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1 The class of DSGE model

This appendix derives the first order, second order, and third order approximated solutions to a general class of DSGE
models. Our procedure and presentation follows the one in Schmitt-Grohé & Uribe (2004).

We consider the class of DSGE models where the set of equilibrium conditions can be written as

Ey [f (Yt+17Yt7Xt+1,Xt)] =0. (1)

Here, E; is the conditional expectation given information available at time ¢. The vector x; is the set of state variables

(pre-determined variables) and has dimension n, x 1. The vector y; contains the set of control variables (non pre-determined

variables) and has dimension n, x 1. We also let n = n, + n,.

X1,t

Xo.t

variables and x;; with dimension n,, x 1 contains the set of exogenous state variables. Note also that ng, + ng, = ng.
For the exogenous state variables we assume that

The state vector is partitioned as x; = [ ] , where x; » with dimension n,, x 1 contains the set of endogenous state

X241 = h(X2,0) + one (2)

where €11 has dimension n. x 1, and thus, 7 has dimension n,, x n..!

The general solution to this class of DSGE model is given by

yt =g (X, 0) (3)
X1 = h(x4,0) +one, (4)
L2

where the functions g (-,-) and h (-, -) are unknown. We will therefore approximate these functions up to third order. This
is done around the deterministic steady state, i.e. x; = x5s and o = 0. Formally, the expression for the deterministic steady
state is given as the solution of (yss, Xss) to

f (ys.97 YssyXss; Xss) =0. (6)
Note also that x5 = h (x4,0) and yss = g (Xss,0).

Next, substituting the exact solution in (3)-(5) into (1) gives

F (Xt’ 0) = E; [f (g (h (Xtva) + 0’?’[6t+1,U) ) 8 (Xta G) 7h(xt7‘7) + Unet—i-lvxt)} =0 (7)

which defines F (x4, 0) : R x R — R™. The expression in (7) must hold for all possible values of x; and o. Hence, all
derivatives of F (xt,0) must also be equal to zero. This is the basic fact which we use to find the first, second, and third
order derivatives of g (-,-) and h (-, ).

For the indices we adopt the convention that the subscript is related to the order of differentiation. I.e. a "1" is for the
first time we take derivatives and so on. Thus,

a1,02,3 = 1, 2, Ny

Y172, Y3 = 1,2, .14

ﬁla 627 63 = 17 27 ny

¢17 ¢27 d)& = 1’ 27 ey Ne

LAll the formulas below should also hold if x? = h (x¢,0) + o€, ;. However, Schmitt-Grohé & Uribe (2004) do not consider this case.



2 The first order approximation

The first order approximation around the determinstic steady state is
g (Xta 0) =8 (Xssa O) + 8x (Xssv O) (Xt - XSS) + 8o (Xssa 0) (0 - 0)

g (Xta U) = ¥ss T 8x (Xssa 0) (Xt - Xss) + 85 (Xssa 0) o

h (x4, 0) = h (X5, 0) + hy (Xss,0) (Xt — Xss) + hy (X55,0) (0 — 0)

=

(Xta 0) = Xgs + hx (xssy O) (xt - Xss) + ho (Xssy O) g

We find expressions for gy (Xss,0), 85 (Xss,0), hx (Xs5,0), and h, (xss,0) by solving the system of equations from
Fy (x¢,0) =0 and F,, (x¢,0) = 0. First, the derivative of the i’th element in F (x;, o) with respect to the «; th element of

x; and evaluated in the deterministic steady state is given by
i @ B i i
[FX (x8570)]a1 = Et[[fyt+1]ﬁl [g?Ll] [ht ]’Yl + [fyt]ﬁl [gx]al + [fxt+1]71 [hfc]lll + [fxt]al] = 0
(i
i B v i B ( Y i
[f}'t+1]61 [gf:rl:l,yl [ht]all + [fo,]ﬁl [gfc] 041 + I:fxt+l]71 [hfc] all + [fxt]al = 0
This must hold for

i1=1,2,..n
ar=1,2,...n
v1=12,..,n

B1=1,2,...,ny

In terms of the used notation, [fytﬂ];
1

is the (i,8,) element of the derivative of f with respect to y;y1, a matrix of

. . % ¥ Ny y 0g(x¢41,0) Oh(x¢,0)

dimension n x ny. Also [fy,,,]5 [giﬂ] e = 2 [dy:ﬂu,m {%} (B1m1) {T} (r.01) Note
finally that all the derivatives such as fy,, ,, fx,, etc. are to be evaluated in the deterministic steady state.

Next, the derivative of the i’th element in F (x;,0) with respect to the o

i i B 1
[Fo (x0s0)]' = Eul[fy,,, ]}y [867]7 (0" + ]} {emr’l)
i 's ; i
+ [f}’t+1}ﬁ [g?—l] ! + [f}'t]zﬁl [ga'] + [fxt+1]71 ([hto-]’h + [77];1 [€t+1]¢1>] = 0
)
i B i B i B @
[fYtJrl]ﬁ [gfjl] ' [ht]’h [f}’t+1]ﬁ [gt0'+1] ' + [fYt,]ﬁl [goty'] ! + [fxt+1],yl [hta]’h = 0 (9)

because Ey [€;41] = 0. This must hold for

1=1,2,..n

v.=12,...n

B,=12..n

o1 =12,..,n

Hence, [h%]”* = 0 and [g}]”* = 0 as shown by Schmitt-Grohé & Uribe (2004).



3 The second order approximation

The second order approximation around the determinstic steady state is
g (Xtaa)]ﬁl = g (Xss5,0) + [gx (Xss, 0)]&1 [(xt = %s5)|™" + [0 (Xss5 0)]61 [o]
5 [Boc (Xo0, 0]ty (060 = 20)] [0 = %46)]

Do) [(xe — xs)] ™

[h(x4,0)]" = h (xs5,0) + [hx (XSS7O)]’;11 [ — %5)]™" + [hy (X5, 0)] " [0]
xx (Xss, )} [( — X)) [(3 — x45)] "

ox (X5, 0)] ) [ (e — x4)]

h - (Xe0,0)] o] o]

+ + +
N NN~

(D,—H—‘.—‘

where we use Young’s teorem saying that h,y (Xss,0) = hys (Xss,0) and gox (Xss,0) = 8xo (Xss,0). These equations
hold for

B1=12..,n

v =1,2,...,n,

ay, o =1,2,...,n,

3.1 With respect to (x,x;)

We find the unknown coefficients in these Taylor expansions by considering the second derivatives of F (x¢, o). First, recall
that
[Fx (XS&U)]ZH = Et[[f}’t+1]51 [gfjl],yi [h;]’;ll + [f}’t}ﬁl [gx]ai + [fxt+1:|»yl [h;]lll + [th];l]

= B [, + [Qalh, +[@sll, +[Qull, ]
where )
(@), = [fy ]y, [8851]7" 0E]2:
Qa1 = [6,15, (4]’
[Qslh, = [fxn], (DA
[Qall,, '
Now ‘ ‘
(@l = ([Everayea) s o, (86102 G122+ [Byay ], (8512 + [vepinera s, L2+ [0, ) [8671] 7 0
(£, ], (6], ATz e

%

+ [fyH-JB [g§c+1]ﬁl [hgcx]all()@

+

. i B i B 4 i B1
[Q2];1,062 - (I:fytyt+1:|5152 [gfj_l],yj [h;]’;z + [fytyt]zﬁ [32 [gx]az + [fytxt+1]B172 [h;]zz + [fyw(t]zﬁlo@) [gi]al
i B1
[fYt]ESI [gix]alaz

+

7 i B % 7 7
Qs = ([xeviver )], (857172 D22+ [ ]) 181102+ (B ]y AT [Bem ], ) AL

[f t 171

K3
xt+1} Y1 [ xx](,n(,g2

+

i _ i B 2 i B i 2 i
[Q4]a1a2 = [fxt}'tJrl]ang [gfj—l} ’Yz [h;]lg + [fxtyJalﬁ2 [gx]a2 + [fxtxt+1]a172 [hi]lQ + [fxtxt}QIQQ



Frox (s iy n = Bt (@l + (@l 0 + (@l + (@l

) B i B8 i i B
= ([fYt+1Yt+1]51@2 [gfjl]%j [h;]zz + [fYt+1Yt]51@2 [g;]az + [f}’t+1xt+1]5172 [hi]’cg + [fyt+1xt]51a2) [gfjl]ryi [h;]lll

[ty Ty, (8600, L0242
+ [f}'t+1};1 [g)tc+1]gj [hgcx]zlla2
+ ([fytyt+1];162 [gﬁfjl]fz D172 + [Byoye ), o, (85002 + [Byoxers ]y o, LI + [fytxt]glw) EA
+ [f}’t]lﬁl [gix]aiag
+ ([fo_lyﬁ.l]:{1/612 I:g§(+1]fz [h;]lz + [fxt+1Yt:|:Lylﬁ2 [g;]ii + [fxt+1xt+l]:172 [h;]?yi + I:fxt+1xt]:la2) [h;]zzll

+ [fxt+1y [hix]zllaz

Y1
i B i B i i
+ [fxt}’t+1]a162 [gﬁjl],é [h;]zéz + [thyt]alﬁz [gfc]az + [fxtxt-%-l]al'h [h;];g + [fxtxt]alag = 0
This must hold for

i=1,2,..n

ay,ag =1,2,...,n,
Y.V = 1,2,...,ng
B1,8,=1,2,...,ny

This is a linear system of equations in n x ni unknown. However, the symmetry in gxx and hyx means that we can
reduce the number of unknowns to

(ny + ng)ng + (ny +ny) n;

= (ny + ng) ng + (ny + ny) (nfnfié)@

= (ny +n2) (nx + W)

2
= (ny +ny) (72%%;,%)

= (ny + ny) (L;ni)

_ (ny + nw) nz(l;nz)

3.2 With respect to (0,x;)

Recall that )

[Fo (x0ss0)]" = Eal[fy,. ]}y (8657 (0517 + ]! [era]”)

[ty (857 + (6, 850" + (B ], (051 + ] lera))]

_ R, [[pl]i + [P+ [Ps] + [PJ}

where

P = [fy.), [ (06D + ! fersa)”)



[PQ]i = [fYt+1];1 [g?—l]ﬁ
P = [fy.]5, (85"

P = [£], (051 + 3! lersa)”)

Thus the derivatives with respect to x; are
i B i i i
( Yt+IYt+1 818 [gﬁc—‘rl} ’ [ht]li [fyt+lyt]ﬁ By [gxfé + [fYt+1xt+1]51»y2 [him + [fYtHXt]ﬁlaQ)
x (g7 (me]™ + mmkHWﬁ
[fy ), [g) ATz (e]™ + ) lera)”)
+ By (85717 (e
i i B i i i 81
[PQ]OtQ = (I:fytJrlyHrl]ﬁ 52 I:gf(-‘rl} ° [h ]’;22 + I:fyt+1yt:|5162 [gi}iz + I:fyt+1xt+1:|ﬁl—yz [h;]lz + [fyt+1xt]ﬁla2> [gf;rl]
+[fy, ]y (8557 ML

Y 2

i 7 B i B 4 i B
[P3]u2 = ([fYtYH—l]B Bs [g§(+1] 2 [h;]li + [f}’th]ﬁ Bo [gx]ai + [f)’txwl]ﬁ”g [h;]li + [ftht}ﬁ1a2> [gfr] !
B
] 1

+ [fYt]Zﬁ [gfrx o)
i i B i Jé; i i
Pilly = ([Berivern )] o, (865102 G122+ [y ) (84102 + (i), AT + (B )
x (L] + ]! lera]™)
+ [thJrJ:l [hgx}lé

Thus . ‘ ‘ ‘ ‘

[Fox (506, )i, = Be |[PiL, + [P, + [Pl + (P,
= Et[([fYc+1Yt+1]é 52 [gi—i_l} 62 [ht ]2;22 [fyt+1)’t]g 62 [gx}gz + [fy¢+1Xt+1]Ii3172 [h;]lz + [fyt+1xt:|li31a2>
x [ (] + m&kHWﬁ

By, (] D2 (™ + ]} fersn]™)

i

+ [fYtJrJﬁ [gfj—l]ﬁl [hgx]alz

+

L (LT P il OO A N N N I =
+ [f]), (85517 L2

+ ([fYthJrl]/iB By [gtJrl]fz [h;]lzz + [fYth]g By [gx]gz + [fytxtJrl];lfyz [h;]z; + [ftht]glaz) [gfr]ﬁl

+ £y, )} [8haat

+

i Jé] i i i
([fx‘“y”l]%ﬁz [gffl]é [h;]zé + [fxﬂ“y‘]%ﬁa [gi]iz + [fxf“xt“]vm [hf‘]zz + [fx‘“xt]vlaz)
x (5] + ]! lera]™)
+ [ ], hEJ2)



)

[Fax (Xssaa)]gz = [f}’t+1]; [g)t:rl} ﬁl [htax]’;; [fy't+1]; [gg_;l]ﬁl [htp2 [f}’t}gl [gax]ié + I:fxt+1j|;1 [htcx]llz
ecause E; [€;41] =0, h, =0, and gg = 0. This must hold for

i=1,2,..n

Qg = 1, 2, ey Mg

As shown by Schmitt-Grohé & Uribe (2004), this system is homogenous in the unknowns (gsx,hsx) and therefore,
gox = 0 and hyx = 0.

3.3 With respect to (o,0)

The coefficients of gy, and h,, are obtained from the second order derivatives of F (x;,0) with respect to o. Recall that
i B 1
[Fo (o 0)]' = Bul[fy,. ], (85510 (5™ + ()3 lersa]”)

[ty (577 + (605, 8507 + [ ], (51 + 3] o))

= B [[P] + [Pl + [P + [P

where )
P, = [y ]y (8270 (0 + Il fer]™)

P2)' = [fy.. ] (857"
P’ = [£y,]}, (85"

[P = [£), (051 + ]! fersa)”)

Y1

Thus, the derivatives with respect to o are:
B B i B2
[Pl]a [[fYt+1y1,+1:|6162 ([gfjl} ° ([ht]’y2 [n];g [€t+1]¢2) + [gt+1] 2) + I:fYH—l}’t:Iﬁ 5 [gf;H]

+ [fyt+lxt+lyﬁ Yo ([hf,]% + ["7]% [EtJrl}%)] [gfjl]ﬁl ([ht]FYl + €t+1 )
[ty )y, ([, (2172 + W32 lern)) + [gl] )@”1 I lera]”)
+[fy, ] (85717 e,

[PQ]i = [[fYt+1Yt+1],iglﬁz ([gfjl} fz ([ht]’h [7’]352 [€t+1]¢2) + [gfjl]ﬁ ) + [f}’t+1}’t],i31ﬁ2 [g?l]ﬁ
+ [fyt+1xt+1}; Vs ([ha]'y2 + W?f [etJrl} )] [gfjl]ﬂl
[ty ), ([] (B + Wl fera]™ ) + [g5:1™)

[Pg]i = [[fYthJrJ;lﬁz ([gf&+1]52 ([hU]AY2 + [77];2 [6t+1]¢ ) + [g?—l}ﬁ ) + [f)’t)’t]ﬁ By [g?l]ﬁ
By ), (05172 4 ] ][]
+ 1]}, 80"



Pl = [y ) o, ([867102 (02172 4 132 fesn]™ ) + [857)%) + [Bepvi] 5, (85717
s ), (00172 + 72 L] )] (05T + (]! lera]”)

+ [fxt+1} ?‘71 [l’ltz:ra-]’y1

Thus ) ) ) ) .
[Foo (Xs5,0)]" = E; [[Pﬂff + [P, + [Ps], + [P4]3]

= Blllfye v )y o, (857027 (87 + 132 lera] ) + 85717 + [fyonvi]) o, [8671]

 [Byepn ]y, (5172 + 132 o)) g2 (57 + ]! fera)”)
[ty ), ([] ) (72 4+ 32 feen]™) + [g51)2) (0S] + ] [ersa]™)
—i_[yt-#l}Z [ t+1]ﬁl[ o’o’]FYl

Y1

i

i), (1827 (517 + 32 lera]?) + [85517) + [y o, [
+ [fytﬂxHJ; Yo ([hfr]’YZ + [77]¢ [6t+1}¢2)] [gfjl]ﬁl
[ty ([l (a1 + Wl o)™ ) + [g55]7)

HlEyyers ) s, ([0 (8172 + 17 fersn]™) + [857)7) + oy b, 5, [
Sl O A 8 L Y N e A
+ [f}’t]ﬁl [ga'cr}ﬂl
+[[th+1Yt+1]fh,32 ([gfj—l]ﬁ? ([hg]72 + [77]¢ [€t+1]¢2) + [g?—l] ) + I:fxt+1yt:|i/lﬁ2 [gf’-‘rl]
(B 1], (87 4 0132 feeen] )] (051 + 132 era]”)

Y172

+ [f]), BE,] =0

We know use the fact that g =0, hy =0, gox = 0, and hyx = 0. Moreover we have E; [€;1] = 0. Hence,
Ey ([fyt+1yt+1]; By [gfcﬂ]ﬂz [77]¢2 [€t+1]¢2 + [fyt+lxt+l]5172 W% [€t+1] ) [gf:rl}ﬁl ["7]¢1 [“3t+1]¢1
+ [y (850 ) feen]” ()] [era]”
+ [y (867
+ By, ), [55H™
(815, [8bo]”
+ [folyHJ%% [gf‘ﬂ]fz [nt+1mz e +1]¢2 [nt+1]¢ [€t+1]¢1
+ [fxt+1xt+1}71~/2 Lianibs leri1]” [ 1] (€] ™
+ [£

XH_J: ht 'Yl} =0
(i

Ee{[fy.ive ]y, (85157 [0 032 o] (85511 [0 o]
+ [fyt+1xt+1}ﬁlfy2 [nt-i-l]lz [6t ] [g?_l]ﬁl [77”1]4)1 [et+1]¢1



[fyHJ; [giil]gi% [nt“]lj [6t+1]¢2 ["7t+1]gi [€t+1}¢1
[frei], (8] G,
T, [et ]

oo

S M =l i B CTY L s B C

71:32 V2
[ t+1] [6 +1}¢2 [nt+1] &1

[
[fxt“xf“}m% b, [€1+1]
[

fxt+1} [h oo }
)

[fYt+1yt+1:|; ﬁz [gfj-l]ﬂz [nt+1] [gfj—l]ﬁl [ t+1} o [I]¢1

Y2 ¢y U
+ [y o, 177 [gi“]ﬁi [ g
mm}Bwﬁ%Vﬂ%Wﬂxm;
+ By ]y, (8210 [t
[fym}; g™
+lfy ], gho]"
i), 8% ]2 ]2 2
+ [Exixes ], [ t“];j ("] W3

[ xt+1} [ 2]
because E, ([et+1]¢ [€1+1] 2) = I (Zzi ZZ; €t41 (@1, 1) €041 (@, 1)) E: (Z”e 1)

since €41 are iid with E; [e; 1€, 4] =L
This must hold for i =1,2,..n

4 The third order approximation

The third order approximation around the determinstic steady state is (only no-zero first and second order terms are listed)
g (xt, U)]ﬂl = g (Xss5,0) + [gx (Xss, O)]ﬁl (% — XSG)]al

+§ [gxx (Xss5 )]gm [(x¢ — XSS)]a (% — XSS)]Q2

+1 [8oo (%0, 0)]” [0] 0]

+% [Bxcxx (X )]giazag, [(x: — Xss)]a1 (% — Xss)]a2 (% — xss)]a3
+3 [Boox (%5, 0121 [0] [0] [(x1 — x45)]

+3 [Bosx (Xos, 0101 0, [0] [0 = x65)] [(30 — x46)]

+1 [8oo (%45, 0)]7 [0] [0] [0]

[h (x;,0)]" = h (Xs5,0) + [hy (X, O)]Zfl [ — %5)]™
+% [hxx (XSSvO)Ellaz (e = x0)] ™ [(3x0 = %46)] ™
+% [hoo (%s5,0)] ™ [o] o]
+5 [hacex (Xss, 0)}11(12(13 [(x: — XSS)] [(x¢ — XSS)]az [(x: — XSS)]a3
+g [hoox (Xsss )] (o] [o] [(x¢ — %s5)]™
+% [hosx (Xss )]a2a3 o] [(xt — %s5)] ™% [(x¢ — %55)] ™



+5 [hooo (Xs5,0)]" 0] [0] [0]

for
B1=1,2,...,ny
Y1 = 1a2a cey Ny

ap,az,a3 =1,2,...,n,

We now derive the expression for all the third order terms.

4.1 With respect to (x;,x;,x;)

We find the unknown coefficients in these taylor expansions by considering the third derivatives of F (x;,0). First recall
that

i % B ) % %
[Fxx (XSS’ )]alag = E [([fyt+1w+1]5152 [gﬁjl]»é [hﬁc]lzg + I:fyt+1yt:|ﬁ Bs [gx]gi + [f}'t+lxt+l}6172 [thZé + [fyt+1xt]@1a2>

[gt+1]ﬁ1 [ht }’71
me;mgﬂfwmmemy2+ﬁaﬂﬂjgﬂﬁumgxm

i %

N
o ([Byoyens ]y, o, (855172 D2 + oyl o, 82102+ [Bymens ]y o, G122+ ], o, ) (8510
+[fy. ]}, (8l o

# ([Berayenl’ s, (851152 IL102 + [Breana], o, (81122 + [ ]y D02 + (B o, ) (RIS
N

N

i B2

(]! il

Baryers )y g, (865172 LI22 + oy, (82002 + [Faxers ]y, D122 + [coxa S, o)
D = Eillfyeyinly, s, 8557 B2 [65])7) AT
)+ [Eeavlyp, g8 (86 B
3) o+ [fyeien )y, L0285 (RL]
9y, 85707 WA
5 +[f]h (87 i b
6)  + [, (80 i,
D el s, B A2 gL
8)  +lfyy b s, 8102 (811
9+ [fyxen]y ., 02 g4
1)+ [y s o, 8510
1)+t (ghdo,
12) [yl o, 8571157 02 LT
13) o+ [faay ], (84102 22
14) +mmMﬂﬂm£m&
15) + [fxf+1xt]7 s ]211
16)  + [fxs ], (hiadola,
)+ [fxtym]alﬁ (g [k
18)  +[fayll, s, [8L102

10



19) [ ], 02
20) + [fxf,xf]l

tioey g

Therefore let ) 5 5
% i
Qs = [yeonyens s o, [8571]7 L1227 (L

(Qa)iva = [Eyeiy ]y 5, (82102 8577 L]

[f f+1]51 [hx]%

%
Yt+1xt+1j|ﬁ1—\/2 [ ] [gx a1

[Q3]h, e

Q)i = [Byevi]y o, (85717 A2

Qs = [fyena]s, [8121]7" (L)% (L]

Y172
[Q6livas = [fyen]s [851]7 i,

(@7liscn = [Byryenn ], o, (8571107 E12 (82122

[Qg]iqag = [fYth]B B [gx]g:‘; [gx}al

i _ i B4
[Q9]a1a2 = [fYtXt+1]Lgl,yz [ht]az [gx]al

i _ i B
[QIO}alag = [ftht}ﬁlaz [gx]ozi

[Qll}fmaz = [fYt]gl [gix]giaz
i i B
[Qu2]l,,0, = S [g;+1] 2 [ht]% [ht]'vl

Y182

i _ : B 1
[Ql?’}alaz = [fxtJrIYt]:lgz [gx]az [h }041

(@il = (i), 0122 L]
[Q15]Lla2 = [fxt+1xt]fyla2 ]2
[Qi6)iay =[] (i,
(@170 = [y ]y, (857117 AT

[le]iqom = [fxtyt}fxlBQ [gx]fzz

[QIQKQOQ = [thxt+1];m,2 [hfc]lz

[QQO};IQQ = [fxtxtralag

11



And the derivatives with respect to x; are:
i

(@) ar = [Byraven ], 5, (855172 04122 [71]7 [RL])

[Ql];1a2a3 =
7 B % B [ %
[f}’t+1}’t+1}’t+1]5 52ﬁ3 [gfjl} ’Yz [h ]lz + [fYt+1Yt+1Yt]5 ﬁ253 [gx]az + [fYt+1Yt+1xt+1]@15273 [hi]lz + [fYt+1Yt+1xt]5152a3)

« [ t+1]f32 ht] 72 I:g;‘,(-i-l}ﬁl [, ]lll

+ [fyeiiyenls 5, [ tH]fz% (7 (0472 (2] (i)
i Bo B4

+ I:fYt-%—l}’t-%—l}B [3 [ 1]—\/2 XX (J/Z(x3 [gfj»l} [ht ]71

+ [fYt+1Yt+1yg 5 [ 1]22 ht 72 [gi—}tl]glﬁ/ [ht]l; [ht]’h

+ [fYt+1Yt+1yﬁ By [ 1]72 ht 72 [ t+1] ) [h;x]zllag

Q)i = [yeiy ]y 5, (82102 [857]7 L]

[Q2](illot20(3 =
2 B
([f)’t+1)’t)'t+1]ﬁ 5253 [gfc+1] N [ht]’m

[gL]o2 8] L]
Bo [

i

B 7 i
[f)’t+1)’th]5 [3253 [gx]ai + [fYt+1tht+1]51,52W3 [h;]l‘; + [fYt+1tht]5152a3)

t+1]f31 [ht]’h

X

+ [fyt+1yt]5 B, [8xx)azas (B

[y, (85107 [£1] 77, LS 4
Byl 5, 185002 [gfﬂ‘“ bl

(Qs)ives = [fyesiers ], L2 (857" (L]

Q5] cers =
(It

3
yirxiyvie g s, [8x
x [BJ32 g 1)] I

Xlaq

ﬁ i ﬂ K3 1
t+1} ° [h ]Zz + [fYt+1Xt+1yt][31,y2[33 [gx]a:; + [fYt+1Xt+1Xt+1]@1,y2,y3 [ fc]lz + l:fyt+1xt+lxt:|ﬁlo\{2a3)

B
+ [fYt+1Xt+1}/j’ Yo [ ﬁcx]lzga;; [ chrl] ' [ht]lll
+ (B ], (02 [gf::}fy [y ]2 ]2
+ [fYt+1xt+l}ﬁ Yo [hxp2 [gfjl} ﬁl [hix]aio@

i _ i B
[Q4]a1a2 = [fYt+1Xt]5la2 [gfjl}fyi [hﬁc]lll

[Qulls, azas =
ala;as i t+118s V3 £ i Ba £ i £17s ¢ i
[ yt+1xth+1:|ﬁla263 [gx ]"/3 [h ]a3 + [ yt+1xt}’t}6la253 [gx]as + [ Yt+1xtxt+1],gla2,y3 [ x}ag + [ yt+1xtxt:|ﬁla2a3>

% [ t+1]f31

" 8
+ I:fyt+lxt:|6 s [gt—i_l],yl,y [ht]lz [h;]Zzll
[y o, (8677 (i

xxXlogag

(@l = [y, 841177, 4T3 0413
[Q5];1a2a3 =
7 B 3 i i
([fyf+1}’f+1]5 [33 I:g§(+1]n/z [h;}gi + [fy1+1yjﬁ ﬁ3 [gx]gi + [fyt+1xt+1]5173 [h;]gi + [fyt+1xt]51a3)
[gt+1] B1 [ht ]Vz [ht ]’Y1
XX ’Y ,\/ Xlag Xlag
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By} [gik] 7 (]2 (hG)22 (b))

+ [fyH—J; [g?;l],y Yo [h;x}zzaa [h;}zll

[y (80 )22 0,
[Q6]fl10¢2 = I:fyt+1];1 I:gf(+1:|$i [ tx]Zzllaz

[Qﬁ];1a2a3 -
t+1

[fYt+1Yt+1]@ 53 [gx

% [ t+1]/31 71
xx a1 as
i B
+ [fyt+llﬁ [gi—;l]’ylvs
+[fyin] (8 1]

Y1

B i B i i

72 [h ]Zzi + [fYtJrl}’JﬁlBS [gX]az + [fYt+1xt+1:|ﬁlfys [hfc]zz, + [f}’t+1xt]5la3)
Y t

h ] ; [hxx]allaz
]’Yl

XXXlagagag

[Q7]i¢1a2 = [fytyt+l]; 8, [gfjl]fz [ht]% [gx]m
Q7 0000 =
(T T tﬂ]ﬁs LT + [Byoverivel s, 5,5, 810+ Broyerimen ) s I + Brveoied s 5,00 )
x [g6'])72 [nL]2 [gL)2
+ [fytyurl]g 8, [gfﬁ;f]f [hs]os bS] [g4)o
+ [fYthJrl]B By [ 1]3 x| a2a3 gx]gi
+ [f}'f)’f+1]5 8, [ Hl]i gc(w gxx]iiad
(Qsll sy = iyl 5, (85102 (81100
(Qsloyaras = |
(Kvrvevers Vs, oo, (851100 ETS + Byuyoyl o, BRI + [Byoxens iy o, OG0 + Brayix b, gy, )
x [gh]o? gkl
iy 5, [Bla? , 8L
ity Tl 5, 84002 [8hd s,
Q0 ay = [fyimes ], (0122 [85)2)
@loyaras = | |
(e rvers o, (620 LI+ [Eyoneraye) o (80102 e T, 2+ s )
x [E]72 [gl]
By ]y, (B2, (8510
+ [fyoxeea s, (1222 Bl
Q1041 = [Eyi b o, 8L}
[QlOleagag =
Byoxcvers ], aps, (867107 IO + By Ty, B2 + [Byoxxcrn |5,y EI2S + Byixex b g ) (810
Byl (8o 0
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i _ i B
[Qll}alo& - [fYt]ﬁl [gt ]aiaz

i B B i i B
[Qll]alazag = ([fYtyerﬁ 53 [gf(-i-l]ﬂyz [ht]V3 + [fYth],g /33 [gx]az + [ftht+1:|§173 [h;]zz + [fYtXt]ﬁlaa) [gxx]oziaz

7 B1
+ [fYt] [gxxx]alagag

i _ i B
[QlQ]alaz = [fxt+lyt+l]'ylﬂ2 [gzjl]»y; [h ]% [ht]li

[@12)iczes =
i B 7 i 7
([fxf+1Yf+1Yt+1]71,3253 [gtJrl} z [ht]lz + [fxt+IYt+l}’tj|7162ﬂ3 [gx]gi + [fxt-¢-13/t-¢-1><t-¢-1]-\/1/32-\/3 [ ;]th + [fxt+1Yt+1xt]7152a3)
% [gi+1]52 [ht }72 [ht]%
+ [fxt+1yt+1}'ylﬂ2 [ fc;rcl]f2,y ht 73 [ht}’)’z [ht]’h
 [Eaayen )] s, 85717 iz, (4]
+ t x xx Q203 (o5}
i t+ 52 t Vz t M1
+ [fxt+1}'z+1} [ x ] h [hxx]a1a3
(@510, = (Bl 5, (8510 AT
[Q13};1a2a3 =

A B3

B i i
t+1]vz [ht]7 + [f"Hlym]lezﬂs (gxlas + [fxt+1ytxt+1],ylﬁz,ya [he )22 + [fxtJrItht:I'ylﬁzOé;g)

[fxt+1}’t}"t+1]:/lﬂ2ﬁ3 [gx

x [ghlaz L2
@ B
+ [fxt+1}’t]A/16 [gxx]azag [ht ]’;11

7

+ [fxf+1§'f]ry By [g }62 [h;x}zias

Qe = [Berixen] ., (172 E]2

(@144, apas =
[£ 1L g me)e [t P AT | AR ]:
FeA1 X1V 041 Ly oy, By 8x RET HeA1Xe k1Yt J oy o By Exlas FAIXA X1 oy ypyg X g X1 X413 oy o a3

X [ht ]72 [ht }"/1
+ I:fxt+1xt+1} [ ;x]zzag [h;]lll
+ [fxt-ﬂxu—J,y o [hx}72 [h;x}lllag

[Q15K11042 = [fxt+1xt]i [h;]lll

- Y12
[QIS]Z =
QIFZQB i t+178s ht 173 f ¢ B3 f H RE] f v 71
[ xt+1xtyt+l:|’)/1042ﬁ3 [gx ]Vs [ x]a3 + [ xt+1xth]71a2ﬂ3 [gx}o@ + [ xt+1xtxt+1},yla273 [ x]aa + [ xt+1xtxt]71a2a3 [ x]a1

+ [fxt+1xt] :16!2 [hfcx]lllag

[Qlﬁ}fxlaz = [fxt+1:|i/1 [hix]lllag
% i B i % %
[Qlﬁ]alaza;g = (I:fxt+IYt+1j|7153 [gfj—l] ’ [h ]Zz + I:fo»IYt]»YlﬁS [gx]gz + [fxt+1xt+1]71fy3 [h;]zi + [fxt+1xt]710¢3) [h;x]lllag

%
+ I:fo'l}'Yl [hscxx]lllagag

o

i i Bo
[@17]0100 = [Exiviii] g, (8657 [

[@17]4, 005 =
i B
I:fxfyf+1)'f+1:|;1ﬁ2ﬂ3 [ngJrl] ’ [ht]PYS

%

[3 7 v 7
[fxtyf+1yja152/33 [gx]az + I:fxth+1xt+1:|a1B2'y3 [ x}az + [fxtyt+1xf]a1,82a3>
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x (g2 [nL]2
i B
+ [fxtyt+1]l?41/32 [g:‘j’»‘l]’yz'ys [h;]zz [h;]zz

 [Bayer |y, (8670 i 22,

[ng};lag = [fxtytralBQ [gfc](yz
1
[ng}alaga;; =
% B3 i + i

i 8 B
([fxtytyt+1]a13263 [gfj‘l] 3 [h;}li + [fxtyt}’t]oélﬁzﬂg [gfc]a:,, + [thYtXtJA]aleA/S [hx]li + [fxthXt]alg2a3) [gi}az

V3
+ [fey o 5, (Bl
XtYtlay B, IOxxlazas

[QlQ};laz [fxtxurl]l [hﬁc]gi

- a1
[Q19}21a2a3 =
i 8 i B
[fxtxt+1yt+1]a17253 [g§(+1]vj [h;]li + [fxtxw1yr~,]a1%33 [gi}ai + [

+ [Eixiin] sy, Mo 2,

i t17s i t172
fxtxt+1xt+l}a . [hx]a3 + [fxtxt+1xt]a o [hx]az
17273 17243

[QQOKWCQ = [fxtxtﬁqag

i B3 i ¢ %

7 _ i B v: e
[Q20}o¢1a2a3 - [fxtxthJrl]alazgs [gfj_l],yj [hfc]oz; + [fxtxth]a1a2,83 [gfc]ag + [fxtxtxt+1]ala273 [hx]a; + [fxtxtxt]a1a2a3)

Thus
i 20 7
[Fxxx (Xss, U)]alocgag = E; [Zmzl [Qm]alaztxa} =0

This must hold for
i=1,2,..n
aq,Q2,03,= 1,27~-~7nw

Hence, we have a set of (n, +ny;) X ng X ng X n, equations in as many unknowns. Note that we use the symmetri of

Exxx and hyxx to only solve for (n, + n,) ( 7;1 = (ny + ng) (nx"_ifg'),g, = (ny +ny) (m"_i’é),g,

Wﬁmﬂﬁ+MNmﬁ<?>—

= (ny + nz)

(nf + (n:f?;)m!)

= (ny +ng) (ng + M)

Gni—i-nm (ne—1)(n.—2) )
6

(
= (ny ) ()
(

anC +ng (nz 73nz+2) )

[=2]
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= (ny +ng) (W)

This formula is implemented in the codes grxzx hxxx gssx _hssr and its modification with respect to the use of less
memory (in grxx _hxxx _gssx_hssx_lessMemory) and less loops (in grax _hxxx _gssz_hssx_lessMemoryLoops). The
formula is also implemented in g _h_3rd.m.

For the paper we use the same notation as in Schmitt-Grohé & Uribe (2004), that is we omit the time index on derivatives
of g and h, and we let y = y,, y'= y;,1,X = X¢, X'= X¢41. Thus

[Fxxx (XSS7 U)]chagag =

5)  +lEy], [Beodslq, (22 (072 (]2
6) -+, [8x)2! ool oy
11)

+ [fy 15, (8ol i agas
16) + [fx’]fh [hxxx]gllozgag

+ [bl];lazag = O

We have defined

[P ey =

1203

1 f. ( t+1 B3 ht 73 f. ( B3 f. i t173 f. i

) + [ Yt+1}’a+1}’t+1]5 ﬁzﬁs [gx ]73 [ x]a3 + [ Yt+1}’t+1}’c]5 5253 [gx]a3 + [ Yt+1}’t+1xc+1j|615273 [ x]a3 + [ Yt+1}’t+1xc]5152a3

[ (a5

 [yeryen s o, 85172 0402 (L)% (gl (L))
sy, (8517 [ g0 L))
+wmmm6uﬂ?wwmwf%wwmm
+ [yeriyens ]y, g, 8657 IA]22 (g6 i,

2) + [fyt+1ytyt+1]; By [g§c+1]53 [h ]ng + [fywrl)’t)’t]; BsB [gx]iz + [f}’t+1}’txt+1]; B ¥ [h;]zz + [fYt+Itht:|; Boas
1P2P3 3 2”3 1P273 1P2

x [gL)22 [gh] " (L))

+ I:fYt+IYt:|; 5 [gxx]izag [gfjl]ﬁl [ht]lll

+ [fYt+1Yt]5 B [ x} [gf{tl}flry [ht}zz [h;]lll
B1

+ [fYt+1Yt]5 52[ fJ [ t+1}7 [hxx]lllag

3) + (l:fyt+1xt+1yt+1][3172,33 [gfg‘rl} ,YZ [h;]lz + I:fyt+1xt+1Yt:|;17253 [gx]ai + [fyt+1xt+1xt+1}zﬁlfy2.ys [hi]li + [fyt+1xt+1xt]/31,y2a3>

x [hL]72 [gh] 7" ()

S L N N o ol AN
By, 5023 [851]07 4TS (L1
+ I:fYt+1xt+l}6 Yo [h W2 [g)tjl} ﬁl [hix]lllcm

4) + ([fyt+1xth+1],i31a2ﬂ3 [g;“rl} B: [h;]li + [fyﬁ»lxt}’t]; 042,33 [gx]gz + [fyt+1xtxt+1];1a2,},3 [h;]li + [fyt+1xfxt];1a2a3>
[gt+1]ﬂ1 [ht]%
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10)

11)

12)

By, (86151, (L1032

B
+ [fYH—lxt],ZBlaz [gfjl] . [h;xmllas

i Bs i i

+ ([fyt+1yz+1]5 53 [gfjl]fj [h ]’1133 + [fYt+IYt]B 53 [gx]a3 + [f)'t+1xt+1}5173 [h;}’oy;; + [fYt+1xt]ﬁla3)

[ggl]flﬂ{ ht V2 [ht]'YI
[fmi (g Ihi 2, (e
[fy,+J; (g7 i) i,

* ([fyt+1yt+1];1ﬁ [gi+1]63 [h ]’;33 + [fYt+IYt]iB Bs [gX]gz + [f}’t+1xt+1};173 [h;}li + [fYt+1xt]Zﬁloz3>
x [ (bl

+ [fym}; (8] L] (i,
+

B i B @ ¥ %
+ [fyth+1Yt+1 B, 5253 [gfjl] ’ [ht]li [fymﬂw]glgzgg [gi]a‘;’ + [fYtyt+1xt+l]Blﬁ2»y3 [hfc]az + [fYthHXt]BlBQ%)

[g;+ ]52 ht ’Y2 [gx]a1

[fytywrl]g B85 [gfz—:cl] [hy] A/S ht]vz [gx]m
B

[fythJrl] [gt+1] X hf(x Zzias gX]al

[ B1

f gxx]al (6%

+ 4+ + x

B1By LO%
5, [ t+1]ﬁz ht] 72

YfYt+1]

i B ¢ i B i vy i
+ ([fYthYt+1]g 5253 [g}tj—l]’yi [h;]l:; + [f}’t)’tyJﬁlﬁzﬁg) [gi]az + [fy‘ytxt+1]6152’Y3 [h;]az + [fythxt]61[32ag>

x (8422 [l
+ [fo)’f]g 32 [gxx]gza3 [gx]al

B B
+ [fYtyt]B By [gx}az [gxx]aiag

B8 vy i B A +17Y i
+ ([ftht+1Yt+1:|131f\/2B3 [gffl]wj [hx]az + [ftht+1Yc]5172ﬁ3 [gx]ai + [ftht+1xt+1:|ﬁ172A/3 [hx]az + I:f}’txt#»lxt:lﬁlryzas)
t17Y B
x (042 (g2 )
i Y 1
+ I:f}’tXtJrl:I-ﬂl’y [hﬁ(x]azt)@ [gx]al

2 B
+ [ftht+1],3”2 [hy ]72 [gxx}aiag

i B i B i ¥ i t1681
+ ([fthth+l]Bla263 [gf:—l] : [ht ]li [f}’txtyJﬁl()QﬂS [gx]az + I:fthtxt+1]Bla2/yS [hfc]az + [f)’txtxt]ﬂloQas) [gx]al

i B
+ [f}’txt]ﬁla2 [gxx]aiag

i B i B i gl i B
+ ([fYth-f—Jﬁl/gS [g§c+1]72 [h;]lz + [fYtYr}ﬁlﬁS [gx]ai. + [fthH—l]Bl,Ys [h;]ai + [ftht]Blag) [g;x]uiaz
+

+ ([fxf+1)’f+1>’f+1]2152,83 [gchrl]f; [ x]lz + [fxt+1yt+1yt]2152,@3 [gx]gz + [fxt+1>’t+1xt+1]:15273 [ ;]333 + [fxt+1>’t+1xt]fylﬁza3
[gi+1]52 [ht }72 [ht ]’Yl

(Bl o, (85717, A0 L2 AL

 [Eeiyen )] s, 8671102 hi]02,, (L]
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+ [fxt+1}’t+1}2152 [g;—i_l]fz [h ]VQ [hiX]liaa

. 8 . . .
13) + ([fxt+1ytyt+1]:1ﬁ2ﬁ3 [g?t(+1]fy§ [h ]z;; + [fxt+1)’t)'t]:1g2g3 [gx]gz + [fxt+1ytxt+1]:15273 [h;]li + [fxt+1ytxt]:152a3)

x [ghla? L2
i B t171
+ [fxt+1}'t]7132 [gxx]azag, [h;]ll
@ B
+ [fxt+IYt]rylﬂ2 [gx}ai [h;x}lllay,

i 8 i 8 i i
14) * ([fxt“xf“y’“]vnzﬁs [gf‘ﬂ]vz [h;]}; T [fx’“x‘“y‘]vmﬁs [gx}ag + [fxt“x“lx‘“]vﬂz% [hi]li T [th+1Xt+IXt}7172a3,
x [hg ]2 [hE]o
+ [£

%
Xt+1xt+1} Y172 [hix]’;zag, [h;&(]lll

+ [fxt+1xt+1yyly2 [h }72 [h;x}liae,

15) + ([fxt+1xt}’t+l]i’1a2ﬁ3 [gi+1]fj [h ]3433 + [fxt+1xtyt]i1a263 [gx]ii + [fxt+1xtxt+1]iflagv3 [hi]z“z + [fx”lx‘x‘]ilaw‘S) [hﬁ(}zll
+ [fxt+1xt]:la2 [hix]lllag

i

16) + ([fxt+1}’t+1]2153 [g?—l]ﬁs [ht]VB [fxt+1Yt]71,33 [gx]iz + [fxt+1xt+1]fylfy3 [h;]gz + [fxf+1xf]fyla3) [hﬁcx]lllag
+

i 8 i B i %
17) + ([fxth+1Yt+1]a15253 [gfjl]yz [h ]Zzgg + [fxt}’t+1}’t]a15253 [gx}ag + [fxt}'t+1xt+1]a152,ys [h;]zz + [fxth+1xt]a152a3)
B
x [ (i

+ [Byen ]l o [g561]72 mL]72 (my]22

aify g 273
i
+ feiyiin] g, (85757 s 22a,
i Bs i B ' i B
18) o+ ([Bayyens oy, (850 A2+ gy, [BR12 + [Bryoxis Ty, IS + Beayixch, e, ) 82152
i B
+ [fxt}’t]fxlﬁz [gxx]o/za3
i B i e i i
19) =+ ([fxtxz+1}’t+1]a172@d [gfj_l]vj [h ]’;33 + [fxtxt+1Yt:|alr~/263 [gx]ag + I:fxtxt+1xt+1:|alfy273 [hi]zz + [fxtxt+1xt]a172a3> [h;];/;

t [Exoxens ]y, (P2,

i B i B i i
20) ([ ras, (85517 I+ (e Lo, B2 + [xois ]y, 8072 + xSy

Omitting the time index on derivatives of g and h and letting y = y,, y'= y,;1,X = x4, X'= X441, we get
[ ey =
1203
, 8 4 P 4 .
1) + ([fy’y’y ];3 B2Bs [gx] 2 [ht ]73 [fy/y/y];15253 [gx}az + [fY'y/x']zﬁlﬂXYs [hx]l:; + [fy/y/x]zﬁlﬁzoﬁ)
]fz [h ]042 [gx]ﬁi [hx]all

'y ]5 gxx]gm [hX]ZSS [h ] =
g

I
x}h [h xx}gzas [gx]»yl [h X]
172 [hy] 2 [gxx]fm?,[ xag, hx]a)
g o

[ !y
5, |

[

2] [ 22 )5 (D]

X [gx
+fyyls, 6,
+[fyry ],

+[fy ']Bﬁz
+[ ]552 gx

as
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i i B i i
+ ([fy’yy’]515253 [gxf;’ [hxlod + Byryyls 5,6, [8x1ad + Eyryxls 5, xlol + [fy’yx]5152a3)
[gx]2 [x]5) [
i B
(fy y]@lgz [gxxggiag, [gg]yi [hx}li
el 8122 e, (]2 )2
[fy/y]zﬁlgz [gx]’gi [gX]?& [hXX]Zéll%
i B i B i Y @
+ ([fy/x/y,]ﬁfhﬁs [gx]’Yg [hx]’og + [fylx/y]517253 [gx]ag + [fy’x'xl]5172’)’3 [hx]az + [fy’x’x]6172a3)
X [hX]Zzz [gX]fi [hx]lll
+ [fy/x/];lfyz [hxx]zzag, [g;]fi [hx]zll
i v
+ [fy’x/]_gﬂ2 [hx}li [gxx]yi% [hx]Zf; [hX]all
el (]2 8] Tl 1,
i B: : i B: ' Vs i
+ ([fy’Xy' ;lagﬁg [gx]y; [hX]lZ + [fy’Xy];alazﬁS [gx}a; + [fy/xx/]glag’yg‘ [hx]a; + [fy’XX]51a2a3)
X [gx}fi [hxmll
(Bl o, (8L, (22 )
+1

fsd by (80 Il

(g T, 5, [l T2 + [Byrylh o, [l + BTl o, M2 + Byl o)
% (o1, (22 ]2}
+

+ [fy’]ﬁl [gxx]gi’h [hxxmz;ag [hx}lll
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+ g 2 [aoel 71, 22 a2+ )5 (o] 22 )5 (o] 2L
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%
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[fyy/]51@3 [gX]fi [hX]Zf; + [fyy]glﬁs [gx}gz + [fyX’]@l73 [hx]Zf; + [fyX]g1a3) [gxx]aiag
i B i B i i
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4.2 With respect to (0,0,%x;)

First recall that _ P B, B
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+ [fxt+1xt+1}iﬂ2 ([hto]% + ["7};2 [€t+1]¢2>]

x (5] + Wl lera]™)
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t t+1]61

fyrsvmens ], (8517 + )2 fern]) [
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[
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0
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D ey, (867072 (007 + W2 fea]™) (66777 (10017 + I3, fevs]”)
2) [fYH—IYH—Jﬁ B, [gfjl]ﬁz [g;ﬂ}ﬁl ([ht]vl [77];1 [€t+1]¢1)

3) +mmﬁﬂ%@ﬂ“@x]XWlemmﬂﬂ)
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Hence, we let
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[Pra]' = [fy ] 5, g5
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x (gl )7 (s + [%kwﬁﬂ[”W%@ﬂ“ [l fes)”)
+mmw45%[wq$hh](mW” 32 lersa)® ) g2 (5] + [l levn))
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The numbers to the left indicate which term the expressions come from.

This formula is implemented in the codes grxx  hxzxx gssx_hssx and its modification with respect to the use of less
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the second term of 4) is the same as the second term of 19)

For the paper we use the same notation as in Schmitt-Grohé & Uribe (2004), that is we omit the time index on derivatives
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B { [Pl } = Bl ([Bersixiver ]y s, (85717 AT + [Beoinayi ) 0y, (81150

B ] B2+ (B ) (10517 + ] [e2]™ )

i Yi20a3
S N [ 535
=0

21) For [Pa]’

[65Xe %}

Et {[P21]io@a3} = Et{<[th+1Yt+1]:153 [gfjl]fi [h;]’;; + |:th+1}%:|;1§3 [gﬂg;
+ [th+1Xt+1}:1fy3 [hﬁc}’;i + [th+1XJ:1a3) [hgx]glz

+ [thJrJ fh [hf:v'xx]l;o@}

% vy
= [fx‘+1]’Y1 [ to'xx]alzocg
We therefore have
[Fa'xx (Xssa U)];gag =

7 B 1 i B ; 2
[f)’t+1][31 [gfjl} ’Yi [hfrxx]’oygcm + [fyt+l]ﬁ1 [g?}_éc] 7;73 [hfc]l; [hi]lz

k 5 ;
+ [f}’t]zl [goz;xx]a;o@ + [fxt+1]71 [htaxx]llzag, =0

This must hold for
t=1,2,..n
aq, a3, = 1727"'7nr

This system is homogenous in the unknowns (gyxx,hoxx) and therefore, goxx = 0 and hyxx = 0. This is in line with
the conjecture made in footnote 10 in Schmitt-Grohé & Uribe (2004).

For the paper we use the same notation as in Schmitt-Grohé & Uribe (2004), that is we omit the time index on derivatives
of g and h, and we let y = y,, y'=y,,1,X = X¢, X'= X¢41. Thus

[Faxx (X857 U)]Z =

. X2a3 .
[fy’]gl [gx]fi [haxx]liag + [fy’]zﬁl [gchX]f;% [hX]li [hX]Zzz
+ [fy];ﬂ [gaxx}géag) + [fx/]zh [haxx]l;as =0
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4.4 With respect to (0,0,0)

Recall from the section on derivatives with respect to (0,0,%,) that
[FD'G‘ (Xss, 0)]1 = Et{

D v, 5, (867102 (005172 4 132 fersn]™ ) (657 (4] + ]! [era]™)

2+ [fyeyen ]y, (8577 g0 (0] + )] lern)™)

8+ By, (8577 [0 (0] + ]! lersn)”)

D+ e, (577 0032 o)) g5 (B8] + I3 o))
5) +mm][MWW@WZM%mmﬂamﬁ[mwmﬁ)
6) +mm]@wﬁ( %ﬂmme)

N [fy ], (80 )

) +WWME%wﬂ?mW2mmmmﬂmwﬁ

9 + [fyt+1yt+1yﬁ B [g?l]ﬁz [gtt;rl}ﬁl

10) 4 [fyeav]y , (8577 (g5

1)+ [y o, (B2 + 012 ) g5

12) [y [0 (™ + i ™)

B[], e

14) + [fYt.Yt+1 8, 52 ] i ( [h]™ 6t+1]¢2) [gi}ﬁl

15) [y, [gﬂﬂ? CAlS

16)  +[fylp, s, (8577 85"

17) [y o, (L2 + 132 [er1] ) [g5]

18)  +If.J5 lghol”

19) o+ [y )] o, 857107 (67 I3 el ) (617" + I3 fevi]™)
20)  + [feayeni) s, (8577 () + ]} lera)™

20) [l p, 857 (617 + I3 fera)”)

22) +f[£xH4x,+1]W172 (5T + 32 levsa]” ) (051 + ]} ferea]™ )
23)  + [fxu ]y G,

Hence, we let

P = (B iy, (86510 (0T + [l eren)?) [ 1] (0817 + 13 fevsn]™ )

Pl = [fysayins ], 5, (85717 [0 (8] + Il feia]™)

Pl = (Bl 5, (85717 ()2 (0] + ]! fersa]™)
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PA]' = By, (00072 + 0132 ) [gl]

(s 1™ + [l fersa]™ )

P = [ty ), [ (612 + )32 ewsn]™ ) (027 + ]! [ersa]™)

Pl = [fy. )5, (gl ] (T04) + [l lersa)”)
[Pr)' = [fy,. ] (85717 b, )™

R = [fyerayns ], 5, (8610 (00172 + ]2 ferin]™ ) [5]™

t+1]52 [ga

[P9]i = [fYt+1Yt+1],i315 [gtf t+1]5

i

[PIO]i = [fytﬂyt]glﬁz [gg+1]ﬁ2 [gg+1]
[Pll]i = [fyt+1Xt+1];172 ([hta],h + [77]352 [6t+1]¢2) [g?—l}ﬁl

[P’ = By, ), [gs!] (8] + ] fersn]™)

i

[Pl?:]i = [f)'tJrl]ﬁl [gf-rt-l]

Pl = [ty ]}y o, (86517 (087 + ()32 fersa)) ()
[P15]i = [fYth+1],i8152 [g2'+1]ﬁz [gff]ﬂl

i [ t+1]52 [

i B1
[Pre]” = [f}'t)’t]ﬂlﬁ2 8o o]

8o
(Pre)' = [ty (05 + 032 [e112]™ ) (g5

[Pis] = [y ]}, [85o]™

[Pro]’ = [Beoyovera |5, (855102 (08172 + 172 fersn]™ ) (51" + ) lera]”)
(Paof = (B 5, [857117 (10517 + I3 fera)”)

e L L il (AR T

[Pa]’ = [ ), (G172 4 )32 ewsn]® ) (0517 + )] feria]™)

[Pas]’ = [, ], [ty

We now compute the derivative of all these terms with respect to o
B B
P = [fyayer )y, (865110 (5172 + [l leve)? ) [ ] (0517 + ]} fevsn]™ )

o7



P, = (fvvoyeniyen) s, o, ([g;“] (g + 3 levan]) + [g57))

+ [fYt+1Yt+1Yt];3 ﬁ 53 [ga] + I:f)’t+1)’t+1xt+1:|; /3273 [hfr]’ys + ["ﬂd)z [Et+1}¢3))
X [g +1 ] (ht “/2 [77]% [€t+ ] ) I:g;-'rl}ﬂl ([ht]% [n];i [€t+1]¢1)

[fymym}ﬁ ﬁ (Teta], (L) + )32 evsn)™ ) + [gs1]12)

+

X ([ht I + [€t+1]¢2) [ f+1]61 ([ht]71 LIbs [€t+1]¢1>
+ I:fYtﬁ»IYtﬁ»l} gl e [gt+1]51 ([ht]'h ["7];1 [€t+1]¢1>
+ [f :

3

% ([ht 4

8182
Yt+1Yt+Jﬁ 52
+ [fyt+1}’t+1}ﬁ Bs

5

[t ( 12+ I3 fees)’ ) ([1)07 (1057 + )32 fers
1
A i

= (IRE12 + 32 fersa]”) (g7 L]

P = [fy iy )y, (8577 [0 (0817 + ] ersn]™)

[Pg]i = ([fYt+1Yt+1Yt+1]i5 ﬁ253 ([gfjl],% ([ht }73 [77]2;3 [€t+1]¢3) + [gt0'+1]63)

+ [fYt+1}'t+1}'t]5 B85 [ga]Bs + [f}’t+1}’t+1x‘+1];16273 ([hg]vg + [m;i [Et-i-l}%))
ge1]" [0 (1) + [l evn]™)
Byl s, ([gzts]% (e + g feesn)®) + [551%)

[

[

[gtH 61 (ht "+ 6t+1]¢1)
+| ]

+] 15,5

X

+

X

+ |f,

Yt+1Yt+1

[y

i [ t+1

8182 5 5

7

Venyenl g g [ t+1] 2[ t+1]71 [h ]’Yl

182 oo

i i /5 B
[Po)' = [fyo iy 5, (85717 [0 (E]™ + 1et+1]¢1)

i ‘ 5 Bs
[PS]U = ([fo+Inyt+1]B B2B83 ( t+1 ° ht ’YS 77 6t+1]¢3> + [gta+1] )

7

+ [fyt+1yt)’t]ﬁ BBy [ga] + [fYt+1thf,+1]515273 ([hﬁr]ﬁyg + ["”;3 [6t+1}¢3))
g5']" [ge1]! (b1 + nl}; fersa)”)

oyl g, (1865077 (10017 + 0l feesn]™ ) + [g551]™) )2 (104)" + [
f.

X

— o o

+ o+ o+

£ t+1]52 [

Yt+1Yt];31,5'2 [ga t+1]ﬁl [hcrcrpll

gx

P = [fy i)y o, (06172 + 32 L] ™) [l ) (104D + (]! lersn)”)
(il = By s, (8517 (0817 + 32 ern)™) + [851))

- [fymxtﬂyt];ﬂ o, (867 4 [fyeaisincn o, (07 [0 ] )
(e + [l fevsn] ) [ (217 + ]} [€t+1]¢1>
[fymxtﬂ}m g, )" [g] ([ht "+ ) )
yerinens] o, (572 13 fesn]™) (8], (AT + I} levi)?) + [g
Byevinens] o, (572 132 fesa]) [6] T, 1

X

+ o+ o+

o8

t4+1
xXo

]52 ([ )2, (7 + I3 feve)® ) + (i) ) (0™ + 17 fevsa)®)

€t+1 )
1

veoive o, [851)7 ([], (051 + 3 fernl®) + [g22']) ([hz]”l+[n]¢ fevs))

17) (me]™ + o]

Y1
1

[€t+ﬂ¢l)



Pl = (B, ()72, (007 + Il feva)®) (I + Dl leca]™)
[P5]i; = ([fyt+lyt+l},81,83 ([gfjl]ﬁa ([ht]% ["7];2 [6t+1}¢3) + [glt;rl}ﬁs)

By s, g, 8517+ Bpxens ]y o (0517 + 132 [er4a))

< [0 (0] + )2 feeen]®) (18] + (0] [era]™)

(B, ([852170 (7 + 32 fern]™ ) + (53] ) (5T + ]2 feesn]® ) (IS + ()3 [era]™ )
(B, (85117 17 (IS 4 ] fersa])

(B, (85110 (G + 32 fera]™ ) I, )™

(Pl = [fy.), (2] (4] + [l fersn)”)

%rﬂmmmwﬁugﬂ%mWB[lmmﬂ gwﬁ)
 [fyrray ) s, (8517 + [fyiwinns ]y, (57 + 13 o)™ )) [0 (IBE]" + ]} [era]”)
+m¢;@mﬁJWW[1mmﬁ[&u)ww [l feven])

+ [y, (g1 )

P)' = [f.. ], [84] e, )™
[m}—wwM5ﬁUH”%w% 1} lena]®) + 5]
By ), (8517 + [Byerimens ], (I8 12 Tesa]™ ) (g4 Mt ™
8], ([, (07 + s fera)™ ) + [g]))) ™
+ [y ], [g;+1]ﬁl[hagar“

P = [y g, (86510 (05172 + ]2 [era)) [e57]™

)y = (Benrveoyin | y0, (857150 (0% + Il fersa]™ ) + [g571]™)

By 5,0, 861+ (reayeniin )y 5,0, (B4 + 132 [e041])

g )07 (] + g2 feea)™ ) [57]”

t ([ (e I fera]™) + [g661)22) (0812 + ]2 [era]™) [g5])”

X

[
+ [fyeirven] s,
+ [fyt+IYt+1}ﬁ By & tH]ﬁz [hf,]" [g(t7+1]61
+mmm%%[HT%MW+M$@@QQ@Q“@WSmmmmﬂ+g%ﬁ)
P = [y, o, 85717 [8577]7
[PQ]fy = (I:f}’t-f—ly#f—ly#f—l:l[.ﬁ B2Bs ([g;+1]63 ([ht }73 77 6t+1 Hl BS)

7

[y g 5,0, 8517 + [fy,+1y,+1x,+1]; Bave ([ht] + ] [et+ﬂ¢3)) (g5 [git])™
By, ([850177 (0% + 32 ] ™) + [g551]7) o571
(v g, (86707 (Te10 (87 + 0] een)®) + [gb5]™)

t+1]ﬁ2 [

[Plo]i = [f)’t+1)'t]/i31/32 [go' t+l],8

8o
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[Plo]ff = ([f)’t+1§’t)'t+1:|; 8285 ([g;‘jl]ﬁd ([ht ]’Ys [n];s [€t+1] ) + [gz+1]53>
+ I:fYt+lyth:|Zﬁ BoBs [ga]ﬂa + [fytﬂytxtﬂ]; Bave ([ ] 34 ["I] [6t+1]¢3)) [gf,“]ﬁi‘ [g?l]ﬁ
+ [fyt+1Yt]515 ([gf;;l]ﬁ2 ([ht }’Ys [,rl]z;z [€t+1 ¢3) gg-il;l B2 [ t+1 B1

+mmggﬁmﬁﬁ(mmmUMW+w%mﬂwngﬁ“)

[Pll]i = [fYt+1Xt+1];1,yQ <[hta]72 + [TI]Z@ [6t+1] ) [gf;rl} o
[Pn]f, = ([fyt+1xt+1y,+1];17253 ([g;+1]ﬁ3 ([ht]ys [77];3 [6t+1]¢3> + [gngl]BB)

7 7 B
e o, 8617 4 [ s o, (017 4 132 leea]™ ) (106172 o+ In]32 fevin]™ ) (5]

+ I:fYH»le»l} ;172 [hfro] [g?—l]/ﬁ

 [Bype ]y, (5177 4+ W32 lersn)) ([g5:]2 (517 + ]2 lersa)™ ) + [g55]7)

[Pra’ = [y, ), [gis!] (8™ + ]} fersn]™)
Proly =[Sy, 5, (8577 (5] + 132 era)® ) + [571)™)
By ) s, (8517 + [fyerinens] (57 + 132 lersa]® ) [t (I0E] + ]! [ersa]”)
[ty ), ([ek] T (] + Ml fera]™) + [gbb )7 ) (057 + ]} fevsn]™ )
[y, ) (2517 e,
I, g5
[Prs], = ([fyt+1yt+1]5153 ([giﬂ]ﬁs ([htpg LIPS le141] ) + g% )
By ), (8517 + [fyesmens ]y, (517 + 17 o)™ )) [g55]”
[y 1, (5o (8] + g fecsn)® ) + g™

[Plg]i = [f

Yit+1

[P14]i = [fytyul]; B85 [gtﬂ]ﬁz ([ht]72 ["7];2 [€t+1]¢2> [gg]ﬁ
[P14]¢i; = ([fYth+1Yt+1]ﬁ B2Bs ([gfc+l]ﬁ3 ([ht ]% 6t+1 ) + )

+ [f}’t}’t+1}’t]5 B2B3 [ga-] + [f}’th+1xt+1],i3 Bavs ([h ]WS + [7” [et-i-l}d)g))

x [0 (e + H[mﬂﬁm
N Ogglm ( L7+ I feen)®) + [857) (1417 + 132 lersa] ) 51
+ [fYthH];’ By [gi ] 3]51
+ I:fyiyt+1:|; B [ fc ] (ht 72 ["7}352 [€t+1] ) [gﬁra]ﬁl
[Pis)’ = [fyyenn]s 5, 8577 185]™

[
[PIS]Q = ([fytyt+1yt+l]ﬁ BaBa ([gfj—l]ﬁs (ht "/3 [’7]353 [6t+1]¢3) + [gfjl]ﬁs)

i i B B1
+ [fYthJrl)’t]ﬁ 5253 [gg] [}'t)'t+1xt+1]ﬁ ,3273 ([ ] [ ] [6t+1}¢3>) [g?_l] : [ga']
,5‘ 5
v, (85157 (21 + 3 leva)®™) + [a55)™) [et
i B B
+[fyiviinl g, (86717 (8501
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[Pis]' = oy 5, (85717 [g5]"
Proly = ([fyoveven) s 5,0, ([85717 (5172 + 132 lern)) + g5 )
eyl 5, 861" + (yayomens ]y o, (05172 4+ 13 [era]™) 8577 (5]
o, ([0 (8T + (0132 ] ™) + [g55]7) [g)

i t+1]52 [ ]/31

+ [fyt}’t]ﬁlﬁz [ga go’a’

Pie)' = (B ], (5T + 32 [er12]™ ) [5)™
Prrlly = ([fyxeryees] s 0, (85515 (517 + 132 lera]® ) + [g57]™)
vy, 1851 4 [y D oy (817 4 133 fera] ™)) (217 + )32 feri] ) [g5] ™
+[fytm+1];172 [h,]" [ga]
(B )y, (5172 4+ 1 [er11]™) ol

[Pis] = [fy.]}, [8ho]™

Pisll, = ([fyuyen ]y, ([gi“]ﬁB ([ht]“ il e 3) £5]™)
+[f)'t}’t];163 [ga] fo1+1 5 Y3 ( 6t+1]¢3)) [gfra]ﬁl
+ .1}, 8L ool

[Pro)’ = [y, 5, (86712 ([ht]” 132 leva)? ) (ThG]™ + ]} fersn]™ )
T () + Wl ] ™) + g5 ™)
+ [fxmymyt];% gt + [f] s (AT + 0132 [er41])
g7 (8] + )32 levsa)? ) (061" + ]} fevsn]™ )
fxmym}%([g;ﬁ]f: (5] + i3 fesn)™ ) + [g)77) (8172 + Ml fevsa]™) (051 + ]! lersa)”)
AR [ o) S R (CARERCI Sy
15 )32 lecsn]™) b

[P19]Z- = ([fxt+1yt+1§’t+1]:16263 ([

X

\_/

2

0'0']

[ t+1]52 ([ho_]%

—~

[
[
[
[

+ o+ o+

f,

Xt4+1Yt+1

_|_

[Pao)’ = [Beryivera ), (85717 (51" + ]! lern]”)
Poolly = ([Bxssyeriyen ], oy, (8551150 (10017 + 32 fersn)) + [g57]™)
+ [fxt+1yt+1yt]ilﬁ253 lg5]% + [th+1yt+1xf,+1]i,15273 ([htop?' + ] [€t+1]¢3>)
x (g5t ()™ + ]! lersn)”)
[y ), ([850]7 (G175 4+ 32 L] ™) + [g551]7) (0617 + ]} fevsa]™ )
.

Y182

i B
[fxt+1Yt+J,Yl,3 [gf;rl] Q[hzra]‘h

o]’ = [y ], (85717 (5] + ]3] feria))
[Porl;, = (I:fxf+1Yfo+1:|'ylﬁ2ﬁ3 ([ x ] ; (ht 1"+ [n] [€t+1]¢3> + (g5 )
+ [fxt+1yt)’t]715253 [gg]ﬁ + [fxt+1tht+1:|fle2»73 ([ha]’y3 + ["7]353 [6t+1]¢3))
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x (g5t ()™ + ]! lersn)”)
], (855107 (D21 + 32 lecna]™) + [g541)7 ) (0517 + i3} ferna]™)

[

+ I:fxt+IYt]’Y 5 [gt+1]ﬁ2 [ht } 1

P = (B, (607 4 13 eva]™ ) (1617 + 3 eva)”)

[Pyl = ([fxf+1xf+1yf+1]vwzf33 ( t

[
Ale

+1]‘33(11”3 ] leva]®) + [g51]™)
-+mHmeLﬂﬁJg hmenJ;%%(mﬂ“+mqum%b
X ([hff]% > [et41] ) (ht "+ [€t+1]¢1)
LR LV (A [etm%)
+mwmﬂﬂm(mﬂkum mﬂ])w A"
[Pos] = [£, ], [BEo]™

[Pasly = By ), ([8671]7 (17> + I feria]™) + [g57]™)
+ [fxt+1Yt]: B3 [ga]ﬁB + [fxt+1xt+1];173 ([hg]')/g + ["7]13 [€t+1] 3)) [hfro-]’h

+ [fxt+1} il [htt:l'o'o']fYI

Thus
i 2 [
[Fa-aa- (Xss, U)] =E; [Zn?:l [Pm]a] =0

Hence, we need to evaluate E, {[Pm];} in the deterministic steady state. Here, we can use the previous results that

h, =0,g, =0, hy, =0, gxo = 0, hyxx = 0, and goxx = 0. Moreover we have E} [€;+1] = 0. We also introduce the

additional notation: 5 ( ( Nt
3 ¢ _ J m7(et1(91,1)) i @y =Py =5
[m (€t+1)]¢2¢3 B 0 else

where m? (€;41 (¢7,1)) denotes the third moment of €;y1 (¢, 1) for ¢; = 1,2,...,n.. Notice that m? (e;41) has dimen-
sions ne X Ne X Ne.

1) For [P]
aﬁmﬁ=aﬁmmmmJ5Mmef%ww 132 lern)) + [g5]™)
+ [fyt+1yt+1yz]5 B85 [ga] + [fyt+1yf+1Xf+1],3 Bavs ([ o1 [’ﬂli [et“}d)a))
x g7 (107 + )32 lera] ™) (85711 (IBE) + I3 fersa)”)
+mmm%ﬂ(@ﬂﬁ(ww 32 leva]™) + (g2

x (g™ + %qmﬂ[Mﬁﬁm%[mwmﬁ)

Sl R P e e Y L P o (AR R A L

H&Mmhﬁgf]( 7 i feen]™) ([, (G + i fer]™) + [ehs'] )
x (Mg ] =+ [l feesa]®

+@mm%%k“}(w”+M$MJﬁkﬁﬂmWW

7 Ie] 7
= Et{([fY1+IYf+1Yf+l]ﬂ B485 [gchrl].yz [n];a [€t+1]¢3 + [fYt+1Yt+1Xt+1]/315273 [77];2 [6t+1]¢3>
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x [0 )2 feva] ™ [ Il o)

2
i By B
+ [fYH—IYH—l}ﬁ 5, [gfﬁ,@l] [n]lz [Et+1]q53 ], [er41]%2 [gf<+1] " ]! [er41]”"

% ﬁ 2 B1 3 1 1
+ [fyeayen ], 5, (8655 [n]l2 [ev+1)” [gi! ] 32 (€] ™ (0]} [ersa)™)

= Bl [fyeiyeiven] 5,0, [gffl]ﬁ; ]2 fersa] [gfﬂ‘*j 132 leera)® [85]7" ) [evsa]™

g
B B1 1
+ I:fyt+1}’t+1xt+1:|ﬁ Bovs [n]¢3 [etJrl] [gfjl} : [n];z [6 t+1 ] [gchrl] [n];l [6t+1]¢1

0, (86515, 032 levsa] 132 fevna] [g;“]’fl[] [er1]"

+ [fyeayen s g, (855102 )32 lein]® (g0 Il levaa]® I} [ena]™ )

+ [fYt+1yt+1

= [fyoaveryeny, o [ f“} nly: [ il &5 1 )y [ ()],
+ [fyt+1Yt+1xt+1]5 ﬁzVa [ t+1}ﬁ2 72 [ t+1} [ ; [ 3 (et-i—l)}il%

+ [fyeravess g g, [g;tl]f;s I )} (e ;“]51 I3 [ (eess ]¢ N

+ (yeryin] g, 857152 132 [g;ts]fyg g [m® (en)] ],

BB} = Ed([fyrayeayen ), o (T (L) + )32 levsn)™ ) + (g™
+

Eyervenv s oo 18517 + Booivemon s o (157 + 012 feesa]™)
g +1]ﬂz I:g;—‘rl]ﬁl ([ht]% [’7];1 [€t+1]¢1>
S A ([gzt:]ﬁ? (e + )32 lera]™) + (g7

I}

Ex H o (ht ’Yl ¢1 [€t+1]¢1)
]
]

X
— o — ——

eyl 8 tH]Z? ([g;tsg T (s g e ”) + [gie']0 ) (104D + [l fersa)”)
f}'t+1}'z+1 8.8 2[ t+1] : [gf{+l] 1[ ] }
=0
For [Ps];,

£, {[Ps]zg} = Et{([fyt+1ytyt+1j|; 5255 ([g)tj—l]ﬁjz ([ht}’% [n]gz [€t+1]¢ ) + [g?‘l]ﬂ )
+

[fYt+1Yth]g BB [ga] + [fYt+1tht,+1];1@2,ys ([hg]’Yg + [1’7}353 [€t+1}¢3))

x (g5 [gl) (0e)™ + ]! lersn)”)
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 [Besixeiven] |0, 8551157 052 Inl32 )3 [m® (ere)] 30,

(o
+ [fxt+1Xt+1Xt+1:|,yl,y273 [77]¢3 [71];2 [77];1 [ 3 (€t+1)] a3

=[fyt+lymyt+l];ﬁ2ﬁ3 (8] 32 (862 )32 [t ) )} [m® ()],

1
f)’t+13’t+1xt+1]5 Bav3 [77] [gfjl]ﬁz [T’] [g;+1]ﬁl [T’];i [mS (€t+1)] 2;253

+3 By yenny 5, (857 W13 )3 [g;“]‘* ) [ (€))7,

Y273

B ¢
fyt+1Xt+1Xt+1]5172ﬂ/3 [n];i [ ] [gfj—l] ' [77]351 [ 3 (€t+1)] ¢:¢3

B ¢
f)’t+1Xt+1]5 Yo [77] [gf{_;l]’Yj"ls [Irl "7];1 [ 3 (Et-i-l)] ¢;¢3
73 72 71

i B
+ [fyenn]s, [giiihim [l )32 [l [m® ()],

¢
+ [fxt+1xt+1xt+1]71’7273 [’7]12 ["]gi ["7](;51 [ ’ (Et+1)]¢;¢3

+3]
+3[
+3]
+3]

oo |

We finally note that [m® (e;41)] Zl 4, is only non-zero when ¢; = ¢, = ¢; and this should be used in the implementation.
273

For instance
b =
1

2

Zgj_l |:Yt+1)’t+1yt+1:|; 5253 [gf{-i-l]ﬁ?, [n( )]’Yg [ t+1] Bo

*[n
355 By, G 00 [ In ¢>]”2[t+1]§1 1 (o 60)] m® (€41 (61,1))
+3Z¢1 1 fYtJrIYH»l]ﬂ B85 [gi—l_«l]%%[ ()] [ 72[ H_l}ﬁl (5 0] m® (€41 (61, 1))

) (00" [857)7 [ (0] 8 (r (6,1)
)

) [ o

) +3 Zqﬁ -1 [fyt+1Xz+1x1s+1]5ﬂﬂ3 (00172 0 (:,01)]7? [ t+1] (5,01)]" m? (€r41 (¢1,1))
) [ (-

) )

)

Tt = W

330 [Bresimen s, 0 G0 (14150 oo™ [ <.,¢1>le (ere1 (61,1))

n
+Z¢1—1[yt+1]; [gg}c]ﬁl (00 [0 (007 [0 G 0)] " m? (€41 (¢4, 1))

Y1273

+ Zq&l—l [ xt+1xt+1xt+1}:172,\{3 [ (:’ (bl)]’ys [77 (:7 ¢1)] [77 (:’ (bl)]’h m3 (€t+1 (¢1’ 1))

=2}

7

For the paper we use the same notation as in Schmitt-Grohé & Uribe (2004), that is we omit the time index on derivatives
of g and h, and we let y = y,, y'= y;,1,X = X¢, X'= X¢41. Thus

[Faca (XSS7U)];3 = ‘
(Bl + 105, ) 855007+ ([ ], [e8): + (15, ) o,
 Bysverven by, (85715 2 8117 Il (66715 Inl): [m® (e

1

3 [fyeveixe ], 1105 [g;+1]52 I} [g;“]ﬁl iy [ ()],

fyoinyen)s g, [giizl]f;a ]2 [l [%;2*1]51 )} [m® (er)]

+3
[fw+1x,:+1x,:+1]517273 [77] 77} [g:tc-H ! [ﬂ]gi [mg (et-‘rl)] z;¢3
[ B1 ["ﬂ 71

¢
fyr+1xf+1]6172 ["7] [gfg‘l]"h% 77]¢1 [ ’ (6t+1)]¢;¢3

’Ys[

’Y3[

% /31 2 1 ¢1
+fyi ], (856, 15 M52 g [m® (e)] ),
i 3 2 1 &1
+ [fxt+lxt+1xt+1]vl,},2w3 [n];g [n];;z [T’]Z;l |: 3 (et-‘rl)] ¢2¢3
=0
(i _
[Faaa (XSS7Q)] = , _ ,
+ [fy’]gl + [fy],131> [ga'o'a']61 + ([f '}1231 [gX]fi + [fy],131> [hoaa]’h
i 2 1 1 ¢1
llyyry T 5, )22 0122 gl 12 ) ] [® (e)] %,
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+3 [yl 5273[n];z[gxlfz[n}$z[gxlﬁi[n}li[rn3<et+1>}i:¢3
+3[Eyry Th, 5, [8exl 2, (132 (0132 ()2 ] [0 (e05)] 5,
+3 [fye ] o 17 ]2 (8] ] [m? (et“)]Z;%
3 [y, (13 gL, (132 13! 08 ()] 27,
L, Tl Il 13 )32 [ (ern)]
el 2 22 )] [ ()],

=0

where

D] = vyl 0, (e (0133 2 (0] )2 ) [ (eri)] 20,
318yl g, 132 18152 (0137 ()5 bl [m (eri)] 52,
+ﬂwﬂ;%mﬂﬁwm&[uJah[mﬂmﬂmﬂﬁ;
3yl I 0132 [ Inl] [ (e0i)] ),
+3 [fy’x’]; 72[ ]qbz [gxx]'yl’m[ } [77];1 [m? (EtJrl)]z;‘bs
16Ty, (B, 132 2 Il [ (e,
bl 038 B2 I3 [0 ()],

The derived formula is implemented in g_h_3rd.m.

Note, if [m? (€t+1)]il 5, = 0 for all innovations, i.e. all structural innovations have a symmetric distribution, then this
2%¥3

system is homogenous in the unknowns (gs00,hs0o), that is b = 0, and therefore, g5 = 0 and hyre = 0. However, if

m? (€t+1)]i;¢3 # 0 for any shock, then gyoo # 0 and hyoe # 0. Thus, the conjecture made in footnote 10 in Schmitt-

Grohé & Uribe (2004) is in general not correct. Note also that the results in Aruoba, Fernandez-Villaverde & Rubio-Ramirez
(2006) are done with the normal distribution where all odd moments are zero. This explains their results and hence the

conjecture in Schmitt-Grohé & Uribe (2004).

5 Lucas’ Asset pricing model

5.1 Normal distributed shocks

One way to evaluate the correctness of the derived formulas and their implementation is to compare the third order terms
with the corresponding terms in the asset pricing model by Lucas which is solved excactly by Burnside (1998).

model, we have a representative agent maximizing

o0

CG
Ey [Z Btet} s.it. prerr1 + Cy = prey + diey

t=0
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Dividens follow the process
div1 = exp{Tsq1}dy

and
Ty = (1= p) T+ pry + oner1

where ;41 ~ NID (0,1). The optimiality condition reads
pCY = BE, [CF (pegr + dit)]
In equilibrium, we have that C; = d; and e; = 1. Let the price-dividend price ratio be y; = p;/d;, then

Yt = BE; [exp {0z11} (14 yeg1)]-

The exact solution is given by
v =g(x,0) = B exp{a; + b; (v, — )}
i=0

where
2 2. 92 ) 1— 7 2 1— 2%
0 = oy L |20 P {2))
2(1—p) L=p 1—p
b = Gp(lfpi)
=

Important, when evaluating the derivatives below we have:

a; = 01

We then have for the derivatives in the steady state:
First order:

9g(x¢,0 i _
=3 Bexp {0zi} b;
i=1
9g(w1,0) S g b (a2 [ 200207 pP(107)
o zt:z,,a:o_glﬁ exp {a; + bi (v, = 7)} a2 | = T a2
=0

Second order:

73;1%23) =3 Blexp{ai +b; (v, — 3)} b?
T=T =]
=3 8" exp {0z} b7
*g(z¢,0 o i = 0%0n? | 2p(1—p’ p?(1—p*
pe| = S S ewta b - 0) e [i- M) s,
=0
dg(x¢,0) = i = 0%0n> | 2P(1*P’:) Pz(lfpgi) 2
9000 |, _z s = i;ﬁ exp {a; +b; (z: — 7)} —p? |'~ 1 + 2
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x . - 22 [ op(1—p 2(1_ 2
+ > Blexp{a; +b; (zr —Z)} (19_’;)2 {z— o( p)+p( i )}
i=1

1
0o . o .
= B expfai+bi (2 —7)} (fif)z [i— 200-0) | ¢ (11 5 )]
=1

=\ pi e | 20(1-p o*(1—p*
:Z;B exp {0zi} (1_7))2 {z— (17,) )+ (1pr )}

Third order:
asg(zt aa)

x ; 7
Trdw Do |, > B exp{a; +b; (v, — 2)} b

=T =1

=Y Blexp {07} b}
i=1
Pg(ay,0 < ai - 0%6n% | . 20(1—p’ p?(1—p*
Ba%itﬁmz Ty=F,0=0 = 7,;5 exp {ai + bz (xt - :U)} b? (17p1)2 |:7, - (17/) ) + (1pr ):|
=0
dg(w4,0 S i v 022 | 20(1-pf p?(1—p*
I T e e =~

2 g o022 | 20(1-p
= Z:lﬁ exp {071} (1_7;)2 [z— (17’) ) + = :|bi

9g(z4,0) _ = i _ 9292 2p(17p’t) pz(lipzl)
Bedede y—.0—0 —Z;»B exp {a; + b; (z — Z)} (1_’[’))2 [z =+ e
025n2 2p 1*Pi) P2(1*p21)
x (1—/:])2 {Z S R R B }

5.2 Non-normal distributed shocks

The model is as above except

Tep1 = (1 —p) @+ pxe +on(l—er41)

where €;41 is exponential distributed with density

- et Et4+1 Z 0
f (5t+1) - { 0 gp1 <0

Thus E [e:41] = 1 and Var (g441) = 1. The value of skewness is —2. We need to find the moment generation function for

U1 = 1-— Et41-

Hence,

Mo t)=F [etanU} - B l:eto"r](lfat+1)]
— etonE [eftonst+1]

— eton fOOO e—tan8t+1e—at+ld€t+1

= eton fooo e—(ta'n+1)s,,+1 d5t+1

oo
— eton 1 6—(t0n+1)5f,+1
—(ton+1) 0
— eton 1 6—(t¢777+1)oo _ 1 6—(t07]+1)0
- —(ton+1) —(ton+1)
_ etom
~ ton+1
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The exact solution to the model is given by (see Tsionas (2003), where 7590745 — § and g7 5o = _a)

Yt = § B exp{a; + b; (z; — )}

i=1
where
- oli=)
2 1_p
o 0
a; = 0Zi+ > logM | ——(1—p°)
s=1 1 —p

Note that given the assumped distributional assumption for w;:

zlogM(ip(lfp)) ZloMflp(lf $)on log( (1-p )UT]+1).

1—p3)on+1 =
Notice that log M (Lp (I—-p )) =0 for o = 0.

Digression:
With normal shocks, we have

ot (12507 = S togesp {4 (12 (1= ) " (1077}

s=1 I=p
1000 [ o8~ s L o
T 2(1-p)? (l 2 Szz:l Pt 32:21 P
_ 1m0 (o oe(i=pt) | p?(1-p")
- %(121’)2 <Z 2T T T

ok

We then have for the derivatives in the steady state:
First order:

9g(x¢,0o X i _
Pee) g0 l;ﬂ exp {a; + bi (ze — )} b;
=> B exp {0Zi} b;
i=1
99(x+,0) W L[ g s 2 (1—p°)n
G = B et b2} 2850 0
3 ; (1-p")
:;ﬂ Xp{@:m}Z{ (1 P)ﬂllpn}
=Y Blexp{0zi}0
=1
~0
Second order:
2 <
T = > B'exp{a; + b; (z; — )} b
tOT¢ =7 =
=3 B exp {0z} b?
i=1
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2g(w1.0) _ g 'y o |_e s - ],
02100 |, _z om0 Z;ﬂ exp {a; +bi (z¢ — 2)} SZ::I [1_,, (I1=p*)n— m bi
=3 Brexp {0zi} S [0]b;
i=1 s=1
9g(xr.0) S 3 Sl e La-om 1\
.9 = ¢ ) . _ 7 8\ _T=p TP T
2, oy B et a0 (5[5 000 - FHE )

+§5iexp{ai+bi(xt—j)}i [12(1,05)7](12/)(1ps)m}+1>—21f[)(1ps)n

=1 s=1

= Z B exp {Hﬂcz}

= ZB exp {0Fi} - = p)2 <z+ iPQS— iQPS

Third order:

Dg(z,0)
0x0x Oy @y =

=3 Blexp{ai +b; (v, — T)} b}
T =1

=3 B exp {0zi} b3
=1
Pa(eo) =3 g b AN ! 0_(1—_ ¢ 25 (1=p")n
O0u.Br |, = 2 e lai bl = a3 0 e (e - s
=0
9%g(w4,0) o pi i, 0 (1—p*)n 2
L o - :Zlﬁexp{“”bi(“_x)}(; {W( ”s)”‘leld—psymﬂ]) "
oo . l _2
+ 2 Arexplai +bi (@ - 2)} 3 [13,) (1*ps)n(%(1*p5)on+1) (1) b
= 3 e (0ri} 3 [+ (0= o) ugty (L= p)n) b
. 1—p? 2(1—p2t
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