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Abstract

In this paper, expansions of functionals of Lévy processes are established under
some Hilbert spaces and their orthogonal bases. From practical standpoint, both
time-homogeneous and time-inhomogeneous functionals of Lévy processes are consid-
ered. Several expansions and rates of convergence are established. In order to state
asymptotic distributions for statistical estimators of unknown parameters involved in
a general regression model, we develop a general asymptotic theory for partial sums
of functionals of Lévy processes. The results show that these estimators of the un-
known parameters in different situations converge to quite different random variables.
In addition, the rates of convergence depend on various factors rather than just the

sample size.

1 Introduction

Stochastic differential equations driven by a Lévy process under some conditions have
solutions in the form of functionals of the underlying process. Such equations are used
extensively in economics, finance and engineering disciplines to describe random phenom-
ena in both theory and practice. Meanwhile, some empirical studies show that many
data sets admit nonlinearity and nonstationarity. Consequently, a number of nonpara-

metric and semiparametric models and kernel-based methods have been proposed to deal



with both nonlinearity and nonstationarity simultaneously. Existing studies mainly dis-
cuss the employment of nonparametric kernel estimation methods. Such studies include
Phillips and Park (1998), Park and Phillips (1999), Park and Phillips (2001), Karlsen
and Tjgstheim (2001), Karlsen et al. (2007), Cai et al. (2009), Phillips (2009), Wang and
Phillips (2009a,b), Xiao (2009), and Gao and Phillips (2011).

However, such kernel-based estimation methods are not applicable to establish closed-
form expansions of functionals of Lévy processes. In the stationary case, the literature
already discusses how series approximations may be used in dealing with stationary time
series models, such as, Ai and Chen (2003), Chapter 2 of Gao (2007) and Li and Racine
(2007). In addition, although the celebrated Black-Scholes option pricing formula de-
scribed the price of the financial product as a functional of Brownian motion, literature
has pointed out that there are some significant drawbacks in this formula. For example,
empirical evidence suggests that log returns do not behave according to a normal dis-
tribution (see Schoutens, 2003). Hence, the researcher realizes that one would need to
include other stochastic processes (not just Brownian motion) when one needs to formu-
late a continuous-time stochastic model in order to depict some stochastic phenomenon
or scientific data set.

Therefore, there is need to study functionals of Lévy process, Z(t), in the both cases of
time-homogeneity and time—inhomogeneity. Note that one powerful way of dealing with
such problems is to decompose the process, say f(Z(t)) or f(t,Z(t)), where the functional
form is unknown, into an orthogonal series in some Hilbert space, such that once one
has obtained observed values of the process, the coefficients involved in the series can
be estimated using an econometric method. Actually, there is long history that there
exists a close connection between stochastic processes and orthogonal polynomials. For
example, the so-called Karlin-McGregor representation expresses the transition probability
of birth and death process by means of a spectral representation in terms of orthogonal
polynomials. Some people clearly feel the potential importance of orthogonal polynomials
in probability theory. Schoutens (2000), for instance, gives an extensive discussion about
relations between stochastic processes and orthogonal polynomials.

In this paper, we establish some general theory and methodology for the expansion of
a class of functionals of Lévy processes. As an application, we shall estimate an unknown

function of the form m(t, z) involved in the following model:

Y (t) =m(t, Z(t)) + e(t), t€[0,00), (1.1)



where Z(t) is a Lévy process that covers both the continuous (such as Brownian motion)
and the discrete (such as Poisson process) cases, €(t) is an error process with zero mean
and finite variance, and m(t, z) is an unknown function of (¢, z).

As far as we are aware, there is no discussion about how to estimate m(t, z) by a non- or
semi-parametric method in the literature. Even in the discrete case where t = 1,2, .-, it
is not clear whether a nonparametric kernel method can provide a consistent estimator for
m(t, z). Part of the contribution of this paper is to establish an asymptotically consistent
estimator of m(t,z) and the resulting asymptotic theory in each of the three sampling
situations: a) the case where Z; = Z(t) at t = 1,2,---, b) the case where Z;,, = Z (L)
at t =1,2,---, and c) the case where Z;,, = Z (%) att=1,2,--- and with T;, — oo.

The estimation methodology proposed in this paper is summarized as follows. We
shall employ an appropriate polynomial sequence that is orthogonal with respect to ei-
ther the probability density or the probability distribution of Z(t) depending on whether
Z() is continuous or discrete. We then expand the unknown function m(t, Z(t)) into
an orthogonal series in some Hilbert space in terms of the polynomial sequence. We then
propose using a semiparametric least squares (SLS) estimation method to estimate m(t, 2)
by m(t,z). To establish an asymptotic theory for m, we introduce a general asymptotic
theory to deal with the sample mean and sample covariance of four classes of functionals
of Lévy processes. It is noteworthy to point out that the established asymptotic theory
considerably extends some existing results, such as Park and Phillips (1999, 2001), and
Wang and Phillips (2009a).

With the advantage of expanding an unknown functional into an orthogonal series,
the proposed method can be used to deal with some estimation problems in economics,
finance and engineering. For example, there are a number of studies involving models with
conditional moment restriction containing an unknown functional, such as Ai and Chen
(2003, 2007), and Chen and Ludvigson (2009). Since existing theory for expansions of
functionals of stationary processes is not directly applicable, the proposed expansion and
estimation method in this paper is useful and significant in both theory and applications.

The organization of the rest of the paper is as follows. Section 2 is devoted to the
expansions of functionals of Lévy processes for the cases of time-homogeneous function-
als and time-inhomogeneous on both finite and infinite horizons. Section 3 develops an
asymptotic theory. Section 4 systematically discusses the estimation theory of model (1.1)

for the cases of infinite-time, finite-time and infinite-time sequence horizons. Section 5



gives some conclusions and discussions. Appendix A summarizes some basic results for
both the existence and explicit expression of an orthogonal polynomial system associated
with an underlying Lévy process. Appendix B includes all remarks and justifications of
some results and assumptions. Appendix C mainly shows several lemmas which are crucial

for the proofs of the main results. Appendix D contains the proofs of the main theorems.

2 Orthogonal expansion of functionals of Lévy processes

This section is devoted to the expansion of both time-homogeneous functional f(Z(t))
and time-inhomogeneous functional f(t, Z(t)) for t € [0,T] with fixed T and ¢ € (0, 00)
where (Z(t),t > 0) is a Lévy process with p(¢,z) being either the probability density or
the probability distribution function of Z(¢) depending on whether Z(t) is continuous or
discrete. Suppose that Z(t) admits a classical orthonormal polynomial system Q;(t, z) with
the weight function p(¢,x). Note that this requires p(t,x) satisfy the so-called boundary
condition and another one specified in Appendix A. Q;(¢,z) is a normalized polynomial,
viz., Q;(t,x) = #(t)yi(t,x) so that ||Q;(t,z)|| = 1 in the relevant space where y;(t,z) is a
polynomial solution in both ¢ and « of the so-called hypergeometric differential/difference
equation. Readers consult Appendix A for detailed explanation. Many notations and

assertions are related to Appendix A. Let I be the support of p(t, x) and p signify Lebesgue
measure on line. Let (2, F,P) be the probability space on which Z(¢) is defined.

2.1 Expansion of homogeneous functionals of Lévy processes

Consider a function space for ¢ > 0
LA(L,d%,(x)) = {f(x) - /I £2(2)dy(z) < oo}, (2.1)

where Wy(x) is the distribution function of Lévy process Z(t).

According to Billingsley (1995, p249), L*(I,d¥;(x)) is a Hilbert space. Given that
U, () satisfies a sufficient condition, viz., there exists a constant ¢ > 0, such that [ e“*ldW¥,;(z) <
oo for each fixed ¢, the system Q;(t,z) is not only orthonormal but also complete in
L%(I,d¥.(x)) (see, for example, Nikiforov and Uvarov (1988, p57)). Indeed, there are
many Lévy processes satisfying this sufficient condition. For instance, the Laguerre poly-
nomial system associated with the Gamma process satisfies it with ¢ < 1, and both the

Hermite polynomial system with the density of Brownian motion as its weight and the



Charlier polynomial system with the probability distribution of Poisson process as its
weight satisfy the condition with any ¢ > 0.
Additionally, in the Hilbert space L?(I,dW¥;(z)), the scalar product and the induced

norm are defined as follows:

/ f@)g(2)d¥y(z) and [f] = /T D).

Construct a mapping, for f(x) € L2(1,dV(z)), T : f+ f(Z(t)). Since E[f*(Z(t))] =
[; [2(@)dVy(z) < oo, f(Z(t)) is an element of L*(R), the collection of all random vari-
ables with finite second moments. Accordingly, the image of T, denoted by O, is a
subset of L2(€). Hence, the elements in © admit the norms and scalar products, namely,
(f(Z(1),9(Z(t)))e = E[f(Z(t)9(Z(1))] and |f(Z(t))le = V(f(Z(1)), f(Z(1))), the in-

duced norm. The following lemmas give the properties of 7 and O.

Lemma 2.1. The mapping T has the following properties:
(1) T is linear; (2) T is an one-to-one mapping from L*(I,dV,(z)) to ©; (3) T is an

isomorphism.
Lemma 2.2. O is a closed subspace of L*(Q), hence it is a Hilbert space.

Lemma 2.3. If {p;(z)}32, is any orthonormal basis in L*(I,dW(z)), then {T (p;)}52, is
an orthonormal basis in ©. Particularly, {Q;(t, Z(t))}52y, t > 0, is an orthonormal basis
in ©.

The following theorem is a consequence of the above lemmas.

Theorem 2.1. Suppose that Lévy process (Z(t),t > 0) admits a classical orthonormal
polynomial system Q;(t,x) with weight p(t,z). For any element f(Z(t)) € O, it has a

Fourier series expansion

= ailt, HQu(t, Z(1)), (2:2)

=0
where ¢;(t, f) = (f(Z(t)), Qi(t, Z(1)))o-

See some examples of expansion in Remark B.1.

Let k be a truncation parameter for i. The truncation series of (2.2) is defined as
k
felZ(t) = it Qilt, Z(t)).
i=0
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With the notations D (differentiate or difference operator with respect to z only
throughout the paper), pn(t,x) and v(t) > 0 defined in Appendix A, we have the fol-

lowing theorem.

Theorem 2.2. Let (Z(t),t > 0) be a Lévy process satisfying conditions in Theorem 2.1.
Suppose further that D" f(x) € L*(I, py(t,z)) for h=0,1,--- ,r. Then

17(Z(0) ~ felZO)B < 7R3t D' f), (23)

where R (t, D" f) = (1 + o(1)[v(t)]" Y5241 (¢, D" f) = 0 as k — oo for every t > 0.

2.2 Expansion of time-inhomogeneous functionals of Lévy processes on

finite time horizon

In this subsection we shall dwell on the expansion of f(t, Z(t)) for t € [0,T] with fixed T

Consider function space

L*(I x [0,T),v) = {f(t, x): /fQ(t,x)d\Ilt(a:) < o0, for each t € [0, 7],
I

and /(]T/If2(t,:z:)dy<oo},

where v is the product measure of ¥;(z) and Lebesgue measure .
We abbreviate the notation of the space as L?(I x [0,T]). As a conventional L? space,
L?(I x [0,T)) is a Hilbert space with scalar product

T
(ﬁ@@%ﬁwDZAQAhWMhm@MM@ﬁ

Since {Qi(t, )} is an orthonormal basis for L(I,d¥;(z)) and {¢;r(t)}, where por = \/;,

0T = % cos % for j > 1, is an orthonormal basis in L2([0, T], 1), according to Problem

12 of Dudley (2003, p173), {Q;(t,z)p;7(t)} is an orthonormal basis in L2(I x [0,T).

Construct a mapping 7 from L2(I x [0,T]) to a set of stochastic processes,
T: ft,z)— f(t,Z(t), for f(t,z) e L*(I x[0,T)).

Denote the image of 7 by Z. Define operation (fi(t, Z(t)), fa(t, Z(t)))= = fOT E[fi(t, Z(t)) f2(t, Z(t))]dt
on Z. Obviously, (-,-)z is an inner product on =. Meanwhile, 7 and Z enjoy the
properties established in Lemma 2.1-2.3. We then assert that = is a Hilbert space and
{Qi(t, Z(t))pjr(t)} (i,j =0,1,---) is an orthonormal basis in =Z. The following theorem

is obtained from Hilbert space theory.



Theorem 2.3. In =, any element f(t,Z(t)) admits a Fourier series expansion

= cipr(®)Qi(t, Z(1)), (2.4)

i=0 j=0
where ¢ij = (f(t, Z(2)), Qi(t, Z())pyr(1)=.

Because ¢;; = fOT E[f(t, Z(t))Qi(t, Z(t))]pjr(t)dt = fOT ci(t, f)pr(t)dt, expansion
(2.4) can be regarded as a two-step expansion, that is, expand f(¢, Z(t)) first in terms of
{Qi(t, Z(t))} obtaining coefficients ¢;(¢, f) = E[f(t, Z(t))Qi(t, Z(t))], then expand ¢;(t, f)
in terms of {¢;r(t)} on [0,T].

Notice that from Parseval equality it follows that

156 202 =35 = 3 et ) e (2.5)
=0 5=0 =0

Given a bundle of truncation parameters k for ¢ and p; for j’s, we define the truncation

series of (2.4) as follows

Frp(t, Z(t ZZ%QZ (t, Z(t))pir (). (2.6)
=0 j=1
Denote ppin = min{p1,- -+ ,px} and pyax = max{py,--- ,pr} for national convenience.

Theorem 2.4. Suppose that functional f(t, Z(t)) € E and that D" f(t,z), h =1,--- ,r,
are in the space L*(I, pp(t,)) for eacht > 0. Moreover, \/WDTf(t, x) € L3I x[0,T7)).
In addition, for each i >0, ¢i(t, f) € C*[0,T] and ||c](t, f)|l2j0.1) is uniformly bounded
i i. Then,

Rk + C(k,p)—— k (2.7)

m1n

1f(t, Z(2)) = frp(t: Z(1))]I2 < o

where R, = (14 0(1)) Y7211 ||ci <t’m Tf)‘ L2[0,T)

7 maxg<i<k Do it b?( "), in which bj(c]) stands for the j-th coefficient in the ea-

— 0 as k — oo, C(k,p) =

pansion of ¢/ (t, f). Here we assume that k0.

min

See Remark B.2 for some discussions.



2.3 Expansion of time-inhomogeneous functionals of Lévy processes on

infinite time horizon

Let ¢t € (0,00) and consider function space defined by

L*(I xR*,v) = {f(t,a:) : /f2(t,:v)d\11t(x) < 00, for each t € (0, 00),
1

and /Ooo/lfz(t,x)du<oo},

where v is the product of W;(z) and Lebesgue measure p.

We abbreviate the notation of the space as L?(I x R*). Apparently, it is a L? space
so that it is a Hilbert space. The inner product is conventional (fi(t,x), fa(t,z)) =
S+ [ f1(t, Z(1)) fo(t, Z(t))d¥(2)dt, which can induce a norm || f(t, z)]|.

As {Qi(t,z)} and {Z(t)} (Z5(t) = e H/2L;(t), with L;(t) being Leguerre polynomial
sequence) are orthonormal bases in L?(I, d¥;(z)) and L*(R™, p) respectively, {Q;(t, z)-Z;(t)}
is an orthonormal basis in L2(I x RY).

Similarly, construct a mapping from L?(I x RT) to a set of stochastic processes
T:  f(t,x)— f(t, Z(t), for f(t,xz) € L*(I x RT).

It is clear that 7 is linear, so that the image set, denoted by A, is a linear real vector
space. Note that after defining (f1(¢, Z(t)), f2(t, Z(t))a = [y~ Elf1(t, Z(t)) f2(t, Z(2))]dt,
A becomes an inner product space equipped with 1nduced norm. Analogously, 7 and A
enjoy the properties in Lemma 2.1-2.3. As a result, {Q;(t, Z(t))-Z;(t)} is an orthonormal

basis in A.

Theorem 2.5. In A, any element f(t, Z(t)) admits Fourier series expansion
ZZb,].i” )Qi(t, Z(1)), (2.8)
=0 j=0

where by = (f(t, Z(8)), Qi(t, Z(6).Z;(t)) n.

Because bjj = [p1 E[f(t, Z(1))Qi(t, Z(1))]Z;(t)dt = [p4 bi(t, f)Z;(t)dt, expansion

(2.8) can be regarded as a two-step expansion, that is, expand f(¢, Z(t)) first in terms of

{Qi(t, Z(t))} obtaining coefficients b;(t, f) = E[f(t, Z(t))Qi(t, Z(t))], then expand b;(¢, f)
in terms of {-Z(t)} on (0, c0).



Notice that from Parseval equality it follows that

£, Z(t) =ZZb = bt D72y (2.9)
1=0

=0 5=0

Given a bundle of truncation parameters k for ¢ and p; for j’s, we define the truncation

series of (2.8) as follows:

fk:p t Z ZZ@JQ t Z () (2'10)

=0 j=0

Theorem 2.6. Suppose that functional f(t, Z(t)) € A, that D"f(t,x), h=1,--- 71, are
in the space L2(I, pyp(t,x)) for all t > 0. Moreover, \/v(t) D" f(t,z) € L*(I x R").
In addition, for each i > 0, bi(t, f) is differentiable up to ro-th order and bi(t, f) and

v(t)m;t—};bi(t,f) are all in L*(RT) for h=1,--- ,ry. Then,

k
£t Z(8)) = frp(t: Z(E))IIR < ,TRQ(/C) +C(k,p)pr7, (2.11)
where R2(k) = (14 0(1)) Y5214 1bi(t, /v )" D y) ||L2 (R+) — 0, as k — oo, C(k, p) =
(1 + o(1)) maxo<ick Zj:pminﬂ[a?fﬂl@(t))]% in which bi(t) = /e[ it e /e
and a(m) (gl(t)) are the coefficients of the expansion of gl(t) in terms of.,?j (t) Here
we assume that C(k, p)p — 0.

We have a similar remark for Theorem 2.6 to that for Theorem 2.5.

Theorems 2.1-2.6 show that either a homogenous or in-homogenous functionals of Z(t)
can be expanded as an orthogonal series. In order to apply such expansions to establish
an estimation theory for model (1.1) in Section 4 below, we first develop some asymptotic

properties for partial sums of several classes of functionals of Lévy processes.

3 Asymptotic theory

In this section we shall establish some asymptotic theory for two basic classes of functionals
f(-, ) defined below. We then shall define two more general classes of functionals F'(¢,x)
fort >0and z € R, T(HI) and 7(HH ), and investigate the asymptotic theory for these
functionals on both sample mean and sample covariance.

Given a triangular array z;, (zo, = 0 by definition), 1 < s < n, constructed from

some underlying time series, we assume that (], (0 < r < 1) converges in distribution to

9



a stochastic process W (r) on D]0, 1] with respect to the Skorohod topology, where D|0, 1]
stands for the space of real-valued functions that are right continuous with left limits. It
is known that there are many cases in which {z,,} satisfies this condition, and in some
suitable probability space it can be shown that supy<,<; %50 — W (7)| = op(1). Readers
consult Phillips (1987), Park and Phillips (1999, 2001), Wang and Phillips (2009a) and
Gao and Phillips (2010) for detailed discussion.

We now state the following assumption on z; .

Assumption A

(a) Suppose that zp,,), (0 < r < 1) converges in distribution to a stochastic process
W (r) on D[0,1] with respect to the Skorohod topology. Let W (r) admit a continuous

local-time Ly (r, s).

(b) In some suitable probability space there exists a stochastic process W (r) that admits

a continuous local-time Ly (r, s) such that supg<, <1 [¥[n),n — W(r)| = op(1).

(c) Denote for € (0 < € < 1) that Q,(e) ={(l,k):en <k < (1 —¢€)n,k+en <1 <n}. For
all 0 <k <1 < n, there exist a sequence of constants d; . , and a sequence of o-fields
Funie where F, o = {0, Q}, such that

(i) for some mo > 0 and C' > 0, inf(; pyeq, (¢) dikn = €7°/C as n — oo,

n

| 1
g i 2 G = (3.1
I=(1—e)n

k+en

1 1
lim lim — max Z =0, (3.2)
e—~>0n—o0 1 0<k<(l—¢)n =11 l,k,n
1 1
1~ S _ a < . 33
D o<k 1 lzk;-l dign > 33

(ii) Suppose that x, ,, are adapted to F,, ;. Moreover, if z}, , are continuous variables,
conditional on Fy, i, (1 — Tkn)/di ks has a density hyy, which is uniformly

bounded by a constant K and

lim lim sup sup |hy gn(w) — hy g n(0)] = 0. (3.4)
6—0n—o0 (1,k)EQ, (61/2m0)) u| <8

10



If zy, , are discrete variables, conditional on F,, j, (215 — kn)/di kn has a prob-
ability distribution P, (x) and its distribution function Fjj ,(x) satisfies

lim lim sup sup |Fj pn(u) — Fikn(0)] = 0. (3.5)
0=0M=00 () 1yeq (61/(2m0)) |ul <8

Remark 3.1. Assumption A is almost the same as the conditions in the univariate function
case in Wang and Phillips (2009a) except that we concern both continuous and discrete
variables in A (c). We shall discuss the condition (3.5) later. Note that Assumption A is
quite weak which is discussed in the literature. As a consequence, the following theorems
are generally applicable.

Also, we remark that this situation particularly accommodates any Lévy process. Ac-
cording to infinite divisibility, a Lévy process Z(t) at point positive integer s can be
rephrased as Z(s) = ps + v; + - -+ + vg in distribution where v; = Z(i) — Z(i — 1) — u
ﬁZ (s)
2 = Var(Z(1)), then by virtue of functional cen-

z

(t=1,---,s) form an i.i.d. sequence, and p = E(Z(1)). Whence, define z,, =
for s = 1,---,n and n > 1 where o
tral limit theorem xg, converges in distribution to a Brownian motion W (r) on [0, 1] as
n — oo. In addition, with dj, = \/m, Zspn and dyp, satisfy Assumption A (a)
and (c), and also A (b) can be achieved by the Skorohod representation theorem.

Take an example to verify the condition (3.5). Suppose now that Z(t) is a Poisson

process, viz., Z(t) ~ Poi(ut). Because ﬁ(wm — Tkn) =D ﬁ(Z(Z —k)—(1—-Fk)p),

Fan@= Y =R oo

7!

i<(i—k)p
I —k)p)
-Fl,k,n(u) — Z [(i!)ﬁb]e(lk)/“
i<(I—k)ptuvl—ko,
Thus, if u >0
1 —k)p)
Fijon(u) = Frpn(0) = e 700 > K.M
(I—=k)p<i<(l—k)ptuvi—ko,
if u <0,
o I — k)]
|Flen () = Fign(0)] = e R0 ) [(z')]

(I—k)ptuvi—ko,<i<(l—k)p

Because e~ ("R — 0 as (I, k) € Q,(e), n — oo and the sums are less than the tail of a

convergent series, the condition (3.5) is fulfilled.

11



Notice also that in some situation, for continuous process the condition (3.5) implies
the requirement (3.4), so that they merge as (3.5) which harbours both continuous and

discrete cases.

Since we study the asymptotic theory not only for the sample mean but also for the
sample covariance, the following assumption stipulates some necessary conditions for z ,

and error sequence eg.

Assumption B

2

2 a.s. for all

(a) There is a martingale difference sequence (es, Fy, 5) with E(e2|F,s-1) = 0

s=1,2,...,n and sup; <4<, E(|es|?|Fns—1) < oo a.s. for some p > 2.
(b) {xst+1,n} is adapted to F, 5, s > 0.

(c) Let, for r € [0,1],

[nr]

Un(r) - \/1’E Zes and Wn(r) = Llnrn-
s=1

Suppose that (U,, W) converges in distribution to (U, W) on D[0,1]?> as n — oo,

where (U, W) is a correlated Brownian motion vector.

Remark 3.2. As for Assumption A, Assumption B is also quite general and applicable in
many situations. For example, Condition (b) holds when {e;} is a sequence of independent

errors and F, s = o(e1, - ,€s, Tst1,n)-

3.1 Time-normalized and integrable functionals

This subsection establishes an asymptotic theory that extends existing literature, such as
Park and Phillips (1999, 2001) and Wang and Phillips (2009a), from the univariate case to
the bivariate case. In what follows our asymptotic theory depends heavily on a local-time
process of Brownian motion. A standard reference book for local-time process is Revuz
and Yor (1999).

Let us now introduce some necessary conditions to establish important theorem. Such

theorem is of general interest.

Assumption C

12



(a) Suppose that f(t,z) is defined on [0, 1] X (=00, 00). Suppose further that both | f(t, z)|

and f2(t,r) are Lebesgue integrable with respect to 2 on (—o0, c0).

(b) There exists a function ¢(z) : R — R such that |f(¢,2)] < c¢f(z) uniformly in
t € [0,1] and cf(x) is integrable on R.

(c) For each x € R, f(¢,x) is continuous in ¢ and there are at most a finite number of

points for ¢ at which [ f(¢,z)dz = 0.

Remark 3.3. We shall denote G1(t) = [ f(t,z)dz, Go(t) = [|f(t,z)|dz and G3(t) =
i f?(t, z)dz for notational convenience. Notice that they are all continuous functions by
the dominated convergence theorem.

Condition (a) is an extension of Assumption 2.1 in Wang and Phillips (2009a). Require-
ment on integrability of functions is a basic need to deal with such kind of problems. Note
that if f(¢,z) = f(x) becomes time-homogeneous, Condition (a) reduces to Assumption
2.1 in Wang and Phillips (2009a).

Condition (b) requires that the function f(¢,2) be dominated uniformly in ¢ over
compact interval [0, 1] by an integrable function c¢(x). In the situations where f(t, x) is the
product of a continuous function of ¢t and an integrable function of x or the superposition
of such products, the condition is automatically fulfilled.

Condition (c) also excludes the situation where there are infinite many points t; € [0, 1]
such that G(t;) = 0.

Theorem 3.1. If Assumptions C and A (a) and (¢) hold, we have for any ¢, — oo,
n/cp, — oo and r € [0, 1],

[nr]
s

S (Zenran) = /O "G ()L (1, 0), (3.6)

n
s=1

En
n
where G1(-) = [ f(-,x)dx and Ly (t,0) is the local-time process of W at origin over time
interval [0, ].

If, in addition, Assumption A (a) is replaced by Assumption A(b), then for any ¢, —
00, njcy, — 00 and r € [0,1],
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under the same probability space as defined in Assumption A(b).
Moreover, suppose that f2(t,z) satisfies Assumption C, and that {es} and {xs,} satisfy

Assumptions B and A (c). We have for n — oo, ¢, — 00, ¢p,/n — 0 and r € [0, 1],

[nr] r %
ﬁZf (%,Cn-%'&n) €s =D (/0 Gg(t)dLW(t,O)) N, (3.8)
s=1

where Gs(-) = [ f2(-,x)dz and N is a standard normal random variable independent of

w.

Remark 3.4. Note that if function f(¢,x) reduces to f(x), equations (3.6) and (3.7) reduce
to Theorem 2.1 of Wang and Phillips (2009a) and with ¢,, = y/n to Theorem 5.1 of Park and
Phillips (1999), since G1(t) = [ f(z)dz becomes a constant and fol dLw (r,0) = Ly (1,0).
Also, these reduced cases of (3.7) and (3.8) can be viewed as a special case of Theorem 3.2
in Park and Phillips (2001) by taking parameter set II as singleton since in the situation
Gs3 = [ f?(z)dz is a constant.

3.2 Asymptotic time-homogeneous and integrable functionals

Since in most cases the interested stochastic quantities are L,, = Zgzl F(s,cpxsy) and
M, = 22:1 F(s,cpxsn)es, the results in the last subsection could not be used directly.
To tackle this issue, the key point is how we can normalize the time variable involved
in the functionals. Noting that if s in function F' is in the form of some polynomial, we
would be able to deal with the normalization issue of time variable given that the F' has
some convenient form. Motivated by this idea, we introduce the following definition of

asymptotic homogeneity with respect to t.

Definition 3.1. Let F(t,z) be defined on ¢t > 0 and = € R. Suppose for every z € R,
Vn >0, and t € [0, 1],
F(nt,x) =v(n)f(t,z) + Ry(t, ),

where
(a) f(t,z) satisfies Assumption C.

(b) Ry(t,z) is chosen such that it satisfies either (i) or (ii) below:

(i) |Ry(t,z)| < g,(t)P(z), where both P(z) and P?(z) are Lebesgue integrable, and
qy(t)/v(n) — 0 uniformly in ¢ € [0,1] as n — oco.
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(ii) |Ry(t,z)| < q(t)Q(nt)P(z) where P(z) and P?(z) are Lebesgue integrable,
limy, o0 %”(—(;)) = [(t) which is bounded on [0,1] and Q(y) is bounded on any
compact interval and lim, 1 Q(y) = 0.

Such functions F'(t,x) are asymptotic homogeneous with respect to ¢t and integrable
with respect to x, thus F(t,x) is called homogeneously-integrable functions, said to be
in Class (HI), denoted by 7 (HI). Functions v and f are called homogeneity power and
normal function respectively. Function F(t,z) with R(t,z) satisfying (i) and (ii) is said
to be in T(HI;) and T (HI3), respectively.

Theorem 3.2. Suppose that F(t,x) is in the class T(HI) with homogeneity power v
and normal function f. Then, when Assumption A (a) and (c) hold, for any c, — oo,
n/c, — oo and r € [0,1],

[nr]

> F(s,entsn) =D /0 ' G1(t)dLw (t,0), (3.9)

where G1(-) = [ f(-,x)dz and Ly is the local-time process of W.
If Assumption A (a) is replaced by A (b), for any ¢, — 00, n/c, — o0,

Cn

[rr] .
nv(n)z_;F(s,cnxs,n) —>p/0 G1(t)dLw (t,0), (3.10)

uniformly in v € [0,1] as n — oo where G1(-) = [ f(-,x)dz and Lw is the local-time
process of W.
Moreover, if {es} and {xs,} satisfy Assumption B, and f*(t,x) satisfies Assumption

C, we have for n — oo, ¢, — 00, n/c, — 0o and r € [0, 1],

[nr] %

\/fv(lm;ms,cnxw)es —D (/0 Gg(t)de(t,0)> N, (3.11)

where Gs(-) = [ f2(-,x)dz and N is a standard normal random variable independent of
w.

3.3 Regular functionals

In this subsection, we establish an asymptotic theory for the sample mean and sample

covariance of a regular functional f(t,z) to be defined below. The idea here is to deal with
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the convergence of the sample moment for functionals which have disconuious point but
can be sandwiched between two continuous functions that the integral of whose difference
on some compact interval approaches to zero. Also, the definition of regularity extends
that in Park and Phillips (1999, 2001).

Definition 3.2. Let f(¢,x) be defined on [0,1] x R. We say that f(t,z) is regular, if
(a) for each z € R, f(t, ) is Lipschitz with respect to ¢, that is, there exists a constant
L(z) relative to x such that for any t1,t2 € [0, 1],

[f(t1, @) = f(t2, )| < L(x)|tr — taf, (3.12)

where L(x), viewed as a function of x, satisfies condition (b) and (c) below (ignoring t);
(b) for each ¢, f(¢,x) is continuous in z in a neighborhood of infinity;
(c) on any compact interval J of R, for any given € > 0, there exist functions L(t, x),
fe(t,z), which are continuous in ¢ and x, and § > 0 such that whenever |y — x| < 0 on J,
for each ¢ € [0, 1],

f.(tx) < ft,y) < fo(t,2), (3.13)
and as € — 0,
/ sup (f.(t,z) —f (t,x))dz — 0. (3.14)
J t€[0,1]

Remark 3.5. Note that if f(¢,z) reduces to f(x), the conditions in (b) and (c) (ignoring ?)
can be viewed as the definition of regularity of f(z), identical (with negligible difference)
to that in Park and Phillips (1999, 2001). Hence, since t is in [0,1], any type of functions
f(t,z) = q(t)L(x) is regular where q(t) € C'[0,1] and L(z) is regular. For detailed
discussion consult the papers above.

Note also that the main difference between this definition for f(¢,2z) and Definition
3.2 in Park and Phillips (2001) for function F(z,7), m € II, is that 7 is a parameter in
a compact set II, while ¢ € [0, 1] is not parameter, which is involved as a variable in our

discussion below.

Theorem 3.3. Let f(t,x) be reqular. If Assumption B is verified for triangular array

ZTsp, 1 <s<n,n=1,2,---, and martingale difference (es, Fn ), then

35 () o [ a0 (3.15)
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as n — oQ.

The following lemma gives the closure of the usual operations: addition, multiplication

by a scalar and product for regular functions.

Lemma 3.1. Suppose that both f(t,z) and g(t,x) are reqular, then f(t,x)+g(t,x), cf(t, x)
for any c € R and f(t,x)g(t,x) are regular.

3.4 Asymptotic homogeneous regular functionals

We borrow some notations from Park and Phillips (2001) for notational brevity. Let
J1,8 denote a class of locally bounded transformations on R; let QLOB be a subclass of
J1B consisting only of locally bounded transformations which are exponential bounded,
i.e. transformations P such that P(z) = O(e*!) for some ¢ > 0; a class of bounded
transformations on R is denoted by Zp, and a subclass YE? of I is the collection of
transformations that are bounded and vanish at infinity, i.e. transformations P such that

P(z) — 0 as |z| = oo. Clearly, 73 C 95 C T C T1B.

Definition 3.3. We say that function F'(¢, x) is asymptotically homogeneous with respect
to both ¢t and z, if for all {,7 > 0 and ¢ € [0, 1],

F(&t,nz) = vi(§ua(n) f(E, ) + R, 3 ¢, ), (3.17)

where f(t,z) is regular on [0,1] x R, and |R(§,n;t,x)| < Ae(t)a(n)P(x) + q(t)b(&) By (x)
with positive functions A, a, P, ¢, b, B such that

a) P(z) € 7%, lim SUP,) 00 52((7777)) < oo and either limsupg_, ., ’315((3 = 0 uniformly in
t e

[0,1]; or v1(§) — o0 as & — oo and Ag(t) = A(t) which is Riemann integrable on
T . . A
[0,1]; or Ag(t) = A¢(t)Q(&t) with limsup,_, Uf((g

= [(t) which is bounded on [0,1] and Q(-) € .Z5. And,

b) q(t) is bounded on [0,1], limsup,_, % < oo and either B,(z) = B(n)V(z) with

limsup,,_, % =0 and V(z) € 7, or By(z) = B(n)V(nz), where V() € 72 and

. B
lim sup,,_, %("n)) < 0.
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In the definition of asymptotic homogeneity, we denote F(t,z) € T(HH) and call
f(t,z) the normal function of F(t,z), and vi(-) and vy(-) the homogeneity powers with

respect to ¢t and x respectively. See Remark B.3 for discussion and examples.

Theorem 3.4. Let F(t,x) be in Class T(HH) with homogeneity powers vi(-) and va(-)
and normal function f(t,xz). Let martingale difference (es, Fp s) and s, satisfy Assump-
tion B. We then have

n 1
S F(s,atsn) —p /O £, W (r))dr, (3.18)

v
nvi(n)va(cn) £

1
Vrnui(n)va(en)

where (U(r), W(r)) is the limit of (Up(r), Wy(r)) for r € [0,1] stipulated in Assumption
B.

n 1
S F(s, eatan)es —p /0 i W) du (r), (3.19)

s=1

Remark 3.6. Note that if F(t,z) reduces to a univariate function F'(z), with ¢, = /n,
equation (3.18) becomes Theorem 5.3 of Park and Phillips (1999) and the first part of
Theorem 3.3 with singleton II of Park and Phillips (2001); equation (3.19) becomes the
second part of Theorem 3.3 with singleton IT in Park and Phillips (2001).

4 Statistical estimation

We consider a general statistical regression model of the form
Y(t) =m(t, Z(t)) + &(t), (4.1)

where m(-,-) is an unknown functional, (¢) is an error process with zero mean and finite
variance, and Z(t) is a Lévy process.

Suppose that Z(t) admits a classical orthonormal polynomial system Q;(¢,x) with
weight p(t,x), the density function or the probability distribution function of Z(t). Let
the support of p(t,x) be denoted by I, which can be R, R™ or N. Note that, as before,
the operator D signifies either differentiation or difference and it is conducted only with
respect to x.

This section is devoted to the estimation of m(-, -) given observations of Y (¢). We shall
divide the section into three subsections according to the different types of time horizons,

viz., on (0, 00), [0,7] with fixed T" and [0, T;,] where T}, is increasing with sample size n.
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4.1 Infinite time horizon

Suppose t is in the interval (0,00). In this subsection we are going to work with the
situation where m(-,-) is defined on [0,00) x I and our sampling points are t; = s, s =
1,2,--- ,n. Given that we have observations (Zs, Y;) where Y5 = Y (s) and Zs = Z(s) for
s=1,2,---,n, our aim is to estimate m(7, Z;) at t = 7.

At each point of observations, model (4.1) now becomes
Yo =m(s,Xs) +es, s=1,...,n, (4.2)

where X, = Z(s) denotes the Lévy process at point s, es = (s) (s = 1,...,n) form an
error sequence with mean zero and finite variance.

Observe that because Z(t) is a Lévy process, E[Z(t)] = tu where p = E(Z(1)) and
Var(Z(t)) = to? where 02 = Var(Z(1)). Observe also that X; = sy + Xg — sp = su +
Yo (Xi — X1 — p) = sp+ \/no,xs,, where z,, = ﬁ Yo (Xi — X1 — p). Since
X; — X;—1 — p form an i.i.d (0,02) sequence, it follows from the functional central limit
theorem, z,, converges in distribution to a Brownian motion on [0,1]. In addition, xs
satisfies Assumption A in the preceding section.

We firstly need to impose some conditions on m(t,x).

Assumption 4.1
(a) For every t > 0, m(t,z) and D"m(t,z) are in L*(I, p.(t,z)), r =1,2,3.

(b) For each 4, the coefficient function ¢;(t,m) = E[m(t, Z(t))Q:(t, Z(t))], and its deriva-
tives of up to third order all belong to L2(R™").

(c) For i large enough, the coefficient functions c;(t, D3m) of D3m(t, Z(t)) expanded by
the system {Qs;(t, Z(t))} are chosen such that v(t)3c?(t, D3m) are bounded on (0, c0)

uniformly in .

See Remark B.4 for discussion and examples.
Having expanded function m at sampling points, given truncation parameters k& and

pi, model (4.2) can be written as for s =1,2,...,n,

k  pi k 00 0o 00
Vo= DD 4> > + > > | cisbi(9)Qils, X) +es. (4.3)

i=0 j=0 i=0 j=p;+1 i=k+1j=0
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As we know from the preceding section, E;io ¢ij-Z;(s) = ¢i(s,m) or more simply, ¢;(s)
if there is no confusion occurred. We now may rewrite equations (4.3) in the following
matrix form:

Y=X0+0+7+c¢, (4.4)

where

Y =(Y1,Ys,...,Y5); 0 = (C00,C01---sCopgsCl0s---3Clprs--sCk0s - - - » Chipp )3
z1 =(Z(1)Qo(1, X1), £1(1)Qo(1, X1), . .., L, (1)Qo(1, X1),
L (1)Q1(1, X1), Z(1)Q1(1, X1), ..., 2, (1)Q1(1, X1),
2 (1)Qk(1, X1), L1 (1)Qk(1, X1), ..., 24, (1)Qu(1, X1)),

Tn :(XO(n)QO(nv Xn)v 2 (Tl)Qo(?L Xn)v cee 7$p0 (n)QO(na Xn)a
Zo(n)Q1(n, Xpn), Z1(n)Q1(n, Xy), ..., Ly (n)Q1(n, Xy),
L L(n)Qk(n, Xp), Z1(n)Qr(n, Xy), ..., L, (n)Qr(n, Xy)),

and X = (2,2, ..., 2,), 0 = (61,-.,0n), 7 = (Y1,72, - - -, Yn) With dg = 3%, > i pi €L (8)Qi(s, Xs)
and vs = > 72, 1 ci(8)Qi(s, Xs), s = 1,2,...,m; €' = (e1,e2,...,en).

The Semiparametric Least Squares (SLS) estimator of € is given by
f=(X'X)'XY. (4.5)

After obtaining the estimators of the coefficients in the expansion of functional m(t, Z(t)),
we are able to estimate the function m(r,x) at point (7,z), where V7 > 0 and = € R is
any point on the trajectory of X, = Z(7), namely, we can have m(7,z) by superseding
9 in lieu of @ and getting rid of residues in the expansion of m(7,z). More precisely, as

m(r,z) = A'(1,2)0 + 0(1,2) + ~(1,2), m(r,z) = A'(, l’)t/g\, where 6 is defined as before

and
k 00 00
5(7—7 :I;) :Z Z Cij.,%j(T)Qi(T, .’1?), 7(7-7 JI) = Z Ci(T, m)Qi(T,ZE),
i=0 j=pi+1 i=k+1

Al(r,2) =(L(T)Qo(T, ), -, Lo (T)Qo(T, ),
L (M) QR(T, ), L (T)Qr(T, ).
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We shall investigate the limit of

m(r,z) —m(r,z) = A'(T,x)(a— 0) — 6(r,x) — y(7,x)

(4.6)
= A(r,2)(X'X) X5+ +¢) = 6(r,x) — (7, 2).

For late use, denote A,, and By, by

A(r,x)A (1, x)

A=
|A(T, =)

and B = (X'X)AX'X)™

where || - || signifies Euclidean norm and dimension p = pg + --- + pr + k + 1.

Before proceeding further let us establish the following useful lemma.

Lemma 4.1. Let v be an 1 X p unit row vector. Define p x p matriz V = v'v. Then V

has eigenvalues \y =1, \; =0,1=2,...,p.

Because of their similarity, in view of Lemma (4.1), A and B share the same eigenvalues,
AM=1L X =--=X=0.

Let « be the unit left eigenvector of B pertaining to eigenvalue 1, viz., o’ B = o/ and
||| = 1. Denote &’ = (awo, -+ , Qopgs*** » Vo, -+ * 5 Up,, ), i accordance with A(T, x).

The following assumption imposes some conditions on a double-index sequence we are

working with.
Assumption 4.2

(a) Let S = {ao,a1,az,...}, where a; = {a;;}32, is a sequence such that 372, jla; j| < oo

fort=0,1,2,---.
2
(b) Suppose further that > 7, (Z?io |aij|) < o0.

Remark 4.1. Note that Assumption 4.2(a) and Assumption 4.2(b) are both required. This
is because the first condition is the requirement of the decay rate of |a;;| in terms of j,
while the second one postulates that for each i > 0, ¢; = Z;’io la; ;| is approximately
of O (ll%n) for some n > 0. Obviously, if there are some ¢ > 0 and 1 > 0 such that
a;; = O (W) for i,j > 0, both conditions are fulfilled.

Using « and WA’ (1,2), let us reshuffle the set S as Sand S by defining

@)l
1) 8 ={ao, - ,ai--},and S = {ag, - @, };

2) a; = {ai;} where a;; = ﬁazj for 0 <i < kand 0 < j < p;; otherwise, a;; = ay;
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3) a; = {a;j} where a;; = m%(T)Qi(T,x) for 0 <i < kand 0 < j < p;

otherwise, Qij = Qgj-

Obviously, a;; = a;; = a;; if ¢ > k or j > p;. Meanwhile, since S and S satisfy
Riesz-Fischer theorem, there exist functions, denoted by ﬁ(t, x) and é(t, x), such that

F(t,Z(t) = ZZ% (t)Qi(t, Z(t)),

=0 j=0

G(t, (1) = Zzau 5 (0)Qi(t, Z(1)),

for any t > 0.

Therefore, in view of (4.7) and (4.8), we have

where

~/ ~ ~ ~/

F :(F<17X1>7'” 7F(ann))7 G = (é(LXl)f" 75’(an71>)7
k o0
g’ :(gl, cee ,gn) with gs = Z Z CL@;%(S)QZ‘(S,XS),

¥ =1,y Yn) with 75 = a;j-Z;(s)Qi(s, Xs).
i=k+1 j=0

We have the following proposition for the functions f(t, x) and é(t, x).

Proposition 4.1. For any t > 0, (a) E[G(t, Z(t))]? < 0o, and (b) E[F(t, Z(t))]?

Notice that E[Z(t)] = ut. Denote F(t,x — ut) = F(t,z) and G(t,x — put) =

(4.7)

(4.8)

(4.9)

(4.10)

< 00.

G(t, ).

This is only a change in the form of functions since the process Z(t) has to be centralized

in order to acquire the limit distribution of m.

The following assumption is stipulated for the truncation parameters, which is crucial

for obtaining the limit distribution of the estimator.

Assumption 4.3
(a) k= [n"] with § <k <1;
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(b) Pmin = [n72] and pmax = [n"2] with 0 < kg < Re < 1;
(¢) 24 2K1 < BKa.

Remark 4.2. There are obviously a great deal of feasible options for k1, k2 and kg satisfying
the conditions. Note that condition (¢) is quite reasonable since it follows automatically

when ko > 0.8.

Next assumption describes the families of functionals F' and G we are studying in the

asymptotic distribution of the estimator.
Assumption 4.4
(a) Suppose that F(-,-) and G(-,-) are in class T (HI) with homogeneity powers v(-) and

o(+) and normal functions f(-,-) and g(-,) respectively. Let v(n) = n® and o(n) = n*
with ¢ > 0 and ¢ > 0 satisfying 2(51 — 7) <1< mln{4/<;2 — i — ;m, k1 — 4}

(b) Suppose also that F?2(-,-), G?(-,-) and F(-,-)G(-,-) are all in class T (HI) with ho-
mogeneity powers v2(-), ¢*(+) and v(-)o(-), and normal functions f2(-,-), ¢(-,-) and

f(;9)g(-,-) respectively.

(c) Suppose that F(-,-) and G(-,-) are in class T(H H) with homogeneity powers v (-),

vo(+) and 91(+), 02(-) and normal functions f(-,-) and g(-,-) respectively. Let v1(n) =
nst, va(n) = n2, p1(n) = n", and ga(n) = n'2 with ¢; > 0, ¢; > 0, i = 1,2, satisfying
that 11 + 2 < min{2xy — 7(1 + K1), Th1 — 3}

(d) Suppose also that F2(-,-), G*(-,-) and F(-,-)G(-,-) are all in class T(HH) with ho-
mogeneity powers v?(-) and v3(+); 03(-) and 03(-); v1(-)o1(-) and va(-)o2(-) as well as
normal functions f2(-,-), ¢?(-,-) and f(-,-)g(-,-) respectively.

Remark 4.3. Assumption 4.3 ensures that two upper bounds for ¢ and ¢ + %LQ are positive.
Of course, we can simplify these conditions in (a) and (c) if we impose more constraints
on k1 and k9. However, these conditions allow more options.

Note that in the proof of the following theorem, whatever conditions for ¢ and ¢; + %LQ
we actually use also involve Ko — Ko. Since we may require Ko to be much closer to ko
such that kKo — k2 is as small as we wish, conditions in (a) and (c) tacitly provide what
we need in the proof. Obviously, this does not harm any thing else and applies to the

subsequential subsections.
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Note also that the ambit for both ¢ and ¢1 + %LQ can be enlarged at price of enhancing
the order of differentiability for the coefficient functions in the expansion of m function,

as can be seen in the proof of the following theorem.

We are now ready to state the main result in the subsection.

Theorem 4.1. Suppose that {xs,}] and {es}} satisfy Assumption B. Let Assumptions
4.1-4.3 hold.
If Assumption 4.4(a) and (b) hold, then
Vo X' XA(r,x)
Vnu(n) \/Pmaxl|A(7, 2)|2

. </01 Gg(t)dLW(t,0)> "N,

(m(r,z) —m(7,x))
(4.11)

where Gs(t) = [ f(t,z)%dz, W is a standard Brownian motion on [0,1], N is a standard
normal random variable independent of W, and Lyy is the local-time process of W.
If Assumption 4.4(c) and (d) hold, then

1 o X' X A(r,x)
\/’ﬁvl(TL)UZ(\/ﬁUz) \/MHA(T’ :L')||2

1
S /0 Fr, W (r)dU (),

(m(7, z) —m(, z))

(4.12)

where (W (r),U(r)) is the vector of Brownian motions involved in Assumption B.

See Remark B.5 for discussion on the theorem.

4.2 Finite time horizon

Assume time variable ¢ lies in [0, 7] with T fixed. In this subsection function m is defined
on [0,7] x I. Therefore, conditions on m would be weakened since square integrability
on [0,77] is much weaker than that on the half line. We make the following assumptions

about m(t, z) in model (4.1).

Assumption 4.5

(a) Let D"m(t,z) € L*(I,p,(t,x)) for any t € [0,T] and r = 0,1,2. Moreover, the
expansion of D?m(t, Z(t)) in terms of Q;(t, Z(t)) converges in the sense of mean square

uniformly on [0, 7.
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(b) For each i, b;(t,m) = E[m(t, Z;)Qi(t, Z;)] and its derivatives of up to third order
belong to L?[0,T).

(c) Furthermore, ||b](t,m)||2(0,r) are bounded uniformly in i.

Remark 4.4. Both Condition (a) and (b) are quite general. Condition (a) ensures the pos-
sibility of the expansions of D"m(t, Z(t)). Condition (c) is also reasonable. For example,
if function m is polynomial, sine, cosine function, or their combinations, the condition is

fulfilled automatically.

Suppose that we have n observations for the process Y (¢) on [0, 7] and the observations
are Yy, = Y(tsyn) at ton = T3 for s = 1,2,--- ,n. At the sampling points, we have the
following model

Yon = m(tsn, Xon) +es, s=1,...,n, (4.13)

where X, = Z(T'2) denotes the Lévy process Z(t) at point ts,,, es = e(T2) (s =1,...,n)
form an error sequence with mean zero and finite variance.

Note that X, = %T;H—\/Tazﬁ >oi_, wy, where w; = %(Xi’n—Xi,l’n—%T,u) form
an i.i.d.(0,1) sequence. Let z,, = ﬁ >oi_, w;. It follows from the functional central limit
theorem that x, converges to a standard Brownian motion in distribution as n — oo. It
is also clear that xy,, satisfies Assumption A.

Under Assumption 4.5 we can expand m(t, Z(t)) at every point ¢ € [0,T] using basis
eir(t)Qi(t, Z(t)). Let k and p; be truncation parameters for ¢ and j. Thus, model (4.13)

for s=1,2,--- ,n becomes
k Pi k o0 o0
ZZ+Z >t Z bijoir(tsn)Qiltsm, Xom) + es.
i=0 j= 1=0 j=p;+1 i=k+1j=0

Equivalently, the matrix form of (4.2) is
Y=XB+d6+7+c¢, (4.14)

where all notations remain similar to what has been defined in the last subsection so that

we avoid reciting them. The SLS estimator of 5 is given by
B=(X'X)'X"Y. (4.15)

With the help of 3 we are able to estimate m(-, ) at (7, z) where 7 is any point in [0, T]
and x is any point on the path of Z(7). The estimator m(r,x) of m(7,z) is obtained by
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replacing 8 by B\ and abandoning all the residues in the expansion of m(7, z). Explicitly,
m(r,z) := A(7,2)B + (7, ) + v(r,z) and (7, z) = A'(7, )5, where

Z Z bzg‘/)jT Qz(’rv ) ’Y Z b T’ Ql T, )’

=0 j=p;+1 i=k+1
A,(Tv l‘) :(QOOT(T)QO(T? .T), t ’QapoT(T)QO(Ta $)a
) QOOT(T)QK(Tv x)v T 790ka(T)Qk(T’ x))

We shall investigate the limit of

T?L(T,SU) - m(T7 l’) = A,(T,:L‘)(E— /8) - 6(7—7 l’) - ’V(T’x)

(4.16)
= A(r,x)( X' X)) X'(§ + v +¢) = 8(r,x) — (7, 2).
Let us define
A(r,z)A' (1, x) , 1
A="—"""""2"2 and B=(X'X)AX'X)"" (4.17)
[A(T, )2
By virtue of Lemma 4.1 and similarity, B has eigenvalues \; = 1, Ay = --- = X, = 0.

Let unit column vector « be the left eigenvector of B pertaining to \; = 1, viz., &’ B = o/
and ||a|| = 1. In accordance with the notation of A(7,z), the subscript of « is specified in
double-index, that is, & = (oo, -, Qopgs =+ » k0, -+ Ahepy. )-

Let us apply the reshuffling procedure for the set S from Assumption 4.2 by a and
mA(T, ). Denote by S and S the resulting sets:

1) §2{607"'7ai7"'}7and‘§:{a()7"'7di7"'}'
2) a; = {ai;} where a;; = ﬁazj for 0 <i < kand 0 < j < p;; otherwise, a;; = a;;.
3) a; = {di]‘} where Qi =

7/7%1]“”114(7_71)”(pjT(T)QZ‘(T, xz) for 0 < i < kand 0 < j < p;;

otherwise, a;; = a;;.

Since Riesz-Fischer theorem is satisfied by both S and S, there exist two functions,
denoted by F'(t,x) and G(t,z), such that for all ¢ € [0, T},

F(t,Z(t) = ZZ%%T i(t, (1)), (4.18)

10]0

Gt.20) = Y0 asonltQut, Z(0) (4.19)

=0 5=0
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Therefore, by virtue of equations in (4.18) and (4.19),
1 -
X = F-§-%, (4.20)
pmax
1 o~
Alr,z) X' = G -§ -7, (4.21)

VPmax || AT, )|

where

F = (F(tl,”’ Xl,n)? te 7F(tn7na Xn,n)), G = (G(tlzn’ Xl,n)? t 7G(tn,n7 an)),

k )
8 = (51; te ,5n), with 53 = Z Z aij@jT(ts,n)Qi(tS,naXs,n)a
1=0 j=p;+1
0o 00
V=G An), with 35 = > > aijpir(tsn) Qiltsn, Xsn)-
i—kt+1 j=0

The following proposition demonstrates the finiteness of the second moments of F'(¢, Z(t))
and G(t, Z(t)).
Proposition 4.2. For anyt € [0,T)], (a) E[F?(t, Z(t))] < oo, and (b) E[G%(t, Z(t))] < .
In order to obtain an asymptotic theory for m, we make the following assumptions for
the truncation parameters.

Assumption 4.6
(a) Let k= [n™] and £ < k1 <1
(b) Let pmin = [n"2], pmax = [n72] with 0 < kg < Ko <1 and 0 < Rg — kg < 3Ky — K1 — 1.

Clearly, feasible solutions of such truncation parameters do exist. The last assumption
is about the functions F (¢, x), G(t,x) and m(r, x).
Assumption 4.7 Both F(t,z) and G(¢,x) are continuous in ¢t and x.

We are now ready to establish the following theorem.
Theorem 4.2. Suppose that {z,,} and {es}} satisfy Assumption B. Under Assumptions
4.5-4.7 we have as n — oo,

1 X' XA(r,2)
V1 /B || A(T, @) |2

—D /01 F(Tr,Tur + \/TUZW(r))dU(r),

(m(r, z) —m(r,z))
(4.22)

where (U(r), W (r)) is the vector of Brownian motions involved in Assumption B.

See Remark B.6 for the discussion on the theorem.
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4.3 Time horizon approaching infinity

We are also interested in the scenario where time variable lies in [0, 7] and T,, — oo as
n — 0.

The relationship between T}, and n is crucial for the following development. Both of
them are divergent. The divergence of T},, however, is negligible comparing with that of n,
Viz., % — 0 as n — oo. The main reason is that the proposed method requires sufficient
information from the path of the process to estimate the coefficients in the expansion.

In addition, such designed framework will help us avoid two drawbacks, that is, on
(0,00) we could not shrink the time span of observations, whereas on [0,7] with fixed
T we ignore considerable information beyond the time zone that may be helpful for our
estimation. In technical terms, allowing 7" = T;,, — oo and % — 0 amounts to both infill
and long span asymptotics. Meanwhile, the two-fold limit theory keeps ones away from
the so-called aliasing problem (i.e., different continuous-time processes may be indistin-
guishable when sampled at discrete time). Phillips (1973) and Hansen and Sargent (1983)
were among the first discussing the aliasing phenomenon in the literature. Recent studies
include Bandi and Phillips (2003, 2007).

We propose the following assumptions for the function m(¢,z) in the model (4.1).

Assumption 4.8
(a) For every t > 0, m(t,z) and D"m(t,z) are all in L*(I, p.(t,z)), r =1,2,3.
(b) For each i, b;j(t,m) = E[m(t, Z(t))Qi(t, Z(t))], belongs to C3[0,T] for any T > 0.

(c) For i large enough, the coefficient functions b;(t, D3m) of D3m(t, Z(t)) expanded by
the system {Qs3;(t, Z(t))} are such that v(¢)3b?(t, D3m) are bounded on (0, 00) uni-

formly in 3.
(d) 167 (t,m)||12(0,7) are bounded uniformly in i for any 7' > 0.

Remark 4.5. Since the framework in this subsection is a combination of the first two, the
requirements for m(t, z) contain the basic conditions in Assumptions 4.1 and 4.5.
There are many functions that satisfy these four conditions at the same time. For
instance, m(t, ) = t"e”“ P(x) with n > 1, ¢ > 0 and P(x) being any polynomial of fixed
t

degree; m(t, x) = 135 cosx with n > 3, and so on.
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For the truncation parameters and time span 7;,, we make the following assumption.
Assumption 4.9

(a) Let k = [n"], pmin = [n"2], Pmax = [n"2] and T}, = [n"3], where 0 < r; < 1 (i = 1,2, 3),

/~€2§RQ<1aHdI€1>%.

(b) Let 3ks + k1 + 1 < 3Ko.

Remark 4.6. Feasible solutions for x; (i = 1,2, 3) do exist. For instance, k1 = 0.6, ko = 0.8
and k3 = 0.2. Meanwhile, condition (b) implies that ko > 1 + k3.

Given the observation number n, one can choose T' = T,, according to Assumption 4.9.
Let us sample on [0,7},] at equally spaced points: ts, = T,,> (s = 1,---,n) for model
(4.1). Denote by Y, the process Y (t) at tgn, Xsn = Z(ts,) for the Lévy process at the
discrete points and es = £(ts,). Observe that X, = T, + \/Z/Tnazﬁ Y7, w; where
w; = %(Xm — Xicipm — %Tn,u) form an i.i.d (0,1) sequence. Let x5, = ﬁ i w
It therefore follows from the functional central limit theorem that z, , converges in distri-
bution to a Brownian motion on [0, 1] as n — oo. In addition, it is clear that z,, satisfies
Assumption A.

The following procedure is similar to the preceding subsections. The m(t, Z(t)) is
expanded using an orthonormal basis {¢;r, (t)Q:(t, Z(t))} at each sampling point, and

then obtain n equations. The n equations can be written in the following matrix form
Y=XB+6+v+c¢, (4.23)

where all notations remain the similar meanings as before, so that we spare our effort to
recite them.

The SLS estimator of § is given by
B=(X'X)'XY. (4.24)

Obtaining B\ enables us to estimate m(r,x) for fixed 7 > 0 and fixed = on the
path of Z(7). m(r,x) is generated from the expansion of m(7,z) by superceding /5 by
B and removing all residues. Whence, we have m(r,z) = A’ (T,LU)//B\, where A'(r,2) =

(SOOTn (T)QU(T’ ZE), C 5 PpoThy (T)QO(T7 l’), )
0ot (T)Qr(T,2), -+, ¢p, 1 (T)Qk (7, z)). The difference between m(r, z) and m(r, z) is

T?L(T,SU) - m(T7 l’) = A,(T,SL‘)(B\— /8) - 5(7—7 l’) - ’V(T’:E)

(4.25)
= A1) (X' X)X (6 +v+¢) = 6(r,z) — (1, ),
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where

k 00 oo
S(rox) =Y > bijepsr, (T)Qi(T, x); Yrma) = bi(r,m)Qi(r, ).

i=0 j=pi+1 i=k+1

Thus, one desired result is the asymptotic distribution of m(7,x) — m(r,x). To this

end, put
A(r,x)A' (T, x) _
A="2"7 2 and B = (X'X)AX'X)L (4.26)
|A(T, z)|]?
Once again B has eigenvalues \y = 1, A\ = --- = )\, = 0. Let unit vector a be the
left eigenvector of B pertaining to A;. Hence, we have o’ B = o’ and ||a| = 1. Denote
o = (apo, s Qopgs -+, ko -+ * , Ap,,) in accordance with A(T, z).

Let us apply the reshuffling procedure for the set S from Assumption 4.2 by a and
mA(T, z). Denote by S and S the resulting sets:
1) 8 ={ao, - ,ai, -}, and S = {ag, -+ ,a;,-- }-
2) a; = {ai;} where a;; = 1/{%0@- for 0 <i < kand 0 < j < p;; otherwise, a;; = a;;.

3) a; = {ai;} where a;; = %m(ﬁan(T)Qi(T, z) for 0 <i < kand 0 <j < p;

otherwise, Qjj = Qjj.

Due to Riesz-Fischer theorem, for two sequences Sand S , there exist two functions,
denoted by F(t,z) and G(t,z), such that

F(t,2(1) = YY) aipm()Qi(t Z(1)), (4.27)

i=0 j=0

G(t,Z(t) = D> > ey (DQi(t, Z(1), (4.28)

i=0 j=0

for any ¢ € [0, T},].

In view of the expressions of @;; and a;j, rewrite (4.27) and (4.28) as

T, o~
X = F-98-7, (4.29)
pmax
1 T, o~
A(r,2)X = G -0 -7, (4.30)

AT, 2)||'\| Pmax
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where

~/ ~ ~ ~/ ~ ~

F = (F(tl,na Xl,n)7 e 7F(tn,na Xn,n))a G = (G(tl,na Xl,n)> e 7G(tn,n7 Xn,n)))

k )
5 = (511 ce ,5n), with 55 = Z Z Qi P5T, (ts,n)Qi(tS,naxs,n)a
1=0 j=p;+1
0o oo
¥ = (F1, 0 An), with s = Z Zaij@an (ts,n)Qi(ts,n, Xsn)-
=41 j=0

Proposition 4.3. For any t € [0,T], (a) E[G(t, Z(t))]? < oo, and (b) E[F(t, Z(t))]? <

Q0.

Let G(t,z) = G(t, ut + & — pt) := G(t,x — pt) and F(t,x) = F(t,pt + & — pt) :=

F(t,x — ut). These reforms are because we are working on the centralized underlying

process.

Assumption 4.10

(a)

Both F(t,z) and G(t,x) are in Class (HI) with normal functions f(¢,z), g(¢,x) and
homogeneity powers v(+) and o(-) respectively. Let v(n) = n® and p(n) = n* satisfying

(i) 14 k1 + (20 +2.5)k3 < 3ko; (ii) 1+ (20 — 0.5)k3 < 2.5k1.

Suppose further that F2(¢, z), G*(t,z) and F(t,)G(t,z) are in Class (HI) with normal
functions f2(t,z), ¢?(t,x) and f(t,z)g(t,z) and homogeneity powers v2(-), 0?(-) and
v(+)o() respectively.

Both F(t,z) and G(t,z) are in Class (HH) with normal functions f(¢,x), g(t,z) and
homogeneity powers v;(+), va(:) and 01(+), p2(+) respectively. Let vi(n) = n%, vy(n) =
ns? and p1(n) = n", p2(n) = n'? satisfying (i) 1 + k1 + (201 + 12 + 3)k3 < 3kg; (ii)
1+ (201 + t2)k3 < 2.5K1.

Suppose further that F2(t,z), G%(t,x) and F(t,z)G(t,z) are in Class (HH) with nor-
mal functions f2(¢,x), g?(t,z) and f(t,z)g(t, z) and homogeneity powers v (-), v3(-);

01(), 03(); vi(-)o1(+), va(:)oa(-) respectively.

Remark 4.7. Note that the conditions in (a) and (c) are untidy since we would like to

show the original requirement for the parameters.

It is clear that if 0 < ¢ < 0.25, Assumption 4.9 (b) implies the condition (i) of As-

sumption 4.10 (a); conversely, when ¢ > 0.25 the latter always implies the former. Of
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course, there are feasible options for them to satisfy all the requirements. For example,
if k1 = 0.7, ko = 0.9 and k3 = 0.1, then ¢ can be chosen from (0, 3.5). By the way, if we
impose some relationship among ; (i = 1,2,3), such as kg < %/@1 + k3, (1) implies (ii) in
(a).

Let ¢ = 2u1 + 1o for the time being. Since ¢ > 0, the condition (i) in (c) always implies
Assumption 4.9 (b). Evidently, if a relationship is imposed among «; (i = 1,2,3), (i) and
(ii) in (c) may substitute each other, depending on what relationship is being imposed.
Note that there are feasible choices for all parameters. For instance, k1 = 0.6, ko = 0.8,
k3 = 0.1, ¢ € (0,2.5).

The following theorem is the main result of this subsection.

Theorem 4.3. Suppose that {xs,}?_, and {es}_, satisfy Assumption B. Let Assump-
tions 4.8—4.9 hold.
If Assumption 4.10 (a) and (b) are true, then

VT o7 o X'XA(r, )
Vu(T) \/Praxl| AT, 7) |2

N </01 G (w)dLy (1, o)) : N,

(m(r,z) —m(r,z))
(4.31)

where G3(-) = [ f2(-,x)dz, W is a standard Brownian motion on [0,1] and N is a standard
normal random variable independent of W, and Ly is the local-time process of W.
If Assumption 4.10 (c) and (d) are true, then

VT, o X' XA(r,x)
\/ﬁvl(Tn)UQ(\/ano'z) \/MHA(T’ x)HQ

S / £, W)U (r),

(m(r,z) —m(r,z))
(4.32)

where vector (W (r),U(r)) of Brownian motions is from Assumption B.

See Remark B.7 for the discussion on the theorem.

5 Conclusion and discussion

We have established orthogonal expansions of Lévy process functionals for both time-

homogeneous and time-inhomogeneous ones under consideration of time horizon being
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finite and infinite. With a verity of options of process sequence constructed from un-
derlying process and error sequence verifying conventional assumptions, we have studied
the convergence of sample mean and sample covariance for four classes of quite general
functionals, which are applicable as seen in Section 4. As an application of the expansions
and asymptotic theory, we have developed a sophisticated method to tackle the statistical
estimation problem in nonlinear and nonstationary continuous-time models and proved
the proposed estimators are consistent.

As far as what we noticed, the expansion method for unknown functionals of Lévy
process can be used in economics and finance for some relevant research fields. For in-
stance, in economics there are a great deal of models with conditional moment restriction
containing unknown functionals in nonstationary process; in finance, more often than not,
derivative pricing problem is associated with a functional, much popular nowadays, in a
general Lévy process rather than only a Brownian motion. It can be expected that our
expansion method is applicable in complete financial market for perfect hedging problem

and in incomplete financial market for mean-variance hedging problem.
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A Existence of orthogonal polynomial system associated to

a Lévy process

A Lévy process (Z(t),t > 0) is a stochastic process which has independent increments
(for 0 < s <t, Z(t) — Z(s) is independent of {Z(u),u < s}), stationary distribution (for
0<s<t Z(t)— Z(s) is equal in distribution to Z(t — s)) and starts almost surely at zero
(P(Z(0) =0) =1).

Let ¢(6) be the characteristic function of Z(1), viz. ¢(8) = E[e??*(D]. Tt follows from
the infinite divisibility of the distribution of Z(t) that E[e?(")] = (¢(6))!. According to
Schoutens (2000, p. 50), it can be shown that

= i(u+ 0?1 (i0)) (A1)
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for some function 7(-) with 7(0) = 0, where y = EZ(1) and o? = Var(Z(1)).
Let u(+) be the inverse function of 7(-) and define 7(2) = [¢p(—iu(z))] .

Definition A.1 (Lévy-Meixner system). A polynomial set {¢;(¢,x),i > 0,¢t > 0} is called

a Lévy-Meixner system if it is defined by a generating function of the form
> ailtia) S = (n(2)' explwu(2)). (A-2)
i=0 ’

Such ¢;(t,z) functions are orthogonal with respect to the distribution W(x) of Z(¢):
[ qi(t,x)q;(t, z)dV;(z) = 6ijcif(t), where él?(t) is the squared norm of ¢;(t, x).
Remark A.1. When process Z(t) is specified as Brownian motion, ¢;(¢,z) becomes Her-
mite polynomial with the density of normal distribution N (0, t) being the weight function;
when Z(t) is specified as Gamma process, ¢;(t, ) will be the Laguerre polynomial system
Lgat) (x); if Z(t) = N(t) a Poisson process with intensity p, ¢;(t,x) will be the Char-
lier polynomial system c;(ut, z); if Z(t) is a Pascal process, ¢;(t,x) will be the Meixner

polynomial system.

In what follows we are about to show some explicit expressions, orthogonality, squared
norm for ¢;(¢,x) and its derivatives. Since their derivations are analogous to those given
in Nikiforov and Uvarov (1988), we omit them for brevity.

Let us now consider differential and difference equations of hypergeometric type with

parameter ¢t > 0:

s(t,2)y"(t, ) +v(t,2)y (t, x) + At)y(t,x) = 0; (A.3a)
s(t,z)AVy(t,x) + v(t,x)Ay(t, z) + A(t)y(t,x) =0, (A.3Db)

where s(t,z) and v(¢,x) are polynomials in z of degree at most 2 and 1 respectively,
while A(¢) is independent of z. Note that in the equations of (A.3), and in the sequel, all
derivatives and differences are conducted with respect to x, not to ¢.

Remember we denote by D in the text differential or difference operation for notational
convenience.

It is known that when A(t) = X\;(t) = —iv'(¢,z) — @s”(t,m), y(t,x) = yi(t,x), as a

solution of (A.3), is a polynomial in z of degree exactly . In addition, if p(t, z) satisfies

(i) D(s(t, x)p(t,2)) = v(t,x)p(t, z),

(A.4)
(i) s(t,z)p(t, z)z"> =0, k=0,1,---,
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where a and b are the boundary points of the support of p(t,x) (so that the condition
(ii) of (A.4) is called boundary condition), we have explicit expressions of y;(¢,z) and
DFy(t,x) (k=1,---,i):

Ak B;

k, . T
Druilt, ) = pr(t, )

D*[pi(t,2)), (A.5)

where Ap; := 23 (\i(8) = (1)) for k=0, i and B; = 2y (t,2), pr(t,2) = p(t, 2 +
k)T
for k =1,2,---, with convention of py(t,z) = p(t, z).

s(t,z + j) in the discrete case and py(t,z) = s*(t,z)p(t,x) in the continuous case

Moreover, such y;(t,z) and D¥y;(t,x) are orthogonal on (a,b) with respect to p(t, z)
and py(t,z), respectively. We also have with df,(¢) standing for the squared norm of
DFy;(t,z) that

= d2(t H nii(t (A.6)

for k > 1 where d?(t) := d3,(t), noi(t) = \i(t) and n;;(t) = Xi(t) — \;(2).
Remark A.2. Because an orthogonal polynomial system is determined uniquely up to a

normalizing factor by the interval (a,b) and the weight p(t, z), it is not difficult to obtain
that ¢;(t,2) = gtgyz(t ).

If for Lévy process Z(t), p(t, z) satisfies the conditions in (A.4), as stated before, there
is an orthogonal polynomial system y; (¢, z) with weight p(t,z). Let us define Q;(t,z) and

Qi(t,ib) = yi(t7x) and le(t I‘) Dkyi(t7x)a (A7)

1
di(t) di(t)
each of which is an orthonormal polynomial system with either p(t,x) or pg(t, x) being its

weight. In such a situation, we say that Z(t) admits a classical orthonormal polynomial
system Q;(t, x).

Example A.1
22
(1) If Z(t) = B(t) is a Brownian motion with p(¢,x) = ﬁe‘ﬁ, the corresponding

hypergeometric differential equations are
ty”(ta J)) - .I'y/(t, J)) + iy(ta .1‘) =0,

which have polynomial solution y;(¢,z) = H;(x/\/t), where H;(-) for i > 1 are Hermite

polynomials.
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(2) If Z(t) = G(t) is a Gamma process with p(t, x) zo

hypergeometric differential equations are

= m e~ ", the corresponding

zy’(t,2) + (ot + 1 — )y (t, 2) +iy(t, x) = 0,
which have polynomial solution y;(t,z) = Lgat) (x), where LE)() for i > 1 are Laguerre
polynomials.

(3) If Z(t) = N(t) is a Poisson process with p(t,z) = e # (“t)m, z=0,1,2,---, the

!

corresponding hypergeometric difference equations are

e AVy(t, @) + (pt — ) Ay(t, ) +iy(t, ©) =0,

which have polynomial solution y;(t,z) = cl(“ 2

(x), where c(')(-) for i+ > 1 are Charlier

i

polynomials.

Remark A.3. Tt follows from (A.6) that for any i, \;(t) > 0. That entails that v/(¢,2) <0

and s”(t,z) = 0 or v'(t,z) < 0 and s”(t,z) < 0. The former includes three processes in

Example A.1, while in the latter, after a transformation s(t,z) can be written as ¢ — 22

with fixed ¢ > 0. However, this scenario is beyond the scope of this paper since we are

interested in that Z(¢) assumes values on infinite interval or set, specifically, R, R* or N.

Therefore, our development will focus on the case where v'(t,x) < 0 and s”(¢,z) = 0.
Although in our examples v'(¢,2) = —1, in order to keep the framework as general

as possible, we shall always treat v'(¢,x) as a negative function of ¢. Denote v(t) :=

—[vl.(t,x)]71 > 0, which is used frequently in the paper.

Remark A.4. We may also need some asymptotic properties about the orthogonal poly-
nomials. In the sequel, the following inequalities for Hermite polynomials and Laguerre
polynomials are useful, which can be found in Nikiforov and Uvarov (1988, p54) for large
i,
;Hi(x)\ <Ciit and ;|L£O‘)(az)| < Coih,

where d;’s are the norm of Hermite and Laguerre polynomials in different inequalities
respectively; C7 and C5 only depend on fixed z.

In addition, in view of the relation ¢;(u, ) = ¢z (p,1) = 2L (1), the above inequal-
ity is true for Charlier polynomials as well. Thus, we may assert that within the ambit of
our study, all classical orthonormal polynomials Q;(¢, ) satisfy that |Q;(¢, z)| < Ci~1 for

fixed t and z, where C is independent of 7.
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B Remarks, justifications and examples

Remark B.1. We now give some examples of expansion of f(Z(t)).

(1) f(Z(t)) = ap+ a1 Z(t) + - -+ arZ(t)*. Obviously, f(Z(t)) can be expanded by the
first k+1 terms of Q;(t, Z(t)) with coefficients ¢;(t) = E[f(Z(t))Qi(t, Z(t))],i =0,1,--- | k.
We have two particular examples for Z(t) = B(t), a Brownian motion and Z(t) = N(t), a

Poisson process with intensity 1:

B®(t) =15t°/2hy (t, B(t)) + 10V/6t° 2hs(t, B(t)) 4+ 2v/30t° 2 hs(t, B(t)),
N2(t) =t(1 4+ t)6o(t; N(t)) — VE(2t + DG (N (b)) + V26 (t; N(t)),

where h;(t, B(t)) = ﬁHl(B(t)/\/i) with H;(-) being Hermite polynomials, and %;(t; N(t)) =

%ci(t; n) with ¢;(+;-) being Charlier polynomials.

(2) F(Z(t)) = cos Z(t) and g(Z(t)) = sin Z(t).

cos Z(t ib] t)Q,(t, Z(t)), sin Z(t io:cj (t)Q,(t, Z(t)),
Jj=0 7=0
where
() = (05 (OS] + =iy l(-DI'}
o) = ;Jja);{ (PO (=i [B(-1)]')

in which 7, ¢ and g](t) being defined in Appendix A and 7 in this example being imaginary
unit.

Particularly, with « being a constant and 8 =1 — cos 1,

2k+1

sin B(t Zc2k+1h2k+1(t B(t) with ez = (=1)" (2k +1)!

k=0

)

ik
cos B(t ZCQkth (t, B(t)) with cop = (—1)’“76_”2,
Py (2k)!

'] k
k \/Z e—tﬁ

cos N(t) = Z(—l)

2 NG ZBk cos(ak + tsin 1)%x(t; N(t)),

sin N (¢ :Z k\[ e P 2Bk sin(ak 4 tsin 1)%%(t; N(t)).
k=0 V!

37



Remark B.2 (Theorem 2.4). The error of approximation f, ,(t, Z(t)) to f(t, Z(t)) consists
of two types because the expansion is of two-step, that is, the first term in the right hand
side of (2.7) is incurred since we abandon the residue in the first step expansion, while the
second term is due to giving up the residues in the second step.

Because for each i : 0 <@ <k, > %2 b3(c

J=Pmin+1 ](
infinity, for fixed k, C(k,p) is an infinitesimal as well. However, when both k and ppin

’) is an infinitesimal when pp,;, goes to

approach to infinity, C'(k, p) could not be infinitesimal any more. One sufficient condition

that C(k, p) is bounded is that the norm ||c] (¢, )|l z2[0,7] is uniformly bounded in i, so we
always have >°7° b3 (cf) < ||} (t f)HL2 0]

Remark B.3 (Definition 3.3). (a) If the functions involved in the definition reduce to
univariate functions without time variable, i.e., F(t,z) = F(x), vi(§) =1, f(t,z) = f(x)
and R(&,n;t,x) = R(n;x) with ¢(t) = 1, b(§) = 1, it becomes the Class (H) in Park and
Phillips (1999, 2001).

(b) In practice, often one of the two dominated terms of R appears. The only ap-
pearance of the first term implies that ¢(¢) = 0, while the appearance of the second term
indicates that P(x) = 0.

(¢) There are many functions that have asymptotic homogeneity. For example,

(1). F(t,z) = ait™azh + -« 4 aqpt™ 2l with my > --- > mp > 0, m; > 1 and
li > -+ > 1, >0, is homogeneous where f(t,z) = at™gh v1(€) =&, va(n) = n'1, and
if mi > mo, |R(§,n5t, )| < Ae(t)a(n)P(x) where Ag(t) = |ag|{™2 ™2 + - - + |ag|{™ 2,
a(n) = 0 and P(z) = 1+ |z|2. Clearly, lime_ ff—((g = 0 uniformly in ¢t. If Iy < Iy,
R(E 6.0 < aOHO)By(a) where a(t) = 1+ 87 UE) = €7, By(a) = w4(1+ o).
Palpably, lim, . - U—() =0and 1+ |22 € 7.

(2). F(t,x) = t*log(l + |z|) with > 1. The normal function f(¢,x) = t* with

1(§) = €% and va(n) = log(n), while R(&, n;t, z) < £4t“log(1+|z|). Notice that b(&) = £,
q(t) =t By(x) =log(1 + |z|) with B(n) = 1 and log(1 + |z|) € 5.

(3). F(t,x) = t2x—i—\/1—i—7t4ﬁ Yx. Note that f(t,z) = t?x, v1(£) = €2 and va(n) =
s while R(€,m:t,) < Ae(t)a(n) P(z), where a(n) = ¢, P(@) = /7, Ae(t) = A()Q(E0)
with Ag(t) = /1 + &34 and Q(y) = m

(4). F(t,x) = t*D(x) where > 1 and D(x) is a distribution function for any random
variable. Then f(t,z) = t1(z > 0), v1(€) = €, va(n) = 1, R(E mi,) < b(€)a(t)Q(na)
where b(¢) = €%, ¢(t) =t* and Q(y) = D(y)I(y < 0)+ (1 — D(y))I(y > 0), which goes to

zero when y — +00.

v

38



Remark B.4 (Assumption 4.1). Note that the notations p,(t,z), v(t) and Qs,(t, Z(t)) are
defined in Appendix A.

Condition (a) imposes some basic requirements, under which we can expand not only
m(t, Z(t)) but also D"m(t, x)|,— 7). Conditions (b) and (c) give the necessary conditions
for the coefficient functions in order to obtain some kind of rate of convergence on the
expansions.

There are many functionals satisfying all the conditions. (1) Let m1(t,z) = t%e ™% Py(x)
with a > 1,b > 0 and Py () being a polynomial of fixed degree k (k > 1). mq (¢, x) satisfies
Condition (a) due to the boundary condition on p(t,z); the reason that m; (¢, x) satisfies
Condition (b) is that the coefficients ¢;(t,m1) are all of the form e~*q(t), where ¢(-) is a
power function in ¢t when i < k and zero when i > k; Condition (c) is fulfilled because
when ¢ > k, ¢;(t,m1) = 0. (2) ma(t,z) = 1+t5 sin(z) and ms(t,z) = 1+tﬂ cos(z) where
a>1and 8 > a+ 1.25. In the Brownian motion case, from Example 3.1 we have explicit

expression of the coefficients ¢;(t,ma) = (— 1)’“\}?&; e72 for i = 2k + 1; 0, for i = 2k,

where £k =0,1,... and ¢;(t,m3) = (— 1)’“\}?& e~t/? for i = 2k; 0, for n = 2k + 1, where

k=0,1,.... It is not difficult to verify the conditions. (3) In the case where Z(t ) = N(t)

is a Poisson process with intensity one, mg(t, z) = t$27% where £ > 2, ms(t, z) = 1+tn sin x
and mg(t,x) = lft" cosz with { > 1 and > £+ 1.25. Since ¢;(t,mq) = t5e_t/2 Ly/&, the

conditions are easy to be verified for my. Meanwhile, from example 3.1 we can have the

explicit expressions of ¢;(t, ms) and ¢;(t, mg) and it is not difficult to verify these conditions

too.

Remark B.5 (Theorem 4.1). As can be seen from the proof, the order of the convergence
¢ . ¥y /pmaxo(n) . : .

of (4.11) is Aoy By virtue of the calculation of ||A(7,z)|| in the proof, we can

estimate

1+L—§K1 f\/mg( )
- Aol T

This means when ¢ reaches its upper bound, the rate of convergence is bounded by

nits(R2—k2)ti—gnR1 < nak2—FK1

/\

n4

5 00— . . .
n 427" while when ¢ is close to %(/11 — %), the rate of convergence is very slow.

Vy/Pmax01(n) 02 (Vnog)

Meanwhile, the rate of convergence for (4.12) is TACo)] , which similarly is

1 1 1 1 1/= 5
between na(l=F)Tutsie anq pal=r)+tutgets(Fa—r2) < ni™7" and as 11 + %LQ reaches

its upper bound, the rate is bounded by ng”r’“, while as ¢1 + %LQ closes to %(m — %) the

rate of convergence is very slow, the same as in the first situation.

Remark B.6 (Theorem 4.2). As can be seen from the proof, the rate of convergence of
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m(r,x) — m(7,x) is about ”VAn(pma)’ﬂ In view of the estimation of ||A(7,z)||, the rate is

1— Iil) 1— I€1)+%(I€2 I€2).

between 72 and nz( The minimum order is smaller than i, while the

maximum order is slightly bigger than the minimum.

Remark B.7 (Theorem 4.3). The rate of convergence of m(r,z) —m(r,z) in the first case,

as can be seen in its proof, is about Viypmaxe(Tn) szm(g(mj which is between nz(1=s)+(=1)rs and

) R VLA
n2(=r)+0—3)rs+5(R2=K2)  The order of the lower bound is less than i, while the order of

the upper bound is less than %

\/ﬁ\/mgl (Tn)QQ(mUz)
VT ||A(r,2)||

Approximately, it is between na(=r)++3)rs and pa-r)++e)rst;(Ra—r2)

Comparing the upper bounds and the lower bounds in two scenarios, roughly speaking,

In the second case, the convergence rate is revealed by its proof.

the second situation is faster than the first.

C Lemmas and basic results

PrROOF OF LEMMA 2.1. (1) Straightforward verification. (2) For any functions f,g €

L*(I,dWy(x)), we have, (T(f), T(9))e = E[f(Z(t))g = Ji f(@)g(x)d¥i(x) = (f,9) 12(1,dw,(2))-

That means the transformation is inner produet preserving. Therefore, f#g9g<
T(f) # T(g). Thus T is one-one. (3) Since T is linear and || 7(f)|] = ||f] for f €
L3(I,d%(x)), T is isomorphism. O

PrROOF OF LEMMA 2.2. Note that © is a linear space due to linearity of 7. Because
T is one-to-one and inner product preserving, {£,} is a Cauchy sequence in © if and only
if there is a unique sequence {f,} in L?(1,d¥;(z)) such that T(f,) = &, n =0,1,2,.. .,
and {f,(z)} is a Cauchy sequence in L?(I,dV;(z)). Therefore, due to the completeness of
L?(I,d%¥.(x)), © is a closed subspace of L?(£2). Hence it is a Hilbert space. O

PROOF OF LEMMA 2.3. By virtue of the properties of 7 that T is one-to—one, inner

product preserving, it is valid. ]

It is known from P351 of Sansone (1959) that X(Q)( t),7 = 0,1,..., form an or-
thonormal basis in LQ(RJF) = {o(t) : [;7e(t)?dt < oo} where for o > 0, .;2”(0‘)( t) =

(r(a+ 1)

j+a> ta/Qe_t/QLg- )( t) and {Lj ( )}3° is the generalized Laguerre polyno-

mial system which forms a complete orthogonal sequence with respect to the density t*e ™
Thus, a function in the space L?(R*) can be expanded as: ((t) = > 200 ;a).,i’( )( t). Des-
(0)

ignate a; = a; for convenience.
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Lemma C.1. Suppose that p(t) € L2(R") is r—th differentiable such that t2p®) (t),v =
0,1,...,7, are in the space L*(R") as well. Let p,(t) = ];:0 a; Z;(t) be the truncation
series of p(t). Then

(p+1-71)

!
le(®) - ep0)I? < LS R ), (©1)
2
1
- o))< — | sup | L] REp), (ifr>1 C.2
o) = ep(@)]° < p—r <j>p51| i( )l) (p), (if r>1) (C.2)
for sufficient large p, where R?(p) = Z;’;pﬂ[ag-r_)r(@)]z is an infinitesimal with p — oo in

which @(t) = t/2e~t/2[p(t)et/r).

Actually approximation of ¢,(t) to ¢(t) in the above lemma is uniformly. The table
on page 699 of Askey and Wainger (1965) shows that, given any « > 0, there are positive
constants C' and -, independent of j and ¢, such that for all integers j > 0,

Ct2me/2, ifo<t< L
(a) Ct_1/4m_1/4, if L <t é %
<2 (0)] < " (C.3)
Cm=3/*(m/3 4 |t —m|)V/*, if F<t< 37m
Ce ", if t > 377”

where m = 45 + 2a + 2.
We omit the proof of Lemma C.1 since it is a conventional result.

PROOF OF THEOREM 2.1. In view of the facts that © is a Hilbert space and {Q;(t, Z(t))}

is an orthonormal basis in ©, it follows. O
PRrROOF OF THEOREM 2.3. It follows from Hilbert space theory. O

PRrROOF OF THEOREM 2.5. For A is a Hilbert space with orthonormal basis {Q;(t, Z(t))-Z;(t)},

it follows immediately. O

Lemma C.2 (The Occupation Time Formula). Let M; be a continuous SMG with quadratic

variation process [M];. Then,

/Otf(s,Ms)d[M]s = /Z da/otf(s,a)dLM(57a) (C.4)

for every positive Borel measurable function f(t,x).
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Observe that with the condition B (c) in Assumption B that (U, W,,) —p (U, W) on
DI[0,1]?, it follows from the so-called Skorohod-Dudley-Wichura representation theorem
that there is a common probability space (£, F,P) supporting (U2, W?) and (U,, W,,)
such that

(U, W) =p (Un, Wa) and (U, W) =as. (U, W), (C5)

in D[0, 1] with uniform topology.
Lemma C.3. Let Assumption B hold. We may represent UL introduced in (C.5) as
()02
n n
with an increasing sequence of stopping times Ty in (2, F, P) with 7,0 = 0 such that as

n — 00
Tk — k

sup

1<k<n nd

‘ ~ra.s. 0 (C.6)
for any 6 > max{%, %}, where q is the moment exponent in Assumption B for {ex}.

This lemma is exactly Lemma 2.1 in Park and Phillips (2001). Readers can find the

proof there.

To study the convergence of the statistics in Theorem 3.1 we introduce for any ¢ > 0
and 0 <r <1,

[nr] [nr]

20 =23 (Fewnn ) and 20 =Y [ (B eatonn o+ 20 ) )
k=1

n

k=17
where ¢(z) = \/%e*%/z. For later use we also define ¢(z) = ﬁ exp (—%) for some
€>0.
Lemma C.4. Suppose that Assumptions C and A (c) hold. Then
lim lim sup E|L{) — L{)| = 0. (C.7)

e—0n—o0 0<r<1

Proof. The proof consists of two parts according to zj, being continuous and discrete
respectively in A (c).

The following arguments about the continuous case naturally treat those used for the

univariate case in Wang and Phillips (2009a) as a special case.
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Denote Y}, ,(2) = f (%, cnwkm) —f (%, cn(Thp, + ze)) We have
sup E|LM) — L)

nel = Sup E|— / ZYk”

0<r<1 0<r<1 00 1

[nr]

sup F Yin(2)| ¢(2)dz,
N J—000<r<1 ; " (=)

cn [

IN

by the fact that [ ¢(z)dz = 1. Notice that, by Assumption A (c),
& k k
E|Yk,n<z)| = f ;7 Cndk,O,nx - f E7 C7Ldl~c,0,n3U + cpze hk,O,n<x)dx

Scndllio,n [/Z’f <fb,x> dw—l—/i‘f (fb,x—l—cn,ze) da:]

_ 2K g, (’“) , (C.8)

Cndk,O,n n

where Go(+) = [*_|f(-,2)|dz and K is the uniform upper bound of the density fy ..
Accordingly, for each z € R,
[nr] n

n
cn sup F ZYk’n <%Z 2K Go (l:b) ZQKKle

n o<r<1 — Cadyon n — di,on

< 00

by virtue of (3.3), where Ky = sup,c(g 1) G2(t) < oo due to the continuity of Ga(t). It
therefore follows from the dominated convergence theorem that, to prove the lemma, it

suffices to show that for any fixed z,

2

9 [nr]
C
A =2 E E Y, —0
() n? Oiligl 1 kn ’

as n — oo first and then ¢ — 0. Meanwhile, we have

2 n n—1 n
c 2¢
<EY BYE() 3y Y [Een(2)Yin(2)]]
k=1 k=11=k+1

=A1n(€) + Aoy (e).

We next investigate A1, (e) and Agy(€) separately.

In view of Assumption A (c), we have as n — oo

0= 52,0 - 537 [ () - (& o 2]
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A oL [ k k 2
=32 Z/_ [f <n,cndk,0,nw> —f (n,cndk,o,n:v + cnze>] P00 (2)dx
—, | — —, T+ cpz€ T
n2 Cn k0n J—oco n’ n’
2 n
4Kcy, 1 k
dr = n2 Z G3 <n>

y _
k=1 k,0,n

where K3 = sup¢(g,1) G3(t) and G3(-) is continuous on the interval in question.

We then prove that Agy,(€) — 0 as n — oo. Because

9 n—1

Azn(e) = Tf Z Z |E[Yion (2)Yin(2)]]

1l=k+1

20n
=5 Z |EYin(2) E(Yin(2)| Fin)]l,
k=11l=k+1

For k < [, we begin with the following calculation of the conditional expectation:
l l
BN Fin)l = B | (s atin ) = 1 (5 ealain +2¢) ) [ Fen
l
’ [ ( s CnThn + Cn(Tin xk,n)> —f (n, cnThp + n(Tin — Thp) + an6)> ‘Fk,n}

l
<  CnThy + Cudy i ny> f <n, CnThm + Cadi g ny + Cn26>] higen(y)dy

l — CpThn l — CpTl.p — Cn€z
/ =) hign Y~ ok ) _ fl=y) higkn Y , dy
Cndl,k,n —00 n Cndl,k,n n Cndl,k,n
1 & l Y — CnThn Y — CpThyn — Cn€Z
= — h ) — Rk : d
cndikn 1) —oo ! (n,y> [ Lhon < cndlkm > bk, ( cndl ko Y
1 o0 l
<o [ | (L) |V eniatas

where V(, cnZin) = hin <y*0nxk;n> ~ hign <w)

endy cndikn

Recall the definition of €, (¢) in Assumption A(c) and note that a pair (I,k) (I > k)

belongs to either ©,(e'/270) or its complement. It follows that

[E(Yi0(2)| Fhm)
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B[N (y)dy = 2E—Gs (1), if (1, k) & Q,

< Cndl,k,n Cndl,k,n

cn?lzli,n ly|>v/en |f (9| dy + m fly\Sﬁ £ (5,9) IV (y, cnin)ldy, otherwise.

According to Assumption A (c), inf(l k)€ (€1/2m0) dijen > %, and at the same time
we can choose n large enough such that \/c,e > 1. For |y| < /¢, and |z| < /¢, + cnl2]e,
when (1, k) € Q,(e"/2™0), we have

y—o Y — T — Cpez
1% = |hign ECETN S —
| (y7 33)| Lk, (Cndhk,n) Lk, < Cndl,k’,n ) '
. — T — cpez
hl,k,n (Cydl B ) - hl,k,n(o)‘ + hl,k,n (y> B hl’kyn(O)’

Cndl,k,n
SQ sup \hl,k,n(u) — hl,k,n(o)’ . (09)
|u|<2C(1+]2]) /e

<

Therefore, when |y| < \/c,, n is large enough and (I, k) € Q,(e!/2™0), we have
E|Yk n( )I!V(y, CnT k,n)|

:/ <k Cndk:OnfE) f( Cndk0n1'+cnze>‘ ’V yacndkﬂnx)|hk0n( )dl‘

< \f (Le)-s( x+)\ V(y,)lda
CndkOn — n
K [ ‘f <:,$>‘ |V (y,x)|dx + ‘f <n,x+cnze)’ |V(y7:1:)|da:}

_Cndk’ ,0n

_ (G v+ e - sl

cndk On J—
K k

7 ol B R O
nlion |Jjal>yer  Jal<yer T\

dx

2K? / k >
S f ) x
Cndk,O,n |z|>\/cn n

K k
. () |1V 4V = ozl
CnOk,0n Jiz|</cn n

o Lol ()
S f 77:5
Cndk,O,n |z|>+/Ccn n

4K
d sup ’hl,k,n(u) - hl,k,n(0)|
En@k,0m |u|<2C(1+|2])v/e |z|<\/en

[V (y,z)| +|V(y,z — cnze)]]daz]

+

dzx

dx.

()

|E(Yk,n(2)}/l,n(z))| = |E[Yk,n(z)E(YVI,n(Z)|‘Fk,n)}|

We summarise that if (I, k) € Q,, equation (C.8) yields
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2K l
< Go (n) |EYy n(2)]

Cndl,k,n

4K? l k
< - _ _
~ Edigndion G2 <n> e <”> ’

|E(Yin(2)Yin(2)] = |E[Ykn(2) E(Y1n(2)| Frn)l
< E[Yen (IE V0 (2)| Frn)l]

], )
mn

a Cndl,k,n ly|>+/cn
l
f ( y) ‘ EYin()IV (y, cozin)|ldy

” o
/|
/|

while if (I, k) € Q,,

dyE|Yn(2)|

1
|
cndikn Jiy|</en

4K? k
Soo———— G2~
ik ndr0.n n |y|>\/a

)
—-— Y
cndikndion Jiy<yar |” \n

X sup 1P ke (1) — Pk (0)]
[u|<2C(1+|2])v/e

dx

()
()

N 2K? /
ik ndion \yls\/a >\/en

dx

<\fen

Finally, we have

2 2
[Azn(e)l <—5 o + > | ElYan(:)Yin(2)]
>k, (LE)gQ  (Lk)eQ,
92 n n 2= 1 k+en
<=3 D D ElVea(a)Yiale |+f§j > EYin(2)Yin(2)|
k=(1—e)n l=k+1 k=11=k+1
en n—1 n
c? 2¢2
Z Z EYen(2)Yin(2)| + 3> 0 D ElYin(2)Yin(2)
k=11=k+1 k=1l=k+en
1 < 1 I — 1
<8K’K3— ) max — )
M imem dyon 1<ksn-1n £~ din
1 n—1 1 1 k+en 1
+ 8K2K2— max —
; dk,(] n 1<k<n—17 l:;l dl,k,n

1 1 1 1
SK2K? -
+ nzdkonlgll?gaéiln Z
k=1 " l=k+1



1 1 1
K2K. -
PSR [ ey > max Y

ly|> /e = dio.n 1sksn—1 £~ dijn
| G|
—|—4K2K2/ cf(x)dr—; max
|x\>¢a ! n? ;;1 dkon ISkSn_ll:;H dik.n

d sup |hi e (w) = h g n(0)],
Lk Jul<2C(1+|2]) /e

+8KK de0n1<k<n L Z

in which we have used Assumption C (c) that | f (%, y)| < cf(y) and the fact that

/ f(l,y)‘dySGz <l> <Ko
ly|<v/cn n n

In view of Assumptions A (c¢) and C, by virtue of the dominated convergence theorem,

Aop(€) — 0 as n — oo and then € — 0. This finishes the proof of the continuous case.
The proof of the discrete case is quite similar to that of the continuous case. Some
critical steps are shown as follows.
Let Ay, be the set of points that zj, assumes. Suppose the points are equally dis-
tributed on R with distance A. In what follows, define By, ,, := ¢ndj 0 nAkn = {cndiona :
a € Agy}. Then,

EYjn(2)| =E ‘f <k,cn:vk,n> —f (i,cn(xk,n + ze))‘
= ‘f < s Cndi 0 n$> - f <7]z, cn(dy,0n + ze)) ‘ Pion(7)

TEA,

k
3 [ () o (o) e ()
2€By, n Cndk,0,n
k
< Z ’f(,:ﬂ)‘—i— 'f(x—i—cnze)‘
n
x€BLn x€By,

1
= — T
Cndk,O,nA By, ‘f < >

T

1 k
+ — f (, T+c ze>
cndionD :ce% ‘ n "

<; ﬁ:1: dﬂc~l—/ka—|—cze
~endp o n’ n’ "

2 k 2 k
- - FoVlde= —= ., (&
cndkvoﬂA / ‘f <n7$> ! cndk:,O,nAG2 <n)
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2

<—K
o Cndk,O,nA >

where we may modify the function f, e.g. f°(-,x) = maxy>, |f(-,y)| for x > 0 to get the
inequality in the derivation and note that the result above is similar to (C.8). Following
the same arguments as before, to complete the proof, it suffices to show both Ay, (€) and
Agy,(€) converge to zero. Nevertheless, A, (€) — 0 is easy to obtain, while the key step in

the proof of Agy,(€) — 0 is the evaluation of the following conditional expectation.

BN = B[ f (renin) = 1 (o enann +20)) [Fi

l l
I:f <7’L CnTkn + Cn(wl n wk,n)) - f <n7 CnTk.n + Cn(l'l,n - xk,n) + Cn26)> ‘]:k,n:|

E
l l
= f n’ yCnThpn + Cndl,k,ny —f E’ CnTkn + Cndl,k,ny + cpre dFl,k,n(y)
/ i y ) dFikn Y~ CnTkn /f l,y dF|kn Y~ Cnhn — Cn2
cndykn n cndikon
{ — CnThn — CpThy — Cn€z
= [ (Go) B (L) = i (2
n Cndl,k,n Cndl,k,n
[
Zl/f<nw>dQ@mmmw

Y—CnTp, Y—CnTh,n—Cn€Z
e Qi) = i (55252) - i ()
Thus,

)

[E(Yin(2)[Frn)]

aien [ Gl dy = 5262 (3) if (I, k) & Qn,
Cndl,ﬁ |y|>ﬁ‘f(%7y ‘dy—i‘ ’ﬁy|§ﬁf(%7y) dQ(y, cnTrn) |, if (I,k) € Qp.

IN

Then the important ingredient is to deal with the following expectation.

/ f <lv y) dQ(y, Cnxk,n)
lyl<ven n

=K ’f <7]zacnxk,n) - f <f;acn(xk,n + Z€)>‘ ‘/|y§\/af <7llay) dQ(yacnka,n)

k k
:/ ’f <acndk,0,nl’> —f <,Cn(dk70,n1’+ze)>
n n

{
/ / <, y> dQ(y, cndi,onx)
ly|<v/en n

E|Yk,n’

X dFk,O,n(x)
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:/’f (k,:v> —f <k,m+cnze)’
n n

/ f <ly> dQ(y, )
lyl<v/en n

X
dF]
B0n <Cndk,0,n )

< Gl et () 0 amon (S55)
o Goros || (o) o (55)
S Gl fe? o) 00| (50

l
PG|t () dawe ez
k l

T — Cp2€
e (255
Cndk,O,n

X
()
Cndk,O,n

l €T
s < ) [ s (y> 1Q(y. 2)| dFron ( )
|2|>/Em yl<vem \T cndk,0n
k l T — Cpz€
s < ) [ s (y> 4Q(y, 7 — ez€)| dFrom <>
el<yen |- \n l<ven  \N ndk,0n
k l T — Cpz€
s < ) [ s (y> 4Q(y, 7 — ez€)| dFrom <>
jal >y | \7 yl<yen  \7 Cnd,0,n

4
::ZTi(l,k‘;n).
1

For T1(l, k;n) is similar to T5(l, k;n), and Ta(l, k;n) is similar to Ty(l, k;n), we only
explain 77 (1, k;n) and Ta(l, k;n).

k l
T1<l)k7n) _/:Elg\/a f <n7x>‘ |/y|§\/§f <nay> dQ(y,LE‘)

()

dFk,O,n < d
Cndk.0n

>

> () P P (o

Cndk 0
|z|</en lyl<v/cn i
xEBk,n y€x+CnZ€Bl,k,n

where By, = {cndigna : a € Ajgpn}, in which A;,, is the set of points that (x;, —

. : _ Y—CnTkn Y—CnTk n—Cn€Z
Tkn)/dkn assumes; meanwhile, P(y,x) = Pl in ( i ) — Pign (W)

49



Notice that when |z| < \/cp, |y| < \/cn and (1, k) € Q,(€), we have

Y — CnTgn Y — CpnTgn — Cn€z
o (1552 i, )
cndi ko Cndi ko

Y — CpTgn — Y — CpTin
E7k7" < d - F’l,k,n d
Cnd] k,n CnAl k.n

Y — Cpnn — Cn€Z _ Y — Cpny — Cn€Z
—Fl,k,n< >+an< >‘
cndi ko . cndikn

[Py, )| =

<4 s |Fin(s) - Fin(O)]
|u[<2C(1+]2[)ve
Here F}, () denotes the left limit of the function at the point.
Therefore, we have

4 1

Tl k;n) <
1( ' 7”) _Cndk,O,nA cndl,k,n

k l
AG2 <> e <> sup [ Fl e (1) = Fign(0)]-

n N/ |ul<2C(1+]2])ve
k
f <y> ' dy
n

k
I <n’ 96) o /y|<\/§
/(5
n

As can be seen, every term in Agy,(€) has the similar evaluation in both continuous

Regarding T5(I, k;n), we directly have

2 1
To(l, k;n) <
2( ) Cndlc,O,nACndl,k,nA |z|>+\/cn

dz.

< 2 ! G L /
_Cndk,O,nACnlef,nA ? n |z|>+/cn

and discrete cases, so that we obtain the vanish of Agy(€). As yet, the whole proof is
finished. O

Lemma C.5. Let Assumption C hold. Then we have for any fized € > 0,

[nr]
I k
L) —/ > 7 <y> Ge(Thn)dy —as 0
Lo T n
k=1
uniformly in r € [0,1] as n — oo.

Proof. Observe that

LnTl _ O /Oo f (i’ cn(Ten + Ze)) o(2)dz

Cn > k Y—CnTin\ 1
- f <y> ¢ (t ) —dy
n oo n Cn€ Cn€
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[ G (& )

It follows that for any M > 0,

Notice that,

n

2 1 k 2
Iy < / > |f <y> ’ dy < / cr(y)dy,
2me Jjyl>m ; n Vare Jysar )

using Assumption C(c). Due to the integrability of c;(y) on R, one can choose large

enough M such that I'y, < ¢ for any given € > 0.
Moreover, since ¢.(z) = _\/%53 e=7/2¢* and |¢.(x)| is bounded by \/ﬁg on R, we

have

A I I
- ¢6(€)< cn>‘ S /7271'6626”’

where § is in between zy, — % and xy.,. Therefore,

¢e <y - -rt,n) - ¢e(xt,n)

Cn

n

1
FZn S/ - f
ly|<m T kzl

M 1
< T 5 b
= V2mee2e, n Z ly|<M ‘f < y)

(k y) lyl dy
n’ V2mee2e,
dy < — ZGQ < >

2meec

Ek 1 G2 ( ) < K5 and ¢, = o0 as n — 00, I'g;, — 0. The assertion follows. [

ProOOF OF LEMMA 3.1. Straightforward verification. O

ProOOF or LEMMA 4.1. It is evident that V is both symmetric and nonnegative
definite, so that for ¢ = 1,--- ,p, A; are all real and \; > 0. Moreover, > 2| \; = tr(V) =
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tr(v'v) = tr(vv’) = ||v||* = 1. Nonetheless, A\; = 1 since Vv’ = v'vv’ = v'. Whence, the
assertion follows. O
PROOF OF PROPOSITION 4.1. Straightforward calculation. O
PROOF OF PROPOSITION 4.2. Straightforward calculation. O

O

PROOF OF PROPOSITION 4.3. Straightforward calculation.

D Proofs of the main results

PROOF OF THEOREM 2.2. We begin with the calculation of the coefficients ¢;(t, f) =

E[f(Z(t)Qi(t, Z(t))] where Q;(t,z) = %(t)yi(t, x). If Z(t) is continuous with density

function p(¢,z), the polynomials y;(¢,xz) orthogonal with respect to p(t,x) satisfy the

differential equation
s(t, )i (t, @) + v(t, 2)yi(t, ) + Xi(®)yi(t, x) = 0,
where s(t,x) > 0, v(t,x) and p(t, x) satisfy conditions (A.4) and X\;(t) = —iv/ (¢, z).
The self-adjoint form of the equation is

(s(t,z)p(t, z)yi(t, ) + Ni(t)p(t, z)yi(t,z) = 0.

Multiplying by f(x), integrating by part on (a,b), we have
b
f@stt oottt — [ sttt o) f (@)

b
== n(t) [ plt.)uitt, ) (@)

Let us prove that f(x)s(t,z)p(t, z)y}(t,x)|% = 0.

Suppose lim,_, f(x)s(t, z)p(t, 2)y.(t, ) = b; # 0. Then, as x — b,
fla) o = Ppta) ~ i
s(t, x)p(t, ©)y;(t, x) ’ s2(t, x)p(t, ) [y (¢, z)*

(1) Note that b = +o00. Because of boundary condition, f?(z)p(t, z) will go to positive

infinity as  — oo, which leads to the infiniteness of the integral fab f2(2)p(t, x)dx.
The above discussion applies to the situation where a = —oco as well.
(2) When a is finite, according to Nikiforov and Uvarov (1988, p21),

s(tyx) ~x —a, and p(t,x) ~ (z —a)®, where a > —1.
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Hence, when x — +a,

1

f(z) ~ @ —a)ite’ and f2(z)p(t, ) ~ !

which implies the infiniteness of f; f2(2)p(t, x)dx.
Thus, the relation (D.1) reduces to

b b
/ pr(t, )yl (1) (@) dz = A(t) / plt, 2yt 2) f(2)dz,

which is exactly the following relationship: di;(t)ci(t, f/) = Ni(t)d;i(t)ci(t, f), or equiva-

lently

ci<t,f>:% (1),

We can iterate the relation until r-th derivative,

A _ dri(t)
ci(t, f) —di(t))\'(t)nli(t) e nr—1,4(1)

_ /—7“ (t—r) tfr))

where we have used the relationship (A.6) with 7;;(t) = A\i(t) — A\;(t) =
s — 7).

ci(t, f(r))

(D.2)

—V'(t,x)(i = j) =

If Z(t) is a discrete variable for each t > 0, p(t, x) is the probability distribution of Z(t).

The polynomials y; (¢, z) orthogonal with respect to p(t,x) satisfy the following difference

equation

s(t, ) AVy;(t, ) + v(t, 2) Ay (t, ) + Ni(t)yi(t,2) =0

where s(t,xz) > 0, s"(t,2) = 0 and v/'(t,2) < 0. The self-adjoint form of the difference

equation is

A(s(t,x)p(t, 2)Vyi(t,x)) + Ni(t)p(t, z)yi(t,z) = 0.

Multiplying by f(z) and summing up over the support of p(t, x),

Z f(@m) A(s(t, mm) p(t, 2m) Vit 2m)) = —Xi(t) Z f(@m)p(t, 2m)yi(t, Tm).

Summation by parts gives

F@)s(t,x)p(t,x)Vyi(t.2)lo = D st @mrr) plt 1) VYilt @) A (20)

m
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= N 3 S @)l 2 )it )

m

It is easy to prove that f(x)s(t,z)p(t, 2)Vy;(t,z)|2 = 0 similar to the continuous case.
Note that Vy;(t, tm+1) = Ayi(t, ) and s(t, Tpt1)p(t, Tmt1) = p1(t, T ). Therefore,

Zpl t xm)Ayz(t ajm)Af(xm = )\ Zf xm t xm)yz(t ‘rm)

which reads ¢;(t, f) = Cfl)lc(l )(t ci(t,Af). We iterate this relationship and obtain again
(D.2) with derivative being substituted by difference. Adopting our operator D, we have

cilt, f) = Volt ,/ ci(t, D f) (D.3)

Now we are ready to obtain the result. Using (D.3),

o0 [e.9]

1HZ@) - 1Z@)E = 3 Enh = 3 o ;,”!c%u,DTf)
i=k+1 i=k+1 '
<wor 0 S 2o - Lr o),
i=k+1

where R (¢, D" f) = (1+o(1)[v(t)]" > 02,41 ¢2(t, D" f) — 0 as k — oo for every t > 0. O

PROOF OF THEOREM 2.4. It follows from the orthogonality that

k 00
Hf(t,Z(t)) fkpt Z % Z Z 1]+ Z ZCU
i=0 j=p;+1 i=k+1 j=0

Since ¢;(t, f) € C?0,T], the expansion of c(t, f) in terms of ¢;7(t) is convergent

2
uniformly on [0, 7] (see Davis, 1963, p142). We thus have ¢;; = (%) b;(c), where b;(c/)
stands for the j-th coefficient in the expansion of ¢’(¢, f) in terms of ;7 (t). Then

DT i;i() pz (D)L 5w

1=0 j=p;+1 =0 j =0 p’ Jj=pit+1
Sji Z bi(cf) < Ck,p)T* 54—,
pmll’l j:prrlirl+1 min

where C(k,p) = 7% maxo<;< Zj —pmint1 b?(cll)

On the other hand, using (D.3) we have

S 3= S et N = Y

1.
i=k-+1 j=0 i=k+1 i=k+1

o (v o)
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r 2 1 2
¢ (t, w)' D f)’LQ[O,T] — —RL O

E—1) &
2y

1=k+1

PROOF OF THEOREM 2.6. It follows from the orthogonality that

k 00 00 0o
IF( Z(8) = Frp(t ZEDIE = Z it Y >
i=0 j=p;+

i=k+1 j=0

Due to (D.3), = o) "y/ @ ;,41 t, D™ f). Accordingly,
S > (i —1)! "o,
S S = Y Il e = > e e D2

i=k+1 j=0 i=k+1 i=k+1
(k’ + 1-— Tl)! > ) 1 2
Swizkil\bz(t,\/v(t) D™l
=(1+o0(1 )) Z i ¢, /o) D™ )|* = —Ri(k),
i=k+1

where R%(k’) = (1+0(1)) Z;)ik—i-l b (t, V v(t) 1Dr1f)”%2(R+)~
On the other hand, according to (C.1) in Lemma C.1,

> <P 3 Wb

Jj=pi+1 Jj=pi+1

where b;(t) = t72/2e7/2[b;(t, f)e!/?](r2) and a§7;232 (b;(t)) are the coefficients of the expansion
of b;(t) in terms of .,§fj(r2)(t). Thus,

>3 e LR S e

oI =0 Jj=pi+1
(pmin+1 —r2)! > oy~ "
<kt ok S ) (B0 < Clkp)
J=Pmin+1 2

where C(k,p) = (1+0(1)) maxoi<p 35, 1[al"), (b;(1))]%. This finishes the proof. [

J—r2
PROOF OF THEOREM 3.1. In view of Lemmas C.4 and C.5, we start to investigate the

convergence of
[nr]

/OO 1Zf< ,y>¢>€ T )y
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It follows from Assumptions A (a) and C, the continuous mapping theorem and the

occupation time formula in Lemma C.2 that
/Z Tllliiif (Sy> Pe(@k,n)dy
8t [ ()=t (4
~ [ (") butopaie — 610060 + 161 () butoim)
=D /r G1(t) pe(W(t))dt asn — oo
—/ @/(h(M)Mw@w
- / dy / G1(D)d(y)dLw (t, ey) and then as € — 0
N / dy / G1 ()6 (y)dLw (1,0)
_ /0 Gr ()AL (1,0).

This finishes the proof of (3.6). To prove (3.7), we need only to show the following:

ma/Zig?(jﬁmummh%ﬂhw@mmmu

0<r<1

= sup iZQﬁe(xknGl( > /Gl ) oe(W(t))dt

0<r<1

(D.4)

= s | [ 61 (22) outopmar - Ler0)60)+ 26 (M) aaon)
- [[Gi@owion

< o1 (B0 o) — Gt en) ae + 2,

where A comes from the bounds of G; on [0, 1] and ¢, on R. It follows that

1
J
1
),
0

61 (") outatu) = G007 0)
G1 (@) — G1(t)‘ |be (@ g n)| dt + /01 IGL()] |pe(pngn) — G (W (2))| dt
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1 [nt] 1
< 27T€/0 G1< " )—Gl(t)’dt+orgf,<><1|G1(t)|/0 ‘qbg(x[m]’ ) — (W |dt
e [nt]) ’ 1
= G| — ) - Gi(t)|dt + —— Gt i — W)
B 27T€/0 ' < n 1(¢) V2mee? Org%xl\ i )|OSSLL}21 ‘x[ t ( )‘

Hence, using the dominated convergence theorem and Assumption A(b), as n — oo,
(D.4) converges in probability to zero. Then the assertion follows as e — 0.

Now we turn to prove (3.8). Define, for ™=t < ¢ < Tt

S (S (2)) (0 (22) -0 ()

wvas (Lew? (1)) (vo - v (=), (0.5)

n

where 7, (K = 1,...,n) are the stopping times in Lemma C.3. It follows that, for
any n > 1, My(t) is a continuous martingale with respect to the filtration F,(t) =
oc(W2 (L), .., W2 (L),U(s) |s <t, =L < ¢ < 1) We can then derive that

nr]
U ( , CnTk n) ek L M, (TZL’Z) , if Tn; Lor< T:;l (D.6)

and deduct from (C.6) that

(Tnik . Tn,k—l) 1

n n n

sup = o(1), a.s.. (D.7)

1<k<n

The quadratic variation process [M,] of M,(t) is that

i—1 k I . - . , .

ke =en 2 1* <n’C”W7? (n)) (=) ref? (:L’C"Wg (:)) (t1==7)
_Cji_ 2 (k ok 2 (1 ot  Tni-1

3 (n,cnwn <n>> (1+ 005 (1) + cnf <n,ann <n>> (- Tty

oot (a2 () (1= 57)

=& f? (Z, Cndi,o,nﬂb‘) hion(x)dz < / f? <27 l‘) dx
n n ndion J_oo n

—00

K ; KK
= G3 <Z> S 5 — 07
n nd@o’n

o7



where K3 = maxo<i<1 G3(t) and by Assumption A (C), nd;p, — oo, we have that
cnf2 (%7cn$i,n) (T e 1) —p 0.
It therefore follows from (3.6) that

Mo —p /O ' Ga(a) AL (a.0), (D.8)

as n — oo.

Moreover, the covariance process [M,, W] of (M,, W) is
U k 7' k Tn.k—1
— o 0 Ink n,
[M'mW]t —\/aZf (n’an” < )) ) Ouw
k=1
+eal <Z, (;)) (t= ™) 0w
— , (k
:Uuw(l +0as ( Cn »2 <>>
n’

"‘Uuw\/af( CnWO( )) _Tnz 1

for any t € [0, 1], where oy, = Cov(U, W). Meanwhile, using argument in Example 25.7

on Billingsley (1995, p332),
s (et (7))o

L)
f <z,an£ (i))' —D /01 Go(t)d Ly (t,0).

n

fnk,

i
Cn

because ¢, — oo and using (3.6), we have

n
Cn
n

k=1

Additionally, |\/cnf (L, e, W2 (L)) (t — 21| < \/& |f (£,cnW0 (£))] —p 0Dy the sim-
ilar argument as above. Thus,

[M’na W]Tn(t) —p 0, <D9)
where T),(t) = inf{s € [0, 1], [M,]s > t} be the sequence of time changes. Then, in virtue of

DDS (Dambis, Dubins-Schwarz) theorem (see, for example, Revuz and Yor, 1999, p181),
it follows that the process defined by



becomes a so-called DDS Brownian motion. Also, M, (t) = B"([M,]:), and it follows from
Theorem 2.3 of Revuz and Yor (1999, p524) that (W, B™) converges in distribution jointly

to two independent Brownian motions (W, B). Therefore, we have as n — oo

\/a [nr] ( - n) o D M, (7’:;’)

=My(r) + Oa.s.(l) = B"([Mn]r) + 0a.s.(1)

o8 ([ Gatoranatan) = [ Gtoritato.n) ' B,

This finishes the whole proof. O

PrROOF OF THEOREM 3.2. It follows from the definition of the class 7 (HI) that

[n7] [nr] [nr]
Cn Cp, S Cn S
no(n) ;F(s,cnars n) =— ;f (;, cnxs,n> + o(n) ; R, ( Cnis n)
_Hl + HQ

As suggested by Theorem 3.1, under Condition A(a) and A(c) in Assumption A, we
have I} —p [y G1(t)dLyw (t,0), while under Condition A(b) and A(c), we have II; —p
Jo G1(t)dLwy(t,0) uniformly in 7. In order to complete (3.9) and (3.10), it thus suffices
to prove that Il —p 0 uniformly in r under Condition A(c) by virtue of the properties
of convergence in distribution and in probability (see Theorem 25.4 on Billingsley (1995,
p332) for weak convergence and any text book for convergence in probability. We do not
mention this any more in the sequel).

If F(t,x) is in the class T(H ;) and g, (t)/v(n) — 0 uniformly in ¢ € [0, 1] as n — oo,
for a given ¢ > 0, when n is large, 0 < ¢,(t)/v(n) < € for all . We then have from
Assumption A(c) that

[nr]

sup E|Ily| < sup ZE‘R ( cnx3n>

0<r<1 0<r<1
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1
—n Z dsOn /— )hS,O,n (Cnds(] nx> de
<6K/ P(x)dx— Z

where K is the uniform upper bound of the densities hy ,(z). Thus, the desired result

dsOn

follows from (3.3) as n — oo and € — 0.

If F(t,z) is in the class T(HI2), |Rn (2, cnsp) | < qu(t)Q(nt)P(crzspn) with P(z)
integrable, lim,, o ¢n(t)/v(n) = I(t) which is bounded on [0,1] and Q(y) that is bounded
on any compact interval and limy_, 4 Q(y) = 0. We have when n is large, ¢,(t)/v(n) =
[(t)(1 +o(1)) and for a given € > 0, there exists so > 0 such that 0 < Q(s) < e whenever
s > sg. Whence,

(]
01&E1E‘H2| = U 0281 Z B ‘R ( » Cnits n)
[m}

oty 2, 2 (7)) QI EP(erz)

(g) Q) B[P (csn)]

IA

;Hglsx ZQ / Pcn sOnx)hs()n( )d

o0 I~ 1
< —
—KoIgf‘gXll(t) /OO P(x)da:n - ds70,nQ(S)
00 1 50 Q
=K P
o 0 [P ( dson Z )
< .
Kolgfgcll(t)/oop( ( Z; . ’n stOn)
—0,

as n — oo and then ¢ — 0 due to (3.2) and (3.3) where K(sp) is the maximum over
Q(1),---,Q(s0). This finishes the proof of (3.9) and (3.10). Now we turn to prove (3.11).
By virtue of the definition of the class T(HI),

[nr]
\/7 Z F (s, cpxs n
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[nr] [nr]
[Cn S fcp, 1
= ﬁ ;:1 f <E7 CTﬂ's,n) es + ; ) §: ( y CnTs n) €s
:=II3 + Ily.

It follows from Theorem 3.1 that

IIs —p (/OT Gg(t)dLW(t,0)> N,

as n — 0o. Hence, it is sufficient to show Iy —p 0 to complete the proof.
The structure of martingale difference of (e, F,, ) and the adaptivity between e, and
Tsn give

[nr]

c 1 s
E[H4]2 = Uz;n’u(n)Q ZER?L <E7Cn$57n> .
s=1

In a very similar fashion as in the proof of IIy —p 0 we can show that E[I4]*> — 0.

This finishes the proof. O

PrROOF OF THEOREM 3.3. Notice firstly that under Assumption B, with the argument
in Lemma C.3, we may rewrite any statistic about U, and W,, equivalently in distribution
into an expression of U? and W2, so that we can obtain the weak convergence of the
statistic by studying the latter with almost sure convergence of (U2, W2) —.s (U,W).
Such schedule of consideration is referred to as the embedding schedule' in the se-
quel. It therefore is reasonable in the sequel to assume without loss of generality that

(Un, W) —a.s. (U, W) in order to avoid notational complication. We begin to prove the
result in (3.15). We first write that
(s -1 1 >>
n + -
n n

;if@wm):;if(s

_Z/ flr+o(1),Wy(r +o(1) dr—/ f(r+o0(1), Wy(r + o(1)))dr.

Thus, to complete the result in (3.15), it suffices to show

/fr+o Wa(r + of1 >>>drm/frw< ))dr.

'We emphasize that the embedding schedule applies in the subsequent proofs. We shall mention it

without showing the details whenever it is used.
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Because of the condition (b) in regularity definition, there exists a constant ¢ > 0 such
that f(¢,z) is continuous in = whenever |z| > ¢. Let J = [-¢ — 2,¢+ 2]. For any given
e > 0, it follows from the regularity of f that there exist continuous functions L(r, x),

fo(r,x) in 2 and § > 0 such that whenever |z — y| < 6 on J, for each r € [0, 1],
[ (ra) < f(ry) < f(r ).

Note that when z = y € J, we always have L(r, r) < f(r,z) < f.(r,z).

Since supg<,<1 |Wn(r)=W(r)| = 04.5.(1), let n large enough such that supg<, <1 |Wn(r)—
W(r)| < 36 almost surely. Without loss of generality, assume that ¢ < 1.

Observe that for large n, |Wy,(r + o(1)) — W(r)| < [Wa(r + o(1)) — W(r + o(1))| +
[W(r 4+ o(1)) — W(r)| < ¢ almost surely uniformly in r where we exploit the fact that
Brownian motion sample path is almost surely continuous, hence almost surely uniformly
continuous on [0, 1].

Denote A(r) = {|W(r)| < c+1}. It follows that on A(r), when n is large, W, (r+o(1)) €
J, W(r) € J; while on A(r), |[Wp(r +o(1))| > ¢, [W(r)| > e

Notice that from Condition (a) of regularity,

1 1
/ fr4o(1),Wy(r+o0(1)))dr — / flr,W(r))dr
0 0

1
S/O £ (r 4+ 0(1), Wa(r + o(1))) — f(r, Wa(r + o(1)))| dr
1

_l’_

/ L W+ 0(1))) — F(r, W (r)]dr

0

/0 (s W + (1)) — F(r W (r)]dr| .

@(1)/0 L(Wo(r + o(1)))dr +

However,

1
/0 L W+ 0(1))) — F(r, W(r)]dr

1
S/O [f (r, Wa(r +0(1)))dr — f(r, W(r)) L (A(r))dr

1
+ /0 [ Wl 4 0(1))) — £, W(r)I(A(r))dr

1 JE—
< / F.(r, W () = £ (r, W) I(A(r))dr
0

+

1
/0 L W+ o(1)))dr — F(r, W) (A(r))dr
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=Aq1 + Ao,

where I(-) is the indicator function.
Moreover, it follows from the occupation time formula for bivariate Brownian functional

that

1
A= / [fe(r,W(r)) = f (r, W(r)IL(W(r)] < e+ 1)dr

/ da / f.(r.a)] dLw (r,0)

S/J sup [?e(r, a) —ie(r, a)} da/ol dLyy (r,a)

0<r<1

:/Lw(l,a) sup {?E(T’a)_iﬁ(r’a)} da
J

0<r<1

<supLW(1,a)/ sup [?E(r, a)— f (r, a)} da —4.5 0,
acJ J0<r<1 =€

as € — 0, due to regularity of f and sup,c; Lw(1,a) < 1 almost surely.

Furthermore, because f(r, ) is continuous on |z| > ¢, the continuous mapping theorem
implies that As — 0 a.s.

Regarding of fo Wy (r + o(1)))dr, since L(-) satisfies Condition (b) and (c) in reg-
ularity, similar derlvatlon as above yields it approaches to fol L(W(r))dr almost surely.
Hence, the proof of (3.15) is completed.

We are ready to prove (3.16). Once again the embedding schedule described in the
first part permits us to derive it under a stronger condition that (U,, W) —4.s (W,U).

Let us write

fz e I

=2 (e (S o) )

=Z / S+ 0{1), Walr -+ (1)U ()

s=1 n

&
/N
S|
N—

|

&

7N
V2)
3|
[—
N———
N——

3

) 4
:/0 S+ 0(1), War + 0(1)))dUn(r) = 311,
k=1
where

1
II; —/0 [f(r 4 o(1), W (r + 0(1))) — f(r, Wa(r + 0(1)))]dU,(r)
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1
I, — /0 £ (r, Waa(r + 0(1))) = £o(r, Wa(r + o(1)))]dUs(r)
I, — /ferwmo( ))dU (r /fng r)dU ()
H4:/0 fe(r, W (r))dU(r),

in which denote f.(r,x) = f.(r,x) or f.(r,x) for notational convenience. Observe that
(fe(r, Wy(r+0(1))),Un(r)) = (fe(r,W(r)),U(r)) almost surely due to continuity in = of
fe- Tt follows from Theorem 2.2 in Kurtz and Protter (1991) that Il —p 0 as n — oc.
Therefore, in order to finish the proof, we need to show (1) II; —p 0 when n — oo; (2)
for all large n, IlIy —p 0 and IIy —p fol f(r,W(r))dU(r) when € — 0. Let us investigate
them term by term.
It follows from Assumption B and regularity that

2

1
Bl =E{ U+ o) W+ o)) - 16 Wn<r+o<1>>>]dUn<r>}
—02E/ fr+4o(1),Wy(r+o0(1))) — f(r, Wn(r—l—o(l)))]er
1)a§E/ LWy (r 4 o(1)))dr — 0,
0

as n — oo because we have fol LE(Wy(r + o(1)))dr —a.s. fol L?(W(r))dr similar to the
counterpart in first part, and by virtue of the regularity, L?(W,,(r)) can be dominated by
L2(W(r)) when n is large for some € > 0 and L(-) is continuous, Efol L2(Wy(r))dr —
Efol L?(W(r))dr < oco. This finishes the proof of (1).

The convergence of Ils and Iy can be proven at the same time if we show

1
/0 [f(r, Wa(r +0(1))) = fe(r, Wa(r 4 o(1)))]dUn(r) —p 0,

as € — 0 for all large n including n = oo that means conventionally (Us(r), Veo(r)) =
U(r), V(r)).

Let real ¢ be defined as before. All notations €, 6, J, A(r), fc(t,z) and f (¢, z) keep
the same meanings as in the first part. In view of regularity condition (b), we may
find f.(r,r) and f.(r,x) such that they are continuous in z on R for each r € [0,1],
since beyond [—c,c|, we can take f (r,z) = f (r,z) = f(t,z) and due to this reason,

fo(r, @) — f (r,2) is bounded on R. Consequently, sup,¢o,1 (fc(r,z) — f(r,z)) is bounded
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on R because it is continuous and beyond [—¢, ¢] it is zero. Let C be the upper bound of
SUPre(o,1] [Te(Ta .I‘) - ie(r7 I‘)]
By the adaptivity of (Uy,(r), W, (r 4+ o(1))), for large n,

2

B { [ 10+ 0000 = £ Wt + o))}
~o2E | L0 Wl + 0(1) — folr, Walr + o(1)%dr
—UQE/ (r, Wi (r + 0(1))) — £.(rs Wi (r + o(1))PI(A(r))dr
<02E/ Wy(r +o(1))) —L(r, Wn(r+0(1)))]QI(A('r))dr

—>a.s.0§E/0 [Felr, W(r)) = f (r, W (r)I(A(r))dr,

by virtue of continuity and boundedness of f (¢, z)— f .(t,z) in z and the fact that indicator

function is bounded as n — oo. Observe that by the occupation formula
1
| T W) = £ WPHW )] < et 1)ar

00 1
—/ da | [f.(r,a) —f.(r, a))*I(Ja| < ¢+ 1)dLy (r, a)

—00 0

c+1 1
:/ + da/o [Te(r’a)7L_(T’a)]2d[zw(r,a)

B 1
<C [ sup [f(r,a)— [ (r, a)]da/o dLyy (r,a)

J 0<r<1

§CsupLW(1,a)/ sup [f.(r,a) —L(r, a)lda —4.5. 0,

J0<r<1
as € — 0.

It follows from the dominated convergence theorem that Ily —p 0 and Iy converges

to the desired variable in probability as € — 0. This finishes the proof. O

PROOF OF THEOREM 3.4. Observe that, like preceding proofs, the embedding schedule
allow us to work under a stronger condition (W,,,U,) — (W,U) almost surely but still
achieve the weak convergence for the assertion.

It follows from the asymptotic homogeneity of F' function that

n
Z F(s,cpnxsn)
s=1

1

noi(n)va(cy)
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1 & 1 n
n;f< xsn) WZR(n,cms,cws,n).

s=1

Note that f(t,z) is regular and thus by the proof (not the result) of Theorem 3.3,

isz:;f (%,xsm) —Sas. /01 flr,W(r))dr

as n — oQ.

In order to complete the proof of (3.18), it thus suffices to show

E R(n,cn; s, cnspn) —as. 0.

nvi(n)va(cy)

Let lim,_ oo UQ((C )) = a and lim,_ o 111)1((“72) b. Let K = [Smin — 1, Smax + 1] with
Smin = infyg[o ] W(r) and Spmax = SUP,¢0,1] W (r). Note that almost surely K is a finite
compact interval.

It follows from the definition that as n is large,

|R(n, cn3 S, Cnsp)|

M:

nv1 s:l
< ale) iA (2) Plaen) + — 230 (2) By )
nuy(n ) = ST vy (n)va(ep) — ' \n AT
a(l4o0(1)) & b(1+40(1)) & s
Aﬂ/( ) sn N <‘)<Bc s,n
— ; )+ et ;q =) Bew (@)
=117 + II5.
If lim sup,,_ o % = 0 uniformly in s, then for any given € > 0, when n is large

An()
nin) <€ Thus,

n

1
0 <Th <ea(l+o(1))~ > Plasn) < ea(l+0(1)||P|x —as. 0,
s=1

as n — oo and € — 0 since x5, = W,(r) € K due to convergence of W,(r) to W(r)
almost surely and ||P||x, the bound of P(z) on K (in the sequel similar notations have
the similar meaning), is almost surely finite. Thus, II; — 0, a.s..

If v1(n) — oo as n — oo and A, (t) = A(t) which is Riemann integrable on [0, 1], then

1+o(1 -
0<Il = ;A() (Zs)

nvi(n)
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(1—|—o HPHK ZA( )_)as ’

since as n — 00, ﬁ — 0, Ly A(2) > fo t)dt < oo and ||P||x < oo a.s.. We
have II; —, 0 as well.

If A,(t) = An(t)Q(nt) with limsup,,_, . f{”‘(% = [(t) bounded on [0,1] and Q(y) is
bounded on R as well as limy_, o Q(y) = 0, then for any given € > 0, there exists a
positive integer s such that when y > s9, 0 < Q(y) < e. Therefore,

0 <1y =SS 4 (2 ge)Pla )
s=1

nvi(n) n

a(l+o(1 Zl( ) xs’n)

<a(1+o(1)) max 1(1)| Pk ZQ

s=1

n

Z Qs Z €| —as. 0,

sso

<a(L+ o(1) gnax 1(8) [Pl

asn — oo and € — 0. Thus, II; —,.5 0 too.
We are now in a position to show Ily —, 5 0.
If Be, (2s,n) = B(cn)V (2s5,) with limsup,,_, (C”)) =0,0<q(t) <My <ooon [0,]]

va (e

and V(z) is locally bounded, then for any given e > 0, when n is large, 0 < ((C")) < e
Thus,
b(1+0(1)) o=~ /5\ =
o<1ty A S (5 v,
<1, >4 (7)) BlenV (o)

nva(cy)

Seb(l + O(l))HVHKMq —a.s. 07

as n — oo and € — 0. Thus, [Ty —,.5 0.

If Be, (2sn) = B(cn)V (cnsn) where limsup,,_, o (en )) =1 < oo and V(y) is bounded

va(cn

and vanishes at infinity, viz., limy o, V(y) = 0, then when n is large, - ((CC")) =1(1+0(1))

and when |y| > yo for some positive yg and a given € > 0, |V (y)| < e. Therefore,

0 < II BLChs o) B(en) iq <%> V(enTsn)

nva(cy) pot

n

=bl(1 + 0(1))% Z q (%) Vienxsn)
s=1
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1 n
=bLM, (1 +o(1))— Zl V(entsn)
X I(lenzsn| < yo) + I(|enzsn| > yo)]

<bIM,(1+ o(1) <\|Vlli S Ienlzan] < 0) + )

s=1
1
—bLM,(1 + o(1) (nvn R AREE yo>dr+e) |
Observe that for ¢ > 0,
{Cn‘Wn(r + 0(1))| < yO}
~{ W oyl < 2wl < 24 e}

n

o { Wit + o) < 2wy > 22+

n

C {|W(r)| < ‘Z—O + 6} U{|[Wh(r+o(1)) = W(r)| > €}.

n

Thus,
el Wi+ o) < 0} <T{ W < S+ )
+ I{|[W,(r+o(1)) —W(r)| > €}.
However, as n — oo, for every r € [0, 1),
{we < ZwscfLiwmi<a, m
(Wl + (1)) = W ()| > €} 10,
which imply that
WO < oot e o 10W0 <
1{ sup Wi (r + o(1)) = W(r)| > e} s 0.

0<r<1

It follows from the dominated convergence theorem that
1
0 g/ T(ealWalr + o(1))] < yo)dr
0
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1 1
S/O I{IW(T)I < clnyo+e} dr+/0 I{{Wa(r +o(1)) = W(r)| > e}dr
1
_>a.s.\/0 I{|W(7’)| S 6} dr.

Then, as € — 0, I {|W(r)| < e} —as I{|W(r)] = 0} = 0 almost surely except r = 0.

Once again, the dominated convergence theorem implies that

1 1
[ 10w < e s [ HW ) =04 =0, as
0 0

Hence, IIs —4.5 0 as n — oo first and then ¢ — 0. This finishes the proof of (3.18).
We are now ready to prove (3.19).
It follows from the asymptotic homogeneity of F'(-,-) that

1 n
— Z F(s, ot n)es
Vnur(n)va(e,) —

1
=2t (omon) s+ Ve

R(n7 Cns S, Cnxs,n)es
s=1
=II35 + Ily.

According to Theorem 3.3,

=031 (ran) e o [ S W a0
s=1

It thus suffices to show that with the help of the embedding schedule, II; —p 0 as

n — oo in order to finish the proof. Using martingale structure of (es, Fy, ) we have

2
1 n
2 _ .
E[I14] _nv1(n)2vg(cn)2E SE 1 R(n, cp; s, cnmsm)es]
20—2 E ER?*(n,cn; 8, cnZsn)
TLUl( )21}2 2 ns nLs,n

202a? 9 (S 9
<—
nvy(n 21)2 )2 Z A ( ) P(zsn)]

22
S (2)

=I1y41 + Igo.
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In a similar way to the convergence of II; and Il, we can show that II4; and Il49

converge to zero. This finishes the proof. O

PROOF OF THEOREM 4.1. We first prove (4.11). By virtue of (4.6) and o’ B = o/, we

may write

Voo o X'XA(r,x)
Yno(n) \/Pmaxl| AT, z)||?

Voo dX'XA(r, )
— no(n) /Pmax||A(T, 2)||?
x [A(1, ) (X' X)X (6 + v+ ¢) — 8(r,2) — (7, )]
_E
V/nw(n)/Pmax

o, JX'XA(na)
Vnv(n) \/Drax||A(T, )2

3
=Y I — Ty,
i=1

(m(7, z) —m(r, z))

dX'(6+v+¢)

[0(7,2) + (7, 2)]

Ve e VT

IT; = o) s X'0, I, R CON X,

I, :LQ’X% Iy = Vo @ XXA( ) [6(7
Vnu(n)/Pmax ’ Vv (n) /Pmax || A(T, )2

We are about to show that II; —p 0, ¢ = 1,2,4, and II3 converges to the desired

) + (7, z)].

variable in distribution as n — oo.

Firstly, it follows from (4.9) that

Hg_ \/@ (f‘/ & —7e = \F\/;)(Fs—é's—’ya)

<iF$X 65+Z(5 65+Z’yses>

s=1

<iF s s,u—{—fazxsn 65—1—25 eS—I—Z%es>
s=1

n

Y Nno,x & \/@
Z:: \fz sn)s %’U(n)sz:és s+

Z Vs€s

=131 + 32 + II33.

70



In view of the third part of Theorem 3.2 with ¢, = \/no, and Assumption 4.4 (a), (b),

we have

Myt —p ( /O 1 Gg(t)dLW(t,0)> "N,

(D.10)

where G3(t) = [ f(t,x)*dz, W is a standard Brownian motion on [0,1], N is a standard

normal random variable independent of W, and Ly is the local-time process of W.

Meanwhile, the martingale difference structure (e, F, ) and the adaptivity of zs11

with F,, ¢ yield
E(Il3)* = fv (

As for the first part of (D.11), using the expression of s we have

2 n
B8 and E(Il3)? = —227%¢ N pA?
Z an (Is3)? NCOE ; Vs

2 n

2 __ 920 52
E(Ils2) —WZE(SS
s=1

2 n k 00

_&ZE > Y @i Z(9)Qis. X)
— P} 17<% g 1\9y s
vnv(n)® = i=0 j=pit1
0. 02 n k 00 2
zZ¥ e
=ty D aijZ;(s)
\/ﬁv(n) s=1 1=0 J=pi+1
o 0_2 n k 2 0o 2
z
2> (maxiel) (X
\fv( )= im0 \I=Pi j=pi+1
n k 2
0,05 1 11 0,05 k
<o(1 — — <o —
=0 T 25 5 25 v = vl
2
O-Zo-e K ,§,{
— 1 1 2 _>0

as n — oo due to Assumptions 4.2 and 4.3, and the upper bound of |.Z;(t)| in

H32 —p 0.

Similarly, using the expression of 75 we have

E(Ils3)* = Tro(? Z E7?

2 n
= %% N"p a;; %L, (s, Xs)
ﬁv(n)zszl > >

i=k+1 j=0
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(D.11)

(C.3). Thus,



2

2 Z Z Zaij"gj(s)
k+1 \ j=0

s=1i=
o 2
< QZ > (S
s=1i=k+1 \j=0
0,02 1 0.0 \/n
<o(1)—22% _N" = _ p(1) 2% VI
<ol )\/ﬁv(n)z ;k o )v(n)Q k
0,02 1
— 1 € 5— K1
o( )U(n)2n2 — 0,

due to Assumption 4.2 and 4.3, and simply using |-Z;(s)| < C for any j. Hence, II33 —p 0.

Whence, we obtain

My —p </01 Gg(t)dLW(t,O)) N (D.12)

Secondly, for II; and IIy, from (4.9) it follows that

V9% Xl = _

m, — \%U(Vn) ——a'X'i = \FVU ( )(Fa 56— 7'6),
- v VUZO/ Iy — _V 0z o SN

= i) o ) 0T

Thus, by Cauchy-Schwarz inequality, in order to obtain II; —p 0 and IIy —p 0, we

only need to show ||d|| —p 0 and ||7|| —p 0 since the convergence of (D.11) indicates that

1 ~
—||6]|* =, 0, and —H'y||2 —p 0, (D.13)
vn vn
and because of Theorem 3.2 and Assumption 4.4 (b), we have
(I o TR
fv( Vo (n)? vnuo(n)? &=
= (D.14)
\fU 2 ZF A NOLTs ) —>D/ / f2 (r,x)dzd Ly (r,0).
In fact, by orthogonality of @; and C.2 in Lemma C.1 with r = 3,
. 2
B> =E) 2= EZ Z Z ¢i;Z5(5)Qi(s, X5)
s=1 s=1 =0 j=p;+1
n k oo 2 n k pi+1 2
S (D IITIE) I 35 3l (SRS ILIE
s=11i=0 \j=p;+1 s=1 =0 7=0
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= Zo(l) spi p? <oll)— NE
s=1i=0 i Plin s=1
:o(l)n%'ﬂ’“_%“2 -0
as m — oo, where once again we have used the upper bound for |.Z;(s)| for j sufficient
large and Assumption 4.3.
\/—T i(t, D"m), it follows from

In addition, in view of (D.3), ¢;(t,m)

Assumption 4.1 (a) and (c) with r = 3 that

n 2
EHVHQ :E275 Z ( Z Cz S m)Qz(s X ))
s=1

s=1 \i=k+1
:Z Z (ci(s,m Z Z ci(s, D3m )
s=1 i—ht1 s=1i=k+1
D> (Z;?))!Zv(s)%i(s,D?’ < Ang1-+ol1) >0

i=k+1 s=1
where A is the uniform bound of v(s)3¢;(s, D3m)? on account of Assumption 4.1 and we

have used Assumption 4.3.
Now, we are ready to prove that II4 —p 0 as n — co. We may rewrite

Vo X' XA(r,x) [6(7,2) + (1, 2)]

i ~ Yno(n) /bmax] AT, )2
Vo dX'XA(r,x) f\/mg( n) . -
_\/ﬁv(n)g(n) pmax”A(T,iU)H HA(T x)” [(5( ) ) ""Y( ) )]

=141 x (T2 + I43).
We shall demonstrate that II4; converges to a random variable in distribution and both
I142 and Il43 approach to zero as n — oo, which guarantee that II4 —p 0 (see Example

25.7 on Billingsley (1995, p332). We do not mention this in what follows). To begin with

it follows from (4.9) and (4.10) that

\/0» N ~1n R~ T2 ~112 ~1
(FG VG —FG-Fos—F7+|0]>+ |71+ 279).
~Vo(n)o(n)
Therefore, by virtue of (D.13) and (D 14), to find out the limit of II4;, our remaining
2 .
2HGH and —— ( ST )F G due to Cauchy-Schwarz

task is to prove the convergence of

inequality.
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In fact, similarly to (D.14), due to Assumption 4.4(b), It follows from Theorem 3.2
that

\FU G \2—>D/ / 2(¢, 2)dx dLy(t,0),
e // F(t,2)g(t,2)dz dLw (£, 0).

Whence, 1141 —p fol ffooo f(t,x)g(t, z)dxdLy (t,0) as n — oo.
For the vanish of 145 and Ily3, we first estimate || A(7, x)||:

k

Pi
1A(r, 2)]1* = 2232 )Qi(r,) =7y QF(rx) Y Li(7),
§=0

=0 j=0 =0
which leads to O(1)kpmin < [|A(T,2)||*> < O(1)kpmax Where we have invoked the fact that
Zf:o H?(z) = O(1)k uniformly in  for any orthogonal polynomial H;(x) on any compact
interval (see Alexits, 1961, p295).

Accordingly, due to Assumption 4.1(b), using in C.2 in Lemma C.1 with » = 3 and
the bound for .Z; in (C.3) gives

) = Pt 5y Vimstl) |57 $% 10,7,

[AG, 2] Aol &, 2

_\F‘pmaxg Z|Qz7'$ Z cij Z5(7)

[ACr.2)] ey
% k 00 ok
VPuse) ($ o VS [0S 20
Ao\ =\, =

1
4 . k 2 1,
max 1 1 maxk
<Oﬂ)¢n£;.nw@[§: 0)] < o(1) MV Pmach?
mim 2 4/Pmin mm

:0(1)n4+b+ fi1+ L (Ra—r2)— ﬁ 2 50,

where we have used Assumption 4.4 (a) for the parameters involved.
Meanwhile, on account of Assumption 6.1 using (D.3) with » = 3 and the estimation
for @); in Remark A.4, we have

/1y Pmax0(n) V1 /Pmax0(n)

Mol " = | 2, e

i=k+1

43| =
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3

_ V/ny/Pmaxo(n) 3 N0 (2
A7, 2) | il z—2  Dim)Qi(r. @)
o(1) Y/ Pmaxe(n) 1 () :
S Tew (% Gi-Di-2 )>

V' Dmax [ < 1 :
= Q%;l( nu—m¢>

=l )\F\;Lm 51/4 = o(l)nitrtzte=m)=im g
B kpmln k Y

because of Assumption 4.4 (a). The proof of (4.11) is completed.

We are now in a position to prove (4.12). In view of (4.6) and o/ B = o/,

1 o X' X A(r,x) (77 z) — m(r, 2))
Vi (n)v(Vnoz) y/Pmaxl| AT, 2) 2 ’
- ! X 5yt
_\/ﬁvl (n)UQ(\/ﬁUZ) v/ Pmax 7
1 o X' XA(r,x)

" o mea(ien) Vel Am o O 2]

= Z Fz — F4,
i=1

where we by T'; (i = 1,2, 3,4) signify that

1 o' X! 1

R TN PSRN N B el N Y 7 LI
F - ]. O[,X/ o 1 (f‘/ _ g/ _ ~/)
2 (n)va(Vio:) o | Vavi(m)va(vno) o
Ty = ! X ! (F —5 —7)e
PV () (Vi) Vi Vro(m)va(Vios) e
N CXXADD) (5 (r,2) + 4 (r, ),

V1wt (n)va(y/no) /Pmaxl|A(T, z) ||?

Observe that because of Assumption 4.4(c) and (d), we have

1 e~ 1 n_
Vi (")UZ(\/ﬁUz)F o Vvnvi(n)va(yv/noy) sle(&XS)es

(D.15)

1 i 1
Vi (n)oa(yVno) ;F(s, Vnosn)es —>D/0 f(r, W(r))dU(r),
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and

1 2 _ 1 noo . )
nU1(n)2U2(\/ﬁaz)z ||F|| - nv1(n)2v2(\/ﬁaz)2 ;F( )Xs)
1 n 1
~ o1 (n)2va(v/no)?2 ;F(&\/ﬁazxs,n)z —>D/O F2(r, W (r))dr,

as n — oo by Theorem 3.4.
Note that in first part we have shown that

1 1

18"l = p 0, 7[> =P 0, 16]]> = 0,
Tn Tn
|2 =p 0, L 5 Spo, L0
Tn In

(D.16)

(D.17a)

(D.17h)

All results in (D.17) remain true since all conditions for 4, 7, g, ~ and e have not
changed. Therefore, (D.15),(D.16) and (D.17) imply that I'y —p 0 and I's —p 0, as well

as I's —p fol f(r,W(r))dU(r) as n — oo. Thus, our remaining task is to prove I'y —p 0

as n — oo.

To this end, let us rewrite

B 1 o X' X A(r,x)
Vi (n)vz(vVno:) \/Pmaxl|A(T, o)
=Dy X (T'y2 +T'43),

Iy

[0(7,2) + (7, 2)]

where we denote
r 1 X' XA(t, x)

T nui(n)vs (Vo) o1 (n) e2(vno-) prmaxl AT, 7))

_ \/ﬁ\/pmale(n)Q2(\/ﬁo'z)6

| D) 14 2] (r,x), and
_\/ﬁ\/pmaxgl(n)g2(\/ﬁgz) .
S Ve A

It follows from (4.9) and (4.10) that

1 A AN
noi(R)oa(Yro e (m)ealymon) o 0 TG =0
1

" noi(n)oa(yno) o1 (n) o2 (Vo)

Iy =

X (FG-8G—7G—F35—F7+|3)>+ 7]+ 279).
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Once again, due to Theorem 3.4 and Assumption 4.4 (d), similar to (D.16), we have

1

nei(n)?ex(vno-)
1

nvi(n)va(v/no:)ei(n)ez(vno:)
Thus, Cauchy-Schwarz inequality as well as (D.15),(D.16), (D.17) and (D.18) suggest

that T'y; converges to the last limit in distribution.

. 1
QHGH2—>D/O 2 (r, W (r))dr, (D.18)

~) ~ 1
FG —>D/0 fr, W(r)g(r, W(r))dr.

We are ready to prove both I'yo — 0 and I'y3 — 0, as n — oco. Because 0(7,z) and
~(7, ) remain the same as in the first part, similar to II42 and I3, we have

VP 01(n) 02(v/o2)

Pl =y )

L1 lLQ k 1 1 1

SO(l)\/ﬁ\/Mn n2 Vi ZiLQ)

VEPmin N
§0<1)\/ﬁn%(’22*“2)nb1+%@\/Ep;i%n
:0(1>n%—i_%(h_”?)‘f‘tﬁ-%@-&-%m_%@ Lo
_\/ﬁ\/mm(n)@(\/ﬁgz)
- A |y(r, )|

|A(T, )|

lb
<o(1) V1 /Pmaxn''n2'? 1
- Vkpmin - K5/

1,1/ 1 7
:0(1>n§+§(52—ﬁ2)+tl+§b2—Z’il -0,

ITy3]

due to Assumption 4.4 (c). This finishes the proof. O

PrOOF OF THEOREM 4.2. We here only give an outline, as it is similar to the proof
of Theorem 4.1. It follows from (4.16) that
1 oX'XA(r,x)
VI /Pmax|A(7, 2) |2
1 ot 1 X' XA(r,2)
=—aX (0+7+e)— —
\/ﬁ\/pmax ( ) \/’ﬁ \/pmaXHA(Tv ‘T)HQ

2:H1 — Hz.

(ﬁl(T, x) - m(Tv ‘T))

[0(7,2) + (7, 2)]

We shall show that II; converges to the desired variable in distribution and IIs —p 0
as n — oo.
In what follows, we shall adopt the embedding schedule that allows us to work on a

stronger condition: (W,,U,) — (W,U) almost surely but still gets a weak convergence.
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In view of (4.20), TI; can be rephrased as II; = ——(F' — & — AN+ + e). In order to

vn

complete the convergence of II;, we are about to demonstrate that

1
\/lﬁF'f—: —p /0 F(Tr,Tur + VTo,W(r))dU(r),

and all the other terms in II; converge to zero in probability.

In fact, (D.19) is valid because from Assumption B it follows that

=
™
I

NE

F(ts,na Xs,n)es

Bl

©
Il
-

F (ET, ET,u + \/Tazxs,n) s
no'n

@
Il
—

o

s S G-
M:

n
I
[

o

(s Vo () (5 () -

F(rT 4 o(1), 7Ty + o(1) + VT, Wy (1 + 0(1)))dU,(r),

(D.19)

and since (W, (r+0(1)),Up(r)) —a.s (W(r),U(r)), it follows from the continuity of F(-,-)

that

(F(rT + o(1),7Tu+ o(1) + VT o, Wy (r + o(1))), Un(r))

—as. (F(rT,rTu+NTo,W(r)),U(r)).

Invoking Theorem 2.2 in Kurtz and Protter (1991) yields the result.

In addition, using the martingale difference structure of (es, F,, s) and adaptivity of

Tsy1,n With F, ¢ yields

1~ 1 .~ | 1 -
B2 = o2 E|F|? and _E(7e) =o? EIF|

Therefore, by virtue of Cauchy-Schwarz inequality, in order to prove the convergence

of other terms in Il it is sufficient to show that as n — oo,

1~ 1
161> =P 0, IvlI* = 0, ~E|l0"]* =0, ~E|f|* =0,

since

1 1 &
~F2 == P2 (2T 2T+ V0.
n ot n 'n
1
—a.s. / FX(Tr, Tyr +VTo,W(r))dr,
0
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using the continuity of F(-,-) and W, (r) —4.s. W(r).
Let us prove the results in (D.20) one by one. Firstly, because of Assumptions 4.5 (b),
bi(t) == b;(t,m) is differentiable up to third order, hence all expansions of b;(t), b;(t) and
g
where ¢;(b]) stands for the j-th coefficient in the expansion of b/ (t). We have

2
b/(t) in terms of ¢, (t) are convergent uniformly on [0,7]. Whence b;; = (£> c; (b))

n k o) 2 9 3 n k o) 1 2
EloIP=> > "1 D byer(ten) | < ?ZZ > Sl )]
s=11i=1 \j=p;+1 s=1i=1 \j=p;+1 J

[ G NS Ry EuE)
<o(1)—— = o(1)n'*tF1-3%2 5
Pmin

as n — oo, which implies ||6]|> —p 0.
Secondly, by virtue of (D.3) with r = 2,

n n 00 2
PN I oy ( 5 b<ts,n,m>cgi<ts,n,xs,n>)
s=1 s=1

i=kt1
(1—2)

=Zn: i b7 (tsn, m) :Zn: i V(tsn)? 5 !bf(th?m)

s=1i=k+1 s=1i=k+1

1 ¢ 2 2 2 1 )
sygu(tsyn) > biltan DPm) < o(1)75 D v(tsn)

i=k+1 s=1

n _
So(l)ﬁ (nax v(t)? = o(1)n' 2" — 0,

due to Assumption 4.6, and we have invoked Assumption 4.5 that the convergence of
expansion of D*m is uniformly on [0,T], Y2, . b?(tsn, D*m) = o(1) independent of s;
in addition, in the scope of this study, v(t) € C[0,T]. Therefore, it is bounded on the
interval. Whence, [|7]|? —p 0.

Thirdly, similar to the counterparts in the proof of Theorem 4.1, it follows that
LE|§? — 0 and LE[F|? — 0.

Now we are in a position to prove Il —p 0 as n — oo. Since Ils can be rephrased as

1o/ X'XA(1,2) /ny/Pmax

2 ﬁpmaxHA(T, x)|| ' |A(T, )] [0(r,2) + (1, 2)] := g - (I1a2 + Ia3),

we shall show that IIs; converges to some random variable in probability and Ilsg, IIo3 — 0.
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To begin with, by virtue of (4.20) and (4.21) we have

1dX'XA(r,2) 1,, ~ - ~
My — - 22 2ADY) L 5 _5yG -6 —
2 A D) 7 v

Noting that (D.20) and (D.21) imply that LF'd —p 0, LF'3 —p 0, 153 —p 0,
%||5’H2 —p 0 and 1|5/||> —p, it suffices to show that the convergence of 1F'G and
LIG|? as n — o0.

In effect, similar to (D.21),

1 n
:ﬁ Z F(ts,nv Xs,n)G(ts’n, Xs,n)
=1
1
s, / F(Tr,Tpr +NTo.W(r)G(Tr, Tpr +VTo. W (r))dr,
0

e = Z(;? fyms Xom) —a. / G(Tr, Tur + T W (r))dr,

s=1

by continuous mapping theorem as n — oc.

Therefore, as n — o0,
1
My —p / F(Tr, Tpr + VTo.W () G(Tr, Tpr + VTo. W (r))dr.
0

Consider the convergence of Iao and Ilp3. It is known that O(1)kpmn < |[|A(T,2)||? <
O(1)kpmax. It follows from Assumption 4.5 that

V npmax pmax >
Moo | = ——716(m, )| < |Qi(T, @) bijpir(T)
[Ar 2] JA(r. 2) ||Z | 2 b
1 2\ 3
DO (St ) (X 2| 3 et
<0 == |Qi(T, ) I —5lci (07)]
kpmin \ i pr S P B
1
k ) 00 2
v/ "Pmax 112
<0(1) VE(Y S D 5 D I
v *Pmin i=0 j=pit17 j=pit1
<o(1)~ npmax;//; = 0(1)n%+%“1+%(k2—n2)—%m 50
v/ PminPrin

as n — oo using Assumption 4.6.
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Additionally, using (D.3) with » = 2 and the asymptotic property of @; in Remark

A 4 gives

VPmax = VIPmas | NS ) Q)

) = i o]

II
sl =atr, )] )
npmax
n)Qi(r,2)
G ;/7

1
npmax 2 > 1
o (5 ) ()
VkDmin ikt 1 i—htl (2—1)\[
VMPmax 1 141 (Ry—ho)—2k
= 1 2 2 1 0

=o0(1) T = =o(l)n2">2 1kl

. ‘ 0

as n — oo by virtue of Assumption 4.6. The proof is finished
PROOF OoF THEOREM 4.3. Here is a sketch of the proof. Let us prove the first part to

begin. It follows from (4.25) that

Vo7 AXXADD) (o 1) — ()
V() ol Alr.2) ’
_ VTNE ]
T O TTEE
VT 7 o X' X A(r,x)
" VR Vsl Ao ) )

Z:H1 — Hg.

We are about to show that II; converges to the desired random variable in distribution

and IIs —p 0 as n — oco.
Using (4.29) we can write

I = f/ijUE/(T;( — 0 =) +y+e).

It follows from Theorem 3.2 and Assumption 4.10 (a) that

VT f\/@
Vol )Fa ZF sn Xan)

WWZF( Tn,fazxsn es—>D</ Gs(u dLWuO)> N,
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where G3(-) = [ f2(-,z)dz, W is a standard Brownian motion on [0,1], N is a standard
normal random variable independent of W and Ly is the local-time process of W. In

addition, it follows once again from Theorem 3.2 and Assumption 4.10 (b) that

VIn g2 —>D/ / F2(t, 2)dwd Ly (t,0). (D.22)
nU( n)?
Also, since x5 , and e (s = 1, - - -, n) satisfy Assumption B, using martingale difference
structure, we have
VT p(fiey =V Ik gy, VI gy - VIno0C gz

nvu(Ty,)? nv(T,)? " no(T,)? nU(Tn)

Therefore, in order to complete the convergence of 111, by virtue of Cauchy-Schwarz

inequality, it suffices to demonstrate that as n — oo,

181> = PO, 711> = pO, (D.23a)

V Tn 2 VTTL ~I2
—=F|0]|* — — = —0. D.23b
nu(T,,)? [6"]]7 =0, (T2 71| =0 (D.23b)

To begin with the proof of (D.23a), similar to the counterpart in the proof of Theorem
4.2

)

EH(SHQ ZE Z Z bzy‘P]Tn s,n Qz(sn; sn)

=0 j=p;+1
n k 00 2 n k 1
=22 | 2 bueimtsa) | SoMTID_ D 5
s=14i=0 \j=p;+1 s=1i=0 Pi
( )T3 nk _ 0(1)n1+3n3+ﬁl—352 N 07
pmln
by virtue of Assumption 4.9, which in turn implies ||§||> —p 0.
And, it follows from (D.3) with » = 3 that as n — o
n o 2
EHVH2 :ZE ( Z bi(ts,mm)Qi(ts,me,n)>
s=1 i=k+1
n oo n oo t
_ 2 _ 5,n) 2 3
3 B =3 3 ), D
s=1i=k+1 s=1i=k+1
- f: v i)ﬁ(t Y2 (ke s D3m)
, i(i —1)(i —2) ST
i=k+1 s=1
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o0
1 n
<A - <A 1 = An'72" 0
Sn ), gy S AQ+o) g = 4n
i=k+1
by Assumption 4.8, 4.9, where A is the uniform bound of v(t)3b?(t, D3m).
Meanwhile, similar to its counterpart in the preceding theorem we can show that

(D.23b) is true. Thus, we are now in a position to prove Il —p 0 as n — oo.

Notice that IIy can be rephrased as Iy := I x (IIg + Ilg3), where

\/ﬁaz T,
nv(Th)o(Th) Pmax||A(T, 2)||
V1 /Dmax0(Th) S(r.x), 11 V1 /Pmax0(Th)

T EYTA D) Y VTET A

To complete the convergence of I, we are going to show that Ils; converges to some

Iy = o X' XA(r, x),

random variable in distribution, while both Ilss and Ilz3 are convergent to zero.
It follows from (4.29) and (4.30) that

. VT 1,

_nU(Tn)Q(Tn)pmaXHA(T)x)H
_ Vo 5 ey G5
_nU(Tn)Q(Tn)(F 0 —ANG =3 —7).

Hgl aIX/XA(T, CIZ)

Nevertheless, (D.22) and (D.23b) as well as Cauchy-Schwarz inequality suggest that

in order to obtain the limit of IIs;, one only needs to find the limits of

VT0. =i an VT,0.
T & M Ty

Indeed, similar to (D.22), by Theorem 3.2 and Assumption 4.10 (b),

Voo,
B8 K& [ [ sttt .0),

\(ﬁ"z IG|2 —>D/ / 2(t, x)dzd Ly (t, 0).

Hence, we have IIy; —p fol 7 f(t,2)g(t, x)dzdLw (¢,0).
As for Tlye, it can be deduced that O(1)kpmin < Tn|lA(T, 2)||* < O(1)kpmax and b;j =

2
<]T—;> ¢;(bY) where ¢;(b}) is the j-th coefficient in the expansion of b}. Hence,

G

‘H . \/ﬁ\/ pmaxQ<Tn)
22‘ =

o(r,x
VT A(r, x)H‘ )
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V1 /Pmax0(Th )
= i PjTn QZ(T x)
VE T AT 202 it

\ﬁf o “‘Hj (Zm m>|2>

V1 ProaxTn0(Ty )VE(zk:i’ff)z
VEpmin VT — v}
<ol )mﬁ VEVT, W

:O(l)n2+2n1+(L+4)n3+2(H2 K2)— 2k -0,

=

2

k 00
E § ZJSOJTH
1=0 |j=p;+1

J

<o(1)

as n — oo where we have exploited the condition in Assumption 4.10 (a) for ¢+ and trun-

cation parameters.

Analogously, by (D.3) with r = 2,

VP olT) 7

[Ta3| = 3
VEAIT A 2]
- \/ﬁ\/mg(Tn) S b
_ i\ T Q’L T, T
VEAT A 2)| i:;H e
V1y/Pmax0(Tr) i m)Qi(7, x)

= 3
VoI | A(T, 2)|| |2 Tl Vi(

N > 1 2 VPmax Ly, 1
RRE (; z’(z’—l)\ﬁ> = YT, e 17

:0(1)n§+§(E2—H2)+(b—i),‘£3—%){1 N 0’

as n — oo in view of Assumption 4.10 (a).
Up to now, the first part of the theorem is finished. In what follows we shall prove the

second part. It follows from (4.25) and o/ B = ' that
VT, o X' X A(r,x)
Vv (Tn)v2(VTno2) v/Prax | AT, 2) |2

1 T o
= o T oa/Toos) \| pa - O HE)

VT, o/ X' X A(r, x)
fw( 1) U2(V/T02) /|| A(T, ) HQ[ (1,2) + (7, z)]
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= Hg — H4.

We are about to show that II3 is convergent in distribution to the desired stochastic
integral and 114 —p 0.
Observe that in view of (4.29) we have
1
I3 =
\/ﬁvl (Tn)vg(\/TnaZ)

It follows from Theorem 3.4 that

(F — 3~ )6 +7+e).

n

1 = 1 -
\/ﬁvl(Tn)UQ(mUz)F =T Vo (Ty)ve (Vo) Sz:; F(tsn, Xsn)es

1 n s
— F (—T A Thosx ) e
\/ﬁUI(Tn)U2(\/ﬁaz) SZ:; n " \/70-2 s,n | €s

1
—D /0 f(r, W (r)dU(r), (D.24)

on account of Assumption 4.10 (c) where (W(r),U(r)) is in Assumption B the limit of
(Wa(r), Un(r)).

Also, for the same reason we have

_, 1
AT T I J, P (D25

on account of Assumption 4.10 (d).

Notice that the parameters k, p;, the expressions of 5" and 5" as well as § and v remain
unchanged as in the first part. Whence, (D.23) is still valid now with a modification
that v(7T),) is superceded by vi(T},). Therefore, Cauchy-Schwarz inequality and (D.25)
imply all the terms of II3 except for (D.24) are approaching to zero in probability, hence
I —p [} f(r, W(r)dU(r).

Now we are ready to prove that IIy —p 0. Rewrite Iy := Iy x (Il42 + Iy3), where

M, — T, o X' X A(r,x)
nv1(T,)v2(VTno2) 01(Th) 02(VT002) Praxl|A(T, @) ||
11, Yo TV
VTl Al 2)| s
I  VNy/Pmax01(Tn) 02(VT02)
43 = (7, x).

V| A(r, )
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It follows from (4.29) that

1
o (T)v2(VTho2) 01 (Tn) 02(VTh02)
< (F'G=§G—7G — 5 F5+ 3 + 7] + 279).

141

Once again, due to Theorem 3.4, Assumption 4.10 (d), we similarly have

1
noi (Tn)292(\/ﬁgz)

Thus, Cauchy-Schwarz inequality as well as (D.23b),(D.25), (D.26) suggests that all

~) ~

the terms in II4; except for the one containing F' G converge in probability to zero. Hence,

to find out the limit of I'4; it suffices to find that of the term involving f‘/é In fact,

_ 1
2HGH2 —>D/0 > (r, W (r))dr. (D.26)

1
nvi (Tn)v2(\/ﬁ0z)gl (Tn)Q2(\/anO'z)

as n — oo by Theorem 3.4 and Assumption 4.10 (d), so that II;; converges to the same

~) ~ 1
FG%DAf@WWMWWWMh

limit as above in distribution.

Now let us turn to prove both II;o — 0 and II43 — 0, as n — oo. Recall that
O(1)kpmin < To|lA(T,2)|]? < O(1)kpmax. Because 6(7,z) and ~(7, ) are the same as in
the first part,

\/ﬁ\/ Pmax 01 (Tn)QQ(\/TnUz)

M| = 5
1, 5
VD DA T2 FLoa1)’
<o(1) T Vk ZTHE
min i=0 7

1,1 1/ 1 3 3
SO(1)n§+§f€1+§(52—52)+(L1+§L2+§)/€3—§H2 - 0’

:\/ﬁmgl(Tn)@(\/ﬁQ)

M (r, )
VT A, 2)]|
ll,
<o(1) ViryPmax LA T 1
VEpmin k34
:0(1)77/%4‘%(RQ*K2)+(L1+%L2)K37%KI 0
as n — oo by Assumption 4.10 (c) for the parameters. This finishes the proof. ]
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