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1 Introduction

If life time is uncertain and if agents (consumers or workere risk averse, then annu-
ities are an appropriate tool. If the price is actually fatmsumers should invest all their
wealth in annuity products. This intuitive and simple pipte has been formalized by
Yaari (1965). From a theoretical point of view the issue seelaar. But empirically,
markets for annuities are really small and only few peoplaoske to use them. For ex-
ample Friedman and Warshawsky (1990) indicate that onlypvoent of the American
elderly population own individual annuities of any sort.

Market imperfections, and especially adverse selectiom,cammonly use to ex-
plain what seems to be a well established stylized fact.olatig the Rothschild and
Stiglitz (1976)’s analysis, If consumers have better kremlgle of their own survival
probability than insurance compagnies, annuities canadaibly priced and the aggre-
gated outcome is not Pareto-efficient.

The presence of adverse selection in the annuity marketsdeaisempirically tested.
Chiappori and Salanié (2002) note that evidences of adgetsetion has been repeat-
edly found in the literature. Warshawsky (1988) computesvidue of an annuity by
using the mortality probabilities of the general populatemd mortality probabilities
of the annuities purchasers. He interprets the differemteden these two values as
the cost of adverse selection and concludes that adveesgisalis significant. Fried-
man and Warshawsky (1990) show that there is a substantietetice between the
survival probability of the general population and the staMprobability of the annuity
purchasers which confirm the Warshawsky (1988)’s previesslts.

More recently, Finkelstein and Porteba (2002) and Finkaisind Porteba (2004)
use English datas to measure the importance of adversdiseletn the first paper
explores adverse selection in the voluntary and compulsaliyidual annuity markets
in the United Kingdom. They find that annuitants are longezd than non-annuitants.
These mortality differences are more pronounced in thentahy than in the compul-
sory annuity market. They estimate that the amount of aévazkection in the compul-
sory market is about one half of that in the voluntary market.

In their second paper, using the same data set, they also/Btehsatic relationships
between ex post mortality and annuities’ characterissigsh as the timing of payments



and the possibility of payments to the annuitant’s estatewéver, they find no evi-
dence of substantive mortality differences by annuity.sikBese results suggest that
the absence of selection on one contract dimension doesr&duge its presence on
others.

All the latter contributions rely on the Rothschild and 8tigs (1976) insurance
model (RS hereafter). First, this model is not explicitly adwal of annuity market, and
hence it does not introduce explicitly mortality probatitels or or retirement scheme.
Second, the RS’s model assume explicitly that insuranceacs are “exclusive”. An
agent cannot hold simultaneously two or more contractss@ Besumptions are crucial,
for the economic methodology and for the equilibrium altc@maproperties.

Concerning the first limit of RS, we will not introduce a mopg#kcit model. The
literature considers generally as precise enough. Exalyss not a good assumption
when we consider annuity markets (see Filkenstein and BRor&904 for example). We
construct a model of insurance with adverse selection irsghiet of Rothschild and
Stiglitz (1976) but we allow for non-exclusive contracts.

Non exclusivity has been studied in insurance theory. KatthNMookherjee (1998)
study the consequences of moral hazard in this setting.Hgutmnodel is quite different
from our, not only because they consider another kind of asgtric information. They
adopt a very unusual timing: the agent (the insure) plays fiesreceives sequentially
offers from different insurance companies and selectsawarite offers. In this paper
will keep the traditional timing, insurances offers sinamé&ously one or more contracts.
The agents observe the offers and select their favorite. ones

Bisin and Guaitoli (2004) consider a model of non-exclusngirance affected by
moral hazard in a timing similar to ours. Hence it is an insérey reference point has
the main difference between our paper and their is the kindarket imperfection that
we consider. Their consider Moral Hazard, we consider agveelection. Except that,
our models are quite comparable.

Our first finding is that at equilibrium, competitive insucacompanies do not offer
“linear contracts”. By linear contracts, we mean contrateh that the premium is
linear function of the repayment. Technically, this firssuk does not depend on the



restriction that we can make on communication scheme, ins\dat it a very general
feature of the model.

Surprisingly, in the literature it is often argued that rexclusivity leads to equlib-
ria in which only linear contracts are offered. Chiappo0@R) claims that with non-
exclusivityagents can always linearize the schedule by buying a largebeu of small
contracts from different insurerst is true if insurers are offering small contracts, which
not the case at equilibrium. We show that at equilibrium rasge companies have no
incentive to offer small contract and hence the equilibrzontracts are not linear.

Then, we characterize an equilibrium which has severatastang properties. It
is different from the equilibrium characterized by RS. Téhés a cross-subsidization
between the agents. High risk agent are fully insured, aada risk agents are not
fully insured as in the RS’s model. Finally, we show that #gsiilibrium is efficient.

The paper is organized as follows. In section 2, we state thele Then in section
3, we present our first the result, the impossibility of linequilibrium. In section 4 we
characterize and analyze an equilibrium of our model. Kinalsection 5 we conclude.

2 The model

The agents have all the same preferences, represented byl aitlitly function U (.).
Each agent can enjoy a “short” or a “long” life, with some pabbities. We keep a
very stylized model of of insurance and consider that thityutf the agent can be
represented as:

mwJ (w—p—Il+r)+(1-mU (w-—p), (1)

wherew is the exogenous income of the aggmts the net price of the annuitlyjs the
extra cost induce by a longer life andepresents the extra annuities that the agent get
if he lives long life. The probability of living longer is detedtt. The utility can also

be interpreted as a traditional insurance problans, the probability of accident,the
losses generated by and accidentie insurance premium amds the repayment. We
call the couple p,r) a contract. For convenience, it will be sometime den@ed



To simplify the notation, we will use a short notation for thtdity function

Y(p,r)eR2,¥yme[0,1] V((pr),M=mU(W—p—I+r)+(1-mU W-p). (2)

We consider markets, agents will be taken as “small” playldesace they will play
independently and they will not interact in any way. Our nmag be interpreted as
well as a model with a single agent.

Insurance companies are formalized as profit maximizingsfiwith the same con-
stant return-to-scale production technology. Namely,ranuéy contrac{ p,r) owns by
agent having a probabilitit to live a long life, generates the profit:

p— Tr. 3)

We do not introduce any administrative cost. By doing this,fallow the RS’s model

and keep our results comparable to the RS’s ones. Moreayeringtrative costs do

not seem to be important and cannot explain alone why anmatkets are empirically
so small. Porteba (2001) give some econometric evidenagisgahat administrative

costs can explain only a reduced share of annuities plideswe have said, we do not
want to depart from traditional insurance model.

The main issue of the model is the adverse selection probléen, we introduced
two kind of agents, differing by their probability to liverlger. Some agents have a high
life expectancy, their probability to live a long lifetT® and some other have a lower life
expectancy, i.e; they have a probabilityto live longer life (and by necessity > ).
The proportion of high and low life expectancy agents arpeetvelyn, andn,, and
nL+nz =n.

Probabilitiesr, and Ty and proportioms; andn, are common knowledge. Agents
know their life expectancy, insurance companies cannaindisish between the two
kind of agents and cannot offer contract contingent on the tifie expectancy.

Insurance company cannot prevent agents to buy contractsdther companies.
In that sense contracts are incomplete. Hence we considedalrof non-exclusive
contracts, or in the jargon of contract theory, a common eggame.

IMurthi, Orszag, and Orszag (1999) and Cannon and Tonks §2@0@irm these results.
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If agent are allowed to hold simultaneously several coitdranarket are not anony-
mous. They cannot buy to contracts to the same company, agdémnot resell their
contract to some other agent.

To make the problem tractable, we assume that the agenfsr@nees satisfy the
“single crossing” condition. The restriction is criticahd@ it is know that properties
derived under this assumption are sometimes not robushaityr:

v (r,p) €RZ,
(4)

m U’ (W—p—I+r)
T U’ (W—p—I+r)+(1-14)U" (W—p)’

U/ (W—p—I+r)
U’ (W—p—I+r)+(1-1)U’ (W-p)

>

Graphically, in the spacg, p), if two indifference curves cross each others, they cross
only once.
We can represent this property in the spéace).



/

Figure 1: Single Crossing Property

In the figure 1, two indifference curves intersect at the p@in The indifference
curve of the high probability agents (denoté€z}) has always a higher derivative than
the indifference curve of the low probability agents (dexldC,). Hence they cannot
intersect twice.

We follow the literature on common agency games and we censigit insurance
companies (the principals) compete through “menus” (geakly denotedM in the
following.) In other words, we will consider that insurancempanies offer a set of
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contract, and the agent is allow to choose one in each of geise Peters (2001) and
Martimort and Stole (2002) have shown that there is no logenérality by considering
these kind of mechanisms. Hence our results do not rely oradrioc restriction on
the offers that can be made by the insurerBor obvious technical reasons, we will
constrain these sekd to be compact and measurable.

To be precise we give the definition of a linear equilibrium.

Definition 1 We said that an equilibrium is linear if:
» The insurance companies offer the same menu,

« this menu is a line in the space,r).
In other words, an equilibrium is linear if the equilibriumige is linear.

Finally, two benchmarks are interesting to interpret osuts. The first important
benchmark, is the competitive equilibrium when the infotiorais complete. We denote
the equilibrium contract€T® andC5B. The both type of agents receive a fair insurance
contract with respect to their probabilit(ﬁlFB belongs to the lind1, characterized by
the equatiorp =1y r, the contrachFB belong toLo, (equationp = 1 r). They are fully
insured. The equilibrium is efficient.

2Let us remark that we do not allow for random mechanisms. mneadel insurers cannot offer
lotteries over contracts. We do not think that random meishas are realistic: to be implemented,
insurance companies should be able to commit on randomblaridlevertheless, this restriction is not
without loss of generality.
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Figure 2: The competitive equilibrium under full informarti

The RS equilibrium can be represented graphically as falow
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Figure 3: The Rothschild-Stiglitz equilibrium

We denoteﬁ:fS andC2RS the equilibrium contracts. The high probability agents re-
ceive their competitive outcom&}>= C5B. Hence they fully insured. The low prob-
ability agents receive the contracci‘?S which is defined has the intersection of the line
L1 and the indifference curve of the high probability agentsspay througN:z':B (here
denotedC,). The low probability agent are not fully insured. The edmilim exists



if the proportion of high probability agents is large enough. This equilibrium (when
it exists) is not efficient, even if we consider the constiitue to information. An
imperfectly informed planner could improve the allocation

3 Linear Prices

We consider a scenario in whichinsurance companies ¢ 1) interact by offering lin-
ear contracts. By linear contracts, we mean that they ofterusa in which the premium
p is proportional to the indemnity, more precisely, menud that can be defined as

Mo = {(p,r) € R2 |[p=ar, witha € [0,1] }. (5)

We will show that ifn— 1 firms are offering the linear contraby, the nth has no
incentive to offer that contract.

In order to do that, let us assume that at equilibrium eaadlrarsee company offers
a contract such that the premiymis proportional to the indemnity. In that case, agent
with the probability of accident, (with e {m, T2}) who has chosen a contrgctr,r)
gets the utility:

U (w—oar—I+r)+(1-muU (w—ar). (6)

Let us remark that choosing a contract for an agent, is elgunt/to choose a partic-
ularr. For the agent contracting with only one company or accgaveral contract
from different companies is equivalent.

Let us denote the contract chosen by the agent

[r* (o, 1) P (0, 1) = ar™ (o, )] (7)

If a < mthenr*(a,m =1, and ifa > mtthenr* (a,m < 1. Moreover, for evenyo €
(T, TR we haver* (a, ) < r*(a,m) > 1. To simplify the notations, we defir@ (a)
as

M(a) =ngfor* (o, ) —T1ar* (o, m)] +n2ar’ (a,m) — Ter* (a, m)] . (8)
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Lemma 1 Let us consider a linear symmetric equilibrium in which eaompany offer
the menu of contract Mwherea € (0,T,). Then it exists a contra¢t, ) € R? such
that B/r < a and n p— nimuf + N2 p— notof > M ().

Graphically:
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If the MenuMy, is offered, low risk agent buy the contragt and high risk agents
buy the contracC, as indicated in the graph. It would be better or a principaldn-
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strain the high risk agents to buy the contr@gt This can be (almost) done if he offers
the single contradE. The low risk agents prefer this new contract. The high agyent
They by it and they supplement it in order to get the conadf € is close enough to
C4, the deviation is profitable. This is formally stated in oustfproposition.

Proposition 1 If the single crossing condition is satisfied, at equilibniuinsurance
companies are offering linear contracts.

Let us interpret a little bit more this first proposition. # show that if all other
companies offer the same linear meéviy, the best reply of a company is to offer some-
thing else. But it has stronger implications. Imagine thataffers made by then — 1)
companies lead to an aggregate menu equdltoThis can happen if they are infinitely
many companies that offer each a single contract which lgslémthe line defined by
p = ar. Then the best reply of the remain company is to offer a cohtvaa set of
contract which is not in the line defined Ipy= ar.

Our result does not rely on the number of compaifgs long as > 1). Hence even
if nis very large, in other words, even if the market is very cotitipe, we should not
observe linear prices.

If the single crossing condition is not satisfied, it may exisinear equilibriun?
Concerning our model, even if we do not have a formal pro@ ekistence of a linear
equilibrium would be very surprising, locally the the sanmiedkof argument can be
applied.

4 Nonlinear Prices

In the previous section we have shown that at equilibriumusere not linear. Hence
it is legitimate to try to characterize nonlinear equilédoriOne natural candidate for an
equilibrium is the RS equilibrium. In fact it turns out th&et RS equilibrium is not
implement anymore if insurance companies cannot imposecuasive relationship to
the agent.

Proposition 2 The RS equilibrium is never implementable under non-eixatys

3Under exclusivity, Chassagnon and Chiappori (1997) shawitisurance competition that the RS
equilibrium is modified, even if some of its predictions rémealid.
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The formal proof is in appendix, but the proposition can b&lgalustrated by an
graphic.

Y CZRS ICo

QL
—
[

Cs

CRS

Figure 4: The Rothschild-Stiglitz equilibrium is not rolbus

In the example presented in the graphic, if all other insceacompanies offer the
RS contracts, a insurance company can offer the cor®achs shown in the graphic
the contracCs generates positive profit if it bough by the high risk agest# & above
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the lineL,. The graphic also shows that this contract is never bougteddy a high risk
agent, it is above the cunt€,. But the high risk agents can buy the contit@ctind the
contractCs together, then they reach the polhtvhich is strictly preferred to the point
CRS. Hence, the deviation is profitable for the deviating pipadi

The RS equilibrium is not implementable because an inseranmpany can use
the contract offered by its competitors as bases for its dfans Roughly speaking an
insurance company can ask to a high risk agent to misrepotype to an other com-
pany. He will enjoy a cheap contract, but with a low coverafjge deviating company
then propose to him to supplement this contract with a snmadtract. The resulting
contract, will remains relatively cheap, but with a accefgaoverage. Obviously, this
deviation implies losses for the non-deviating companies.

Under non-exclusivity, insurance companies must preveskind of deviation, and
hence they cannot propose anymore the RS contracts.

Let us consider the following contracts.

« First we define the contra®y = (P1,f1) as the contract that maximiz2ég ps,r1, )
over(py,ri) € ]Ri under the constrairg; = (N1 + N2TR) r.

« Second we define the contrd&t = (P2,2) in the following way. The coverage
rpis such thaty +rp =1 andpz/f, = 0.

« Finally, we defineC = (p,f). The contracC is such thaV (C,, ) = V(G +
é,T[z).

These contracts will be the contract offered at equilibritogether with the linear menu
{(p,r) € R2 |p=T,r }. We need to define few more contracts, that are convenient to
characterize our equilibrium but which are not offered atidyium.

 The contracC; = (p;,T1) is defined in the following way. It is a contract that
satisfied the three following condition‘d:(él,nl) =V (Cz, ), Po = T2, f1 <
l.

« The contracC, = (P,,T2) is defined in a similar way. It is a contract that satisfied
the three following conditions? (€1 +C,, 1) =V (Cy, ), Py = Tur1, f1 < |.

15



« The contrac€; = (1, F1) is defined a€; = C1 +C.
* Finally,C; =C,+C.

Graphically these contracts can be represented as follows

16
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Figure 5: The new contracts
The lineL is the line having the equatign= (N1 Ty + N2 TR) r.
We need conditions to characterize our equilibrium.
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Condition 1 The condition (E) is satisfied is and only if
* V (C1+Cpmp) >V (2C1, ),

. Zé<(~:1,

These two conditions ensure that the high risk agents welflgorthe contracts designed
for them (the contradt; +Cy) rather than the contract than a contract that would result
from the duplication of the other existing contracts. In fig6 the condition € < €,

is not satisfied while the other condition is.

Condition 2 The condition (B is satisfied is and only if for all contracts € (p,r) €
R2 suchthatM(C, ) =V (C1,14) and p> 1, we have MGy +Cp, To) <V (C+C, o).

These conditions are needed to be sure that if an insuraneateefrom the contract
C: and offer a contrad® then the high risk agent will by it together with the contr&ct
As we will see, it will make the deviation non profitable.

Proposition 3 If the condition (E) and (B are satisfied: Hence the following menus
constitute an equilibrium:

« n companies offer the med€, } U{(p,r) € R2 |p=Tor },
« 2 companies offer the med€;,C} U{(p,r) € R? |p=Ter }.

The agents buy the contraCh if their type isT, and the contrac€; when their type
is Tq.

Before to state the conditions under which the equilibrixists, we will make few
remarks.

At equilibrium the contrac€ is never bought, it is a “latent contrad”.Even if
this contract is not bought, it plays a crucial role. If it istroffered, a principal can
profitably deviate by offering a contract close@p bought by the low risk agents only.
This deviation is not possible because the high risk woulthis/contract together with

4The term latent contract has been first introduced by Hel{@@g3).
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the contracC. Martimort and Stole (2002) analyse in detail the implicas in term

of direct mechanisms and menus. It is because we need “ledettacts” at equilib-
rium that we cannot restrict attention to direct mechanismg that we should con-
sider menus instead. The same remark applies for almosbaltacts in the menu

{(p,r) €R2 [p=Tor }.

The high risk agents buy two contract. The equilibrium cavi@lsly rewritten with
anew contradE, = C; +C,. The important thing is that risk agents can buy the corgract
C1andG,. In that interpretation of the equilibrium, we can emphésis a kind of cross-
subsidization occurs at equilibrium. The low risk agentg e contrac€; which is not
actuarially fair given their probability;. They buy a relatively expensive contract. On
the other hand, the high risk agents buy a relatively cheapact,C, or C; +C,. This
contract is sustainable only because it is subsidized biotheisk agents. In the RS’s
model, the equilibrium contract are acturially fair and &myd of cross-subsidization
can be sustained at equilibrium.

Insurance companies do not make profit at equilibrium. It sugprising result
compared to one obtained by Bisin and Guaitoli (2004). As waeehsaid, the main
difference between our model and their, is that we consideerge selection and their
consider moral hazard. Contrary to us, they found positreditpequilibria (for some
values of their parameters). These positive profit equdlibre very strong, they are
robust to free entry.

The intuition behind these very different results couldhm tn moral hazard model
a little change in the offers may induce very different bebtis: Agent who was making
efforts may stop suddenly. Hence in a moral hazard settmgéhntrand’s argument does
not apply because a aggressive offer may change the agehtsibr.

Here, agent takes no decisions, except to buy or not costrbi@nce an insurance
company can make aggressive offers provided that its affeams incentive compati-
ble. It turns out that the only aggressive offers that anriaasce can make are the ones
bought by all the agents. Hence at equilibrium insurancepgse a contract that is
bought by all agent and leads to zero profits.

SPositive profit equilibria seems to be a common feature ofrnomagency modal of moral hazard.
Parlour and Rajan (2001) in a model of strategic default sthawat equilibrium profits may be strictly
positive.
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This interpretation should be taken carefully. Biais, Madrt, and Rochet (2000)
proposed a model close to our and characterize positive popfilibria. Their model is
not a real model of insurance and itis interpreted as a mddielamce. Nevertheless the
reason why their results are different from ours remaindaamc An explanation could
be that they consider a continuum of type and we considertarmytypes of agents. In
any case their model and our are quite different and cannoofvpared directly.

At equilibrium, high risk agents are fully insured, low riagent are only partially
covered. It justify the approach taken in applied papelis.fbt a surprising result. Our
model can be interpreted as the RS’s model plus some extsdraons. Hence, it is
natural to find that it exhibits the RS’s equilibrium main peoty.

Finally, the number of firms do not affect the equilibrium [@sg asn > 1). Hence
even ifn becomes very large, the equilibrium does not converge thwadmnear equi-
librium. Hence our model does not provide any foundationagaeneral equilibrium
approach of incomplete information modéls.

Proposition 4 If Ty andTtp are closed enough and ig s small enough, the equilibrium
characterized in proposition 3 exists.

The existence conditions are different from RS. They needffecently high pro-
portion of high risk agents. We require exactly the reveasjfficiently high proportion
of low risk agents. Moreover they do not need any assumpti@ntloe probabilitiesy
andtm. We need the restrictive condition andte not to much different.

Hence the RS equilibrium and our equilibrium cannot be caegbastraightfor-
wardly. They are likely to exist for different values of tharpmeters.

Nevertheless, we can state a last important property ofquifilerium.

Proposition 5 The equilibrium characterized in proposition 3 sustainatimal allo-
cation.

8Let us remark that Biais, Martimort, and Rochet (2000) finékwcation equilibrium which depends
onn. But in their model, as in our, the limit equilibrium is notiadar equilibrium.
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The equilibrium allocation is different from the full inforation equilibrium de-
scribed in figure 2. As the utilities are not transferable, dfptimal quantities are not
unique. Hence we can have two different allocations thabatk optimal.

The equilibrium allocation is also first best optimal. We mehat it would be
an optimal allocation in a full information economy. At a figdance it sounds very
surprising. It is not. The information structure, here thetfthat agents know their
probability of survival, constrains the set of optimal aldion. In other words some
optimal are not implementable because of information issk®r example, it is clear
the full information competitive equilibrium allocatios not sustainable anymore under
asymmetric information. If some optimal allocations aré¢ ingplementable anymore,
some remain implementable, as it is the case for our equifiballocation. In general,
optimal allocations that give a lot of surplus to the higtkragents are likely to be
implementable under asymmetric information. As they emoyhigh level of welfare,
high risk agents have no reason to adopt a strategic behavior

Our interpretation of this result is the following. Firsf lus remark that at equilib-
rium the risk agents are not indifferent between their awttt; +C, and the contract
designed for the low risk agents;. High risk agent prefe€; +C, thanC; and low risk
agent prefe€; thanC; +C,. High risk agents have many way to cheat on the insurance
companies. They can choose one type contract from one cogngmaanother type of
contract from another company. In the RS’s model they cagp ombose the contract
designed for the low risk agents. As they have many way to @hiabe, insurance com-
panies must let top them a lot of surplus. As they get a lot gblsg at equilibrium
they do not have reason to misbehave, i.e; to choose cantrattlesigned for them. It
follows that at equilibrium information is not an issue, dr@hce market forces lead to
an optimal allocation.

There is no standard results concerning optimality in comagency games. Bisin
and Guaitoli (2004) show that equilibria characterizechieit moral hazard setting are
not efficient. In the other hand, Attar, Campioni, and Pig2606) show that the equi-
libria of Parlour and Rajan’s (2001) common agency modekdfieient. In the same
manner the equilibrium characterized in Biais, Martimamd Rochet (2000) is not
efficient.
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To conclude our remarks about optimality, we would emphthsisif the equilibrium
is efficient, it may remain issues about redistribution. Example compared to RS
allocation, high risk agents prefer the non-exclusive igpuuim, but the low risk agents
prefer the RS equilibrium, and insurance companies ardfémeint’ Then, even if it
is not efficient, the RS equilibrium may be preferred to tha-eaclusive outcome for
redistribution motives.

5 Conclusion

The literature on annuity markets focuses on equilibria mclv prices are linear. In

this note, we have shown that there is no clear game thedoeticlations for that ap-

proach. More precisely, in a context of adverse selectfansurance companies com-
pete through nonlinear prices, there is no equilibrium Miitlear price or converging

toward linear prices, even if the number of companies is {age.

As it appears that empirically prices seems to be lineag, fgeexample Finkelstein
and Porteba (2004)), we could conclude that adverse salattay not be relevant phe-
nomenon in annuity markets. It does not means that advelesgtisa is totally absent,
but other imperfections or features should be at work. Maie see two potential lines
of research:

Moral hazard may be a relevant aspect of annuity marketsntagaay have influ-
ence on their expected lite time. If an agent knows that itredeive a decent pension in
his old days, he may change if behavior (alcohol, cigargttesnjoy a longer life. This
is a potentially important aspect of annuity markets whiab hot been fully explored
yet.

The positive correlation between life time and annuity ddug explained by differ-
ent in wealth rather than by adverse selection effect aseldby Attanasio and Hoynes
(2000). The potential importance of wealth distributiorré@irement assets manage-
ment has been studidbut its policy implications are not been intensively stadie

"We should keep in mind that to make this comparison, the tdiega must exist.
8For a survey see Webb (2004).
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Dushi and Webb (2004)’s findings suggest that wealth digiobh is very important
factor that cannot be neglected.
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A Proof of Lemma 1

Let us consider the profii (a).
M(a) =ngfar® (o, m) —murs (o, m)] +n2far” (@, 1) —Ter" (o, )]~ (9)

Let us consider that the variabié(a, @) is given. In that case, as< T,

on(a)

The function () is linear with respect to the variablé(a, 1), hencemar* (a, ) —
Nty r* (o, 14) + ngor* (o, 1) — naTr* (o, 1) > M (a). By continuity, it exists a con-
tract(f, ) as described in the statement of the lemma.

B Proof of Proposition 1

If there is a linear equilibrium characterized &y

* If a € [0,y], companies make negative profits. Hence it cannot be eguilib
value.

* If a € (M, ™), lemma 1 implies that at least one company has a profitablie dev
ation, the contradE. Even if the contract is bought by all agent, this contract if
more profitable than the linear meMy,.
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* If a € [mp,1] hencd(a) > 0, and a standard argument applies: a firm can attract
all the agents by offering a infinitesimally less profitalshebr menMqy_¢, where
€ > 0 and “very small”.

C Proof of Proposition 2

Proof. Let us imagine that the principals offer the RS contracésnely they all offer
the menu{ (pR= 1), (p5B,r5B) }.

If V(p5B, 5B ) < V(2pRS 2rRS m), then there-type agents will not by the con-
tract (p5B,r5B), but two (pRS r9) contracts. Hence the contra@®,r5B) is never
bought and some insurance companies experience losses.

If not, then a insurance company can profitably deviate fgpfS r?5), (p58,r58) .
We consider the spad@,r) and the agents’ indifference curves in that space. At the
RS equilibrium than-type agents are indifferent between the contrépﬁ‘sg, rlRﬁ and
(p5B.r5B). Hence, for those agents, there is a indifference passioggh the points
(PRSrRS) and(p5B,r5B), that we denotéC,. At the point(pfS r*9), the indifference
curvelCy, has derivative strictly greater thaff'/r5B. A insurance company can propose
a single contractp’,r’), with p’ andr’ “small” but different from zero and such that
(P/.1) > PEee.

If o’ andr’ are sufficiently small, then we have

V(p5®,r5®, ) <V(PFS+ P, It5+ 1, o). (11)
The deviation is profitable for the insurance company. Weoduy the contract, it

makes positive and it bought with probability 1 by thetype agentsm

D Proof of Proposition 3

D.1 Singleton

Let us imagine that one insurance company deviates by jestiruf a menu{ (p,r) }
and we take the notatid®= (p,r).
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First, if the contracC is bought by then-type agents only, it cannot be profitable.
They buy the contracts; andCy, and those contracts would induces losses it they were
bought byre-type agents only. Hence, all contracts that are prefené # C, by the
Th-type agents induce loss for the insurance companies.

We assume that the contraCtis bought by all agents. In order to be bought by
the Ty -type agents, the contraGt must be below the line define by the equatpe-
(n1Ty + N2 TR) r. Hence, to be profitable, it must be bought betidype agents only.

To be bought by they-type agents only, the contra&t must belong to the set
Zdefined in the following way:

p = Tur,
Z=3(pr)eRE|V((p,r),m) >V (C,m),
V(<p7r) 7n2) SV (CZ;T[Z)

This set has a simple graphical representation. We ddfiatéhe indifference of the
Tu-type agents passing through the cont@gtand We denotéC, the indifference of
theT-type agents passing through the conttctWe denote byC* their intersection.

Under the basic assumption of our model, this intersectst® Unambiguously
we can writeC* > C4, as the curvéCs is tangent to a line passing through the p&int
the curvelC1 andIC; intersect at the right ;. Moreover under the condition (E) we
haveC, < C,. The sefZ can be seen as the curviline trian@eC; C,.

Let us remark that under our assumptions, theZsetnonempty.

Let us consider the contractg,r) of Z such thatv ((p,r),m) =V (Cl,nl) and
r < 1. Itis a segment of the curd€1, that we denot&;.

The translation with respect to the vecis denotedlz. We denotdC1 the trans-
late ofIC by the translatiodz. The translate of the segmeitby the translatios is
the segmenbverline$, from C; +C; to C1. We have assumed th@s < C;.

Under our assumptions (condition’JEthe curvelC, and the segmer; cannot
intersect two times.
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From that discussion it comes that every point of the segi@eistpreferred to the
pointC; + C, by theto-type agents.

Now we consider the set of contrggt, r) such that:

p > Tur,
V((p.r),m) >V
V((pr),m) =V (Co ),
p<p1.

(12)

It is easy to check that this set (den&# is nonempty. Using simple arguments, it can
be shown that if the contraCtbelongs tdS,, then

V (C—i—é,T[z) >V (61 —|—C~:2,1T2> . (13)
We define the sef as

p > T,
V((pr),m) >V (Cm),
V((p,r),mp) <V (Co, M),
p<p1

Hence we can state that if the contr@dbelongs to the séf, then

Z={(p,r)eR?

A

V(C+Cm) >V (C+C,m). (14)
We define the sef as
p = Tuf,
~ \Y; >V (C
7 — (p,ﬂéRi ((p,l’),T[]_)_ (~1:T[1>,
\ (<p7r) 7n2) SV (CZ;T[2> 5
p> Py

If the contractC belongs to the sef, then by construction it exists an> 0 “small
enough” such that
\Y (Q+ Gég,ﬁz) >V (61 —i—éz,ﬁz) . (15)
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To conclude, deviating toward a single contr@as never profitable for a principal.

D.2 Two contracts menus

Let us assume that a principal deviates by offering a m@&ycC, +C,}. To be prof-
itable, the preceding offer must be such that

\ (Ql: T[].) > Vv (6:17 T[]_) ’ (16)
V(Cy+Cp ) >V (G, ), (17)
V(C1+Cp M) >V (C+C, ). (18)

Itimplies that the contrad@ is below the lind.. Moreover, the contra&, must be the
line L,. It implies that the offe{C,,C; +C,} cannot be profitable.

Any deviation involving two contracts that can be writtensasienu{C;,C; +C,}
are not profitable. Using the same kind or argument, one cathse there is no prof-
itable deviation by using menus of two contracts.

D.3 General Menus

Let us consider a menM (compact subset dRi). As agent are “small”, the do not
interact (the game is similar to a game with one agent onlg),can neglect mixed
strategies. We assume thigttype agents choose the contr@gtand therp-type agents
choose the contra€@,. Hence rather than offer the meMy, the deviating principal
could equivalently offer the men{C,;,C,}. As we have seen, these deviations are not
profitable.

E Proof of Proposition 4

First let us imagine that = n; and < Te. Using continuity, we can state that that if
Ty areTh closed enougfé is as small as we want. Moreovenit= ny, thenC; = C; and
C1 = C+C4. Hence by construction we ha@ < C, < C;. Hence conditions (E) and

27



(E') are satisfied. Apply a simple argument of continuity, we aague that it remains
true if ny close enough to.

F Proof of Proposition 5

If one want to increasey-type agents utility, it can only be done by decreasing tloditpr
of the insurance company. This due to the indifference cpassing througiE; + C;
has derivative equal tm, at the poinfig +Ch.

In order to get positive or zero profits, insurance compamiegst charge tha;-type
agents, which decrease their utility.

The same argument applies to every other players (companissg -type agents).
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