obtain, after some algebra, our basic formula:

(o | 1 Fv)g (g(F @)\
f(v) (n_lg(q(F(v))) n—1 ¢*(q(F(v))) ) '

Note that all the quantities on the right-hand side, i.e. ¢(b), ¢ (b), ¢(7), F (v) =

Q™! (v) can be estimated nonparametrically, for example, using kernel-based methods.

(3)

Once this is done, we can plug them in (3) to obtain our nonparametric estimator.
The expression in (3) can be also derived using the following relationship between
the CDF of values and the CDF of bids:

Applying the change of variable argument to the above identity, one obtains

fw) = g(B(v)B(v)
= 9(B(v)) /¢ (B(v))

4The focus of Haile et al. (2003) is a test of common values. Their model is therefore different
from the IPV model, and requires an estimator that is different from the one in GPV. See also Li
et al. (2002).




n=1g(B(v)) n-1 ¢ (B(v))

_ ( n 1 1 F(v)g’(B(v)))_l‘

Note however, that from the estimation perspective, the quantile-based formula ap-
pears to be more convenient, since the bidding strategy function B involves integra-
tion of F' (see equation (4) below). Furthermore, replacing B (v) with appropriate
quantiles has no effect on the asymptotic distribution of the estimator.

Our framework results in the estimator of f (v) that is both consistent and asymp-
totically normal, with an asymptotic variance that can be easily estimated. Moreover,
we show that, with an appropriate choice of the bandwidth sequence, the proposed
estimator attains the minimax rate of GPV.

In a Monte Carlo experiment, we compare finite sample biases and mean squared
errors of our quantile-based estimator with that of the GPV’s estimator. Our con-
clusion is that neither estimator strictly dominates the other. The GPV estimator
is more efficient when the PDF of valuations has a positive derivative at the point
of estimation and the number of bidders tends to be large. On the other hand, the
quantile-based estimator is more efficient when the PDF of valuations has a nega-
tive derivative and the number of bidders is small. The Monte Carlo results suggest
that the proposed estimator will be more useful when there are sufficiently many
independent auctions with a small number of bidders.?

The rest of the paper is organized as follows. Section 2 introduces the basic setup.
Similarly to GPV, we allow the number of bidders to vary from auctions to auction,
and also allow auction-specific covariates. Section 3 presents our main results. Section
4 discusses the bootstrap-based approach to inference on the PDF of valuations. In
Section 5, we extend our framework to the case of auctions with binding reserve price.
We report Monte Carlo results in Section 6. Section 7 concludes. The proofs of the
main results are given in the Appendix. The supplement to this paper contains the
proof of the bootstrap result in Section 4, some additional Monte Carlo results, as well
as an illustration of how the approach developed here can be applied for conducting

inference on the optimal reserve price.

>We thank a referee for pointing this out.



2 Definitions

The econometrician observes a random sample { (b, z;, ) : L =1,..., L;i =1,...n},
where b;; is the equilibrium bid of risk-neutral bidder i submitted in auction [ with
n; bidders, and z; is the vector of auction-specific covariates for auction /. The cor-
responding unobservable valuations of the object are given by {v; : l =1,...,L;i =
1,...n;}. We make the following assumption similar to Assumptions Al and A2 of

GPV (see also footnote 14 in their paper).
Assumption 1 (a) {(n,x):l=1,...,L} arei.i.d.

(b) The marginal PDF of x;, @, is strictly positive and continuous on its compact

support X C R%, and admits up to R > 2 continuous derivatives on its interior.

(c) The distribution of n; conditional on x; is denoted by m (n|x) and has support
N ={n,...,n} forallz € X, n > 2.

(d) {vq:l=1,...,L;i=1,...,m} are i.i.d. and independent of the number of bid-
ders conditional on x; with the PDF f (v|x) and CDF F (v|z).

(e) f(-|x) is strictly positive and bounded away from zero and admits up to R — 1
continuous derivatives on its support, a compact interval [v (x),v (z)] C Ry for
allx € X; f(v|-) admits up to R continuous partial derivatives on Interior (X)
for allv € [v(x),v ()]

(f) For alln € N, mw(n|-) is strictly positive and admits up to R continuous deriva-

tives on the interior of X.

Under Assumption 1(c), the equilibrium bids are determined by

Vil

by = v — W / (F (ular)™" du, (4)

(see, for example, GPV). Let ¢ (bjn,z) and G (b|n,x) be the PDF and CDF of by,
conditional on both x; = = and the number of bidders n; = n. Since b;; is a function of
vy, o1, and F (-|x;), the bids {b;} are also i.i.d. conditional on (n;, x;). Furthermore,
by Proposition 1(i) and (iv) of GPV, for alln =n,...,mand z € X, g (-|n, ) has the
compact support [b(n,z),b(n,z)] for some b(n,z) < b(n,z), and g (:|n,-) admits

up to R continuous bounded partial derivatives.
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The 7-th quantile of F' (v|x) is defined as
Q(rlz) = F ' (r]z) =inf {v: F (v]x) > 7}.
The 7-th quantile of G,
q(rln,x) = G (7|n, ),

is defined similarly. The quantiles of the distributions F'(v|z) and G (b|n,z) are

related through the following conditional version of equation (2):

(TL - 1) g (C] (T’na ZL') ‘TL, x)

Q (rl2) = q (vln, z) + (5)
Note that the expression on the left-hand side does not depend on n, since by Assump-
tion 1(d) and as it is usually assumed in the literature, the distribution of valuations
is the same regardless of the number of bidders.

The true distribution of the valuations is unknown to the econometrician. Our
objective is to construct a valid asymptotic inference procedure for the unknown f
using the data on observable bids. Differentiating (5) with respect to 7, we obtain the

following equation relating the PDF of valuations with functionals of the distribution
of the bids:

0Q (rlr) _ 1
or F(Q(7lz)|x)
n 1 Tg(l) (q (T|n,$) ]n,x)

- - ©

n—1 g (q (T’Tl,&]) |na SC) (TL o 1) 93 (q (T|n7 l') ’n7x>’

where g*) (bjn, z) = 0%g (b|n, z) /Ob*. Substituting 7 = F (v|z) in equation (6) and
using the identity @ (F' (v|x) |x) = v, we obtain the following equation that represents
the PDF of valuations in terms of the quantiles, PDF and derivative of PDF of bids:

1 n 1
fwlz) ~ n—1g(q(F (v]z) |n, ) |n, )
1 F(v]a) g (q(F (v]2) [n, ) |n, z)

Thol . PuEED e

Note that the overidentifying restriction of the model is that f (v|z) is the same for

all n.



In this paper, we suggest a nonparametric estimator for the PDF of valuations
based on equations (5) and (7). Such an estimator requires nonparametric estimation
of the conditional CDF and quantile functions, PDF and its derivative.

Let K be a kernel function. We assume that the kernel is compactly supported
and of order R.

Assumption 2 K is compactly supported on [—1,1|, has at least R derivatives on
its support, the derivatives are Lipschitz, and [ K (u)du =1, [u"K (u)du = 0 for
Ek=1,....,R—1.

To save on notation, denote

and for x = (21,...,14)", define

)= ) = 1 ()

Consider the following estimators:

p(x) L =
R 1 L
G (bln,z) = ﬁ(nm)@(@n[j;;l(m—n)l(bzl<b)K*h(xl—x),




where 1(S) is an indicator function of a set S C R.%7

The derivatives of the density g (b|n, z) are estimated simply by the derivatives of
g (bln, x):

G %) (bn, z) = <_1)k -y n =n) K® (by — r—x

where )
(k) _ (U
K (“)*thK()(E)’

and K® (u) denotes the k-th derivative of K (u).

Our approach also requires nonparametric estimation of (), the conditional quan-
tile function of valuations. An estimator for () can be constructed using the relation-
ship between @), ¢ and g given in (5). A similar estimator was proposed by Haile et al.
(2003) in a different context. In our case, the estimator of ) will be used to construct

F, an estimator of the conditional CDF of valuations. The CDF F is related to the
quantile function @ through

F(vlz) = Q7 (vlr) = sup {7:Q(rlr) < v}, (11)

T€[0,1]

and therefore ' can be obtained by inverting the estimator of the conditional quantile
function. However, since an estimator of () based on (5) involves kernel estimation
of the PDF g, it will be inconsistent for the values of 7 that are close to zero and
one because of the asymptotic bias in ¢ at the boundaries. In particular, such an
estimator of () can exhibit large oscillations for 7 near one by taking on very small
values, which due to supremum in (11), might proliferate and bring an upward bias
into the estimator of F. A solution to this problem that we pursue in this paper

is to use a monotone version of the estimator of (). First, we define a preliminary

6We estimate the CDF of bids by a conditional version of the empirical CDF. In a recent paper, Li
and Racine (2008) discuss a smooth estimator of the CDF (and a corresponding quantile estimator)
obtained by integrating the kernel PDF estimator. We, however, adopt the non-smooth empirical
CDF approach in order for our estimator to be comparable with that of GPV; both estimator can
be modified by using the smooth conditional CDF estimator.

"The quantile estimator ¢ is constructed by inverting the estimator of the conditional CDF of
bids. This approach is similar to that of Matzkin (2003).



estimator, QP:

(n - 1) g ((j (7'|77,, :IJ) |n7$>

Q" (t|n,x) = 4 (t|n,x) + (12)
Next, we choose some 7o € (0, 1) sufficiently far from 0 and 1, for example, 79 = 1/2.

We define a monotone version of the estimator of () as follows:

Supte[ro,ﬂ Qp (t|7’L,I) , To S T < 1,

. ; (13)
lnftE[T,T()] Qp (t|n,x) s 0 S T <To.-

Q(rln, ) = {

The estimator of the conditional CDF of the valuations based on Q (7|n,z) is then
given by
F (v|n,z) = sup {7’ - Q (7|n, 2) < v} : (14)

T€[0,1]

Since Q (|n,z) is monotone, F' is not affected by QP (7|n,z) taking on small values
near 7 = 1. Furthermore, in our framework, inconsistency of Q (7|n, ) near the
boundaries does not pose a problem, since we are interested in estimating F' only on
a compact inner subset of its support.

Using (7), for a given n we propose to estimate f (v|z) by the plug-in method,
i.e. by replacing g (b|n, x), ¢ (7|n,x), and F (v|z) in (7) with g (b|n,x), ¢ (7|n,x), and

F (v|n, z). That is our estimator f (v|n,z) is given by the reciprocal of

n 1
n—1g (g (F (v|n, x) \n,x) ]n,x)
1 F@ln,2)g® (4 (F @, 2) |n.z) |n,z)
n—1 g (cj (F (v|n, x) \n,x) ]n,a:)

(15)

While the PDF of valuations does not depend on the number of bidders n, the
estimator defined by (15) does, and therefore we have a number of estimators for
f (v]z): f(v]n, x), n = mn,...,n. The estimators f(vm, T),... ,f(v\ﬁ,:v) can be

averaged to obtain:

flole) =2 (nz) f (v]n,2), (16)



where the weights w (n, x) satisfy

w (n,x) —p w(n,z) >0,
Zw(n,x) =1

In the next section, we discuss how to construct optimal weights that minimize the
asymptotic variance of f (v|z).
We also suggest estimating the conditional CDF of v using the average of F’ (v|n, ),

n=mn,...,n:

F(vlz) =) b (n,2) F (v|n,z). (17)

3 Asymptotic properties

In this section, we discuss uniform consistency and asymptotic normality of the esti-
mator of f proposed in the previous section. The consistency of the estimator of f
follows from the uniform consistency of its components.

It is well known that kernel estimators can be inconsistent near the boundaries of
the support, and therefore we estimate the PDF of valuations at the points that lie
away from the boundaries of [v (z),v (z)]. The econometrician can choose quantile
values 71 and 75 such that

0<T1<T2<1,

in order to cut off the boundaries of the support where estimation is problematic.
While v (z) and v (z) are unknown, consider instead the following interval of v’s for

selected 71 and 7,:

A(I) = {na’X,QA(T”nwr)? Enimf@(7'2|n,x) : (18)
Remark. Since according to Lemma 1(g) below, Q (7|n, ) consistently estimates
Q (r)z) for 7 € [ry —e, 7 +¢] and all n = n,...,7 , the boundaries of A (z) satisfy
max,—,. 5 Q (11|n,2) —, Q (11|z) and min,—, _» Q (T2n, z) —, Q (13|z). Thus, the
boundaries of A () consistently estimate the boundaries of A (z) = [Q (71|2) , Q (72|2)],

the interval between the 71 and 79 quantiles of the distribution of bidders’ valuations.
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We also show in Theorems 1 and 2 below that our estimator of f is uniformly con-

sistent and asymptotically normal when f is estimated at the points from A (x).

In practice, 71 and 75 can be selected as follows. Since by Assumption 2 the length
of the support of K is two, and following the discussion on page 531 of GPV, when

there are no covariates one can choose 71 and 74 such that
G (r11) 0 (r2lm)] © (B () + o, b () = 1)

for all n € N, where by (n) and by (n) denote the minimum and maximum bids
respectively in the sample of auctions with n bidders. When there are covariates
available and f is estimated conditional on x; = x, one can replace 13m1n (n) and
Z;max (n) with the corresponding minimum and maximum bids in the neighborhood of
x as defined on page 541 of GPV.

Next, we present a lemma that provides uniform convergence rates for the com-
ponents of the estimator f . In the case of the estimators of ¢ and its derivatives,
uniform consistency is established on the following interval. Since the bidding func-
tion is monotone, by Proposition 2.1 of GPV, there is an inner compact interval of
the support of the bids distribution, say [b; (n, ), by (n,z)],® such that

[q(T1|n,2),q (T2n,x)] C (b1 (n,2),bs (n,x)), and
by (n, ), by (n, )] C (Q (n,z),b(n, x)) . (19)

Lemma 1 Under Assumptions 1 and 2, for all x € Interior (X) and n € N,

(a) # (nlz) — 7 (nz) = O, ((&) S hR> .
(b) ¢(z) — ¢ (x) =0, <<%)—1/2 + hR>.
(0) WPy g ] |C (011, 7) = G (bl 2) | = O, (( s )1/2 v hR).

R —1/2
(@ sup,ceas 11 (rlna) g (vl ) = 0, ((#5) "+ 1), for amy0 <2 < 12,

8The knowledge of by (n,x) and by (n, x) is not required for construction of our estimator.

11



—1
(©) suprcia ol tna) = (7l a)) = 0, ( (i) ). for amy0 < < <
1/2.

N d+1+2k *1/2
(O) 50Dty 1110 99 (01, 2) = 9 0| = 0, ((52) ™0, k=
0,..., R, where [by (n,x),bs (n, )| is defined in (19).

~ d+1 _1/2
(8) s erova Q1.2 = Qrlo) | = 0, ((257) " 407). for some & 0
such that 71y —e >0 and 79 + ¢ < 1.

. —1/2 N
(h) sup,cic [ (v[n, @) = F (v[z) | = O, <(%) + hR), where A (z) is defined
in (18).

Remarks. 1. Parts (a), (b), and (f) of the lemma follow from Lemmas B.1 and B.2
of Newey (1994) which show that kernel estimators of k-order derivatives of smooth
functions of d variables are uniformly consistent with the rate (Lh%*?* /log L)~'/2+hft,
where R is the degree of smoothness. The conditional CDF estimator G (+|n, x) in part
(c) of Lemma 1 is a step function which involves kernel smoothing only with respect to
x. It therefore does not fit in Newey’s framework and his Lemma B.1 does not apply
in that case. However, precisely because there is no kernel smoothing with respect
to b, one should expect to see the uniform convergence rate of (Lh?/log L)~%/2? 4 h%
for G (b|n,z). In the proof of part (c) in the Appendix, we verify this claim using
the covering numbers results (Pollard, 1984, Chapter II). A similar result appears in
GPV. In their Lemma B2, they derive the uniform convergence rate for G (-|n, z) on
an expanding subset of [b(n, ) ,b(n, )] that does not include the neighborhoods of
the boundaries. In our case, uniform convergence of G (:|n,z) on the entire support
[b(n,x),b(n,z)] is useful for establishing the uniform convergence rate of ¢ (-|n, z).

2. In part (d) of the lemma, we show that the quantile estimator (-|n, ) inherits
the uniform convergence rate of its corresponding empirical CDF G (-|n, x). The result
is established using the following argument (to save on notation, we will suppress n
and x here). Since G(b) is a continuous CDF and by the properties of quantiles
(van der Vaart, 1998, Lemma 21.1), write G(4(7)) — G(q(7)) = G(4(7)) — G(4(7)) +
G(4(1)) — 7. Since g(q (7)) is bounded away from zero, an application of the mean-
value theorem implies then that the uniform distance between ¢ (-) and ¢ (-) can be
bounded by the uniform distance between G (-) and G (-) and the size of the largest
jump in G(-) (the later is of order (Lh%)™1).

12



3. Arguments similar to those in the previous remark are also used in the proof
of part (h) (recall that F (-|n,z) is defined as the inverse function of Q(:|n,x)).
The jumps in Q (-|n,z) depend on those of ¢(:|n,x) and are shown to be of order
(Lh?/log L)~'/? using the results in Deheuvels (1984) (see the proof of part (e) of the

lemma).

As it follows from Lemma 1, the estimator of the derivative of g (:|n,z) has the
slowest rate of convergence among all the components of f . Consequently, it deter-

mines the uniform convergence rate of f.

Theorem 1 Let A () be as defined in (18). Under Assumptions 1 and 2, and for
R ~1/2
all x € Interior (X), sup,ci, |f (v]z) = f (’U’$)‘ =0, ((ng;g) + hR).

Remarks. 1. The theorem also holds when A (z) is replaced by an inner closed
subset of [v (z),7 (x)], as in Theorem 3 of GPV. Estimation of A (z) has no effect on

the result of our theorem because the event
By (n,2) = {ve A@):q (F o) nz) € b ()b (2)]}  (20)

satisfies P(Ep(n,z)) — 1 as L — oo for all n € N and = € Interior (X) by the
results in Lemma 1.

2. One of the implications of theorem is that our estimator achieves the opti-
mal rate of GPV. Consider the following choice of the bandwidth parameter: h =
¢(L/log L)™“. By choosing a so that (Lh*"/log L)_1/2 and hf are of the same or-
der, one obtains a = 1/ (d + 3 + 2R) and the rate (L/log L) /@25 which is the
same as the optimal rate established in Theorem 3 of GPV.

Next, we discuss asymptotic normality of the proposed estimator. We make fol-
lowing assumption.

1/2

Assumption 3 Lh™! — oo, and (LRT1H2R) 7 Rl — 0.

The rate of convergence and asymptotic variance of the estimator of f are deter-
mined by ¢™ (b|n, ), the component with the slowest rate of convergence. Hence,
Assumption 3 will be imposed with & = 1 which limits the possible choices of the
bandwidth for kernel estimation. For example, if one follows the rule h = ¢L~%, then
« has to be in the interval (1/(d+3+2R),1/(d+1)). As usual for asymptotic

normality, there is some under smoothing relatively to the optimal rate.
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Lemma 2 Let [by (n,x),bs (n,x)] be as in (19). Then, under Assumptions 1-3, for
all b € [by (n,x), by (n,x)], € Interior (X), and n € N,

(a) (L4202 (50 (b, ) — g®) (bln, 2)) —4 N (0, Vys (b0, x)), where
Vo (b;n, ) = Kig (bln, ) / (n (nlz) ¢ (2))

and Ky, = ([ K2 (u)du)” [ (K® (w))* du.

(b) 4% (bjny, ) and §* (bny, x) are asymptotically independent for all ny # na,
ning € N.

Now, we present the main result of the paper. Using the result in (70) in the

Appendix, we have the following decomposition:
b Y ol F (v]z) f2 (v]z)
flelnx) =1 0le) = Gy 3 g F (ol o) o)
% (50 (g (F (v]) In, ) In. 2) = g (g (F (v]) |, ) |n, 2)) + 0, ((LR%2) 7%
(21)

Lemma 2, the definition of f (v|n,z), and the decomposition in (21) lead to the

following theorem.

Theorem 2 Let A () be as defined in (18). Under Assumptions 1, 2, and 3 with
k=1, forve A(x), z € Interior (X), andn € N,

(Lhd+3)1/2 ( ( |n J}) (U|:E)> —q N(()?Vf (U,TL,J])),

where o .
V) — K () (o) |
n(n—1)"m(n|z) ¢ (z)g® (¢ (F (v]z) |n, ) [n, )
and K, is as defined in Lemma 2. Furthermore, f (v|n, ), ..., f (v|n,x) are asymp-

totically independent.

Remarks. 1. The theorem also holds for fixed v’s in an inner closed subset of
[v(z),7(2)]. Estimation of A(z) has no effect on the asymptotic distribution of

f (v|n, ) by the same reason as in Remark 1 after Theorem 1.
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2. Our approach can be used for estimation of the conditional PDF of values at

quantile 7, f (Q (7]z)). In this case, the estimator, say f (Q (7]z) |n,z), is given by

1 1 7™M (
Tln,x) n,x)  n—1 g°(g

q;mn, 7) |n, >) |

n, ) |n, )

FQlo) ) = (5

and (L)% (F(Q (rlz) In,x) = [ (Q (rlx)[2)) —a N (0.V; (Q (rlz) ., ).

By Lemma 1, the asymptotic variance V; (v, n, x) can be consistently estimated by
the plug-in estimator which replaces the unknown F| f, ¢, 7, g, and ¢ in the expression
for Vi (v,n, ) with their consistent estimators.

Using asymptotic independence of f (vln,x), ..., f (v|n, x), the optimal weights
for the averaged PDF estimator of f (v|x) in (16) can be obtained by solving a GLS-
type problem. As usual, the optimal weights are inversely related to the variances
Vi (v, n, x):

W (n,z) = <1/vana:) (Zl/vf v, J, T )

n(n—1)>7(nlz) §° (@ (F (v|n, x) \n,x) In, x)
S i =171 (0 (F (eln,2) w) lix)

and the asymptotic variance of the optimal weighted estimator is therefore given by

* K\ P2 (v]) £ (o) |
S (= D2 (0l) 67 (g (F (o) [, 2) [, )

Vi(v,z) = (22)
In small samples, the accuracy of the normal approximation can be improved
by taking into account the variance of the second-order term multiplied by h?. To

make the notation simple, consider the case of a single value n. We can expand the
decomposition in (21) to obtain that (Lhd+3)1/2 ( (vlx,n) — (v|m)> is given by

P (1) = g (2

(n—1)g 2Lk > (LAY (5= 9) + 0, (h),

g -1y

where, F is the conditional CDF evaluated at v, and g, ¢V, §, ¢! are the con-

ditional density (given = and n), its derivative, and their estimators evaluated at
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q (F (v|x) |n,z). According to this decomposition, one can improve the accuracy of
the asymptotic approximation in small samples by using the following variance esti-
mator instead of V;:?

. . 2
3f 2n f2 ) -

(3]
vf_vf+h<g o) Voo

Note that the second summand in the expression for V; is O, (h?) and negligible in

large samples.

4 Bootstrap

The results in the previous section suggest that a confidence interval for f = f (v|z),
for some chosen = € Interior(X) and v € A(z), can be constructed using the usual
normal approximation. In this section, we discuss an alternative approach based on
the bootstrap percentile method.!' The bootstrap percentile method approximates
the distribution of f — f by that of ft — f, where f = f(v|z) and f1 is the bootstrap
analogue of f computed using bootstrap data resampled from the original data. Note
that the distribution of f t_ f can be approximated by simulations.

To generate bootstrap samples, first we draw randomly with replacement L auc-
tions from the original sample of auctions {(n;,x;) : { = 1,..., L}. In the second step,
we draw bids randomly with replacement from the bids data corresponding to each
selected auction. Thus, if auction [ is selected in the first step, in the second step we
draw n; bids from {b;;:7=1,...,n;}.

Let M be the number of bootstrap samples. For each bootstrap sample m =
1,..., M, we compute f;, the bootstrap analogue of f . Note that ﬁn is computed
the same way as f but using the data in bootstrap sample m instead of the original
data. Let gbi be the 7 empirical quantile of { f); :m = 1,...,M}. The bootstrap

percentile confidence interval is constructed as

CIER = (6l 0] s (23)

9There is no covariance term because [ K (u) K1) (u)du = 0.
10Gee, for example, Shao and Tu (1995) for a general discussion of the bootstrap methods.
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Let Hy denote the CDF of v Lhd+3 ( f—- f) and H; ; be the conditional CDF of
vV Lhd+3 ( f;L —f ) given the original data:

Hpp(u) = P <V Lh+3 (f—f) < U> ,

P (VI (74~ /) <),

A

h
—~
<
~
I

where PT(-) denotes the conditional probability given the original sample of auctions
{(buy -y bpg,y, ) 1 1 =1,...,L}. The asymptotic validity of CIP% is implied by

11—«

the result of the following theorem.!!

Theorem 3 Suppose that Assumptions 1, 2, and 3 with k = 1 hold. Then, as L —
00, sup,ex | Hyp(w) = H ;(u)] =, 0.

5 Binding reserve prices

We have so far assumed that there is no reserve price. Alternatively, we could have
assumed that there is a reserve price, but it is non-binding. However, in real world
auctions, sellers often use binding reserve prices to increase their expected revenues,
so it is useful to extend our results in this direction.

Let r be the reserve price. As in GPV, we assume that only the bidders with
vy > r submit bids. In this section, we use n; to denote the number of actual observed
bidders in auction [. Let n denote the unobserved number of potential bidders. We

make the following assumption identical to Assumption A5 in GPV.

Assumption 4 (a) The number of potential bidders n > 2 is constant.

(b) The reserved price r is a possibly unknown deterministic R continuously differ-

entiable function Res (-) of the auction characteristics x.

(c) The reserve price is binding in the sense that, for some ¢ > 0, v(z) +¢ <
Res(z) <v(x)—¢ forallx € X.

1Tn the supplement, we compare the accuracy of the bootstrap percentile method with that of
the asymptotic normal approximation in Monte Carlo simulations, and find that the bootstrap is
more accurate.
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Our estimation method easily extends to this environment. Let

F(vlz) — F(r|z)

F (vle) = 1— F (rlx)

be the distribution of valuations conditional on participation, and let f* (v|z) be its
density. Note that the parent density f (v|z) is related to f* (v|z) as

fvle) = (1 = F(rlz) f* (v|z). (24)

Our estimator for f (v|z) is based on (24): we separately estimate F'(r|z) and
f* (v|z). We estimate F' (r|z) as a nonparametric regression exactly as in GPV:!2
1 L
F (7”.%‘) =1—- W ZHZK*h (.’L' — .CCZ),

=1

where again as in GPV,

-----

is the estimator of the number of potential bidders n. Note that by standard results,
n=n+O0(L™") (25)

and
F(rlz) = F (rlz) + O, ((Lhd)*”) . (26)

We now describe how our approach can be extended to estimation of f* (v|x).
Let G (b|x) be the CDF of bids conditional on = and on having a valuation above
the reserve price, v; > r. Let g (b|z) be the corresponding PDF. By the law of total
probability,

G(blz) = Y (nlx)G(bln,z), (27)

n=n

g (Oz) = m (nfx) g (bln, ) . (28)

(=

n=n

12Gee the third equation on page 550 of GPV.
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The estimators G (b|z) and § (b|z) then can be constructed by the plug-in method
using our previously derived estimators 7, 7 (n|z), G (b|n, z), and § (b|n, z)."®

With G (blz) and § (b|z) in hand, we estimate the density f* (v|z) by following
exactly the same steps as in the case without reserve price. Since the inverse bidding

strategy under a binding reserve price is given by

1 (1—=F(r|z))G(lz)+ F (r|x)
-1 (1= F(rlx))g (blz) ’

£ (bl) =b+ -

the valuation quantile for the participants becomes

1 (1—=F(rlx))7+ F(r|x)

Q" (1]x) = q (1|z) + 11— F () g (q(r|z) z)’

(29)

where Q* (7|x) is the quantile function of F* (v|z). Let Q* (r|z) be the plug-in
estimator of Q* (7]x) based on (29), Q* (|z) be its monotone version as in (13), and
F* (v|z) be the corresponding estimator of the CDF F* (v|z) as in (14). The estimator

f* (v|z) is derived parallel to (15), as the reciprocal of

(1 N 1 —AF (r|x)

ol )g(q(ﬁ*w)lx 2)

Similarly to A (z) in Section 3, define A* (x) = [Q* (11]x), Q* (7'2|x)] , where 0 <
71 < T9 < 1 are chosen by the econometrician. Note that by construction, v > Res (z)
with probability approaching one for all v € A* (z). As before, the asymptotics of
f * (v|x) are driven by ¢, the term with the slowest convergence rate. All the steps
in our previous results routinely transfer to this setting.!* In particular, we have an

exact analogue to Lemma 1, and parallel to (21), the delta-method expansion for the

13 Assumption 4(a) implies that G (b|z) does not depend on n. Note that in the present setting,
n; are draws from the Binomial dostribution, n;|z ~ Binomial (ii,1 — F (r|x)), and 7 (n|z) are the
corresponding Binomial probabilities.

4 Since we pick the inner quantiles 0 < 7; < 73 < 1, we only use the bid observations sufficiently
far from the boundary b (n,z) = r. We therefore do not need to transform the bids as in GPV to
avoid the singularity of g (bjx) when b | 7.
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estimator f* (v|z) for v € A* (z) takes the form

) — 7 (ol = L P ) P 1) £ 1)
frle) = 1 le) = S e Ty m (g (F JIRIE

x (530 (g (F" (v]2) [2) &) = g (q (F* (v]z) |2) |2)) + o, ((L142) 7).
The estimator f* (v|z) therefore satisfies
(LR (f* (vle) = £ (v]2)) —a N (0, V- (v,2)). (30)

for v € A* (x). The asymptotic variance is given by

F* (v]z) f*2 (v]z)

57) Vo (0 (F Gl ) ),
where from (28), )
Vou (b,z) = m(n|2)* Vo (b,n,x).

The asymptotic variance V« can be consistently estimated by the plug-in method.
From (24), the estimator of f (v|z) for v € A* () is given by

fvle) = (1= F () J* (ole).

Combining (30) and (26), we have the following asymptotic normality result.

Theorem 4 Under Assumptions 1, 2, 3 with k = 1, and 4, for v € A* (x) and
x € Interior (X),

(LHH) Y (F (vle) =  (v]2)) —a N (0, Vy (v,2).,

where Vi (v, x) = (1 — F (r|z))? Vi« (v, ).

6 Monte Carlo experiments

In this section, we compare the finite sample performance of our estimator with that of

the GPV’s estimator in terms of bias and mean squared error (MSE). We consider the
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case with no covariates (d = 0). The true CDF of valuations used in our simulations

is given by
0, v <0,
Fv)=< v, 0<v <1, (31)
1, v>1,

where o > 0. Such a choice of F' is convenient because the corresponding bidding

strategy is easy to compute:

B(v) = (1 - m) . (32)

In our simulations, we consider the values a = 1/2,1, and 2. When « = 1, the
distribution of valuations is uniform over the interval [0, 1], & = 1/2 corresponds to
the case of a downward-sloping PDF of valuations, and o = 2 corresponds to the
upward-sloping PDF.

We report the results for v = 0.4,0.5,0.6, and the number of bidders n = 3 and
5. The number of auctions L is chosen so that the total number of observations in
a simulated sample, nL, is the same for all values of n. In this case, the differences
in simulations results observed across n cannot be attributed to varying sample size.
We set nL = 4200. Each Monte Carlo experiment has 103 replications.

Similarly to GPV, we use the tri-weight kernel function for the kernel estimators,

and the normal rule-of-thumb bandwidth in estimation of g:
hy = 1.066, (nL) "/,

where G}, is the estimated standard deviation of bids. The MSE optimal bandwidth for
derivative estimation is of order L~/7 (Pagan and Ullah, 1999, Page 56). Therefore,

for estimation of ¢(! we use the following bandwidth:
hy = 1.066y (nL) ™"

In each Monte Carlo replication, we generate randomly nL valuations {v; : i =
1,...,nL} from the CDF in (31), and then compute the corresponding bids accord-
ing to (32). The computation of the quantile-based estimator f (v) involves sev-
eral steps. First, we estimate the quantile function of bids ¢ (7). Let b, ..., bwmr)

denote the ordered sample of bids. We set (j(ﬁ) = b@). Second, we estimate
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the PDF of bids ¢ (b) using (9). To construct our estimator, g needs to be esti-
mated at all points {Q (ﬁ) e=1,... ,nL}. Given the estimates §, we compute
{QP (ﬁ) :i=1,...,nL¢ using (12), its monotone version according to (13), and

A

F (v) according to (14). Let [z] denote the nearest integer greater than or equal

to x; we compute § <F (v)) as g W) Next, we compute § (cj (F (v))) and

gt (cj (ﬁ’ (v))) using (9) and (10) respectively, and f (v) as the reciprocal of (15).

To compute the GPV’s estimator of f (v), in the first step we compute the pseudo-
valuations 0 according to equation (1), with G and ¢ replaced by their estimators.
In the second step, we estimate f (v) by the kernel method from the sample {0;}
obtained in the first-step. To avoid the boundary bias effect, GPV suggest trimming
of the observations that are too close to the estimated boundary of the support.
Note that no explicit trimming is necessary for our estimator, since implicit trimming
occurs from our use of quantiles instead of pseudo-valuations.'®

In their simulations, GPV use the bandwidths of order (nL)_l/ ® in the first and
second steps of estimation. We found, however, that using a bandwidth of order
(nL)_l/ " in the second step significantly improves the performance of their estimator
in terms of bias and MSE. To compute the GPV’s estimator, we therefore use h;
as the first step bandwidth (for estimation of G and g), and hs at the second step.
Similarly to the quantile-based estimator, the GPV’s estimator is implemented with
the tri-weight kernel.

The results are reported in Table 1. In most cases, the GPV’s estimator has
a smaller bias. This can be due to the fact that the GPV’s estimator is obtained
by kernel smoothing of the data, while the quantile-based estimator is a nonlinear
function of the estimated CDF, PDF and its derivative. In terms of MSE, however,
there is no clear winner, and the relative efficiency of the estimators depends on the
underlying distribution of the valuations and the number of bidders in the auction.
The GPV’s estimator is more efficient when the number of bidders is relatively large
and PDF has a positive slope. On the other hand, our estimator is more attractive

when the number of bidders is small and the PDF has a negative slope.!®

15In our simulations, we found that trimming has no effect on the estimator of GPV: essentially
the same estimates were obtained with and without trimming.

16 Additional results, including the simulations for n = 2,4, 6, and 7, are reported in the supple-
ment.
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7 Concluding remarks

In this paper, we have assumed that the bidders are risk-neutral. It would be impor-
tant to extend our method to the case of risk-averse bidders. Guerre et al. (2009)
consider nonparametric identification of a first-price auction with risk-averse bidders
each of whom has an unknown utility function U (-), and find that exclusion restric-
tions are necessary to achieve the identification of model primitives. They show that

under risk aversion, the bids and valuations are linked as

1 G(b[n)))

v=& (bn) =b+ A1 (HW

where A7 (+) is the inverse of U (-) /U’ (-).'T Consequently, the quantiles of bids and
valuations are now linked as @ (7|n) = &, (¢(7|n) |n). Assuming that the variation
in n is exogenous, the valuation quantiles @ (7|n) do not depend on n. Guerre et al.
(2009) show that A () (and hence U (-)) is identifiable through this restriction, and in
the concluding section of their paper, discuss some strategies for the nonparametric
estimation of A\. At this point, it is not known whether these approaches can lead
to a consistent estimator . However, when such an estimator becomes available, it
might be possible to extend the approach of our paper to accommodate risk aversion.

Such an extension is left for future work.
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Appendix of proofs
Proof of Lemma 1. For part (c), define
G° (b,n,x) = nm (nfz) G (bn, x) ¢ (2),

and its estimator

G (b, n, x) —ZZI ny=mn)1(by <b) K (x;— ). (33)

Next,

EG®(byn,z) = E (1 (ny =n) Ky (2, — x) i 1(by < b)>

= nE(1(n=n)1(by <) K (:Ul —x))
= nE (7 (n|z;) G (bn, ;) K., (2, — 7))

= n/w(n\u)G(b[n,u) K (u—2) ¢ (u)du

= /GO (b,n, x + hu) K4 (u) du.

By Assumption 1(e) and Proposition 1(iii) of GPV, G (b|n,-) admits up to R con-
tinuous bounded derivatives. Then, as in the proof of Lemma B.2 of Newey (1994),

there exists a constant ¢ > 0 such that
‘GO (b,n,z) — EG® (b, n, x)‘

< o ([ It ol ) [oee (D26 G, )

where ||-|| denotes the Euclidean norm and DEGP denotes the R-th partial derivative
of GV with respect to x. It follows then that

sup ‘GO (b,n,z) — EG° (b, n, x)‘ =0 (hR) ) (34)
be[lg(n,x),g(n,x)]
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Next, we show that

) R Lhd —-1/2
sup |G° (b,n,z) — EG° (b,n,z)| = O, < > : (35)

be [Q(n,m),?)(n,x)] log L

We follow the approach of Pollard (1984). Fix n € N and = € Interior (X), and

consider a class of functions Z indexed by h and b, with a representative function

2 (bn,x) =) 1(n=n)1(by <b) 'Ky (x— ).
i=1
By the result in Pollard (1984) (Problem 28), the class Z has polynomial discrim-
ination. Theorem 37 in Pollard (1984) (see also Example 38) implies that for any
sequences &, a, such that Lé7a2 /log L — oo and Ez? (b,n,z) < 67,
1L
a;tor? sup |— Z 2 (byn,x) — Ez (byn,x)| — 0 (36)

be [b(n,x),g(n,m)] L I=1

almost surely. We claim that this implies the result in (35). The proof is by contra-
diction. Suppose not. Then there exist a sequence v; — oo and a subsequence of L

such that along this subsequence,

L )_1/2 | (37)

sup |é0 (b,n,x)—EéO (byn,x)| >, (logL

be [Q(n,x),l;(n,a:)]

on a set of events ' C Q with a positive probability measure. Now if we let 62 = h?

%)_1/ 271L/ ?. then the definition of z implies that, along the subsequence

on a set of events €)',

and oy = (

1 L

o767 sup |— Z 21 (byn,x) — Ez (b,n,z) |
be[h(n,m),b(n,x)] =1
Lhd >1/ 2 i, 1
— v ThT sup |= Y z1(byn,z) — Ez (b,n,x)|
(10g L be [Q(n,a:),lé(n,z)] L lz:;

L\ ~1/2 A g
_ (1 L) o0 sup |G (b,n,x) — EG (b,n, )|
0g be[b(n.2) b(n.)]
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Lhd 1/2 12 Lh? -1/2
log L R log L

12
= 7L —7 0

where the inequality follows by (37), a contradiction to (36). This establishes (35),
so that (34), (35) and the triangle inequality together imply that

) Lhd —-1/2
sup |G° (b,n,z) — G° (b,n,2) | = O, <—> +hft. (38)

be [Q(n,z),f)(n,x)] log L
To complete the proof, recall that from the definitions of G° (b, n, z) and G° (b, n, z),

G (b,n, )
™ (nlz) ¢ (z)

GO (b,n, )

& (bln, ) = Fl) (@)

and G (bn, z) =

so that by the mean-value theorem, ‘é (bn, z) — G (b|n, m)‘ is bounded by

D) B o) e ) Fma) @@ )|

X H (éﬁ (b,n,z) — G° (b,n, z) , 7 (n|z) — 7 (), & (z) — o (g;)) H . (39)

H ( 1 GO (b,n, x) GO (b, n, x) )

where H (éo -G 77— — gp) H < H (GO -GV —m - go) H Further, by As-
sumption 1(b) and (c) and the results in parts (a) and (b) of the lemma, with the
probability approaching one 7 and @ are bounded away from zero. The desired result
follows from (38), (39) and parts (a) and (b) of the lemma.

For part (d) of the lemma, since G (+|n, z) is monotone by construction,

P(q(eln, ) <b(n,z)) = ( {b G (bln, ) >s}§l_)(n,x)>
= <G(b(n x)|n,z) > E)
= o(1),

where the last equality is by the result in part (c). Similarly,

P(G(1—¢ln,z) > b(n,z)) = P(G(B(n,:c) In,z) < 1—5)
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= o(1).

Hence, for all x € Interior (X) and n € N, b(n,z) < ¢(gln,z) < §(1 —¢|n,z) <
b (n, x) with probability approaching one. Since the distribution G (b|n, z) is contin-

uous in b, G (¢ (7|n,x) |n,z) = 7, and for 7 € [e,1 — €], we can write the identity
G (d (T|n7 .I’) ‘TL, iL’) -G (q (T’na 33) ’na l‘) =G (Cj (T’n> 37) ’nv $> - T (40)
Next, we have that with probability one,

. - (supyep K(w)’
0 = Gnz)ne) -7 < =505

, where (41)

L n

N(nz) = Y > 1(m=n)1(Ky(x—)>0). (42)

=1 =1

The first inequality in (41) is by Lemma 21.1(ii) of van der Vaart (1998). The sec-
ond inequality in (41) holds (with probability one) because G(-|n,z) is a weighted
empirical CDF of a continuous random variable (G(:|n, ) is a step function, by is
continuously distributed, and therefore with probability one, the size of each step of
G (+|n, z) is inversely related to the number of observations with non-zero weights used
in its construction). Let By (z) = {u € R?: K, (u — ) > 0}. We have

EN (n,z) = P(n=n,Kq (r;—x)>0)nL

= nL/ 7 (n|u) ¢ (u) du
By ()

< L (igigo(x)> ( /B » du). (43)

By a similar argument, we have

EN (n,z) > nL (ig)f{ 7T(n|x)> <§I€1)f( gp(:v)) ( /B . du) . (44)

Further,

Var (N (n,z)) < P(n;=n,K. (r;—2)>0)nL



It follows now by Assumptions 1(b),(f) and from (43)-(45) that there is a constant
Cno > 0 such that

N (n,z) = EN (n,x)+ 0, <(Lhd)l/2)

— Ly <cn7x +0, ((Lhd)’l/ 2)) . (46)
By the results in parts (a) and (b) and (46),
GG (rln,z) [n,2) =7+ O, ((Lhd)*l) (47)

uniformly over 7. Combining (40) and (47), and applying the mean-value theorem to
the left-hand side of (40), we obtain

q(t|n,z) —q(1|n,x) =

+0, (L)), (s)

where ¢ lies between ¢ and ¢ for all (7, n, x). By Proposition 1(ii) of GPV, ¢ (b|n, x) >
cg > 0forall b € [b(n,z),b(n,z)], and the result in part (d) follows from (48) and
part (c) of the lemma.

Next, we prove part (e) of the lemma. Let N (n,z) be as defined in (42). Consider
the ordered sub-sample of bids b1y < ... < b (n,z)) With n; = n and K., (x; — ) > 0.
Then,

0< ltigl@(ﬂn, x)—q(tn,z) <  max : (bi) — bi-1)) -

By the results of Deheuvels (1984),

max (bg) = bg-n) = O ((L@)) _1) : (49)

..... log N (n,x

The result of part (e) follows from (49) and (46).
To prove part (f), note that by Assumption 1(e) and Proposition 1(iv) of GPV,

g (+|n,-) admits up to R continuous bounded partial derivatives. Let

9" (b,n,x) = 7 (n]z) g*) (b|n, z) ¢ (x) (50)
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and define

L ng

W bma) = =SS V=) K (b~ D) Kol —a). (51)

=1 =1

We can write the estimator §(bn,z) as ¢ (b|n,x) = go (b,n,z) /(7 (n|z) @ (x)), so
that ¢ (b|n a:) = g(()k (b,n,x) /(7 (n|z) ¢ (z)). By Lemma B.3 of Newey (1994), the
estimator 5" (b,n, z) is uniformly consistent in b over [by (n,z),bs (n,x)]. By the
results in parts (a) and (b), the estimators 7 (n|x) and ¢ (x) converge at the rate
faster than that of gék) (b,n,z). The desired result follows by the same argument as
in the proof of part (c), equation (39).

For part (g), let ¢, be as in the proof of part (d) of the lemma. First, we con-
sider the preliminary estimator, Q” (7|n, z). We have that ‘Q” (TIn,z) — Q (7|x)]| is
bounded by

19 (¢ (7[n, z) [n,z) — g (g (7|n, @) |n, z)|
q(tln, ) |n, x)cg
In,x) — g (q(7|n,z) |n, )|

(7]n, z) [n, ) ¢

|G (7ln, 2) — ¢ (7]n, 2)| +

< g (rln,2) — q(r|n, x)| +

g(
19 (¢ (7|n, z)
9(q

L3(ln, z)In, @) — g(q(r|n, 2) n, z)|
94 (rln,x)[n, x) e,

,z),b2(n,z)] ‘9 b|’l’L le)| )
d() |n( z)|n,z)c G (T|n, ) — q(T|n, x)]|
g
n,

2) = g (rln,2) In, )| 52

(r|n, ) [n, ) cq

su
< (1+ Poe(by

(n
i
e,

By continuity of the distributions, we can pick € > 0 small enough so that
q(t1—¢€ln,z) > by (n,z) and q (12 + €|n, z) < by (n,x) .
Define
Ep(n,z) ={q(t1 —¢|n,x) > by (n,x),q (12 +¢|n,z) < by (n,x)}.

By the result in part (d), P (ES (n,z)) = o(1). Hence, it follows from part (f)
of the lemma that the estimator § (G (7|n,z) |n,z) is bounded away from zero with

probability approaching one. Consequently, by Assumption 1(e) and part (d) of the
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lemma that the first summand on the right-hand side of (52) is O, (5;) uniformly
over [T — €, T2 + €], where 3, = (Lh®™ % /log L)_1/2 + hft. Next,

P( [P 5L1|§(Q(T|n,$)!n,$)—Q(Q(Tln,ﬂf)!n,xﬂ>M>

TE[T1—€,T2+€]

T1—€,T2+¢€

< f>( s ]ﬁ%f\ﬁ(é(Thuaﬂ!n,x)—-g(é(Thuaﬁ!n,x)|>>A4,Ei(n»x)>
+P(E; (n,x))

< P ( sup  B1'[g(bln,x) — g (bln, x)| > M) +o(1). (53)
be[ba(

n,z),ba(n,z)]

It follows from part (f) of the lemma and (53) that

dr1iy\ —1/2
sup |Qp (1|n,z) — Q(t|z)| = O, ((Lh ) + hR> ) (54)

TE[T1—€,T2+€] 1Og L

Further, by construction, Q (1|n,x) — Qr (r|n,z) > 0 for 7 > 79. We can choose
7o € [r1,72]. Since QP (:|n,z) is left-continuous, there exists 7/ € [ro, 7] such that

QP (7'|n, x) = SUDye[ro.7] QP (t|n, z). Since Q (-|z) is nondecreasing,

Q (rln,z) = Q7 (rln, z)
Q" (7'|n, ) = Q" (7|n, )

< QP (Fn,x) — Q (F|r) + Q (le) — @ (7In, x)
StTmK@@mﬂ—Q@M)+QM@—Q”Ww®
< 2 sup Q” (T|n,x) — Q (T|l’)’

TE[T1—¢€,T2+€]
Lht\ Y2
= B
Oy << log L > + ’

where the last result follows from (54). Using a similar argument for 7 < 74, we

conclude that

sup
TE|T1—€,72+€]

A A d+1\ ~1/2
Q(tn,z) — Q (7‘|1’)‘ =0, <(€c?gL ) + hR> , (55)
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The result of part (g) follows from (54) and (55).

Lastly, we prove part (h). Let € be as in part(g). By Lemma 21.1(ii) of van der
Vaart (1998), F (Q (1|n, x) ]n,x) > 7, where the inequality becomes strict only at
the points of discontinuity, and therefore

I (Q (11|n, x) ]n,x) >T1>T1—€
for all n. Further, since Q (-|n, ) is non-decreasing,
P (F (Q (To|n, x) |n, 9(:) < To+ 8)

= P (sup {t : Q(t|n,x) < Q(T2|n,x)} < To —i—a)

te[0,1]

> P (Q (To|n, ) < 0 (T2 + €|n, x))

— 1,

where the last result is by part (g) of the lemma and because Q(72|z) < Q (T2 + ¢|z).
Thus, for all v € A (z),

F(vn,z) €[ri —e,mo+¢ (56)

with probability approaching one. Therefore, using the same argument as in part
(), equation (53), it is sufficient to consider only v € A (z) such that F (v|n,z) €
[T1 — &, 79 + ¢]. Since by Assumption 1(f), @ (:|z) is continuously differentiable on

(71 — &, 79 + €], for such v’s by the mean-value theorem we have that,

Q(Fina)le) —v = Q(F(uln,2)Iz) = Q(F (v]2))
= TG (0o =), 67

where 7 (v, 7, z) is between F (v|n, z) and F (v|z).
By Lemma 21.1(iv) of van der Vaart (1998), Q (F (v|n, x) |n, ZL‘) < v, and equality

can fail only at the points of discontinuity of Q). Hence,

sup (v - Q (F (v|n, x) |n, a:)) < sup <lim@ (tIn,z) — Q (T|n,x)>

vel(z) TE[T1—€,T2+E] 2%
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Lhd—H —1/2
+0, (( g L ) +hft] (58)

however,

sup (th@m z) — (T|n,x)>

TE[T1—&,T2+¢] tir

Supbe[bl(n x) ba(n,z)] ‘g bl’fl IIZ')}
< 1+ - sup (limq (t|n,x) — ¢ (7|n,x

9

o) )

where the inequality follows from the definition of Q and by continuity of K, and the
equality (59) follows from part (e) of the lemma. Note that, as shown in the proof of
part (g), g (¢ (7|n,x) |n,z) is bounded away from zero with probability approaching
one. Combining (57)-(59), and by Assumption 1(e) we obtain that there exists a
constant ¢ > 0 such that sup, ., ’F (v|n,z) — F (v|x)‘ is bounded by

¢ sup ‘Q ( v|n, ) \:U) - Q (F (v|n, z) ]n,x)‘ + 0, (<Lhd+1)1/2 + hR>

vEA(z) L
. Lhd+1 1/2
< ¢ sup Q(rlz) —Q TTL,ZL"-}-O (
o a6l - Q| +o, )

Lhd+1 —-1/2
= op((logL) +hf ),

where the equality follows from part (g) of the lemma. B

Proof of Theorem 1. Let EL(n,z) be as defined in (20). By Lemma 1(d),(f) and
(h), P(EL(n,z)) — 1 as L — oo for all n € N, x € Interior(X), and therefore using
the same argument as in the proof of Lemma 1(g) equation (53), it is sufficient to

consider only v’s from E(n,z). Next,

bM(QQanxnnx)mx)—gm<<F@unmxnmx>

< sup  [§ (b, x) — g (Bln, )|
be (b1 (n,x),b2(n,)]
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9 (@(v.n,2)) |q (£ (vln.x) In.x) = (F (wlz) In, ) (60)

where ¢ is the mean value between ¢ and ¢. Further, ¢(® is bounded by Assumption
1(e) and Proposition 1(iv) of GPV, and

@ (P (vln,2) I, ) = (F (v]a) |n, )|

. 1 ~
< sup |G (T|n,z) — q(T|n,x) |+ — sup |F (v|n,z) — F (v|x)]|, (61)
TE[T1—¢€,Tate] €9 vel(z)

where ¢, as in the proof of Lemma 1(d). By (60), (61) and Lemma 1(d),(f),(h),

sup 5 (4 (F (ol ) n.2) In.) = o (0 (F () 1 2) . )

veA

LBd+3 -1/2 "
_ o, (1ogL) s (62)

By a similar argument,

f (wln,2) = f (vln,2)
F (v]2) J? (vln,2)
(n=1)¢* (¢ (F (ole) n, ) [, )
< |9 (2 (£ @ln,x) Inx) In,2) = g0 (a (F (of2) [n. ) [n, 2)

Lhd+1 -1/2
Op((logL) +hR |, (63)

uniformly in v € A (), where f (v|z) as in (15) but with some mean value g between
g1 and its estimator §"). The desired result follows from (16), (62), and (63). B

Proof of Lemma 2. Consider 90 )(b,n, z) and 90 )(b,n, z) defined in (50) and (51)
respectively. It follows from parts (a) and (b) of Lemma 1,

(LR Y2 (50 (bln, 2) — g®) (b, 2))

— T(n|x1) So(x) (Lhd+1+2k)1/2 ( A (k) (b n :1:) (k) (b,n,x)) n op(l). (64)

By the same argument as in the proof of part (f) of Lemma 1 and Lemma B2 of Newey
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(1994), Eg (b n,xr) — g(()k) (b,n,z) = O (h®) uniformly in b € [b; (n,z),bs (n,z)] for
all z € Interior (X) and n € N. Then, by Assumption 3, it remains to establish

asymptotic normality of
(nLhd““k)l/2 ( (b,n,z) — E" (b,n x))
Define
Witn = h<d+l+2’f)/21 (n = n) KM (by = b) Ko, (2 — ),

wL,n - (nL)_lszil,ny

=1 =l

so that
(nLhd+1+2k)1/2 ( (b,n,z) — Eg (b,n, x)) — (nL)"? @y, — ETr.).  (65)

By the Liapunov CLT (see, for example, Corollary 11.2.1 on page 427 of Lehmann
and Romano (2005)),

(nL)"* Wy — Ewp,) | (nLVar (Wp,))"* —4 N (0,1), (66)

provided that Ew}, < co, and for some § > 0,

1 5
Jim = B w77 = 0. (67)

The condition in (67) follows from the Liapunov’s condition (equation (11.12) on page
427 of Lehmann and Romano (2005)) and because w;; ,, are i.i.d. Next, Ew;, is given
by

pldt1428)/2 <7T (n|z;) /K;(lk) (u—1b) g (uln, ;) dulp (21 — x))

= 20 [ (aly) Ko (y = )0 ) [ K50 (00 g )y
—  pldrD/2 / 7 (nlhy + x) Kq (y) ¢ (hy + )

/K(k g (hu + b|n, hy + z) dudy
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Further, Ewj ,, is given by

e [ aly) K3 (- 2) 0 @) [ (KL 0=) g (uln,y) dudy
= [ ralby+ ) K3 o g+

X / (K™ (u))2 g (hu + bln, hy + x) dudy.

Hence, nLVar (wy,,) converges to

7 (n|z) g (bln, x) ¢ < / K2 (u du> / (K™ (u))* du. (68)

Lastly, £ |1L},~17,1|2+‘s is given by
J(d+142k) (146/2)
244 (k) 240
x [ mw(ny) | K, (y—2)" o) [ |K, (u=0) g(uln,y)dudy
@572 / r (nlhy + ) | Ko (9) 2 o (hy + )

X / | K (u)|2+(S g (hu + bln, hy + x) dudy

—(d+1)5/2

IN

h ¢y sup |K ()" supp(x) sup [K® ()], (69)

u€[—1,1] rzeX u€[—1,1]

where ¢, as in the proof of Lemma 1(d). The condition (67) is satisfied by Assumptions
1(b) and 3, and (69). It follows now from (64)-(69),

(nLh*3) 2 (%) (b|n, ) — g® (bln, x))

—>dN<O nﬂnx (/K2 du) /(K(k)(u))Qdu>.

To prove part (b), note that the asymptotic covariance of wy, ,, and @y, ,, involves
the product of two indicator functions, 1 (n; = ny) 1 (n; = ns), which is zero for n; #

ny. The joint asymptotic normality and asymptotic independence of §*) (b|n, ) and
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Q(k) (blng, x) follows then by the Cramér-Wold device. B

Proof of Theorem 2. Let Ey (n,z) be as defined in (20). For all z € R,

P ((Lhd+3)1/2 ( (vn,z) — (v\;c)) < 2) -
=P ((Lhd+3)1/2 ( (v|n,x) — (v|x)> <z Ep (n,x)) + R,

where 0 < R, < P(E{ (n,z)) = o(1), by Lemma 1(d) and (56) in the proof of

Lemma 1(h). Therefore, it suffices to consider only v’s from Ep, (n,z). For such v’s,

iV (q (£ @) n.z) |n, ) = g (q (F (v]2) [n,2) In, )
= 49 (¢ (F (vl) [n,2) In,) = g (q (F (v]) [n, ) |n, )
+3® (@ (v,n,2) [n.2) (@ (F ©ln,o) In,2) = q (F (0la) [n)) - (70)

where ¢ is the mean value. It follows from Lemma 1(d) and (f) that the second
summand on the right-hand side of the above equation is o, ((Lhd+3)_1/ 2). One
arrives at (21), and the desired result follows immediately from (21), Theorem 1, and
Lemma 2. B

Proof of Theorem 3. We provide only an outline of the proof here. The detailed
proof is found in the supplement Marmer and Shneyerov (2010). First, one can show
that a bootstrap version of Lemma 1 holds, and from those results it can be shown
that

F (v]z) f2 (v|n, )
(n—1) g% (¢ (F (v]z) [n, z) |n, x)
x (9" (q (F (v]2) n, 2)) = §© (q (F (v]) [n,x))) + el (71)

1 (vlz) = f (v]z) =

where §T(b|n, z) is the bootstrap analogue of g (b|n,z), and e} is the reminder
term satisfying P1((Lh%3)1/2|el | > &) —, 0 for all € > 0. Let ® denote the standard
normal CDF. By Theorem 1 in Mammen (1992) and Lemma 2(a),

pt ((Lhd+3)1/2 (gT(l)(b]n,SE) - g(l)(b\n,x)) < u) —, @ (W) , (72)

where V1 (b, n, ) is defined in Lemma 2(a). The desired result then follows from (71)
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and (72) by Pélya’s Theorem (Shao and Tu, 1995, page 447). W
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Table 1: The simulated bias and MSE of the quantile-based (QB) and GPV’s esti-
mators for different points of density estimations (v), numbers of bidders (n), and
different values of the distribution parameter «, for sample size nL = 4200

Bias MSE
v QB GPV QB GPV

a=1/2,n=23
04  -0.0302 -0.0110  0.0299  0.0572
05  -0.0323 0.0030  0.0352  0.0770
0.6  -0.0596 -0.0094  0.0393  0.0781

a=1/2,n=5
0.4 -0.0142  -0.0053 0.0156  0.0195
0.5 -0.0077  0.0035 0.0208  0.0261
0.6 -0.0278  -0.0039 0.0211 0.0273

a=1n=3
0.4 -0.0063  0.0045 0.0194  0.0245
0.5 -0.0056  0.0147 0.0284  0.0371
0.6 -0.0342  -0.0059 0.0402 0.0519

a=1n=>5
0.4 -0.0017  0.0013 0.0087  0.0078
0.5 0.0026  0.0088 0.0124  0.0113
0.6 -0.0138 -0.0035 0.0171 0.0156

a=2,n=3
0.4 -0.0037  0.0028 0.0113 0.0106
0.5 -0.0166 -0.0084 0.0194  0.0188
0.6 -0.0137  0.0029 0.0310 0.0299

a=2,n=2>5
0.4 -0.0008 0.0014 0.0054  0.0040
0.5 -0.0075 -0.0054 0.0080 0.0062
0.6 -0.0041  0.0011 0.0127  0.0097
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