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Abstract

The contribution of this paper is three-fold. Firstly, a characterisation theorem
of the sub-hypotheses comprising the seasonal unit root hypothesis is presented
which provides a precise formulation of the alternative hypotheses against which
regression-based seasonal unit root tests test. Secondly, it proposes regression-
based tests for the seasonal unit root hypothesis which allow a general seasonal
aspect for the data and are similar both exactly and asymptotically with respect
to initial values and seasonal drift parameters. Thirdly, limiting distribution
theory is given for these statistics where, in contrast to previous papers in the
literature, in doing so it is not assumed that unit roots hold at all of the zero
and seasonal frequencies. This is shown to alter the large sample null distribu-
tion theory for regression t-statistics for unit roots at the complex frequencies,
but interestingly to not affect the limiting null distributions of the regression
t-statistics for unit roots at the zero and Nyquist frequencies and regression F-
statistics for unit roots at the complex frequencies. Our results therefore have
important implications for how tests of the seasonal unit root hypothesis should
be conducted in practice. Associated simulation evidence on the size and power
properties of the statistics presented in this paper is given which is consonant
with the predictions from the large sample theory.
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1 Introduction

This paper considers testing for seasonal unit roots in a univariate time-series process;
that is, whether or not the data generating process (DGP) for the time series admits
unit roots at the zero, Nyquist and harmonic seasonal frequencies. We allow a general
seasonal aspect for the data and permit the drift parameter to vary across the seasons
under the null hypothesis that the data is generated by a seasonal random walk DGP.
Differential seasonal drift allows the amplitude of the variation across the seasons of
the deterministic component in the level of the time-series to vary (linearly) through
time in order that its relative magnitude may be maintained. Constant drift implies
that the amplitude is constant over time. The tests considered in this paper are similar,
both exactly and asymptotically, with respect to the possibility of differential seasonal
drift as well as to initial conditions.

Existing tests for seasonal unit roots are predicated on more restricted specifications
for the deterministics or are confined to consideration of particular values for the sea-
sonal aspect of the data. Hylleberg et al. (1990), HEGY henceforth, develop regression-
based tests for seasonal unit roots in a quarterly context as separate t- and F-tests
for unit roots at the zero, Nyquist and annual frequencies. They consider regressions
which may include an intercept, seasonal intercepts and a trend variable. Depending
on the DGP when seasonal unit roots are present and which regression formulation is
adopted, the corresponding statistics will be similar, both exactly and asymptotically,
with respect to particular nuisance parameters, for example, initial values and the
value of the drift parameter in the DGP. Ghysels et al. (1994) (GLN) provide critical
values for other F-statistics of interest in the quarterly context. Beaulieu and Miron
(1993) (BM) discuss the corresponding test statistics appropriate for monthly data.
Smith and Taylor (1998) (ST1) and Taylor (1998) have generalized the regression-
based approach of HEGY and BM to allow for differential seasonal drift in quarterly
and monthly scenarios respectively. However, the HEGY tests are not similar (ei-
ther exactly or asymptotically) with respect to drift which displays seasonal variation.
As noted by GLN (p.436), the safer strategy in applications is to include potentially
irrelevant deterministics in order to avoid erroneous inferences.

Section 2 of the paper sets out the problem for a univariate time series whose DGP
is specified as a general autoregression (AR). Section 3 presents a decomposition of
the AR polynomial in terms of polynomials which isolate the possible unit roots corre-
sponding to each spectral frequency. Section 4 develops a regression-based approach to
testing for seasonal unit roots and explores the impact of the decomposition of section
3 on testing for seasonal unit roots. Section 5 details representations for the asymp-
totic null distributions of the seasonal unit root statistics. Here, and in contrast to
previous papers in the literature, we do not assume in deriving our results that the
unit root null hypothesis holds at all of the zero and seasonal frequencies. Relative to
the case where unit roots are present at all frequencies, this is shown to alter the large
sample null distribution theory for regression t-statistics for unit roots at the complex
frequencies, but to not affect the limiting null distributions of the regression t-statistics



for unit roots at the zero and Nyquist frequencies and regression F-statistics for unit
roots at the complex frequencies. The limiting null distributions of joint F-statistics
for the null hypothesis of unit roots at all of the seasonal frequencies, and at both
the zero and all of the seasonal frequencies are also both unaffected. A Monte Carlo
investigation into the finite sample properties of the statistics is provided in Section 5
and shows that the limiting distribution theory provides a useful prediction for small
sample behaviour. Our work therefore provides a useful complement to Taylor (2003)
who showed that the limiting null distributions of the seasonal unit root tests of Canova
and Hansen (1992) are not pivotal in the presence of unattended unit roots at the zero
or seasonal frequencies. Our results enable us to make firm recommendations on which
of the available statistics should (and which should not) be used in practice. Section
6 concludes the paper. An appendix contains the proofs of our main results and some
general results on circulant matrices.

2 The Problem

Let S denote the seasonal order of the data; for example, if the time-series is quarterly,
S =4, or, if monthly, S = 12. The model for the univariate time series process {Zg s}
is given by:

a(L) [xsirs — 7 — 0:(St+ 8)] = ustys, s =1—95,...,0,t =1,2,..., (2.1)

S EE w1
j=1%;

where a(z) is an autoregressive (AR) polynomial of order S, a(z) =1— > ;

We adopt the following convention for the lag operator L here and throughout the
paper; viz. L operates on the process {Zg:;s} in the standard manner, L9 +kzg,, =
L§(1—j)+s—k, Whereas, for the purely seasonally varying coefficients, L %% (= 77 _g, ;)
= Vi LRGN (= 076 p) = 054, if1-5 < s—k < Oand 7%, , and 6%, otherwise,
k=0,..,5-1,7=1,2, ... The specification (2.1) allows for the presence of differential
seasonal intercept and time-trend terms via v} and 0} respectively, s = 1—295,...,0. The

error process {ugs:ys} in (2.1) is assumed to follow an AR(p) process; viz.,

¢(L)U5t+s = €St+s (22)

where ¢(z) =1 — Y7 ¢;z" is a stationary (the roots of ¢(z) = 0 all lie outside the
unit circle |z| = 1) AR polynomial of order p, 0 < p < oo, and {€g;s} a martingale
difference sequence (MDS) with constant conditional variance, o?; see Fuller (1996,
Theorem 5.3.5,pp.236-37) for precise assumptions on {eg;is}. For notational conve-
nience, we define S* as (5/2) — 1 (if S is even) and [S/2] (if S is odd), where [S/2] is
the integer part of S/2.

Combining the AR(S) process (2.1) for {xg:1s} with the AR(p) process (2.2) for
the error process {ug; i}, we may re-cast the AR(S + p) process {zg:s} alternatively
as:

Q" (L)xgirs =72 + 05 (St +8) + €54, s =1—5,...,0,t =1,2, ..., (2.3)



where the AR(S + p) polynomial o*(2) = a(2)d(z) = 1 — S0P arzl, v* = (v —
ZjJrlpozerS j)—l—ZJJrlp]ajés —J and 55 :(6S_ij ]55 j)
This paper is concerned with regression—based tests for seasonal unit roots in the

autoregressive AR(S) lag polynomial a(z); that is, the null hypothesis of interest is
Hy:a(z)=1-2% (2.4)

the corresponding alternative hypothesis H; is stated in section 3.

The hypothesis Hy of (2.4) induces 7;* = S(0; — >_7_, ¢;0;_;) and 6;* = 0 in (2.3)
as 7i =7 gand §f =6 o, s =1—5,...,0. Thus, the DGP for {zg,} is that of a
seasonal unit root process with seasonal drifts

AgTsirs = Vs +uUsirs,s=1—-95,...,0,t =1,2,..., (2.5)

where Ag = 1 — L is the seasonal difference operator. Solving (2.5) for the level
process {Z g4} results in

t

TStrs = Ts + 7ot + ZU5U+S,S =1-5,...,0,t=1,2,.... (2.6)

v=1

Under Hy, there is no deterministic trend present in the DGP of the differenced pro-
cess {Agxgiis} and, therefore, deterministic linear trends in the level process {zg;is}
through the presence of the differential seasonal drifts, v*, s =1 — 5, ...,0, indicated
by (2.6). Moreover, the specification (2.1)-(2.2) and (2.3) ensures that the determin-
istic trending behaviour of the level process {xg;. s} is linear under both Hy and the
alternative hypothesis when «a(z) is a stationary AR(S) polynomial as is evident from a
comparison of (2.3) and (2.6). Consequently, we can see from a comparison of (2.3) and
(2.6) that the level process {zgys} will display similar deterministic linear trending be-
haviour in both trend-stationary and seasonal difference-stationary environments, that
is, whether or not the seasonal unit root hypothesis holds. Moreover, from (2.6), the
amplitude of the seasonal variation of the deterministic component x4+ v*t of {zg¢s}
is permitted to vary through time in a linear fashion, s =1—-5,...,0,t=1,2,....

We may also identify other scenarios of interest within (2.1), and hence (2.3), which
are special cases thereof: (i) no intercept, no time-trend: v* = 0,6 =0,s =1-S5,...,0
(ii) intercept, no time-trend: v = ~* s =1—5,...,0, 0 =0, s =1 — S,...,0; (iii)
seasonal intercepts, no time-trend: 6 =0, s =1 —5,...,0; (iv) intercept, time-trend:
VE=4%s=1-05,..,0, 0 =0 s=1-25,..,0; (v) seasonal intercepts, time-trend:
0F=0%s=1-2S5,..0.



3 A Characterisation Theorem

In formulating regression-based tests for seasonal unit roots, previous studies employ
an alternative representation for the polynomial a*(z) = «a(2)¢(2); see, for example,
HEGY (Proposition, p.221) and the local expansion approach of ST1 ((2.9), p.272)
and Smith and Taylor (1999, (2.11)), ST2 henceforth. This representation for a*(z)
employs filters which remove the possibility of seasonal unit roots in {zg,,s} apart from
at the seasonal frequency of interest. However, although the decomposition for a*(z)
given in these papers enables one to identify particular resultant regressors with specific
sub-hypotheses of Hy of (2.4) defined at the seasonal frequencies, the corresponding
sub-hypotheses forming the alternative against which the null hypothesis Hj is being
tested remain unclear. Proposition 3.1 below resolves this ambiguity and enables an
exact description of the alternative hypotheses examined by the test statistics of earlier
research and those discussed here.

We denote the seasonal frequencies as wy = 27k/S, k = 0,...,[5/2]. Therefore,
letting ¢ = /(—1), we factorise the AR(.S) polynomial a(L) at the seasonal frequencies

- o(L) = [[ (L), (3.1)

where the lag polynomial
wo(L) = (1 — L) (3.2)

associates the parameter ag with the zero frequency wy = 0, the lag polynomials wy (L),
k=1,..,5% in (3.1) correspond to the conjugate seasonal frequencies (wy, 2™ — wg),
respectively, whose roots occur as the conjugate pair oy + (¢, and are defined by

wr(L) = [1 — (ag + Bri) exp (iwg) L] [1 — (ax — Bri) exp (—iwg) L]
=1-2(apcoswy — Brsinwy) L + (a2 + 52) L2, (3.3)
with corresponding parameters o4, and S, k =1, ..., 5", together with
wg2(L) = (14 agpl), (3.4)

with the Nyquist frequency wg/, = 7 parameter ag/» when S is even.
Consequently, the null hypothesis Hy of (2.4) may be partitioned as

Ho = (NwHgy) 0 (NkHE, ) (3.5)

where H§) : ap = 1,k = 0,...,[S/2] and Hgk : 0 =0,k =1,...,9* The hypothesis
Hgy + ag = 1 corresponds to a unit root at the zero-frequency wy = 0, while Hg'g /2
ag/o = 1 yields a unit root at the Nyquist frequency wg/p = m. A unit root at the
conjugate seasonal frequencies (wy, 2m — wy,) is obtained under Hy , = Hg,.N Hg 5, that
iS, H[)’k L = 17ﬂk = 0, k= 1, ,S*

The alternative hypothesis, denoted Hy, may be succinctly stated as H; = UECSZ/S] Hi g
where the sub-hypotheses Hig : a9 < 1, Hiy : af + f < 1, k = 1,...,5*% and
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Hi /0t ago < 1,if S'is even. Notice, therefore, that the maintained hypothesis HoUH;
excludes the possibility of unit roots at all frequencies other than wy, k = 0,...,[S/2],
and permits the possibility of a single unit root at frequencies wy, k = 0,[S/2], and a
complex conjugate pair of unit roots at each of the harmonic seasonal frequencies wy,
kE=1,.. 5%

Under Hoy = Hg N Hgk, the polynomial wy(z) of (3.3) becomes

wi(2) = [1 — exp(iwy)2][1 — exp(—iwy)2]

=1—2coswz + 22,

k=1,..,5*% Similarly, under H : ag = 1, wo(2) of (3.2) reduces to wi(z) =1 — 2,
and, if S is even, under Hg'g), : g2 = 1, wgya(2) of (3.4) is wg/2(z) =1+z.

A more convenient parameterisation for the null hypothesis Hy of (2.4) and its
constituent sub-hypotheses Hyy, k = 0,...,[S/2], than that given in (3.2)-(3.4) may
be obtained in terms of deviations of length and phase from the seasonal unit roots
exp (+iwy), k = 0,...,[S/2]. Define the length r, = (a? + ($?)"/? and the phase shift
0 = tan=!(By/ay). Hence, from (3.3),

wi(2) = [1 — rp expli(Oy + wi)]2][1 — ri exp|—i(0x + wi)]2]

=1 — 2y cos(O), + wi)z + riz’. (3.6)

Therefore, from (3.6), we may express
wir(2) = w(2) + Ve[~ (coswy — 2)2] + Ok [sin w2,
where

Ve =717 — 1,0, = (sinwy) ™" ((rf — 1) coswy, — 2[rg cos(B + wy) — coswy]),  (3.7)

k=1,..,5* For frequencies wy and wg/2, wo(z) = wi(z) — Yoz, where o = ro — 1, and

ws/a(2) = wg/2(z) + vs/22, where vg/2 = rg/2 — 1. In (3.7), the parameter 7, represents
the deviation of the length of the kth root from unity and J; is a combination of the
length deviation 7, and the phase shift 0, k = 1, ..., S*. Thus, the seasonal unit root
hypothesis Hy , may be re-expressed as Hy = H&k N H&k, with

HYy e =0,Hg, : 0, =0,

where the sub-hypothesis H& . ¢ Yk = 0 is the unit root length restriction 7§ = 1 and,
conditional on H&k e =0, H{ik : 0), = 0is the phase shift restriction 6, = 0in (3.6) as,
under v = 0, §, = —2[cos(by +wi) —coswy]/sinwy, k =1, ..., 5*. Correspondingly, the
alternative hypothesis H; ; may be simply expressed as H}, : v, <0, k =0,...,[S/2].
The following proposition defines a decomposition of the AR(S + p) polynomial
a*(z) in terms of polynomials A?(z), defined below, associated with the seasonal fre-
quencies wg, k = 0,...,[S/2]. In particular, the polynomial A?(z) involves seasonal
filters which, under the maintained hypothesis HyU H;, remove the possible presence of
seasonal unit roots at all seasonal frequencies wj, j # k, apart from wy, k =0, ..., [S/2].

6



Proposition 1 (Characterisation Theorem.) The polynomial o*(z) = a(z)p(z) may
be expressed as

a’(2) = ¢"(2)As(2) — Mgz (2) — T52 A5 ()
[S/2]

_ Z (w,’;’a[—(cos wr, — 2)z] + T g[sin wkz]) Ad(z), (3.8)

dropping the term —ﬂg/ZzAgﬂ(z) if S is odd, where
0 = —Ag10, T/ = Ngpas)2,
Tho = Re(Ap) e — Im(A}) 0k, T4 5 = Re(AL)0x + Zm(A}) vk, (3.9)
k=1,.,5% ¢*(z) =1—=>" ¢rz" is a stationary polynomial, the parameters vy, and
O are defined in (3.7), AY(z ) Hgi/,fh owh(2) and

Aglexp(—iwy)]
AVlexp(—iwy)]

A = olexp(—iwy)],

A(z) = —TI0 g wil2), k=0,...,[S/2].

Remark 1: Observe that

A =—(1+z4..+2°71), AS/2() —(l—2422— . =2,
= '
A} () = =g 2 sinll + D] (3.10)

k=1,..,5% see ST2 (equation (2.16)). O

It is immediate from Proposition 1 that the sub-hypotheses Ho, = Hy,, N Hgyk of a
seasonal unit root at frequency wy, k = 0, ..., [S/2], may be simply re-stated from (3.9)
in the form

Hyp:my=0,Hyg: 7rf§/2 =0,

Hop i o = T35 =0, (3.11)
k=1,...,5". However, the corresponding sub-hypotheses H 17 w -7k < 0 of the alterna-

tlve hypothe51s H, = U[S/ 2 H], may not be simply expressed in terms of the coefficients
poand mpg k=1, S* of (3 9).

The polynomials zAg(z), 20y (2), —(coswy, — 2)zA}(2) and sinwgzAj(z), k =
1,...,5% in (3.8) are precisely those employed in earlier research when constructing
regression-based t- and F-tests for seasonal unit roots; see inter alia HEGY, GLN,
BM and ST1. However, Proposition 1 emphasises that the corresponding regression
coefficients 7y , and 7} 5 of (3.9) are both (linear) functions of the length deviation
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parameter v and the composite length deviation and phase shift parameter 0y, k =
1,...,5*. This observation holds even in the special case when Ag(z) = A(2), that
is, there are unit roots at all other seasonal frequencies j # k, and, thus, Re(A}) =
Re(plexp(—iwg)]) and Zm(A}) = Im(¢[exp(—iwg)]). However, if the order of the AR
polynomial ¢(z) is also zero, that is, p = 0, then Re(Aj;) = 1 and Zm(A}) = 0 in which
case
a*(2) = As(2) — [wi(2) — wi(2)]AR(2)
= Ag(2) — Y[~ (coswy — 2)2]AY(2) — 6x[sinwez] AL(2).

Therefore one can uniquely identify the unit root length restriction v, = 0 with the
polynomial —(coswy — 2)2zA%(2) and, conditional on v, = 0, the phase shift restriction
0r = 0 with the polynomial sinw,zA%(2), k = 1,...,5*. We comment further on the
impact of these results for testing Hy of (2.4) in the discussion of section 4.

For completeness, we detail the relationship between the general decomposition for
a*(z) given in Proposition 1 and the local expansion approach of, for example, ST1 and
ST2. In order to do so we re-parameterise (3.1)-(3.3) as ag = 1 +mp, a = 1+ (71.0/2),
B = mp/2, kK = 1,..,5% and, if S is even, agy = 1 + mg/2. Hence, 79 = o,
Ve = Tk +0(Tha), 0r = T +o0(mrpg), k=1,...,5% and, if S is even, vg/2 = mg/2. We
therefore obtain the following result.

Corollary 1 (Local Ezpansion Characterisation Theorem.) The polynomial o*(z) =
a(2)¢(z) may be expressed as

a’(2) = ¢"(2)As(2) — mg2lg(2) — W20 (%)

S*
_ Z (w,t,a[—(cos wi — 2)z) + 7, gsinwy.z]) AY(2) + o({ Tk, T p}),
k=1
dropping the term —Wg/QzAg/Q(z) if S is odd, where
WS = _¢(1)7T077rg/2 = ¢<_1)7TS/27

Tho = Re(@lexp(—iwy)]) Mo — Im(¢lexp(—iwy)])mr s,
T 5 = Re(dlexp(—iwg)])me,s + Im(olexp(—iwk)|) Tr.a,

k=1,.,5% and ¢*(2) =1 -0 | ¢7z" is a stationary polynomial.

As above, it is only in the case when the order of the AR polynomial ¢(z) is zero,
that is, p = 0, and, thus, Re(pexp(—iwy)]) = 1 and Zm(plexp(—iwy)]) = 0, that
in the local expansion of Corollary 3.1 one can uniquely identify the parameter 7y,

with the polynomial —(coswy, — z)zA}(z) and the parameter 7 g with the polynomial
sinwpzAY(2), k=1,...,5% cf. ST1 and ST?2.



4 Testing for Seasonal Unit Roots

Given the decomposition for a*(z) detailed in Proposition 1, we substitute (3.8) into
(2.3) to obtain the linear regression

qb*(L)ASxSt—i-s = ’y:* + 5:*(St + S) + WSQTO,St—&-s—l + W§/2$5/235t+571

S*

* * B
+ Z <7rk:,o¢x;:75t+s—l + Wk,ﬁxk,St—i-s—l) + €Stts; (4.1)
=1

dropping the term Wg/QxS/ZSHS_l if Sisodd, s =1-.9,...,0, t = 1,2, ..., with the

transformed level variables o si+s, Ts/2,5t+s, Th 504 and :UQSHS, k=1,.., 5" defined
from (3.10) by

S—1 S—1
Zo,St+s = Z TSt+s—jyLS/2,St+s — Z COS[(j + 1)7T]$St+s—j7
=0 =0
S—1 S—1
Th Strs = Z cos[(j + L)we]@st4s—;, mf,sws == Z sinf(j + L)wk]Tstrs—;, (4.2)
=0 =0

k=1,..,5% For quarterly, S = 4, and monthly, S = 12, data, the relevant transfor-
mations are given in ST2. In what follows we assume that the investigator has available
sufficient (p + ) pre-sample values of the lagged seasonal differences {Agwgtys}i<o to
accommodate the pth order AR polynomial ¢*(z) and the seasonal difference operator
Ag together with the observations xgys, s=1—295,...,0, t =1,...,T.

The auxiliary regression (4.1) provides the basis of a testing procedure for the
presence or otherwise of unit roots at the kth seasonal frequency; that is, Hyy of (3.11)
against Hﬁk cyk < 0, k=0,...,[S/2]. In particular, in order to test whether or not a
unit root is present at the kth seasonal frequency necessitates a test for the exclusion of
the regressor g,st1s-1 if & =0, Tg/2,5015-1 if k = S/2, and both 2 ,,, ; and x/IS,St—i-s—l
if k=1,..,5% in (4.1).

In the quarterly context, S' = 4, HEGY consider ¢-tests for the individual hypotheses
Hiy :my =0, Hjs = 7, =0, Hyj : mf 53 = 0 and Hf, : 73 = 0 together with an
F-test for Hoy = Hgj N ngf{, that is, 77, = 775 = 0, in the auxiliary regression
(4.1) with a common trend parameter 63 = §, s = 1 — S,...,0. HEGY argue that a
two-sided t-test of Hg‘i : m 5 = 0 is appropriate and that, if Héigl is accepted, one
should continue with a one-sided t-test of Hg : 77, = 0 against H{§ : 77, < 0.
However, as detailed in Proposition 1, the coefficients 77 , and 7} 5 are generally a
linear composite of the length deviation parameter v; and the parameter ¢; which is a
function of the phase shift parameter ¢, but also involves v; (unless v; = 0); see (3.7).
It is only in the presence of unit roots at both frequencies wy and wy and when the
AR polynomial ¢(z) of (2.2) is of order p = 0 that 77, = 7 and 7} 5 = 61. These
circumstances would suggest firstly conducting a one-sided t-test for Hj§ : 77, = 0



against H{§ : 77, < 0 and secondly, it Hy§ : 77, = 0 is accepted in which case
w5 = —2cos(0 + m/2), conducting a two-sided t-test for Hyj : 7, = 0 against
Hi 1 T 5 F 0.! However, in general, because in practice it is typically the case that
p > 0 and there is usually no a prior: basis for a belief that unit roots are present
at all other frequencies, an appropriate test for a seasonal unit root at frequency wy
should be an F-test for Hoy, : 7, = 7.5 = 0, k = 1,...,.57, together with one-sided
t-tests for Hyo : my = 0 against Hy o : m5 < 0 and, if S is even, Hy g/ : Wj‘q/Q = 0 against
Hy g/ 75 p <0, a recommendation supported by the limiting distribution theory in
Section 5 and the Monte Carlo evidence of section 6. Note that the implicit alternative
for the F-test for Hoy, : 7w, = 75 = 01is HY, : (7}, # 0) U (7} 5 # 0) rather than
Hl v <0, k=1,..,5%

Tn the following, we will denote by ty and tg/» the regression t-statistics for Hopg :
75 = 0 and Hyg)s : T5y =0 respectively in (4.1), ¢t and tf the t-statistics for Hj
Tro = 0 and H&i : T s = 0 respectively, k = 1,..., 5%, Fj the F-statistic for Hoy =
Héﬁ% N H&i, k = 1,..,5% that is, the test statistics for the exclusion of z¢ ;151 if
k=0 (to), mspaserst if k = /2 (ts), and 2 g, oy (1), T gres_1 (ty), and both

TE stys_1 and xZ,SHSil (Fp)if k=1,...,5* in (4.1). Furthermore, I _[s/9 and F_[s/2

are the F-statistics for the joint hypotheses OLS:/?] Hy ) and ﬂgfz/g} Hy j, respectively. We

will continue to adopt this notation to represent the corresponding t- and F'- statistics
for the special cases of (2.1), and hence of the auxiliary regression (4.1), considered at
the end of section 2.

We conclude this section by demonstrating that tests based upon the statistics
defined above from (4.1) are exact similar with respect to both the initial conditions
{z,}°_, ¢ and the seasonal drift parameters {y:*}°_, . For simplicity, but with no
loss of generality, these results will be demonstrated under the overall null hypothesis,
H, of (2.4).

As the time-trend parameters ; = 0, s =1 — S, ..., 0, under Hy of (2.4), it follows
from (2.6) that the seasonally de-meaned process {Zg:1s} may be written as

t T t
j55t+s = TSt+s — Ts = 7:*(75 - ﬂ + Z USy+s — T_l Z Z USv+s) (43)
v=1 t=1 v=1

which is invariant to the initial conditions {z,}_, ¢, where f = T~'3_ ¢ and 7, =
T-! ZtT:l Tsirs, s =1—S5,..,0,t =1,2,...,T. From (4.3), we may correspondingly

!Moreover, as the maintained hypothesis Hy U H; excludes the possibility of unit roots at other
frequencies than wy, k =0, ..., [S/2], the latter test might be omitted.
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express the seasonally de-meaned and seasonally de-trended process {Zg;1s} as

Tgirs = Tsiys — (L —1) <Z(t - ﬂ2> Z(f — )T s14s (4.4)

t=1 t=1

= Z USy+s — T Z Z USv+s

t=1 v=1

—(t—f) (Z(t—5>2> Z t—ﬂ <ZUSU+S T ZZU’S’U"‘S> )

t=1 t=1 v=1

which is invariant to the initial conditions {x,}°_, ¢ and the seasonal drift parameters
vy, g, 8=1-5,..,0,t=1,2,..,T.

After regression on the seasonal intercepts and time-trends, the auxiliary regression
equation (4.1) is consequently rendered from (4.4) as

p
AsTsiis = E 07 AsTstrs—i T ToLo,st+s—1 + Tg/aTs/2,5t+s-1
i=1
* s« N ~
+ E <7Tk,axk,5't+s—1 + Wk,ﬁxk,5t+s—1) + €St+ss (4.5)
k=1
dropping the term ﬂgmfg/zﬂtﬂ_l if Sisodd, s=1-25,...,0,t =1,2,...,T, where

éSt+s = gSU+S - (t - E) (Z(t - 5)2> Z(t - 2?>g5v—|—s

t=1 t=1

. 1T
é{nd the seasonally de-meaned error process €g;is = €sp4s — 1 ' D, €strs. In (4.5),
AgTsiys 18 Agxgirs seasonally de-meaned and seasonally de-trended, which is also
invariant to the initial conditions {z,}°_; ¢ and the seasonal drifts {v*}°_; . We

have defined the seasonally de-meaned and seasonally de-trended transformed variables
from (4.2) as

5-1
T0,St4s = Z TSits—jr T5/2,St4+s = Z cos[(j + )| Zst4s—js
=0
S5-1 S5-1
B s = Y c08[(j + Dwnl@sers o #p gy = — Y sin[(j + Dwr@srrsj, (4.6
Jj=0 Jj=0

k=1..,5s=1-5,..,0,t=1,..T. Consequently, tests based on regression
t- and F-statistics from (4.1) will be exact similar with respect to both the initial
conditions {z,}?_; ¢ and the seasonal drift parameters {7:*}°_, . Using similar ar-
guments (see, for example, Burridge and Taylor, 2004, pp.71-7 3, for the quarterly case)
it is straightforward to show that these tests are also exact invariant to the seasonal
drift parameters.
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5 Asymptotic Distribution Theory

In the quarterly case, S = 4, HEGY and Engle, Granger, Hylleberg and Lee (1993)
detail the limiting null distributions of the ¢-statistics together with the F-statistic F}
for deterministic scenarios up to and including non-seasonal trend parameters 6, = 6,
s = —3,...,0, in the auxiliary regression (4.1), while GLN derive the limit distributions
for the F}_ o and Fy o statistics in these cases. ST1 generalise the quarterly results of
HEGY and GLN to allow for the presence of differential seasonal trends, as in (4.1),
and discuss the various deterministic scenarios given at the end of Section 1, also for
quarterly data S = 4, while Taylor (1998) and BM deal with the monthly case, S = 12.

The limiting distributional results provided by the above authors have all been
derived under the assumption that p = 0 in (2.2). In the quarterly case, Burridge
and Taylor (2001) have extended the analysis to the case where p > 0 in (2.2). They
demonstrate that provided (4.1), or the restricted cases (i)-(v) thereof discussed at the
end of Section 2, contains at least p lags of Ayxy;. s, then so the limiting distributions of
the to, tgs2, F1, Fi1.2 and Fy_ o statistics under Hy of (2.4) coincide with those derived
by the above authors, for p = 0. However, and contrary to what is claimed by the
above authors, they demonstrate that the limiting null distributions of the harmonic
frequency t-tests, t{ and t? , are not of the form appropriate for p = 0, but that
they depend on the parameters characterising ¢(z). This even though (4.1) has been
appropriately lag-augmented.

All of the above authors, including Burridge and Taylor (2001), derived their limit-
ing null distribution theory under the assumption that a(z) = (1 — 2°); that is, under
Hy of (2.4) which imposes the unit root null hypothesis at both the zero and all of the
seasonal frequencies; cf. (3.5). This is quite restrictive, particulary in the light of the
discussion in Ghysels and Osborn (2001,p.90) who note that most empirical applica-
tions of seasonal unit root tests have led to rejections of the unit root hypothesis at
at least one of the seasonal frequencies, implying the likely inappropriateness of the
assumption that a(z) = (1 — 2%). Consequently, and in the light of our discussion
in Sections 3 and 4, we now turn to deriving the limiting null distributions of the t-
and F-statistics from (4.1) for an arbitrary seasonal aspect S in the more general case
where it is not necessarily assumed to be the case that the unit root null hypothesis
holds at each of the zero and seasonal frequencies. As in Burridge and Taylor (2001),
we allow for the case where p > 0 in (2.2). Our main results are stated for the case
where the auxiliary regression (4.1) contains seasonal intercepts and seasonal trends.
The corresponding limiting null distributions under the special cases of (4.1) outlined
at the end of section 2 are subsequently discussed in Remark 9.

In order to proceed, we first need to introduce some notation. First, let the
Sth order polynomial a(z) of (2.1) be decomposed into a(z) = @(z)a(z), where all
of the roots of a(z) = 0 (of a(z) = 0) lie on (outside) the unit circle. We then
observe that (ignoring deterministic components for ease of exposition), zg;s sat-
isfies Agzsirs = [(1 — L) /a(L)]uk,,,, where a(L)uk, , = ugiys. Next define the
S-dimensional vector processes X; = [Tg1—(5-1), LSt—(S—2)s ---» LSt—3, LSt—2, TSt—1,Lt)
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and Uy = [ugt—(S—l)’ugt—(S—w’"'7uj§t—3>U*St727 ug 1, us)', t = 1,2,... Observe from
Burridge and Taylor (2001) that

U; = ijo VE,_,

where E; = [eg1—(5-1), €51—(5-2), --- €5t—3, €5t—2, €51, €5¢) and the sequence of the S x S
matrices:

1 0 0 0 0
U 1 0 0 0
(05 (2 1 0 0

1 0

o = | w v

sy Wsea Ysaa Ysaa oo 1)
VYis Yisc1 Yise  WYis3 0 Yis_(s-1

)
Vg1 Vs Yis—1  WYis—2 o Yis—(s-2)
S Visy2  Yjst Vs Yis—1 o Vjs—(s-3) 19
i Yisys  Vis+2  Yiss Yis o Yis—s—ay | ST 0P
| Vjs+s—1 Vjsis—2 Vjsys—3 Vjsis-a - Vis |

where ¢ (z) = 1+ 372, 1;27 is the inverse of ¢ (2)a(z). Finally, let X, denote the
de-meaned and de-trended counterpart of X;.

In Lemma 1 we now provide an invariance principle for X,.

Lemma 1 Let {xgs} be generated according to (2.1)-(2.2) under the conditions stated
i section 2. Then, as T — oo, and denoting weak convergence by “="

T7V*X ) = oC¥* (1) W (+) (5.1)

where W (r) = W(r) — (4 — 6r) fOIW(r) — (12r — 6) fol sW(s)ds, r € [0,1], is an
Sx 1 vector (standard) de-meaned and de-trended Brownian motion process, with W
a standard Brownian motion, ¥* (1) = Z;’il W7, and C is a generic circulant matriz
whose precise form depends on a(z); see Remark 2 below.

Remark 2: The matrix C appearing in Lemma 1 is a circulant matrix (see, Davis,
1979, for details) whose rank is equal to the number of unit roots present in &(z). This
also coincides with the number of seasons minus the number of (linearly independent)
co-integrating relationships that exist between them; cf. Franses (1994). For example,
if there is a unit root only at frequency zero, such that a(z) = (1 — z), then C is
an S x S matrix of ones, C = Cy = Circ[1,1,1,1,--- 1], while for a unit root only
at the Nyquist frequency, a(z) = (1 + z2), C = Cgy = Circ[1,-1,1,—-1,--- ,—1]. In
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both of these examples C has rank one, such that there will exist S — 1 co-integrating
relationships between the seasons. For the case of a complex pair of unit roots at
frequency wy, k = 1,...,.5*, such that a(z) = (1 — 2coswyz + 22), we have that

P
- o+ e
where:
G = Circleos (0ur)  cos (), cos (i) - cos (S — 1))
and

C? = Circ[sin (Owy) ,sin ((S — 1) wi),sin (S — 1) wy) , - - -, sin (wi)]

which has rank two, and, hence, the number of co-integrating relationships between
the seasons is S — 2. For the case where Hy of (2.4) holds, such that a(z) = (1 — 2%),
we have that C = Ig is of full rank and no co-integration exists between the seasons.
Based on properties of the sums of circulant matrices (see, for example, Theorem 3.2.4
of Davis, 1979, and Theorem 3.1 of Gray, 2006, and the appendix for details) it is
always possible to express C for any given &(z) polynomial as the following weighted

suin:
S*

C=cfCo+cipCont > (cgacg v cgﬁcfj) (5.3)
k=1

(omitting the term in Cg/, when S is odd), where cf, cg/Q, Choand g, bk =1,..., 5% are
scalars which are non-zero (zero) when the factors (1—z2), (1+2) and (1—2 cos wyz+22),
k = 1,...,S% respectively, are present (not present) in @(z). The values of these
coefficients when they are non-zero depends upon the form of @(z).? Finally, using the
notation U*(1)7 to denote the jth element in the first row of ¥*(1), observe that ¥* (1)
is also a circulant matrix, since

@' (1) = Circ [@*(1)1,xp*<1)2,xp*(1)3,m ,@*(1)5}

S (XD DITRS SIARS pITRENEE prteeeet
j=1 j=1 j=1 j=1
Some further results on circulant matrices are provided in the appendix. U

We are now in a position to state our main theorem, which establishes the asymp-
totic null distributions of the regression-based unit root statistics from (4.1).

2For example, for the process (6.1) used in the Monte Carlo exercise in Section 6, where
C=Circ[1,0,0,0,1, —1], the following identity holds C = %CO + %CS’/Q + %C(z" — %Cg As a sec-

ond example consider the case where &(z) = (1 — 2%); here C = Ig = £Co + £Cg/2 + %Zle Cy,
omitting the term in Cg/, where S is odd.
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Theorem 1 Let xg s be generated according to (2.1)-(2.2) under the conditions stated

in Section 2, and let wo(r), Wg/e(r) (S even), and wi(r) and wi(r), k=1,..,

S*,

denote S independent de-meaned and de-trended standard Brownian motions on [0, 1].

(a) Under Hyp, the ty statistic from (4.1) satisfies

1. .
d
fo = d0 DO d0) _ (5.4)
fol wo(r)2 dr
(b) For S even, under Hy g2, the tgs, statistic from (4.1) satisfies
1. .
d
tS/Z = tO = fO wSI/Q(T) wS/?(r> = T]S/Q- (55)
Jo Wsy2(r)?dr
(¢) Under Hyy, the t3, ti}and Fy, k=1,..., 5%, statistics from (4.1), satisfy
. (b — cfgan) | Jy 0 () dig (r) + fy 0 () di)(r)]
E =
(@ + @) et + 2] (J a2 ar+ ) aio2ar)
(Cgaak + C%ﬂbk‘) [fo wk ) dug(r) — fol Wy (r) du?f(r)} (5.6)
\/<(c‘,ja)2 + (cgﬁ)2> az + b?] <f0 we(r)?dr + f Wl (r 2d7’>
y (2 ar, —I—cgﬁbk) [fol w3 () +f1 o2 (r dwk )]
k j
(@ + (7)o (f 2(r)dr + [} o (r)2 dr)
L (b= ) [ i) i () - Jy ) i)
\/<(cfa)2 + (c‘gﬁ) > az + b?] <f0 r)2dr + fl 02( 2dr)
2
o L) g+ o) doln)] + [ ) dog() - J og() o)
k=

2<f0 o (r) 2d7"+f1 02( 2d7">

where, for k=1,...,5%,

Zcos(jwk)\lf* (1) = Re(y[exp(iwy)])

Qg

- Z sin (juw) ¥ (1) = Im(v[exp(iwy)]).
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(d) Under ﬂ[/]HOk, Fi s = —ng/f] njz Moreover, under Hy = [S/Q]H 0.k

5
/2
Fo..s/21 = 5 ZL /o] M-

Remark 3: Notice that in the absence of any stationary serial correlation in the
process; that is, where ¢ (z)a(z) = 1, we have that by = 1 and a;y = 0 and, hence,
while the representations in (5.4), (5.5) and (5.8) remain unaltered, those for (5.6) and
(5.7) simplify to

oo o @) dug () + Jy ) di ()] = ey [ [ @l () dig () = [y () i ()]
\/((cgaf (") (Jy dgr)zdr + fy a2 ar)

and

oo B [y () dig () + i @ () di] ()] + e, [ fy @) dag () — f; o () da ()]

(@ + @) (B agtrzar+ [ o)

respectively, which still depend on the parameters ¢y, and c‘,;’ﬁ of Remark 2.

Remark 4: In the case where d(z) (1 — 2coswyz + 2%) we have that C = C¢ +
cos wk) Cos(wk)
sm sin(wy)

Cf, and, hence, ¢, = 1 and cf =
(5 7) simplify to

cos(w 1 a
(b - ﬁdlﬁ) [fo W (r) dig (r) + [ oy (r) day (r )]

Consequently, the expressions in (5.6)

e =
\/< + () > 08+ a3] (fy ag(r)2dr + i @) dr)
(ot ) [ el dig() - ) ap(r) dig ()]
\/(1+(;f;gg:;)2)[ak+b2 (Jy g ryzar+ J; il (r)2ar)
and
g o Lot ) Jo o0V 40R() + i) dir)

S () o (Eareors
(b — S ) [y () dig () = f; i (r) dwfm}
T o o
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respectively. It is therefore evident that even in the absence of any stationary serial
correlation in the process (so that ¢ (2)a(z) = 1, and by = 1, ax = 0), when a(z) =
(1 — 2coswyz + 2%) the limiting null distributions of ¢ and tf are only pivotal for the
case of wy = /2.

Remark 5: When a(z) = (1 — 2°), we have that C = Ig and, hence from footnote
2, that ¢, = % and cc,;“ﬂ =0,k =1,.., 5% It is therefore seen that the expressions in
(5.6) and (5.7) reduce to the representations given in (3.2) and (3.3), respectively, of
Theorem 3.1 of Rodrigues and Taylor (2004) with ¢ = 0. Even here, it should be noted
that these distributions will not in general be pivotal when p > 0. Some exceptions
are discussed in Burridge and Taylor (2001).

Remark 6: The representations given in (5.4) and (5.5) are identical to the standard
DF distribution for a regression with intercept and trend; cf. Fuller (1976, Table
8.5.2, p.373). Hence, asymptotically, the t-statistics ¢y and tg/, are independently and
identically distributed under Hoo N Hy g/2

Remark 7: From the representations (5.6) and (5.7), it is clear that, under Hy N Ho,
k#1, k1=1,..5% the pairs t} and t{*, and t,f and tf, possess independent but not,
in general, identical limiting distributions, and are also asymptotically independent of
to and tg/, under (HooN Hos/2) N(HoxNHoy), k #1, k, 1 =1,...,5*. In contrast, under
Hy xNHp,, the limiting representations in (5.8) for the Fj and F;j statistics in (5.8) k # [,
k,l =1,...,5" are both independent and also identical and, moreover, are identical
to those given for the corresponding statistics in the quarterly and monthly contexts
for the case of p = 0; see ST1 and Taylor (1998), respectively, and are asymptotically
independent of ¢y and tg/, under (Hoo N Hos/2) N (Hop N Hoy), K #1 kI =1,...,5".

Remark 8: The representations given for the limiting null distributions of the o, tg/2
and Fy,, k =1,...,.5%, statistics in (5.4), (5.5) and (5.8), respectively, and of the F{ s/
and Fy_ g/ statistics in part (d), do not depend on any nuisance parameters; that is,
they take the same form irrespective of whether the unit root null holds at the other
frequencies or not, and irrespective of whether p = 0 (serially uncorrelated shocks) or
p > 0 (serially correlated shocks). In contrast, the corresponding representations for
the t¢ and tf statistics, k = 1,..., 5%, depend on two sets of nuisance parameters: ay
and by, relating to the stationary serial correlation in the process, and cf, and c,;‘_‘ﬁ,
relating to those frequencies other than wy which admit unit roots. Consequently the
use of tests for unit roots at the harmonic seasonal frequencies based the ¢ and t,’f ,
k=1,..., 5% statistics cannot be recommended in practice.

Remark 9: In Theorem 1 we have assumed, via (2.1), that xg:s of (2.1) contains sea-
sonal indicators and seasonal time trends in its deterministic mean function and that,
appropriate to this, (4.5) is constructed from seasonally de-meaned and seasonally de-
trended data. However, the limiting representations are valid under the more restricted
cases (i)-(v) discussed at the end of Section 2, provided the de-meaned and de-trended
standard Brownian motions appearing in Theorem 1 are re-defined as appropriate to
the deterministic scenario of interest within (2.1); cf. ST1 (Sections 4.1-4.5) and ST2
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for a complete typology. Remarks 3-8 remain valid, with appropriate re-definitions
where necessary, in each case. [

In the next section we investigate aspects of the finite sample size and power prop-
erties of these statistics via a series of Monte Carlo experiments for the case of S = 6.

6 Finite Sample Size and Power Properties

In this section we conduct a number of Monte Carlo simulation experiments to investi-
gate the finite-sample size and power properties of the seasonal unit root test-statistics
developed in section 4 when the process under investigation displays phase and/or
length shifts at a particular seasonal frequency.

We will consider the test-statistics ¢;, 7 = 0, 3 together with ¢, tf and Fy, k=1,2,
for the case of a time-series process {xg. s} with seasonal aspect S = 6. In what
follows we assume that the investigator has available the initial values of the level
process, T_s, ..., T, together with the observations xg;15, s = —5,...,0, t =1,...,T.
We shall investigate the effects on the above statistics resulting from movements in
phase and/or length away from the unit root null hypothesis at frequency wy = 7/3,
whilst maintaining the unit root null at all other frequencies wy = 7k/3, k = 0,2, 3.
Specifically, the simulations computed in this section were based on the DGP:

(1= L1+ L+ L*(1 —2rycos(6y + 7/3)L + 71 LH) 26115 = €646 ~ NID(0, 1),
t=1,....T, s=—5 ....0, (6.1)

with €545 = 26j45 = 0, 7 < 0. As our Monte Carlo design, we vary the phase shift and
length parameters 6; and r; respectively according to 0; € {0,+x/4,+117/36}, and
r € {1.00 x 1(6 = 0),0.99,0.95,0.80}, where 1(-) is the indicator function. Under the
overall null hypothesis, Hy of (2.4), ¢, = 0 and r; = 1. Note the phases ¢, +w; specified
in these alternatives, 7/12, n/36, and 7w/12, 237 /36, are close to the frequencies
wo = 0 and wy = 27/3 respectively. All experiments were programmed using the RNDN
function of GAUSS 3.1 on a Pentium 400Mhz micro-computer using 30, 000 replications
for each experiment. Sample sizes 671 = 72,150,300 and 600 are considered. All test-
statistics were computed from a regression containing both seasonal intercepts and
seasonal trend variables; see (4.1).

The DGP (6.1) allows us to investigate the power properties of the ¢, t*f and F}
test-statistics when either 6; # 0 and/or r # 1, whilst simultaneously investigating
the size properties of the remaining statistics. To the best of our knowledge, a study
of this kind has not previously been conducted in the literature. Previous studies
have looked at departures of the length of roots at the harmonic seasonal frequencies
from unity but have always maintained a zero phase shift; see, for example, Beaulieu
and Miron (1992, pp.41-42) for S = 12 and GLN (pp.431-434) for S = 4. Because
the test-statistics which we consider in this section have not previously appeared in
the literature, we have used Monte Carlo simulation to generate approximate finite-
sample critical values for the above tests under Hy of (2.4) for each of the sample sizes
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considered. We do not report these critical values here although they, and a general
program which was used to run all the experiments in this section, are available from
the authors on request. These simulated critical values were then used in computing
the size and power properties of the tests as 6, and r; deviated from their null values
as described above. For all tests we adopted the nominal level of 0.05.

Tables 1-4 report the results of our Monte Carlo experimental design for the sam-
ple sizes 67" = 72,150,300 and 600, respectively. The top line of each of the tables
corresponds to when the overall null hypothesis Hy of (2.4) holds.

It is clear from the first panel of Tables 14 that, with a zero phase shift at the first
harmonic frequency, 6; = 0, as the length of the root at this frequency, r;, decreases
and as the sample size, 67, increases, so the powers of both the #{ and Fj statistics
increase towards unity. In contrast, the tf statistic displays power less than size for all
sample sizes; a similar pattern is seen in the simulation results reported in Beaulieu
and Miron (1992). The ¢, t3, t3, tg and F; tests all adhere well to their nominal 0.05
level, although there is some evidence of an increase for the tg test.

This pattern changes, however, when we allow a phase shift at the first harmonic
frequency, #; # 0. Here we see that both the tf and F) tests are quite sensitive to
movements of 6; from zero, even for small sample sizes, in both cases power increasing
well above nominal size. An interesting picture arises for the t{ test whose power is well
below nominal size when r; = 0.99 and 6; # 0 for all sample sizes considered but rises
as r; decreases and as the sample size grows. Turning to the tests at other frequencies,
some very interesting patterns emerge here too. Firstly, depending on the values of
0, and rq, the levels of the ty and t3 tests are either under or above the nominal 0.05
level in the smaller sample sizes considered but, as the sample size increases, so these
deviations quickly disappear, consonant with the results in Theorem 1. The same is also
true of the Fj statistic. To illustrate, the worst level distortions for the tq and F; tests
occur for 67" = 72 and r; = 0.99, the actual levels being 0.11 at ¢, = —117/36 and 0.09
at 01 = 117/36 respectively. The same, however, cannot be said for the t$ and tg test
statistics which from a practical viewpoint appear to be highly unreliable for inference
purposes. We can see that the level of the tg test tends to exceed 0.05 for positive 6y,
increasing as #; moves from 7/4 to 117 /36; that is, as 6, +w; = 77 /12, 237 /36 moves
closer to the second harmonic frequency wy = 27/3. For negative 6;, the magnitude of
0, seems to have no effect on the magnitude of the size distortions, probably reflecting
that ¢, + w; now takes values 7/12 and 7/36 close to the zero frequency wy = 0.
It is also apparent that, in the case of positive values of 6, there is a very strong
interaction effect between r; and #;. For fixed values of r; and #;, the distortions seen
in the level of the tg statistic from the nominal 0.05 level appear to stabilise as sample
size increases. This observation accords with (5.7) of Theorem 1 which says that for a
particular (01, r1) combination, there is a finite shift in the limiting distribution of the
tg statistic. A similar observation may be made regarding the limiting distribution of
the t5 statistic except that the level of the t§ statistic decreases below the nominal 0.05
level whereas that for the tg statistic increases. Although the tests for Hy o based on
the t§ and tg statistics are neither exactly nor asymptotically similar under deviations

19



from Hy, it is known from (5.8) of Theorem 1 that the test for Hy o based on the F
statistic does displays an asymptotic similarity property, which our numerical results
suggest becomes apparent even in quite moderate sample sizes.

Although the above experiments are based on deviations of the phase and length of
the root at the first seasonal harmonic frequency away from their null hypothesis values
under Hj;, we also investigated the effects of departures in phase and length from the
null hypothesis Hy s at the second harmonic frequency, wy = 27/3, while maintaining
seasonal unit roots at all other frequencies. These results were qualitatively no different
from those observed above. In this case, the results pertaining to the ¢y and t3 tests
given above are interchanged. The tJ, tg and F, tests display very similar patterns to
those seen above for the corresponding t¢, tf and F) tests. The ¢ and tf statistics
show almost identical level distortions to those reported above for the ¢t§ and tg tests
for movements of #; away from zero and r; away from unity, except that the impact of
the sign of 65 is reversed from that seen above for 6.

Consequently, and consonant with the predictions from the limiting distribution
theory in section 5, in the presence of deviations from the seasonal unit root hypothesis
at other frequencies, a test for a seasonal unit root at frequency wy based on the t-
statistics ¢} and tf as described in HEGY or as above in section 4 is likely to be
unreliable for inference purposes, whereas the use of the F-statistic F), would appear
to be more efficacious, k =1, ..., 5*.

7 Conclusions

This paper has been concerned with providing regression-based test statistics for sea-
sonal unit roots for a general seasonal aspect of the data which are similar both exactly
and asymptotically with respect to initial values of the time series process and seasonal
drift parameters. A general characterisation result is provided which clarifies precisely
the null and alternative sub-hypotheses under test in the regression approach due to
Hylleberg et al. (1990). Asymptotic distribution theory coupled with a set of Monte
Carlo experiments indicates that a t-statistic approach, as advocated by HEGY in their
original article, to testing for unit roots at the harmonic seasonal frequencies cannot
be recommended, and here the use of a joint F-test based approach is appropriate.
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Mathematical Appendix

Due to the similarity properties of the statistics discussed in Section 4, we may set
=4=0=0,s=1-5,...,0,1in (2.1) with no loss of generality in what follows.

Proof of Proposition 1: Define wi(z) = 0k o(2)k 5(2), where
Oka(z) =1 —rpexpli(Op + wi)]z, 0k p(2) = 1 — 1 exp[—i(Ox + wi)]z,

k= 1,..,5% and, for frequencies wy and wg/2, do.a(2) = 1 — 192, dop(2) = 1 and
ds/2,a(2 ) =1, 55/2@( 2) = 14 rgjpz. Similarly, w(z) = 52’a( )5 ( ), where

512,04(Z> =1- exp(iwk)z, 62,ﬂ<2) =1- eXp<_iwk)Z7

k=1,..,5% and &) ,(2) = 1 -z, §)4(2) = 1 and (52/2’(1(2) =1, (52/2’5(2’) =1+
z. Therefore, &) ,[exp(—iwy)] = 0,0} slexp(iwy)] = 0, k = 55% Now a(z) =

[T wn(z) = H&m%a(ﬁmﬂ)amiﬁd)—— f@ 0(z) = n?m50<>ﬁaw,
where Ag(z) =1 — z9. Define

(S/2] [S/2]
Ap(z) == [ wix)=— I 9ia(2)8;5()
i#h=0 j#k, =0
[5/2] [S/2]
M == I o | OROLAE
j#k,j=0 ik =0

Hence, AY[exp(—iw;)] = Alexp(iw;)] = 0, j # k, and A [exp(—iwy)] # 0, AY[exp(iwy)] #
0. Note that a(z) = —wi(2)Ax(z) and Ag(z) = —wk( )AO( ).

Consider the polynomial

[S/2]
+Z Noal5(2) Oka(2) = 0o (2)] + N 503 0 (2)[01,6(2) — 03 5(2)]) AR(2),

where the complex conjugates

alexp(—iwg )]
512,6 lexp(—iwg )]0k lexp(—iwy, ) AL [exp(—iwy)]

_ Opplexp(—iwy)] Aglexp(—iwy)] exD( i Or glexp(—iwg)]
= 31 fenp(in)] Allexp( =i )] P = e ] M

alexp(iwg)]
Op o [exp (iwy,)] 0k slexp(iwy ) | AR [exp(iwy, )]

Moo = = Plexp(—iwg)]

Ny = Blexplic)]
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Or.alexp(iwy)] |,

Ok,alexp(iwy )] Ag[exp(iwy)]
= 5 olexp(iwg)] = 50 Toxn (i) ki
ka[ p(lwk)]

O o lexp(iwr)] AR [exp (iwy)]

in which we have defined

~ Aglexp(iwg)]
Aplexp(iwy,)]

Aglexp(—iwy)]

AF = :
e Affexp(—iwy)]

olexp(iwy)]-

Plexp(—iw)], Ay 5 =

Because of the stationarity assumption on the polynomial ¢(z), ¢lexp(—iwy)] # 0 and
¢lexp(iwg)] # 0. Note that A}, and A} ; are complex conjugates and \; (= A} ) =
Mog(= AN g), k=0,5/2, are real.

It is easily seen that exp(iwy) and exp(—iwg), kK = 0,...,[S/2], are roots of the
polynomial ¢*(z) = 0 and, therefore, we may express

[S/2]
a*(2) = ¢"(2)As(2) =Y (MeaOhp(2)0a(2) = 0.0 (2)] + N 5070 (2)0r6(2) — 87 5(2)]) AR(2),
k=0
(A1)
where ¢*(z) is a stationary pth order polynomial, ¢*(z) =1 — Y0 | ¢r2%, as af = 1.

For k =1, ...,.5*, the second term in (A.1) involves the polynomial conjugate pair

Orplexp(—iwr)] , .
0p glexp(—iwy)] N

Neali5(2) Ok,a(2) = 0.0 (2)] = 62 5(2) 2 exp(iwy) Oy, [exp(—iwy,)]

, , Ok, 0 [exp(iwy)]
£ <0 50 _ 50 _ : A
) l2) = 8221 = 8L e exp( i sl O
(A2)
noting oy o (2)—0p (2) = 2z exp(iwg) Ok o[exp(—iwy)] and 0 5(2) =0} 5(2) = z exp(—iwg) ok glexp(iwy,)].
Now,

Orplexp(—iwg)]  exp(iwn) — ri exp(—i(Ok + wi))
Op glexp(—iw)] 27 sin wy, ’
Ok lexp(iwg)] _ _exp(—iwg) — rpexp(i(f + wi))
Y lexp(iwy)] 24 sin wy, ’

as
Okalexp(iwy)] = 1 — 1 expli(0k + 2wy)], Ok glexp(—iwg)] = 1 — 1 exp[—i(0x + 2wy)],
Op o lexp(iwy,)] = —2isin wy exp(iwy,), 0y, 5[exp(—iwy)] = 2i sinwy, exp(—iwy,).
Hence, the polynomial conjugate pair in (A.2)

Ok, glexp(—iwy)]
Op glexp(—iwy)]

52’5(2)2 exp (iwy ) Ok o [exp (—iwy,)]

and .
Ok lexp(iwy)]

5,2@ (2)z exp(—iwg )0k glexp(iwy)] m
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have real part
z

2
and imaginary parts + and — times respectively

(k[ (coswg — 2)] + O [sinwg])

(—7k[sin wg] + [ (coswy — 2)]) .

DO W

Therefore, from (A.1)

a’(2) = ¢"(2)As(2) = Aj o (—702) AG(2) = Nlya g (15/22) Dgpa(2)

.
- Z Re(Ay o) (Ve[—(coswy — 2)2] + Ok [sin wy 2]) Ad(2)
-
+ ZIm(A;a) (—x[sinwyz] + 0x[—(coswy — 2)2]) AY(2)
= 0" (2)As(2) = Aga (—702) Bo(2) — Ao 5 (15/22) Aga(2)
g+
= > [Re(Nf o) = Tm(Af o )dk] [~ (cos wy — 2)2]AR(2)
k=1
g
— > [Re(Af )0k + Im(Ag o) el [sinwi2] AR (2),

noting Re(Ay ) = Re(Af 5) and Im(Af ) = =Im(A} 4), k=1,..,5*. O

Proof of Lemma 1: It is straightforward to show that, as in Boswijk and Franses
(1996) and Burridge and Taylor (2001), inter alia, the process {xs; s} admits the
vector-of-seasons representation

1-B)X; = (0g+06,:B)U;, t=1,...T, (A.3)
U = ZFO ¥'E, (A.4)
where B is the annual lag operator, such that B*X, = X;_;, k = 0,£1, ..., and the

S xS matrices ®y and ®; are such that ®y+®; = C and, hence, are again determined
by the form of a(z). To illustrate, for a(z) = (1 — z2),

1000 0 o 1 1 1 1
1100 0 o 0 1 1 1
1110 0 0o 0 0 1 1
©=11111 0|l ©=1 0 0o 0 o0 1
(1111 1 | 0 0 0 0 0
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while for a(z) = (1 + z2),

[ 1 0 0 0 0] (0 -1 1 -1 —1
-1 1 0 0 0 0 0 —-1 1 1
1 -1 1 0 0 0O 0 0 -1 -1
Q=111 11 o ®=]0o 0 0o o 1
: D 0 N : :
-1 1 -11 1 00 0 0 0 |
and for a(z) = (1 — 2coswiz + 2%), k= 1,..., 5%,
i sin (wg) 0 0 0
sin (2wg) sin (wg,) 0 0
1 sin (3wg,) sin (2wy,) sin (wy) 0
© = sin (wg) sin (4dwy,) sin (3wy) sin (2wy,) sin (wg)
| sin((S —1)wg) sin((S—2)wg) sin((S—3)wg) sin((S—3)wg)
and
[0 sin((S—1)wg) sin((S—2)wg) sin((S—3)wk) sin (2wy,) |
0 0 sin (S —1)wg) sin((S —2)wg) sin (3wy,)
1 0 0 0 sin ((S —1) wg) sin (4wyg,)
0 = (@) | O 0 0 0 sin (5wy)
| 0 0 0 0 sin (wy) |

It is then straightforward to establish, along the same lines as for the proof of Lemma
1 in Boswijk and Franses (1996), from (A.3)-(A.4) the result that 7-Y?Xy., =
oCU* (1) W (-), where W (-) = (Wi_g(-), Wa_s(+),..., Wo(+))" is an S x 1 standard
Brownian motion process. The stated result then follows directly from an application
of the continuous mapping theorem [CMT]. O

Before turning the proof of Theorem 1 it will prove instructive to first establish
some properties of circulant matrices which will be used in the proof of Theorem 1.

Some Properties of Circulant matrices used in Remark 2 and Theorem 1

O O O O

sin (w) |

From Theorem 3.2.3 of Davis (1979), a generic circulant matrix A = Circ[ay, as, ag, - - , ag]

of order S x S admits the following decomposition A = F*AF where F* and F
are the Fourier matrix of order S and its complex conjugate, respectively, (see sec-
tion 2.5 of Davis, 1979, for details) and A is a diagonal matrix of the form A =
diag [M, A2, As, ..., Ag|, where \;, j =1,2,...,S are the eigenvalues of A. Now, from
Theorem 3.2.2 of Davis (1979) these eigenvalues can be obtained using A\; = Pa (/™ !)
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where Pa (2) = Ele a;z’~* is the polynomial associated with the circulant matrix,
w = exp (%) = CoS (%’r) + 7sin (%ﬂ), with i = v/—1. From Theorem 3.2.4 of Davis
(1979) and Theorem 3.1 of Gray (2006), we have the following properties of the sums
and products of circulant matrices, where B = Circ [by, bo, b3, - - - , bg] is a second circu-

lant matrix with associated eigenvalues A;, j =1,2,...,5:

AB = F*dz'ag[)\ljxl, )\25\2, SR )\55\5]]:_“
A+B = F*dz'ag[/\l+5\1,)\2+5\2,...,/\5+/_\5]F
cA = F'diaglch,chg, -+, cAg]F,

where c is a scalar.

From the familiar Granger Representation Theorem (see Engle and Granger, 1987)
we know that for the multivariate Wold representation in (A.3) the matrix C =
(©p + ©;) has rank equal to the number of unit roots present in &(z). Hence, the
matrices Cy and Cg/, have rank one and the matrices Cf and Cg have rank two. Con-
sequently, only one of the eigenvalues of Cy and Cg/, is non-zero, and only two of the
eigenvalues of Cf and Cf are non-zero. Furthermore, using Theorem 3.1.1 of Fuller
(1996), it is possible to establish the position and the value of the non-zero eigenvalues
of matrices Cy, Cg/2, C§ and Cf, k=1,...,5* In particular, the non-zero eigenvalue
of Cy and Cg/s is in both cases equal to S and has the first position and the S/2 — 1
position in the diagonal eigenmatrix, respectively. In the case of matrices C§ and C’,f,
the non-zero eigenvalues have the j + 1 and S — j + 1 positions, where j is such that
Wy = 2% The non-zero eigenvalues associated with C¢ are equal to S/2, and the non-
zero eigenvalues associated with Cf are equal to —S/2i in position j + 1 and equal to
S/2i in position S — j + 1. Based on the previous results relating to circulant matrices
it is evident that the general circulant matrix C associated with @(z) can always be
decomposed as in (5.3).

We now state some important identities relating to products involving Cy, Cg)s,

Cy, Clk=1,..,5% and C:

CjCj — SC],jZO,S/Q

S S S

CiCy = 2Cp CiCl=5C) Clol=-2C;
C/Cj = CJC = SCJO?C]', j = 0,5/2 (A5)
[0 S o « Q @ S o [o% (a4
ccy = 3 ( 20 Ch — Ckﬁcg) , CGiC= 5 (Ckack + Ckﬁcg)
S (o4 (o4 (o] S a a @
C,CQ = 9 (Ckacf + Ckﬁck> ) CfC = 9 < kacf - Ck,@Ck> )

where we have used the fact that Cy, Cg/, and Ci, k = 1,...,.5*, are symmetric and
(Cf)’ = —Cf, k=1,...,5% Moreover, for products involving ¥* (1) and Cy, Cg/s, C},
and Cg, k=1,...,5% the following identities hold:
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\I’* (1)/ CO - CO\II* (1) = w (1) Co, \Il* (1)/ Cs/g = Cs/g\:[l* (1) - w (—1) CS/2
T (1) CY = bCP —a,C, CYU* (1) = b,CY + a,,C) (A.6)
T (1) C] = aC8+0,CY, CYo* (1) = —a,Cy + b,CY

where b and ay are as defined in Theorem 1. Finally by using the identities in (A.5)

and (A.6) we may establish the following identities which will be required in order to
prove the results in Theorem 1:

U (1) C'Cy = Sc§v (1) Cy (A7)
U™ (1) C'CoCP* (1) = [Sc§y(1)]*Cy (A.8)
U (1) C'Cgpp = S5¢§1 (—1) Cypa (A.9)
T (1) C'CypCO* (1) = [Sc§h (=1)*Csys (A.10)
/ ¥ alel S (o] (o] a (o4 (o4
/ / S (o4 (o4 o (a4 (a4
v yce = 5 [(ckaak T+ esbi) €2+ (b — ciyar) cﬁj (A.12)
* Nallals * S ? (o o o
T (1) C'CeCe* (1) = (5) [(cka)%(ckﬁﬂ (b2 + a2) Cy. (A.13)

Proof of Theorem 1: Note first that by Frisch-Waugh theorem the OLS estimators
of =, TS0 Thar Thao k=1,...,5% and ¢f, i = 1,...,p, from (4.1) and (4.5) are
identical. Moreover, (4.5) can be expressed in vector form as:

y= [Y1|Y2] By +1

where: y is an N X 1 vector with generic element Asx5t+s; Yl and Yg are N x r and
N x[(S — r) 4+ p| matrices, where r is the number of unit roots present in &(z), such that
Y, collects together those non-stationary variables in (4.6) which are associated with
the 7 unit roots present in @(z), while Y, collects together the remaining (stationary)
variables from (4.6) together with the p lags of AgTsiis: Bo = (70, Tl as Thgs -+ s T o
T5e 3 Tg/20 ¢, ..., ¢y)', omitting TS/ when S is odd; finally @1 is an N x 1 vector with
generic element €g;y,. The scaled OLS estimator of 3 from (4.5) can then be written
as

o 785 TS 2

N732YLY, N7'YLY, N=Y2Yy

where Dr is a diagonal scaling matrix of the form Dy = diag[N x I, NY/2 x Lig_)1,).
Observe from the non-stationary nature of the elements of the matrix Y, and the sta-
tionarity of the elements of matrix Y, it follows straightforwardly that N =3/ 2?’1?2 2,
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0. Moreover, due to the (asymptotic) orthogonality of the non-stationary auxiliary
variables in Yl, the matrix N _2?’1?1 weakly converges to a diagonal matrix the el-
ements on the leading diagonal of which are well-defined random variables. We now
establish the results in parts (a)-(d) in turn.

Proof of (a): Using the asymptotic orthogonality of the variables in Y1, noted above,
the t, statistic satisfies
N~'y,Qy

VOEN2y,Qyo
where ¥ is an N x 1 vector with generic element 2o g14+5—1, and Q is the N x N symmet-

~ ~ o~ N1 .
ric and idempotent matrix Q =1 — 7Y, <Y§Y2> Y/,. Consider first the denominator
of (A.14). It is straightforwardly to show that

N7?50Qyo = N72y(yo0+0,(1)
= N? Z (i“o,Sthrs—l)2 + 0,(1)
= N*QSZ (nglcOXtA) + Op(l).

ty = +0,(1), (A.14)

Similarly, for the numerator
NTYQY = NTgQa = N+ o, (1)
= N! Z L0, St+5-1€5t+s + 0p(1)
= NS G £ oy(1),

where E; is the de-meaned and de-trended counterpart of E;.

Using Lemma 1, (A.7), (A.8) and the CMT it follows that

2 1
N—zsz(xg_lcoxt_1> = % / W () O* (1) C'CoCT* (1) W (r) dr
0

= S / W (r) CoW (r) dr

= o?[Sctp(1))? / 1 W (r) CoW* (1) dr
0
and

2 1
NS XL GE = % /0 W (1) O* (1) C'CodW (r)

2 1 R R
= Gse) [ WY codW ()
= o285y (1) / 1 W* (1) CodW* (1),
0
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where W* (r) = \%VAV (r). Hence, as 62 % o2, and noting that Cy = vyv, where

= (1,1,1,1,...,1), it is easy to see that g (r) = yW* (r) = S—1/2 Z] W (r),
a standard de-meaned and de-trended Brownian motion, the result in (5.4) follows
straightforwardly using the CMT.

Proof of (b): In similar fashion as was observed for ¢, in the proof of part (a), it can
be shown that

N7y, Qy
lsj2 = = // — +0,(1)
\/ 0*N=2y5,,QYs)2

N1, X! CgpE
_ Zt t—1>S/251¢ +0p(1)

\/&QNzS > <X2_1CS/2Xt—1>

where yg/5 is an N x 1 vector with generic element g/ 5¢4s—1. Using Lemma 1, (A.9),
(A.10) and the CMT we obtain that

2l
N728) (X;_lCS/gXt,l) = "—/ W (r) ©* (1) C'Cg/,CT* (1) W (r) dr
5 [SCS/Qw / W CS/QW( r)dr
and
-1 o/ - 02 - !y !~ X
N ZXt—lcs/QEt = g/ W(T‘) )\ (1) CCS/QdW (T)
0
o2

— L pSu (- / W (1) CspdW (1)

— 025U (— / W* (1)) C/2dW* (1)
where W* (1) = \/LgVAV (r). Hence, as 62 2 02 and noting that Cgs = Us/2Vs )y, Where
sy = (1,1, =1, 1,..., 1), it is easy to see that g (r )—US/QW*( r)=25" 1/22] (=177

Wj (r), a standard de-meaned and de-trended Brownian motion independent of wg from
part (a), the result in (5.5) follows using the CMT.
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Proof of (c): Asin parts (a) and (b), it can be shown that
N1y X COE,

\/ FN-25 T (X;_lchH)
N XL CUR,

\/ FIN-28 Y (Xg_lcht,l)

N—l ~ ol -
t% _ _ YkAQy _ + Op(l) _
VOIN2y QY
tﬁ _ —1 B’Qy
W?N—ny’czyk

+0, (1)

+op(1) =

+ 0, (1)

where yi and yi are N x 1 vectors with generic elements 7y g, ; and i"}f,St o)
respectively. Using Lemma 1, (A.11), (A.12), (A.13) and applications of the CMT we
obtain the following results:

A ~ 2 A~
N2§Z (X;_lchH> = g—( )/ W () O* (1) C'CeCE* (1) W (r) dr
o’ (S a\2| (22 2 N ! axk
= @l o) (ckﬁ) ] (bk—i—ak) W(T) CYW (r)dr
0
02 S 4 a 2 ! X7 / XX T*
= = (E) e (ckﬁ) ] (bz+a2)/ W* (r) CeW™ (r)dr
0
0_2 1 R , i} o .
N X GE = < [ W) (1) C'Caw (7)
o2 ’ ) ) 1 / .
- 5 ( Coo bk — cgﬁak)/o W (r) CLdW (r)
2 1
_% (conar + Cisbi) / W (1) CJAW (r)
0

1
(chabr — Chgar) /0 W* (r) CEdW* (1)

I
n| 9,
v
A~ N/~ N
| — | U S—
NN —~

2 1
> (cgaak + cgﬁbk) / W (r) ngW* (r)
0
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and

A A 2 1 A A
N7y X, ,CJE, = %/ W (r) ®* (1)’ C'CldW (r)
0
o2 ) i L R
- F( (cz‘aak—l—cgﬁbk)/ W (r) CLdW (r)
0
o2 ) i L R
+§ ) (chabi —cz‘ﬂak)/o W (r) CYAW (r)

1
(cﬁaak + cfﬁbk) / W* (r) C¥dW* (r)
0

I
n|
R R
N N/~ W

NN S [
[N}

2 1
-I—% ) (cfabk — ci‘ﬂak) / W (r) Cde* (r)
0
X7 — 1 A : a 00,0l B _ B
where W* (r) = S/2W (r). Noting that C{ = vpvy and C| = vpv, , where
w | cos(wi[l—=25]) cos(wp[2—25]) -+ cos(wi0)
Uk = | sin (wr [1 = 9]) sin(wg[2—15]) -+ sin(wg0)
and
s | —sin(wg[1—5]) —sin(wg[2—S5]) --- —sin(w0)
U T cos (we[1—=S5])  cos(wg[2—S5]) - cos(wp0) |’
we obtain that
. —1/2 0 7
aire (| WE) | | (5/2) 7 X0 g cos (jwr) W (r
vy W™ (r) = B ~1/2 0 i
wy, (r) (5/2) Zj:l—S sin (jwy) Wj (r
(

W (r) = [-mf ”}

where ¢ (1) and @ (r) are independent standard de-meaned and de-trended Brownian
motions, independent of wy(r) and wg(r) of parts (a) and (b), respectively. The
results in (5.6) and (5.7) then follow straightforwardly after a little algebra using the
fact that 62 % o2 and applications of the CMT. Finally using the fact that Fj, =
st + (t7)?]+0, (1), which follows from the asymptotic orthogonality of the elements
of Y}, the representation in (5.8) obtains from the results in (5.6) and (5.7) and the
CMT, after a little algebra.

Proof of (d): The stated results follow trivially from the results in (5.4), (5.5), (5.8)
and applications of the CMT, again using the asymptotic orthogonality of the elements
of Y in each case.
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Table 1: Size and Power of Seasonal Unit Root Tests, T = 12

0, ot [t [ TR g [ Rt
0.00 1.00 | 0.05 | 0.05 | 0.05 [ 0.05 | 0.05 | 0.05 | 0.05 | 0.05
0.99 | 0.05 | 0.05 | 0.05 | 0.05 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 | 0.08 | 0.04 | 0.08 | 0.05 | 0.05 | 0.05 | 0.05
0.80 | 0.05 | 0.54 | 0.03 | 0.52 | 0.05 | 0.06 | 0.06 | 0.06
/4 0.99 | 0.03 [ 0.00 [ 1.00 [ 1.00 | 0.04 [ 0.07 [ 0.05 | 0.04
0.95 | 0.03 | 0.01 | 1.00 | 1.00 | 0.04 | 0.10 | 0.05 | 0.04
0.80 | 0.02 | 0.10 | 1.00 | 0.90 | 0.02 | 0.31 | 0.05 | 0.05
—7/4 0.99 | 0.05 [ 0.00 [ 1.00 [ 1.00 | 0.03 [ 0.07 [ 0.04 | 0.04
0.95 | 0.05 [ 0.00 | 1.00 | 1.00 | 0.03 | 0.07 | 0.04 | 0.03
0.80 | 0.05 | 0.11 | 1.00 | 1.00 | 0.03 | 0.07 | 0.04 | 0.04
117/36 [ 0.99 [ 0.03 [ 0.00 [ 1.00 | 1.00 | 0.07 | 0.14 | 0.09 | 0.05
0.95 | 0.03 [ 0.01 | 1.00 | 1.00 | 0.04 | 0.31 | 0.07 | 0.05
0.80 | 0.02 | 0.06 | 1.00 | 1.00 | 0.01 | 0.60 | 0.05 | 0.04
—117/36 [ 0.99 [ 0.11 [ 0.00 | 1.00 | 1.00 | 0.03 ] 0.06 | 0.04 | 0.04
0.95 | 0.09 | 0.00 | 1.00 | 1.00 | 0.03 | 0.07 | 0.04 | 0.04
0.80 | 0.06 | 0.10 | 1.00 | 1.00 | 0.03 | 0.07 | 0.04 | 0.04
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Table 2: Size and Power of Seasonal Unit Root Tests, 7' = 35

0, ot [t [ TR g [ Rt
0.00 1.00 | 0.05 | 0.05 | 0.05 [ 0.05 | 0.05 | 0.05 | 0.05 | 0.05
0.99 | 0.05 | 0.06 | 0.05 | 0.06 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 [ 0.21 | 0.03 | 0.19 | 0.05 | 0.05 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 0.02 | 1.00 | 0.05 | 0.06 | 0.05 | 0.05
/4 0.99 | 0.04 [ 0.00 [ 1.00 | 1.00 | 0.04 | 0.06 | 0.05 | 0.04
0.95 | 0.04 | 0.03 | 1.00 | 1.00 | 0.04 | 0.08 | 0.05 | 0.04
0.80 | 0.04 | 0.68 | 1.00 | 1.00 | 0.02 | 0.29 | 0.05 | 0.05
—7/4 0.99 | 0.05 [ 0.00 [ 1.00 [ 1.00 | 0.04 | 0.06 | 0.04 | 0.04
0.95 | 0.05 | 0.01 | 1.00 | 1.00 | 0.04 | 0.06 | 0.04 | 0.04
0.80 | 0.05 | 0.85 | 1.00 | 1.00 | 0.03 | 0.07 | 0.04 | 0.04
117/36 [ 0.99 [ 0.04 [ 0.00 [ 1.00 | 1.00 | 0.05 | 0.09 | 0.06 | 0.04
0.95 | 0.04 | 0.03 | 1.00 | 1.00 | 0.03 | 0.25 | 0.06 | 0.04
0.80 | 0.03 | 0.52 | 1.00 | 1.00 | 0.01 | 0.60 | 0.05 | 0.04
—117/36 [ 0.99 [ 0.07 [ 0.00 | 1.00 | 1.00 | 0.04 | 0.06 | 0.04 | 0.04
0.95 | 0.06 | 0.01 | 1.00 | 1.00 | 0.04 | 0.06 | 0.04 | 0.04
0.80 | 0.06 | 0.83 | 1.00 | 1.00 | 0.04 | 0.06 | 0.04 | 0.04
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Table 3: Size and Power of Seasonal Unit Root Tests, 7" = 50

0, ot [t [ TR g [ Rt
0.00 1.00 | 0.05 | 0.05 | 0.05 [ 0.05 | 0.05 | 0.05 | 0.05 | 0.05
0.99 | 0.05 | 0.08 | 0.05 | 0.07 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 | 0.69 | 0.03 | 0.63 | 0.05 | 0.05 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 0.03 | 1.00 | 0.05 | 0.07 | 0.05 | 0.05
/4 0.99 | 0.04 [ 0.01 [ 1.00 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.04 [ 0.17 | 1.00 | 1.00 | 0.04 | 0.08 | 0.05 | 0.05
0.80 | 0.04 | 1.00 | 1.00 | 1.00 | 0.02 | 0.29 | 0.05 | 0.05
—/4 0.99 | 0.05 [ 0.00 [ 1.00 | 1.00 | 0.04 | 0.05 | 0.05 | 0.05
0.95 | 0.05 [ 0.09 | 1.00 | 1.00 | 0.04 | 0.06 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 1.00 | 1.00 | 0.04 | 0.07 | 0.05 | 0.05
117/36 | 0.99 [ 0.04 [ 0.01 [ 1.00 | 1.00 | 0.05 | 0.07 | 0.05 | 0.05
0.95 | 0.05 [ 0.12 | 1.00 | 1.00 | 0.03 | 0.23 | 0.05 | 0.05
0.80 | 0.04 | 0.98 | 1.00 | 1.00 | 0.00 | 0.61 | 0.05 | 0.05
—117/36 | 0.99 | 0.05 [ 0.00 | 1.00 | 1.00 | 0.04 | 0.06 | 0.05 | 0.05
0.95 | 0.05 | 0.09 | 1.00 | 1.00 | 0.04 | 0.06 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 1.00 | 1.00 | 0.04 | 0.07 | 0.05 | 0.05
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Table 4: Size and Power of Seasonal Unit Root Tests, 7' = 100

0, ot [t [ TR g [ Rt
0.00 1.00 | 0.05 | 0.05 | 0.05 [ 0.05 | 0.05 | 0.05 | 0.05 | 0.05
0.99 | 0.05 | 0.15 | 0.04 | 0.14 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 | 1.00 | 0.02 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 0.04 | 1.00 | 0.05 | 0.07 | 0.05 | 0.05
/4 0.99 | 0.05 [ 0.00 [ 1.00 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 [ 0.70 | 1.00 | 1.00 | 0.05 | 0.07 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 1.00 | 1.00 | 0.03 | 0.28 | 0.05 | 0.05
—/4 0.99 | 0.05 [ 0.00 [ 1.00 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 [ 0.82 | 1.00 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 1.00 | 1.00 | 0.05 | 0.06 | 0.05 | 0.05
117/36 [ 0.99 [ 0.05 [ 0.02 [ 1.00 | 1.00 | 0.05 | 0.06 | 0.05 | 0.05
0.95 | 0.05 | 0.58 | 1.00 | 1.00 | 0.03 | 0.21 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 1.00 | 1.00 | 0.01 | 0.60 | 0.05 | 0.05
—117/36 | 0.99 | 0.05 [ 0.00 | 1.00 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.95 | 0.05 [ 0.79 | 1.00 | 1.00 | 0.05 | 0.05 | 0.05 | 0.05
0.80 | 0.05 | 1.00 | 1.00 | 1.00 | 0.05 | 0.06 | 0.05 | 0.05
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