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I. Introduction

In a typically formulated housing expenditure function, observations on housing ex-
penditures (H,) are stochastically related to observations on income (Y) and price (P) ac-
cording to the log-linear model

log H, = Bo + By log Y, + B, log P, + U, o)

where U, denotes a disturbance term having standard properties and where the S8, (j = 0,Y,P)
are constant across /. While there have been discussions in the literature regarding such mat-
ters as: (1) methods of measuring H,, Y, and P, [5; 10; 11]; (2) problems of aggregation and
the relative merits of micro and metro data [12; 17; 19; 20] (3) simultaneous equations bias
and the neglect of the supply side [18; 23] and (4) the specification errors created by omitting
the price term and other variables [7; 15; 16; 24], virtually all estimates have been con-
structed from a variant of this model. The log-linear specification is convenient because it
allows the income and price elasticities of housing expenditure (8, and f,) to be estimated
by a direct application of ordinary least squares (OLS). However, as will be argued momen-
tarily, equation (1) may have a questionable basis in theory for two reasons. First, measures
of transport costs are frequently excluded as regressors in housing expenditure functions
even though such measures are theoretically relevant variables.' Second, and this point will
be stressed in the discussion to follow, income and price elasticities are likely to vary across
observation units. As a result, existing estimates of these elasticities must be interpreted as
complicated weighted averages of their underlying and observation specific counterparts.
Both of these problems are of potential importance because accurate estimates of these in-
come and price elasticities of expenditure are useful not only in developing housing policy
but also in studying issues involving suburbanization and property taxation.

* Thanks are due to H. M. Kaufman, R. D., Rowe, D. N. Steinnes and an anonymous referee for constructive
comments on a previous version of this manuscript. In addition, the first named author wishes to acknowledge re-
search support from the John S. Bugas endowment in economics at the University of Wyoming. Any remaining
errors, however, are our own responsibility.

I. Two exceptions are Kau and Lee [8] and Straszheim {20].
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The purpose of this paper is to provide evidenc.e, both theo.retlcgl a?d ex;l}plgzzl, ;Ir; :hh,:
appropriate functional form of a housing expendllture equation. Sec 1011{h ros Muih's
model of housing choice as a point of departure. This model demonstrates the r9 €o ransd
port costs in determining housing expenditure levels ax.xd sho’ws that cc?nstant mcon-le an
price elasticities of housing expenditure across observation units are L%nhkcly. Then, in Sec-
tion I1I, new estimates of a housing expenditure function thjat are obtafned from th‘e general-
ized functional form approach [1] are discussed. These estlmz}tes., which af”e obtained frc?m
metro data of the type used by DeLeeuw [5] and Vaughn [23], indicate that income an-d price
elasticities should be expected to vary across SMSAs. Cogsequently, a searGh. for the income
and price elasticity of housing expenditure may l-)e misdirected. The emgmcal 1;esul.ts also
suggest that the omission of the transport cost variable may not b-e damagmg to housing ex-
penditure estimates constructed from metro data. In those regressions where it was use.d, the
estimated coefficient on this variable was never significant at even the 25% level. Finally,

some conclusions and implications are presented in Section IV,

II. The Model

The assumption of a log-linear housing demand function has little basis in theory.. In gen-
eral, log-linear demand functions are not derivable from any standard utility maximization
framework [3, 81-6]. Demand elasticities are usually rather involved functions of the vari-
ables and parameters of the utility maximization problem. To illustrate this point, consider
Muth’s [14] model of housing choice. The Muth model was chosen as the vehicle for this
analysis largely because it has proven to be a useful point of departure in discussions not
only of housing demand but also of urban form and land use patterns. In this model, all con-
sumers maximize the common utility function:

U=U@Qx 2)
subject to the income constraint
Y=PK)Q+ X+ T(KY) 3)

where Q denotes quantity of housing services, X denotes quantity of all other goods, 7" de-
notes transport costs to and from work, and X denotes the distance of the consumer’s resi-
dence from his workplace (which is assumed to be located in the central business district
(CBD)). In addition, the price of X has been normalized to unity, the price per unit of hous-
ing is specified to be a function of distance from the CBD while journey-to-work costs are
specified to vary with both distance traveled and income.

Assuming that both first and second order conditions for a constrained maximization of
the Lagrangian

L=UQX) = NY - PK) Q- X - T(K,Y)] )

are satisfied [14, 38], expressions for the housing expenditure function and for the income
and price elasticities of housing expenditure may be easily obtained. Since in this model, in-
dividuals are price-takers and their income endowments are fixed, the housing expenditure
function at a particular location is

H=P'Q=H(P,Y,T) 5)
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and the income and price elasticities of housing expenditure are
€y = (0H/3Y)(Y/H) = (0Q/3Y)(Y/ Q) (6)
and
€, = (BH/3PYP/H) = | + (8Q/dP)(P/Q) )

where P = P(K), T= T(K,Y) and where dQ/aP is interpreted as the change in the quantity of
housing services consumed at a particular location, given a small parallel shift in the price
gradient. Further, from the comparative statics properties of (4)

3Q/3Y = {(1 = T)MTix + QPx)lUxxP(K) — Uxol = NPTy} /D ®
and
80/0P = {~UxxP(K)ONTxx + QP + UgxQ + N} /D ©)
where
D = NTux + QP i)l UsxP(K) + Ugg — 2UxoPy] + NP (10

Substituting (8) and (9) into (6) and (7) yields the conclusion that €, and €, are each some-
what involved functions of the variables and the parameters of the maximization problem.
Therefore, since these variables take on different values both across individuals within an
SMSA or across the median (or average) individual in different SMSAs, the housing ex-
penditure function in (5) is unlikely to have the constant elasticity form of equation (1).

Although this exercise has illustrated the general misspecification of assuming a con-
stant elasticity housing expenditure function, it has not provided concrete suggestions as to
the proper functional form. As is the case with many other microeconomic models of con-
sumer choice, the Muth model indicates only the relevant explanatory variables. Without as-
suming a specific form for the utility function, little more can be said regarding the form of
the housing expenditure equation. For this reason, the search for the most appropriate func-
tional form becomes an empirical question.

I11. Expenditure Elasticities From a Flexible Functional Form

In this section, some results derived from estimating a general form of Equation (5) are re-
ported. The equation to be estimated is

H™ = g, + a, Y2 + @, P + o, T™ + U, (an
where
22— 1D/A As#0
Z0 = { -1 (12)
InZ A=0

Equation (11) is the most general specification permitted within the class of Box and Cox [1]
transformations and is employed for three reasons. First, it permits the parameters A, i = 0,
I, 2, 3 which determine the form of the housing expenditure function to be estimated from
sample information rather than imposing them on an ad hoc basis. Second, the appropriate-
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ness of the log-linear functional form can be subjected to a statistical test since, by

L’Hopital’s rule, the log-linear form is justa specifﬂ case of équatlon (1D ththtgob; i\};e_c:e;

A, = 0. Third, if the log-linear form proves to i.)e mappropngte (as tumsd uThcse elasticme;

observation specific income and price elasticities can be eaSIIy_ compute 1. Fh

are of some interest as metro or SMSA median dat-a are use§ m the. anz.l ysnz. ; :
Estimates of equation (11) were constructed using a maX}mum likelihoo prgce u.re. n

particular, under the assumption that the U, are norn?ally, mdependegtly, and ldeﬁtlsz%uy

distributed with zero mean and variance ¢° for all i, estimates were obtained by maximizing

the log-likelihood function

L = Constant + log J — (n/2) log o — (1/20)Z,{H — &y — « Y™ — q, P
(13)

—a, T} 2
where log J = (A, — 1)Z; log H, and where J is the determin.am of the jacobian gf the trans-
formation of the U, to the H.. Partially differentiating (13) with respect to the «,, == 0,1,2, 3,
and ¢ yields solutions for the maximum likelihood estima£e§ of these parameters in terms of
the A, Since the A, are unknown, a direct search for the optimal \:alues of these parameters
was c’onducted in order to find the combination &, &, &, @, Ao, A1, Az A; and 6* that maxi-

mized the concentrated likelihood function
L. = Constant + log J — (n/2) log 6*. (14)

More specifically, the A; were varied at intervals of 0.5 from 8.0 to —8.0 in order to locate
approximate maximum likelihood estimates for all parameters. In the ncighbprhood of these
approximations, the A, were first varied at intervals of 0.1 and then at intervals of 0.01 in or-
der to obtain the results to be presented. Values of L. were printed for each iteration of each
equation estimated so that the maximum value of this statistic could be determined directly,
thus reducing the possibility of reporting estimates pertaining to local, rather than global,
optima.’

Estimates of equation (11) were constructed for both homeowners and renters dis-
aggregated by family size using data on 37 SMSAs. The income and housing data are re-
ported in the U.S. Department of Commerce publication Metropolitan Housing Character-
istics [22], while the remaining data are taken from the Bureau of Labor Statistics Bulletin
No. 1735 entitled, Handbook of Labor Statistics [21]. These data are similar to those em-
ployed by Vaughn [23] in his study of simultaneity problems in the housing demand func-
tion. The variables H, Y, P, and T are measured as:

HH = SMSA specific median value of an owner-occupied unit in 1970 for families of

size 1, 2, 3, 4, 5, 6 persons and for the aggregate of all family sizes deflated by a
1971 SMSA specific index of homeowner costs for a four person family.

HR = SMSA specific median gross expenditure for rent in 1970 for families of size 1, 2,

2. A more complete treatment of the methodology underlying the Box and Cox transformations is contained in
Zarembka [25] and Box and Cox {1

3. Obviously, this procedure would fail to find the maximum value of Leif: (1) there was a “large encugh”
spike in the likelihood function falling between the trial values of the A, or (2) this maximum occurred outside the
search region. While either of these cases is possible, both appear remote since, for all equations estimated, the val-
ues of L. were well-behaved when relatively small changes were made in the A In addition, a few trials at values

beyond the range over which the concentrated search was carried out supported the view that the likelihood func-
tion is unimodal.
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3, 4, 5, 6 persons and for the aggregate of all family sizes deflated by a 1971
SMSA specific index of renter costs for a four person family.

YH = SMSA specific median income of homeowners for families of size 1, 2, 3-4, 5, 6
and for the aggregate of all family sizes deflated by a 1971 SMSA specific index
of non-housing costs.

YR = SMSA specific median income of renters for families of size 1, 2, 3-4, 5, 6 and for
the aggregate of all family sizes deflated by a 1971 SMSA specific index of non-
housing costs.

PH = SMSA specific index of homeowner costs for a family of size four in 1970 de-
flated by 1971 SMSA specific index of non-housing costs.

PR = SMSA specific index of renter costs for a family of size four in 1970 delfated by a
1971 SMSA specific index of non-housing costs.

T = SMSA specific index of transport costs for a family of size four in 1970 deflated

by a 1971 SMSA specific index of non-housing costs.

Four features of these variable definitions deserve further comment. First, the grouped me-
dian income data serve as a proxy for permanent income on the assumption that the individ-
ual transitory components wash out. However, as Vaughn observed, the census income data
for both renters and homeowners are aggregated for the three and four person family size
categories. As a result, the same income measure was used as an explanatory variable in both
the three and four person family size regression equations. Second, the price indices were de-
veloped for the BLS typical family of four. Consequently, these price variables may be mis-
measured in the regression equations for families of other sizes. Third, the transport cost var-
iable measures total transport costs, rather than only those connected with the journey to
work. However, in Muth’s model, these two measures would be the same since all travel
other than work travel is assumed away. Fourth, given the variable definitions in Muth’s
model, the regressors were deflated using an index of non-housing prices rather than an in-
dex of prices for all goods.*

In any case, the estimates of the homeowner equations are presented in Table I, 'while
the estimates of the renter equations are presented in Table II. To interpret these results, re-
call that these estimates were obtained by a search procedure that involved systematically
varying the A, parameters. Consequently, the estimates presented refer to the iteration that
had the highest concentrated likelihood value. Also, estimates of the A, together with asymp-
totic confidence intervals for each of these estimates are provided in both tables. To see how
these confidence intervals were obtained consider the interval for A,. Kendall and Stuart [9]
have shown that under general conditions the statistic —2[L,...(A") — L,...(Ao)] is distributed
as x° with one degree of freedom where L,,..(A,) denotes the value of the unconditional max-
imum of the likelihood function and where L, (AS) denotes the value of the conditional
maximum of the likelihood function with A, constrained to A,° (all other parameter estimates
unconstrained). Hence, a 100(1 — «) percent confidence interval for A, can be obtained by
finding that value of A,° on either side of A, such that the relation

is satisfied. An analogous procedure was used to derive the confidence intervals for the esti-
mates of the remaining A, parameters in the two tables.

4. This point is discussed in greater detail in Lee {11, 300].
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Both Tables I and II report that the aggregate homeowner and renter equations were

estimated initially by including transport cOSts as a regressor. Howgver, since the stan-dard
errors exceeded the estimated coefficients on this variable, both equations were re-run with 7°

excluded. As indicated in the tables, this change produced only minor adéustmeﬂté n tlhe es-
timated coefficients on the remaining explanatory Vaﬂabl.es and (somew gt SU:;P;’ lihmegt)’) no
change at all in the estimated values for the trans‘formatl.on-pa‘rgnnialt;rs.it :vcaas Islm md:;r;sd-
port cost variable entered thcei two aggrfg(«'iit? eqilll)z’itsxz)zlésessugltsi;g;l cantiy,
i of the disaggregated fam . .

® Irzg;:;;:ngﬁe seven eqfagtions in each table where -TW{lS excludeq, the‘ fl‘lu.ncu‘o}r]lal
form parameters do not appear to vary as much across family size Cgtegorles within eit er
the homeowner or renter groups as they do between thesg groups. Estimates of )\,’ and A, in
the renter equations tend to lie above their counterparts in t.h‘e homeowner faquauon's while
the opposite situation prevails for the estimates of Ao. In addlt‘lon., the coeﬁ?cxentsron income
and price in all 14 equations have the expected sign and are S}gnlﬁcantly different from zero
at the one percent level of significance. But perhaps most imgortantly, none of ;he con-
fidence intervals about the estimated A, in the homeowner equations bracket the valt‘m ZEero,
while the same statement holds for the renter equations in all except three cases:5 This ‘result
tends to suggest that, taken separately, the housing expenditure, incor.ne, and pr.lce v.anables
seldom appropriately enter the metro housing expenditure function with a logarithmic trans-
formation.

The constant elasticity estimates produced by the log-linear functional form are pre-
sented in Table III for each of the 14 equations where 7 was excluded. These estimates are
consistent with the results of previous studies using metro data in at least three respects.
First, the income elasticities in the homeowner equations are generally higher and the price
elasticities generally lower (in absolute value) than for the corresponding renter equations.
Second, the income elasticity estimates for homeowners are generally larger than unity.
Third, and finally, the income and price elasticity estimates for the three and four person
family size categories are quite close to the results obtained by Vaughn [23] who, as pre-
viously indicated, used essentially the same data set. In particular, Vaughn aggregated the
three and four person homeowner categories, used observations on 32 rather than 37 SMSAs
and obtained B, = 1.88, B, = —.33 for homeowners and £, = .32 and £, = — .48 for renters.

As previously indicated, the generalized functional form estimates can be compared
with the log-linear estimates of the housing expenditure equations on the basis of “goodness
of fit” criteria. Since both types of estimates were obtained from members of the same family
of parametric functions, a likelihood ratio test is used for this purpose. Again, this test is
based on the fact that, under general conditions, the quantity —2 (L, — L,..) is x* distrib-
uted with three degrees of freedom where: (1) L, now corresponds to the unconditional
likelihood value obtained by estimating one of the 14 housing expenditure equations using
the generalized functional form approach; and (2) L3... corresponds to the likelihood value
obtained from the log-linear specification of the same equation; that is, the value obtained by
setting Ao = A, = A, = 0.0. The results of this pairwise comparison are presented in Table [V.
These comparisons indicate that the null hypothesis of no difference in the “goodnessof fit”
in the log-linear specification and the “goodness of fit” in the generalized functional form
specification wonld he vajactad fow all 14 cquatiois e 1655 LHAL LIC . § percent tevel of sigmif-

S These three cases are: (1) the estimate of A, in the family size = 2 equation, (2) the estimate of Ag in the
family size = 1 equation, and (3) the estimate of Ay in the family size = 1 equation.
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icance. Obviously, this conclusion reinforces the carlier finding that the variables in a cor-
rectly specified metro housing expenditure function do not enter with a logarithmic transfor-
mation.

Because of the superiority of the generalized functional form over the log-linear form of
the housing expenditure function, neither the income nor the price elasticity of housing ex-
penditure appears to be constant across 37 SMSAs in the sample. To illustrate their range of
variation as well as their numerical magnitude, SMSA specific income and price elasticities
have been constructed from the estimates of the aggregate family size homeowner and renter
equations (where T was excluded), given in Tables I and II. These estimates, which are pre-
sented in Table V, indicate that for homeowners, estimates of ¢, range from 1.00 in Los An-
geles-Long Beach to 1.65 in Indianapolis, while estimates of €, vary between —0.25 for
Washington, D. C. and —0.62 for Baltimore. On the other hand, for renters, the highest esti-
mate of €, was Washington, D. C.’s 1.38 and the lowest estimate was Cleveland’s 0.15, while
the highest and lowest estimates of €, were —0.17 and —1.36 for San Francisco-Oakland and
Baton Rouge.*

Finally, Table VI shows that the log-linear estimates of the income and price elasticities
always lie within the range of values defined by the minimum and maximum obtained from
the generalized functional form approach. In particular, the entries in this table indicate the
number of SMSA specific elasticity estimates (always less than 37) that exceeded their corre-
sponding log-linear estimates in absolute value. Intuitively, this result should not be unex-
pected since the log-linear estimates must be weighted averages of their underlying and ob-
servation specific counterparts where the weights are determined by the & and the A
Unfortunately, there do not appear to be any more definitive statements that can be made
about the relation between the two sets of elasticity estimates which would hold using any
metro data set. This point is evidenced by comparing the homeowner columns with the
renter columns in Table VI. While for the renter equation, the log-linear estimates of both €,
and €, tended to fall near the lower end of the range of the SMSA specific values, in the case
of the homeowner equations no distinct pattern is present. In any case, there does not seem
to be a marked tendency for the log-linear estimates to lie near the median of the SMSA spe-
cific estimates.

V. Implications and Conclusions

As this paper has suggested, a correctly specified housing expenditure function may not yield
income and price elasticities that are constant across observation units. More specifically, the
Muth [14] model of housing choice was used as a vehicle to show that these elasticities are
likely to be functions of (among other things) housing price levels, real income levels, and
transport costs. To the extent that these factors vary across observation units, income and
price elasticities of housing expenditure will also vary. In addition, the extent of variation in
these elasticities was investigated by applying the generalized Box-Cox [1] regression model
to metro data of the type used by Deleeuw [5] and Vaughn [23]. These estimates indicate

6. SMSA specific estimates of €, and €, have also been constructed from the remaining 12 equations reported
in Tables I and 1. To conserve space, these estimates are not presented here; however, they exhibit similar ranges in
variation to those presented in Table V. Interested readers may obtain these additional results from either of the
authors on request.
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Table V. SMSA Specifi
Renter Groups

Income and Price Elasticities for the Aggregate Family Size Categories of the Owner and
¢ Inc

Owner Renter .
Income Price Inc?m? Prlce
SMSA Elasticity Elasticity Elasticity Elasticity

1.40 ~-.26 b4 -.62

n —
Buitalo 125 40 52 -85
Hartford 1.28 -.27 -7] --71
Lancaster 1.09 *gg -56- “1:29
Philadelphia iig :~50 "2 o

i burgh . . -
géiiiandg 1.15 -.b4 3; “22
Cedar Rapids 1.25 "3; '40 _-24
Champaign-Urbana 1.28 -.3 .95 R o

Chicago 1.25 -.28 . .
inei i 1.29 -.38 .57 -1.29
Cincinnati -‘ - 15 1l
Cleveland 1.29 .27 . 8
Dayton 1.23 -.40 1.27 -.8
Detroit 1.35 -.37 .90 -.88
Greenbay 1.22 -.40 .75 ~.85
Indianapolis 1.65 .44 .82 - 71
Kansas City 1.26 ~.48 .64 -~ .85
Milwaukee 1.33 -.30 .91 -.74
Minnesota-St. Paul 1.11 ~-.31 .62 -.73
St. Louis 1.33 ~-.44 .63 -1.14
Witchita 1.39 -.52 .62 -.75
Atlanta 1.07 ~-.40 .94 -.91
Austin 1.01 -.49 46 -1.16
Baltimore 1.19 -.62 .80 -.38
Baton Rouge 1.02 ~.42 b4 ~1.36
Dallas 1.29 -.43 1.01 ~.,71
Durham 1.03 -.48 .35 -.50
Houston 1.30 -.55 1.01 -1.21
Nashville 1.16 - 44 .53 -.91
Orlando 1.02 -.47 .50 -.31
Washington, D.C. 1.29 -.25 1.38 -.52
Bakersfield 1.13 -.51 .61 -.75
Denver 1.17 -.39 .54 =.94
Los Angeles-Long Beach 1.00 -.40 .68 -.48
San Diego 1.07 -.29 .55 =.62
San Francisco-0Oakland 1.07 -.26 .62 ~.17
Seattle-Everett 1.28 -.30 .73 -.54

that: (1) the hypothesis of constant income and price elasticities across SMSAs should be re-
jected at very small significance levels; and (2) even though theoretically relevant, transport
costs are not an important determinant of housing expenditure. An obvious implication of
the first result (which must be tempered with the recognition that no micro data were used in
the analysis) is that the almost exclusive reliance on the log-linear functional form in pre-
vious empirical investigations of housing expenditure patterns may be rather misplaced.
Furthermore, since the outcome of discussions on topics such as urban population dis-
tributions [14, 70-83; 13, 78-89] and property taxation [6, 327-30] often depend upon the
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Table VI. Number of SMSA Specific Estimates of €, and €, Exceeding Log-Linear Estimates in Absolute Value

Family Size Owner Renter
v “p v “p
Aggregate 4 10 14 21
Six 21 15 28 22
Five 20 24 30 25
Four 24 18 25 26
Three 21 18 25 26
Two 18 21 25 26
One 5 10 35 25

values assumed for the income and price elasticities of housing expenditure, the behavior of
these elasticities in the face of income and price changes may be an important piece of infor-
mation. One way to obtain such information would be to examine the behavior of €,/ and ¢,/
when either Y or P is changed and the other is held constant using the estimates from the
previously reported housing expenditure functions. In particular, expressions from which €,
and €, may be computed are given in equations (16) and (17)

&' = [& Y 1]/[H}0] (16)
&/ = [&,P2)/[H0] (17)

while values for the estimated parameters in these equations may be taken from Tables I and
II. Tables VII and VIII, then provide evidence on the behavior of these elasticity estimates
for the aggregate homeowner and renter equations in the case where transport costs were not
included as an explanatory variable. For example, Table VII shows the calculations for €,/
and &, for three values of both YH, and PH, The three values correspond to the sample
minimum, average, and maximum observations on these variables. Table VIII presents cor-
responding calculations for the aggregate renter equation. Also, the figures reported in both
tables were obtained using the approximation

HP =X {& + & Y™ + &P} + 1 (18)

Since it is not clear what value H, “should” take on when Y, and P, are arbitrarily varied over
their range of observations in the sample. In any case, Tables VII and VIII demonstrate that
the shape of the housing expenditure functions for renters and owners are quite similar at
least in qualitative terms. That is, in each equation, both é,’ and &, tend to increase with in-
creases in income and price. However, even though these results provide an indication of
how the housing expenditure elasticities vary with changes in income and price, it would be
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ture to derive any substantive policy implicatiogs. In fact, until the.va.riations in these
expenditure elasticities have been studied in alternative dat.a .S'CtS, there is xeglly np “fay to
tell whether a consistent pattern will emerge. Also, the pgssxbxhty o.f a‘ggregatlon bias in the
metro data used in this study could have resulted in spurious assocxatxgns between the elas-
ticity estimates and the income and price variables. Therefqre, an obvious next step fqr fu-
ture research on this topic might be to construct some estlmgtes of a generally specified,
rather than a log-linear, housing expenditure function using micro data.

prema
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