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PRELIMINARY AND INCOMPLETE

1 Introduction

In arecent paper, Weintraub, Benkard, and Van Roy (2008b) propose an approximation method for analyzing
Ericson and Pakes (1995)-style dynamic models of imperfect competition. In that paper, we defined a
new notion of equilibrium, oblivious equilibrium (henceforth, OE), in which each firm is assumed to make
decisions based only on its own state and knowledge of the long-run average industry state, but where firms
ignore current information about competitors’ states. The great advantage of OE is that they are much
easier to compute than are Markov perfect equilibria (henceforth, MPE). Moreover, we showed that an OE
provides meaningful approximations of long-run Markov perfect dynamics of an industry with many firms
if, alongside some technical requirements, the equilibrium distribution of firm states obeys certain “light-tail
condition”.

To facilitate using OE in practice, in Weintraub, Benkard, and Van Roy (2008a) we provide a computa-
tional algorithm for solving for OE, and approximation bounds that can be computed to provide researchers
with a numerical measure of how close OE is to MPE in their particular application. We also provided com-
putational evidence supporting the conclusion that OE often yields good approximations of MPE behavior
for industries like those that empirical researchers would like to study.

While our computational results suggest that OE will be useful in many applications on its own, we
believe that a major contribution of OE will be as a starting point with which to build even better approxi-
mations. As a matter of fact, in Weintraub, Benkard, and Van Roy (2008a) we extended our base model as

well as algorithms for computing OE and error bounds to incorporate aggregate shocks common to all firms.



Such an extension is important, for example, when analyzing the dynamic effects of industry-wide business
cycles.

In this paper we introduce another important extension to OE. OE offers a way to approximate long-
run Markov perfect industry dynamics with many firms, and it could be used if one is interested in long-
run economic indicators, such as long-run average investment. These quantities are independent of the
initial state of the industry. In other cases, one may be interested in the short-run dynamic behavior of
an industry starting from a given initial condition. For example, one may want to asses how an industry
would evolve over a few years after a policy or environmental change. With this motivation, we introduce
a nonstationary notion of OE in which every firm knows the industry state in the initial period but does
not update this knowledge after that point. We call this new equilibrium concept, nonstationary oblivious
equilibrium (henceforth, NOE). NOE is based on the same idea as oblivious equilibrium but it offers a way
to approximate short-run transitional dynamics that may result, for example, from shocks or policy changes.

The model and assumptions in this paper are the same as in Section 3 of Weintraub, Benkard, and Van
Roy (2008b). For the sake of completeness, we present the model in the Appendix.

In Section 2 we define nonstationary oblivious equilibrium (henceforth, NOE). Moreover, in our com-
putational experiments we focus on NOE that become stationary as time progresses. In Section 2 we also
show that under mild technical conditions such NOE exist. In the following sections we present algorithms
and results for NOE in a similar spirit to those presented in Weintraub, Benkard, and Van Roy (2008b) and
Weintraub, Benkard, and Van Roy (2008a) for OE.

In Section 3 we provide an algorithm to compute NOE that become stationary as time progresses. The
algorithm is computationally efficient; it can compute NOE in few minutes even for industries with hundreds
of firms.

In Section 4 we provide an efficient simulation-based algorithm to compute a bound on approximation
error. Error here is measured in terms of the expected incremental value that an individual firm in the industry
can capture by unilaterally deviating from the NOE strategy. The algorithm for bounding approximation
error allow us to verify accuracy of NOE as an approximation for each problem instance.

In Section 5 we provide a computational study and, using the error bounds, show that NOE offers useful
approximations for relevant models of industries with hundreds or even tens of firms. We also show that
NOE can endogenously generate industry dynamics, like industry shake-outs, similar to those observed in
data sets. Our results show that by using NOE it is possible to further expand the set of dynamic industries
that can be analyzed computationally.

While the previous results provide support for using NOE in practice, in Section 6 we provide an asymp-



totic result that provides a theoretical justification for the approximation. We show that, if alongside some
technical requirements, the equilibrium distribution of firm states obeys certain “light-tail” condition, then
the approximation error vanishes as the market sizes grows. We note that important parts of the proof of this
result require different techniques to the ones used in its analog theorem for OE in Weintraub, Benkard, and
Van Roy (2008b).

Finally, in Section 7 we provide conclusions and some thoughts for future research.

2 Nonstationary Oblivious Equilibrium

Oblivious equilibrium, offers a way to approximate long-run Markov perfect industry dynamics. In this
section we introduce a new equilibrium concept, nonstationary oblivious equilibrium, that can be used to
approximate the short-run dynamic behavior of an industry starting from an initial state of interest.

Recall that an oblivious equilibrium was based on the idea that when there are a large number of firms
(and no aggregate shocks), simultaneous changes in individual firm quality levels can average out such that
in the long-run the industry state remains roughly constant over time. Based on a similar idea we introduce
a method to approximate the short-run behavior of an industry that starts from a given state of interest. If
there are a large number of firms (and no aggregate shocks), the industry state starting from a given initial
state roughly follows a deterministic trajectory. In this setting, each firm can make near-optimal decisions
based only on its own quality level and by knowing the deterministic trajectory followed by the industry
state. With this motivation, we consider restricting firm strategies so that each firm’s decisions depend only
on the firm’s quality level and the time period. We call such restricted strategies nonstationary oblivious
since they involve decisions made without full knowledge of the circumstances — in particular, the state
of the industry. Note that nonstationary oblivious strategies differ from oblivious strategies because they
depend on the time period. To simplify notation we assume that the industry is at the initial state of interest

at time period ¢ = 0.

2.1 Nonstationary Oblivious Strategies and Entry Rate Functions

Let Mys = M™ C M™ and A,,; = A C A denote the set of nonstationary oblivious strategies and
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the set of nonstationary oblivious entry rate functions.” A nonstationary oblivious strategy is a sequence

'Recall that M C M and A C A denote the set of oblivious strategies and the set of oblivious entry rate functions; M and A
are the set of Markov strategies and the set of entry rate functions (see Weintraub, Benkard, and Van Roy (2008b)). The set X *° is
the infinite cross product of X, ie. X*° = X x X x X....



of oblivious strategies. Hence, if ;1 € M, is a nonstationary oblivious strategy, then p = {po, p1, -},
where for each time period ¢ > 0, pu; € M is an oblivious strategy. For example, if firm 7 uses strategy
e Mns then at time period ¢, firm 7 takes action 1 (), where x;; is the state of firm ¢ at time ¢ (so the
action depends both on the time period and the state). In a NOE firms will make decisions assuming that
the industry state evolves deterministically. Moreover, firms will assume the industry state at time period ¢
is the expected industry state after ¢ time periods of evolution given the competitors’ strategy and starting
from the industry state of interest. Therefore, under this assumption, the time period determines the industry
state.

A nonstationary oblivious entry rate function is a sequence of oblivious entry rate functions. Hence,
if\ €A,y isa nonstationary oblivious entry rate function, then A = {\g, A1, ...} where for every period

t > 0, )\ 1s real-valued.

2.2 Nonstationary Oblivious Equilibrium

Note that if all firms use a common strategy u € M, the quality level of each evolves as an independent
transient non-homogenous Markov chain. Let the transition sub-probabilities of this transient Markov chain
for period ¢ be denoted by P, (x,y). If there were an infinite number of firms, though each evolves stochas-
tically, the percentage of firms that transition from any given quality level to another would be deterministic.
Similarly, the percentage of firms that exit would be deterministic. Motivated by this fact, for p € Mo,

X € A, and s € S we define the following sequence of industry states:

EyeN P!Lt (y7 iﬁ)gt(y) + A if x =2
EyEN Py, (y,2)5:(y) otherwise,

2.1 St41(x) =

where 59 = s € S. Note that 3; is the expected industry state at time ¢ given strategy 4 and it can be easily
computed by matrix multiplication. For all z € N, we let 5(,, 5 5) +(z) = 5;(x), where for all £ > 0, 5;(x) is
given by equation (2.1).

For nonstationary oblivious strategies p/, . € Mo, a nonstationary oblivious entry rate function A €

A, s, and an initial industry state s, we define a nonstationary oblivious value function for period ¢

2.2)

Vil p, N, 8) = Ey Zﬂk_t (T ( @ik S(ups) k) — duik) + BT iz, | i = 33] -
o



This value function should be interpreted as the expected net present value of a firm that is at quality level
x at time ¢t and follows nonstationary oblivious strategy p’, under the assumption that, for all ¢ > 0, its
competitors’ state will be given by 5(,, ) )+ at time ¢. Note that even though the firm’s state trajectory only
depends on the firm’s own strategy 4/, the nonstationary oblivious value function remains a function of the
competitors’ strategy 4 and the entry rate A through the expected industry state trajectory 5, 5 s).. We abuse
notation by using V; (x|, A, s) = Vi(x|p, 1, A, s) to refer to the nonstationary oblivious value function when
firm 7 follows the same strategy y as its competitors.

We now define a new solution concept. To avoid pathological behavior in which an entry rate grows
unboundedly large and is followed by massive exit, we restrict all entry rates to be less than a predetermined
upper bound Ay > sup, (7(x,s)/(1 — 3) + ¢. We introduce the following assumption that is kept

throughout the paper unless otherwise explicitly noted:>

Assumption 2.1. A = [0, \qz)-

An s—nonstationary oblivious equilibrium consists of a strategy p € M5 and an entry rate function

A € A, that satisfy the following conditions:

1. Firm strategies optimize a nonstationary oblivious value function:

(2.3) sup Vo(z|w', i, A, s) = Volz| i, A, 5), Vo € N.
M/GMTLS
2. At every period of time, the nonstationary oblivious expected value of entry is zero or boundary

conditions are satisfied. For all ¢ > 0,

At € (0, \nag) implies BV g1 (2¢|u, A, 8) — k=0
ﬁfftﬂ(xe\,u,, A, 8) — Kk < 0 implies \; = 0
ﬁXZgH(me\u, A, ) — k> 0 implies Ay = A\paz -

Note that the optimization of V; implies, by dynamic programming principles, that firms optimize V; for all
t>0.
In this paper, we focus on NOE that become stationary as time progresses. That is, we focus on NOE

(1, A) € Mas X Ay that converge to an OE (/i, ;\) € M x A as time progresses in the following sense:

21t is simple to show that an OE entry rate must be smaller than A\pq.. Moreover, in our computational experiments we never
observed NOE entry rates growing unboundedly large and they were always much smaller than A,,q;. For this reason and to
simplify the explanation, A,,q. is omitted in the description of the algorithm in Section 3. We make use of A,,qz, however, in the
existence proof that follows.



forall z € N, limy_,00 pe () = (), and limy_, 00 A¢ = \. In the next subsection, we show the existence of

such NOE.

2.3 Existence of NOE that Become Stationary

By Assumptions A.1 and A.2, investments and expected discounted profits are uniformly bounded over all
states by ¢ and sup,, , w(x,s)/(1 — () + ¢, respectively. Therefore, with out loss of generality, we restrict
the range of ;1 € M to [0, ] x [0, sup,, . 7(z,s)/(1 — B) + ¢).

We introduce the following additional assumption.
Assumption 2.2. Forallt € Nandt € N, 2 < Tiaz-

Assumption 2.2 implies that all the analysis can be restricted to the finite space of quality levels {0, ..., Tz }-

We define the set of converging nonstationary strategies and entry rate functions:
Mys = {pe M,,s : for which there exists JIRS M, such that, for all x,tlim pe(x) = p(x)},
—00

Ans ={\e€ ]\ns : for which there exists \ € A, such that, tlim A=A}
—00

We endowed this sets with the metric compatible with the product topology.

The following is the main result of this section. The proof is provided in the Appendix.

Theorem 2.1. Suppose Assumptions A.1, A.2, A.3, 2.1, and 2.2 hold. Then, there exists a NOE (u, \) €
Mas X Aps. Moreover, for all x, limy_ oo () = fu(z) and limy_, o0 Ay = \ where (f, 5\) e Mx Aisan
OE.

3 Algorithm to Compute NOE

We propose an algorithm to compute NOE that become stationary and converge to OE. We impose this form
of convergence in the algorithm and then solve backwards. In this way, the problem of finding a NOE is
reduced to a finite horizon problem.

Suppose we are mostly interested in the behavior of the industry in the interval between time periods
t=0andt=T.LetV, it \,5bea (stationary) OE value function, strategy, entry rate, and expected state,
respectively. Let T := min{t|5"" TV (z¢ +tw) < 6}, where § > 0 is a predetermined precision. We assume

there is a finite time horizon of length 7', and that after 7' the NOE coincides with an OE. More specifically,



forallt > T, uy = fi, \t = A, and §; = . In addition, for ¢ > T, firms garner profits according to the OE
value function. This simplification should not have a significant impact on the behavior of the industry for
the time periods of interest between ¢t = 0 and ¢ = 1. After this reduction computing a NOE is simple; it
requires solving finite-horizon one-dimensional dynamic programming problems.

At each iteration of the algorithm, we (1) compute the strategies that maximize the nonstationary obliv-
ious value functions (step 10) and (2) we compute new entry rates depending on the extent of the violation
of the zero-profit conditions (step 16). Strategies and entry rates are updated “smoothly” (steps 20 and 21).
The parameters N1, N2, 71, and 72 are set after some experimentation to speed up convergence.

If § = 0,9 = 0 and the termination condition of the outer loop is satisfied with e; = €2 = 0, we have
an s—nonstationary oblivious equilibrium. Small values of ¢, €1, and e allow for small errors associated

with limitations of numerical precision.

Algorithm 1 s—Nonstationary Oblivious Equilibrium Solver

1: A\ =\, forall ¢.

2: Wy = [, for all 2.

3: Define VTH(:BW*, i, A, s) := V(x), for all & p*, p, and \.
4: n = 1.

5: repeat

6:  Compute 5(,, 5 fort € {0,..., T}
7 Ag :=0; A7 :=0.

8 t:=T.

9:  repeat

10: Choose p; € M to maximize V;(z|u*, j1, A, s) simultaneously for all z.
L1 (on :/6‘/15+1($e|/1'*7:u’7>‘75)) -k
12: Ag = max(Ao, ¢t)

13: if \; > ¢ then

14: A1 = max(Aq, —1).

15: end if .

16: AF = M(BViga (28], 1, A, 8)) /K.
17: Lett:=1¢—1.

18:  until ¢ = 0.

190 Ag =l p— " [|oo-
200 pi=p+ (05— p) /(07 + Ny).
21 A=A+ (A= X)/(n”? 4+ Na).

22: n:=n+1.
23: until Ao < €1 and Al < €1 and AQ < €9.

We use an s—nonstationary oblivious equilibrium to approximate short-run behavior of an industry that
starts from a given initial state s. In the next section, we provide error bounds that are useful to asses the

accuracy of the approximation for any given applied problem.



4 Error Bounds

We derive error bounds in this section. To bound approximation error, we first define what is meant by
approximation error in this context. Because an optimal strategy for a firm that unilaterally deviates from a
NOE strategy depends on the time period (since its competitors are using nonstationary strategies), we intro-
duce nonstationary Markov strategies. We define M,,; = M and A,,; = A as the set of nonstationary
Markov strategies and entry rate functions, respectively. A nonstationary Markov strategy is a sequence of
Markov strategies. Hence, if i € M, is a nonstationary Markov strategy, then p = {0, (41, .. }, where for
allt > 0, ur € M is a Markov strategy. Similarly, a nonstationary entry rate function is a sequence of entry
rate functions. Hence, if A € A, is a nonstationary entry rate function, then A\ = {\g, A1, ...} where for all
t > 0, \s € A is an entry rate function. For nonstationary Markov strategies y’, u € M5 and nonstationary

entry rate function A € A,,5, we define the nonstationary value function,

Ti
Vi, sl 1, N) = Ep Zﬁk_t (m(@iks S—ie) — dii) + BT Giry |Tis = @, 554 = 8] )
k=t
where ¢ is taken to be the index of a firm at quality level z at time £. In an abuse of notation, we will use
the shorthand, Vi (z, s|u, \) = Vi(x, s|u, 1, A). The nonstationary value function allows for dependence
on nonstationary Markov strategies. We use this value function to evaluate the actual expected discounted
profits garner by a firm that uses a nonstationary Markov strategy. Suppose we are interested in the short-run
dynamic behavior of an industry that starts at state s € S. Let (i, :\) be a NOE. We quantify approximation

error at each state x € N by

sup Vo (sl 1. X) = Vo (w5l ).
WEMans

Hence, approximation error is the amount by which a firm in state z with competitors in state s can improve
its expected discounted profits by unilaterally deviating from the nonstationary oblivious strategy [ to an
optimal nonstationary (non-oblivious) Markov strategy. We introduce our error bound. We denote [z]* =

max(z,0) and z(k) = [z — kw]T.

Theorem 4.1. Let Assumptions A.1, A.2, and A.3 hold. Let [i € Mns and \ € Ans be an s—nonstationary



oblivious equilibrium. Then, for all x € N,

4.1 sup Vo (x,s|,u',ﬂ, 5\> -V (x,sm, 5\) <

wWeEMns
s +
> sk [ max (77(56’, S—ik) — (@, g(ﬁ,ﬂ,s),k))} ‘5—%0 = 8]

fi A —
El /
o z'e{z(k),....x+kuw}

+ Eua

Ti
Zﬁk (W(xik, 5(,;7;78)7;9 — T (Tik, 5—i,k)> Tip =X, 840 = S] .
k=0

The proofs can be found in the Appendix. Given a NOE, the error bound can be computed using
simulation. It requires simulating the industry evolution under NOE strategies starting from the initial
industry state s.> It is worth mentioning that the result can be generalized a great deal. In particular, many
of the prior assumptions can be dropped; for instance, most alternative entry processes will not change the
result.

If the dynamics of the model include depreciation, that is, there is a positive probability the quality
level of the firm goes down even if investment is arbitrarily large, tighter bounds can be derived. Let
Ak(y,s) = 7(y,s) — n(y, §(ﬁ’5\7s)7k). Let /i be a strategy such that the firm never exits the industry and

invests an infinite amount at every state. We have the following result.

Theorem 4.2. Let Assumptions A.1, A.2, and A.3 hold. Let [i € Mns and \ € Ans be an s—nonstationary
oblivious equilibrium. Suppose that, for all s € S and for all k > 0, the function Ay (y, s)T is nondecreasing

iny. Then, forall x € N,

(42) sup ‘/0 (.%',S‘ILL/,/],, /~\> - % (.%',3‘[1/, X)
,U/EMT’LS

[e.9]
+
S Z ﬁkEﬂhﬁ‘!S‘ |:|:7r(xlk7 Sii’k) N ﬂ_(xik7 8(ﬂ7i,s)7k)i| Tio = 2, S_i70 - 8:|
k=0

+ E[L,X

Ti
Zﬁk (w(xik, §(ﬂ75\’s)’k) — (i, S_M)) Ti0 = T,5-i0 = S] .
k=0

Note that x;; is controlled by strategy ji, therefore, it is independent of everything else. If there is
depreciation and A (y, s)T is nondecreasing in y, bound (4.2) is generally tighter than bound (4.1). The
latter takes a maximum over achievable states in the first sum. The former takes an expectation with respect
to /1 and because of depreciation, larger achievable states have smaller weights, reducing the magnitude of

the bound.

3Note that under our assumptions, for all ¢ > T, 3 =3, e = fi, and :\t =\



The expectation over x;; can be written in closed form for the model in Section 6.1 of Weintraub,
Benkard, and Van Roy (2008a) where firms can change their state by at most one quality level per time

period facilitating its computation.

Corollary 4.1. Let Assumptions A.1, A.2, and A.3 hold. Consider the industry model in Section 6.1 of
Weintraub, Benkard, and Van Roy (2008a) where firms can change their state by at most one quality level
per time period. Let [i € Mns and \ € /N\ns be an s—nonstationary oblivious equilibrium. Suppose that,

forall s € S and for all k > 0, the function Ag(y, s)T is nondecreasing in y. Then, for all v € N,

4.3) sup W (ac,s\,u’,[j,, ;\> -V (x,s\[/,, /~\>

,LL/EMTLS
k _ 5y sk—(y—=) Y S R
< B Z (y . $> (L=0) """ W "E [[W(% S—ik) — (Y, S(ﬂ,)\75)7k):| ’S—z,o = 3}
k=0  ye{x,...,.z+k}
+ Eﬂ,X Zﬁk <7T(55ik, ,§(ﬂ7/~\’s)’k) — (@, 5—i,k)> Tip = T, 5_i0 = s] .
k=0

S Computational Experiments

In this section we conduct some computational experiments to evaluate how NOE performs in practice.
In particular, we use NOE to analyze the short-run transitional industry dynamics from one long-run OE
to another after a profit shock. More specifically, we compute OE for a given industry model. Then, we
increase the market size by 25% and compute the new OE. We compute a NOE that converges to the new OE
and for which the initial state is the original OE expected state. Figure 1 schematizes the industry evolution.
We use the same model as in Section 6 of Weintraub, Benkard, and Van Roy (2008a). In Section 5.1 we
study the behavior of the error bound for different parameter specifications. In Section 5.2 we show the

different dynamics that NOE can generate.

5.1 Behavior of the Bound

Our first set of results investigate the behavior of the approximation error bound under several different
model specifications. We use the same parameters as in Section 6.2 of Weintraub, Benkard, and Van Roy
(2008a) with the “almost deterministic” entry process. We consider two different values of #; and the

investment cost d: (61,d) = (0.2, 0.2) and (61,d) = (0.7, 0.7). The former (“Low”) is a situation where

10



the level of vertical differentiation is low and it is inexpensive to invest to improve quality. The latter
(“High”) is the opposite.
For each set of parameters, we compute a NOE where the starting state is the OE expected state.* We

then use the approximation error bound in Theorem 4.2 to compute an upper bound on the percentage error

. . \% ) ,7~75\ -V ) ~75\ ~ N
in the value function, ———4/€Mns O‘(;: (il"; gs)) (sl , where (fi, \) are the NOE strategy and entry rate,
0 37\

respectively.’ Percentage error is taken with respect to the nonstationary oblivious value function. We esti-

mate the expectations using simulation.® We compute the previously mentioned percentage approximation
error bound for different market sizes. As the market size increases, the expected number of firms in the
original OE (and hence in the initial state) increases, and the approximation error bound decreases.

In Figure 2 (see Appendix) we present the percentage approximation error bound as a function of the
number of firms at the initial state for the two levels of vertical differentiation. For the low vertical differ-
entiation case it takes around 60 firms to bring the bound down to around 2%, and 200 firms to bring it to
around 1%. For the high case it takes around 100 firms to bring the bound to 3% and 200 firms to bring it to
2%.

Most economic applications would involve from less than ten to several hundred firms. These results
show that the approximation error bound may sometimes be small (<2%) in these cases, though this would

depend on the model and parameter values for the industry under study.

5.2 Short-Run Transitional Industry Dynamics

In this section we study transitional dynamics that NOE can generate. We consider the same model and
parameters as in the previous section with two variants: m = 750, 81 = 0.5, d = 0.5, and m = 1500, 6, =
2, d = 1.7 In the same spirit as above, we refer to the former as a case of low level of vertical differentiation,
and to the latter as a case of high level of vertical differentiation.

Figure 3 shows the evolution for the case of low level of vertical differentiation. First, note that because

the market size increases the new OE holds more firms than the original OE. Potential entrants realize

*We round fractional numbers in the OE expected state to the closest integer.

>While we are not able to show that Ay (y, s)™ is nondecreasing in y, we check it computationally for all sampled states in the
simulation.

The bound is estimated with a relative precision of at most 10% and a confidence level of 98% (in cases where the bound is
very small it is difficult to achieve better precision than this). Note that the percentage approximation error bound depends on the
state = so for the purposes of this section we consider the percentage bound evaluated at the entry state. For the computations we
took the maximum achievable state, x,mqz, to be a state such that the expected number of visits of a firm using the OE strategy was
at most 1075, In computing the bounds, we assumed that the maximum achievable state under the best response (non-oblivious)
strategy was also Tmaq.-

"In the latter, we also included an additional noise term, e;¢, to the firm’s evolution, which is independent of everything else. The
noise term allows for random appreciation and depreciation in the following way: Ple;: = 1] = 0.25, Plesr = 0] = 0.5, Plesr =
—1] = 0.25. The noise term generates richer dynamics.

11



the existence of this profitable opportunity and the NOE entry rate is high at the beginning. Then, after
approximately ten periods, it converges to the new OE entry rate. As a consequence, the NOE expected total
number of firms increases very quickly and in five periods is very close to converge to the new OE expected
total number of firms.

Figure 4 shows the evolution for the case of high level of vertical differentiation. Again, the new OE
holds more firms than the original, firms realize this profitable opportunity and the NOE entry rate is high at
the beginning and then converges to the new OE entry rate. However, in this case there is “too much” entry
at the beginning. Because the level of vertical differentiation is high, becoming one of the largest firms in the
industry entails huge profits and too many firms enter the industry hoping to become dominant. However,
only some of them receive favorable idiosyncratic shocks and the rest slowly starts exiting. Hence, after a
burst of entry the industry exhibits a shake-out until it converges to the new OE expected state.

In summary, NOE generates different dynamics depending on the model. In a case of low level of
vertical differentiation, the number of firms in the NOE increases and exhibits a quick convergence to the
new long-run OE. In a case of high level of vertical differentiation, the NOE exhibits too much entry at the

beginning and the industry exhibits a slow shake-out until it converges to the new long-run OE.

6 Asymptotic Theorem

In this section we establish an asymptotic result that provides conditions under which approximation error
converges to zero as the market size grows. The main condition is that the sequence of NOE generates firm
size distributions that are “light-tailed” in a sense that we will make precise. The result provides a theoretical
justification for using NOE to approximate short-run industry dynamics.

The model in Section A does not explicitly depend on market size. However, market size would typ-
ically enter the profit function, m(x;,s—;¢), through the underlying demand system; in particular, profit
for a firm at a given state (x, s) would typically increase with market size. Therefore, in this section we
consider a sequence of markets indexed by market sizes m € R. All other model primitives are assumed
to remain constant within this sequence except for the profit function, which depends on m. To convey this
dependence, we denote profit functions by 7,,.

We index functions and random variables associated with market size m with a superscript (m). For our
asymptotic analysis, we consider a sequence of initial states §ém) that are indexed by the market size m, and

for which ) 5[()7") () = ©(m).? Hence, the number of firms at Eém) increases proportionally to the market

®In this notation f(m) = ©(m) means that there exists c1, c2 > 0 and 7 such that, cym < f(m) < com, for all m > .

12



size asymptotically. We do not impose further restrictions on éém) ; for example, Eém) could have firms at

higher quality levels in larger markets. We let (1.("™), \(™)) denote a NOE for market size m. Let Vt(m) and
f/t(m) represent the nonstationary value function and nonstationary oblivious value function, respectively.
The random vector ng) denotes the industry state at time ¢ when every firm uses strategy ,u(m), the entry
rate function is (™), and the initial state is 5. Note that s{™ = 3{™.

It will be helpful to decompose ng) according to ng) = t(m)ngm), where ft(m) is the random vec-
tor that represents the fraction of firms in each state, and ngm) is the total number of firms, respectively.
Let i\™ = E[n{™] = Y, 5™ (z) denote the expected number of firms at time period ¢. Let f{™ =

,§§m) / ﬁgm) denote the normalized expected industry state. With some abuse of notation, we define

Wm(xit; f—i,t, n—z‘,t) = Fm(ﬂfz‘n Nt f—i,t)-

6.1 Assumptions about the Sequence of Profit Functions

In addition to Assumption A.1, which applies to individual profit functions, we will make the following
assumptions, which apply to sequences of profit functions. Let S = {f € S|> v f(z) = 1} and
Si. ={f €S|V > z, f(x) = 0}.
Assumption 6.1.

1. Sup,cy ses Tm(x, ) = O(m).”

2.
dlnmy,(x, f,n)

dlnn < oo

sup
meRy ,xeN, feS1,n>0

3. Forall c > 0 andm € N, there exists a function T : N — R, such that, for all sequences n. : N — N
satisfying n(m) > c¢m for all m > m,

sup (2, f,n(m)) < 7(x),Va € N,
meR4,fES

Moreover, for all x € N,

sup £,
HEM

> 8w (i)
k=t

Tit —x] < 00.

4. Forall z € N, there exists ¢ > 0 and m € N, such that, if n(m) < cm and m > m, then,

Tm (2%, f,n(m)) > k/B+1, Vf € S

Assumption 6.1.1, which states that profits increase at most linearly with market size, should hold for vir-

tually all relevant classes of profit functions. It is satisfied, for example, if the total disposable income of the

°In this notation, f(m) = O(m) denotes lim sup,, —f(g” < oo0.
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consumer population grows linearly in market size.!® Assumption 6.1.2 requires that profits are “smooth”
with respect to the number of firms and, in particular, states that the relative rate of change of profit with
respect to relative changes in the number of firms is uniformly bounded. Roughly speaking, Assumption
6.1.3 states that if number of firms grow at least linearly with the market size, maximum achievable ex-
pected discounted profits remain uniformly bounded over all market sizes. Assumption 6.1.4 states that if
the number of firms is smaller than a fraction of the market size and the market size is large, then firm’s
profit at the entry state become large. The assumptions hold, for example, for a single-period profit function

derived from a demand system given by a logit model where the spot market equilibrium is Nash in prices.

6.2 Asymptotic Nonstationary Markov Equilibrium Property

Our aim is to establish that, under certain conditions, NOE provides an accurate approximation as the market
size grows. Motivated by our definition of approximation error, we define the following concept to formalize

the sense in which this approximation becomes exact.

Definition 6.1. A sequence (,u(m), /\(m)) € Mys X Mg possesses the asymptotic nonstationary Markov

equilibrium (ANME) property if for all x € N,

lim sup Vb(m)(x, s(()m)]//, M Am)y — Vo(m) (x, Sém)’/i(m)a Ay =0.
m—00 /J,G./Vlns

6.3 A Light-Tail Condition Implies ANME

Even when there are a large number of firms, if the market tends to be concentrated — for example, if the
market is usually dominated by few firms — the ANME property is unlikely to hold. A strategy that does
not keep track of the dominant firms will perform poorly. To ensure the ANME property, we need to impose
a “light-tail” condition that rules out this kind of market concentration. In this section, we establish that
under an appropriate light-tail condition the sequence of NOE possesses the ANME property.

Note that %ﬂg’m is the semi-elasticity of one period profits with respect to the fraction of firms in

state x. We define the maximal absolute semi-elasticity function:

dlnﬂ-m(yv fa n)

g(x) = i ()

max
meR yeN, feS1,n>0

For each z, g(z) is the maximum rate of relative change of any firm’s single-period profit that could result

10For example, if each consumer has income that is less than some upper bound Y then total disposable income of the consumer
population (an upper bound to firm profits) is always less than m - Y.
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from a small change in the fraction of firms at quality level x. Since larger competitors tend to have greater
influence on firm profits, g(z) typically increases with x, and can be unbounded.

Finally, we introduce our light-tail condition. For each m and ¢, let jgm) ~ ft(m), that is, i‘gm) 18
a random variable with probability mass function ft(m). Recall that ft(m) is a vector that represents the

normalized expected industry state at time ¢ for market size m.

Assumption 6.2. For all quality levels x, g(x) < oc. For all € > 0, there exists a quality level z such that

B g(#™)1 om. | < e

for all market sizes m, and all time periods t > 0.

Put simply, the light tail condition requires that the number of firms in states where a small change in the
fraction of firms has a large impact on the profits of other firms, must be relatively small in the sequence of
expected states. In practice this typically means that very large firms (and hence high concentration) rarely
occur when the industry starts from the chosen initial state.!!

In Assumption 2.1, for each market size, we established an upper bound for entry rates, A;,q;. This
upper bound can vary with the market size. In the next assumption, we establish that the upper bound on
entry rates /\%)x grows at the same rate as the market size asymptotically. The assumption simplifies our

asymptotic analysis.

Assumption 6.3. For each market size m, there is an upper bound on entry rates given by )\%)x Moreover,

M= 0(m).

In the next result, we establish that, for all time periods, the expected number of firms grows at least

linearly in the market size asymptotically.

Proposition 6.1. Let Assumptions A.1, A.2, A.3, 6.1.4, 6.2, and 6.3 hold. Then, there exists ¢ > 0 and T,

such that, for all t > 0 and for all m > m, ﬁgm)/m >c.

All proofs of this section can be found in the Appendix. The result implies that if the light-tail condition
is satisfied, then the expected number of firms under NOE strategies in each time period grows to infinity as

the market size grows.

"'Note that the quality level z in the light-tail assumption above is the same for all market sizes m and time periods ¢. The results
in this section allow for any sequence of NOE. We conjecture that if we constraint the results to sequences of NOE that become
stationary as time progresses (Section 2.3), then we could weaken the light-tail assumption and allow z to vary with ¢. Also note
that the light tail condition is not assumed at ¢ = 0; we do not need that condition to prove our results because at the initial period
there is no uncertaity about the industry state.
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The next result, establishes a form of convergence for the normalized industry states. First, we define

119 = 220 [ ()9 ().

Proposition 6.2. Let Assumptions A.1, A.2, A.3, 6.1, 6.2, and 6.3 hold. Then, for allt > 0, n\™ /a\™ — 1

and Hft(m) _ ]Et(m) 12

l1.g —p 0, as m grows.

The light-tail condition is key to prove the second part of the result, namely, convergence of the normal-
ized industry states in the || - ||1,4 weighted-norm. We also note that this part of the result requires a very
different proof technique to its analog for OE in Weintraub, Benkard, and Van Roy (2008b). This form of

convergence allows us to ensure the ANME property, which leads to the main result of this section.

Theorem 6.1. Under Assumptions A.1, A.2, A.3, 6.1, 6.2, and 6.3 the sequence {,u(m)7 )\(m)} of NOE pos-
sesses the ANME property.

7 Closing Remarks

In this paper we introduced nonstationary oblivious equilibrium as a way to approximate short-run tran-
sitional dynamics that may result, for example, from shocks or policy changes. We provided an efficient
algorithm to compute NOE and an efficient simulation-based algorithm to compute a bound on approxi-
mation error. The algorithm for bounding approximation error allow us to verify accuracy of NOE as an
approximation for each problem instance. Using these methods, we provided a computational study and
showed that NOE offers useful approximations for relevant models of industries with hundreds or even tens
of firms. We also showed that NOE can endogenously generate interesting industry dynamics, like industry
shake-outs. Our results show that by using NOE it is possible to further expand the set of dynamic industries
that can be analyzed computationally.

While the previous results provide support for using NOE in practice, we also provided an asymptotic
result that provides a theoretical justification for the approximation. We showed that, if alongside some
technical requirements, the equilibrium distribution of firm states obeys certain “light-tail” condition, then
the approximation error vanishes as the market sizes grows.

The previous result suggests that OE and NOE will not provide accurate approximations for industries
with few dominant firms that have a significant market share. In Weintraub, Benkard, and Van Roy (2007)

we develop an extended notion of nonstationary oblivious equilibrium that allows for there to be a set of

"We use —, to denote convergence in probability.
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“dominant firms”, whose firm states are always monitored by every other firm. Our hope is that the dominant
firm nonstationary OE will provide better approximations for more concentrated industries. Testing these

approximations in empirical applications is the matter of current and future research.

A A Dynamic Model of Imperfect Competition

In this section we formulate a model of an industry in which firms compete in a single-good market. The
model is general enough to encompass numerous applied problems in economics. Indeed, a blossoming
recent literature on EP-type models has applied similar models to advertising, auctions, collusion, consumer
learning, environmental policy, international trade policy, learning-by-doing, limit order markets, mergers,
network externalities, and other applied problems.

Our model is close in spirit to that of Ericson and Pakes (1995), but with some differences. Most notably,
we modify the entry and exit processes in Ericson and Pakes (1995) so as to make them more realistic when
there are a large number of firms. Additionally, the asymptotic theorem in this paper does not hold when

there are aggregate industry shocks, so our model includes only idiosyncratic shocks.!?

A.1 Model and Notation

The industry evolves over discrete time periods and an infinite horizon. We index time periods with non-
negative integers t € N (N = {0,1,2,...}). All random variables are defined on a probability space
(Q2, F, P) equipped with a filtration {F; : t > 0}. We adopt a convention of indexing by ¢ variables that are
JFi-measurable.

Each firm that enters the industry is assigned a unique positive integer-valued index. The set of indices
of incumbent firms at time ¢ is denoted by S;. Ateach time ¢ € N, we denote the number of incumbent firms
as ng.

Firm heterogeneity is reflected through firm states. To fix an interpretation, we will refer to a firm’s state
as its quality level. However, firm states might more generally reflect productivity, capacity, the size of its
consumer network, or any other aspect of the firm that affects its profits. At time ¢, the quality level of firm
i € Sy is denoted by x;; € N.

We define the industry state s; to be a vector over quality levels that specifies, for each quality level

x € N, the number of incumbent firms at quality level z in period t. We define the state space S =

3In Weintraub, Benkard, and Van Roy (2008a) we extend the model and analysis to include aggregate shocks.
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{s € NOO‘ Yoorgs(z) < oo}. Though in principle there are a countable number of industry states, we will
also consider an extended state space S = {s € %f) Yoargs(z) < oo}. This will allow us, for example,
to consider derivatives of functions with respect to the industry state. For each i € S;, we define s_;; € S
to be the state of the competitors of firm i; that is, s_; ;(z) = s¢(x) — Lif 2y = x, and 5_; 1() = s4(),
otherwise. Similarly, n_; ; denotes the number of competitors of firm i.

In each period, each incumbent firm earns profits on a spot market. A firm’s single period expected
profit m(x;;, s—; ) depends on its quality level z;; and its competitors’ state s_; ¢.

The model also allows for entry and exit. In each period, each incumbent firm ¢ € S; observes a positive
real-valued sell-off value ¢;; that is private information to the firm. If the sell-off value exceeds the value of
continuing in the industry then the firm may choose to exit, in which case it earns the sell-off value and then
ceases operations permanently.

If the firm instead decides to remain in the industry, then it can invest to improve its quality level. If a

firm invests ¢;; € R4, then the firm’s state at time ¢ + 1 is given by,
Ti g1 = max (0, x5 + w(tit, Git1)) s

where the function w captures the impact of investment on quality and (; ;1 reflects uncertainty in the
outcome of investment. Uncertainty may arise, for example, due to the risk associated with a research and
development endeavor or a marketing campaign. Note that this specification is very general as w may take
on either positive or negative values (e.g., allowing for positive depreciation). We denote the unit cost of
investment by d.

In each period new firms can enter the industry by paying a setup cost x. Entrants do not earn profits
in the period that they enter. They appear in the following period at state ¢ € N and can earn profits
thereafter.'*

Each firm aims to maximize expected net present value. The interest rate is assumed to be positive and
constant over time, resulting in a constant discount factor of 5 € (0, 1) per time period.

In each period, events occur in the following order:

1. Each incumbent firms observes its sell-off value and then makes exit and investment decisions.
2. The number of entering firms is determined and each entrant pays an entry cost of .

3. Incumbent firms compete in the spot market and receive profits.

4. Exiting firms exit and receive their sell-off values.

“Note that it would not change any of our results to assume that the entry state was a random variable.
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5. Investment outcomes are determined, new entrants enter, and the industry takes on a new state s¢ 1.

A.2 Model Primitives

Our model above allows for a wide variety of applied problems. To study any particular problem it is
necessary to further specify the primitives of the model, including the profit function 7, the distribution of
the sell-off value ¢;;, the investment impact function w, the distribution of the investment uncertainty (g,
the unit investment cost d, the entry cost , and the discount factor 3.

Note that in most applications the profit function would not be specified directly, but would instead result
from a deeper set of primitives that specify a demand function, a cost function, and a static equilibrium
concept. An important parameter of the demand function (and hence the profit function) that we will focus
on below, is the size of the relevant market, which we will denote as m. Later on in the paper we subscript
the profit function with the market size parameter, 7,,, to explicitly recognize the dependence of profits on
market size. For expositional clarity, the subscript is omitted in the assumptions listed below, implying that

the market size is being held fixed.

A.3 Assumptions

We make several assumptions about the model primitives, beginning with the profit function. An industry
state s € S is said to dominate s' € Sifforallz € N, }7 o s(z) > > -, s'(z). We will denote this
relation by s = s'. Intuitively, competition associated with s is no weaker than competition associated with
s

Assumption A.1.

1. Forall s € S, m(x, s) is increasing in x.
2. Forallx € Nand s,s' € S, if s = §' then 7t(x,s) < w(x,s').
3. Forallz € Nand s € S, n(x,s) > 0, and sup,, ; 7(z, s) < o0.

4. Forall x € N, the function lnm(x,:) : S — Ry is continuously Fréchet differentiable. Hence, for all
x €N, yeN ands € S, Inn(x,s) is continuously differentiable with respect to s(y). Further, for
anyzr €N, s €S, and h € S such that s + vh € S for v > 0 sufficiently small, if

)

Zh ‘8ln7rx3)

yeN )

then

dinm(x,s+ ~h) L:O _ Zh( )alnﬂ(m,s)'

dy et 9s(y)
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The assumptions are fairly weak. Assumption A.1.1 ensures that increases in quality lead to increases in
profit. Assumption A.1.2 states that strengthened competition cannot result in increased profit. Assumption
A.1.3 ensures that profits are positive and bounded. Assumption A.1.4 is technical and requires that log-
profits are Fréchet differentiable. Note that it requires partial differentiability of the profit function with
respect to each s(y). Profit functions that are “smooth”, such as ones arising from random utility demand
models like the logit model, will satisfy this assumption.

We also make assumptions about investment and the distributions of the private shocks:

Assumption A.2.

1. The random variables {¢y|t > 0,i > 1} are i.i.d. and have finite expectations and well-defined
density functions with support R

2. The random variables {(;|t > 0,7 > 1} are i.i.d. and independent of {¢py|t > 0,7 > 1}.

3. Forall {, w(t, () is nondecreasing in (.

4. Forallv> 0, Plw(t, Cie1) > 0] > 0.

5. There exists a positive constant W € N such that |w(t, ()| < w, for all (¢, (). There exists a positive
constant T such that v;; < 1, Vi, Vt.

6. Forallk € {—w,...,w}, Plw(,i+1) = k| is continuous in t.

7. The transitions generated by w(t, () are unique investment choice admissible .

Again the assumptions are natural and fairly weak. Assumptions 3.2.1 and 3.2.2 imply that investment
and exit outcomes are idiosyncratic conditional on the state. Assumptions 3.2.3 and 3.2.4 imply that in-
vestment is productive. Note that positive depreciation is neither required nor ruled out. Assumption 3.2.5
places a finite bound on how much progress can be made or lost in a single period through investment. As-
sumption 3.2.6 ensures that the impact of investment on transition probabilities is continuous. Assumption
3.2.7 is an assumption introduced by Doraszelski and Satterthwaite (2007) that ensures a unique solution to
the firms’ investment decision problem. It is used to guarantee existence of an equilibrium in pure strategies,
and is satisfied by many of the commonly used specifications in the literature.

We assume that there are a large number of potential entrants who play a symmetric mixed entry strategy.
In that case the number of actual entrants is well approximated by the Poisson distribution (see the appendix
for a derivation of this result). This leads to the following assumptions:

Assumption A.3.

1. The number of firms entering during period t is a Poisson random variable that is conditionally
independent of {¢it, Cie|t > 0,7 > 1}, conditioned on s;.

2. K > [3-¢, where ¢ is the expected net present value of entering the market, investing zero and earning
zero profits each period, and then exiting at an optimal stopping time.
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We denote the expected number of firms entering at industry state s;, by A(s;). This state-dependent
entry rate will be endogenously determined, and our solution concept will require that it satisfies a zero
expected discounted profits condition. Modeling the number of entrants as a Poisson random variable has
the advantage that it leads to more elegant asymptotic results. Assumption 3.3.2 ensures that the sell-off

value by itself is not sufficient reason to enter the industry.

B Proof Theorem 2.1

B.1 Preliminaries

In an abuse of notation, we consider a restricted state space S = {s € %f’ Yoamers(x) < N }.15 We
endowed the set S with a metric for which single-period profit functions are continuous for all s € S.1

We define a set S = {(so, s1,52,...) : s € S; for which there exists s € S,lim;_, 5t = s},
endowed with the metric compatible with the product topology.!” The elements of S are denoted by
S ={so, s1,-.-}-

We define a new set of strategies Ms : NN [0, Zmae] X S — [0,7] x [0, sup, 7 (x,s)/(1 — ) + ¢].

Similarly, in an abuse of notation, for all © € Mg, x € NN [0, Zyqz] and S € S, we define a new value

T;0 — x] .

Let V(z,S) = sup,ems V2, S|p), Vo € NN [0, Zpnas), VS € S. Note that the state space of this

function,

V(x,S|u) = By | > 8" (w(wik, sk) — deig) + 87 i,
k=0

dynamic programming problem is uncountable. However, because single-period profits, investments, and
expected sell-off value are bounded, the supremum can always be attained simultaneously for all x and S
by a common strategy . (Bertsekas (2001)).

We define a translation operator G : S*° — §*°, such that, G(5) = {s1, s2, ...}

We define the following Bellman operator:

B.1) TV(z,S)=mn(x,s0)+ E

max {¢it; sup (—du+ BE [V (i1, G(S))|wie =z, 150 = L])}] )

L€]0,]

forall z € NN [0, Zynqz) and s € S°.

5Under our assumptions, this restriction is done without loss of generality for N large enough.

'In general, in our case this is the metric defined by the || - ||1,, norm. Since now we are restricting the state space to be finite
dimensional, single period profits are continuous in any norm.

"Note that lim; . s; = s is defined with the metric for which single-period profit functions are continuous for all s € S.
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We define 7 : NN [0, Tynaz] X S — Ry as the greedy policy with respect to V. That is,

(B.2) 1(z,S) = argmax (—dv + BE [V (2441, G(S))|wit = @, 10 = 1]) .
L€]0,]

By assumption A.2, 7(x, S) exists and is unique for all z € NN [0, Zy,q,] and s € S°. We also define the

exit strategy p : NN [0, Zyaz] X S — Ry as

(B.3) p(z,S) = max (=dv+ BE [V(@ig41, G(9)) @i = @, 00 = 1])

Finally, we denote fi(x, S) = (i(z, S), p(z, S)).

For all i € Mns and \ € Ans we define the following operator:

Hy(p, A) = ({s¢}i20, A) , where

B.4 St+1 = 8tPy, + 1ge Ay,

s¢ is the initial state in the NOE, and 1,(y) = 1, if y = z and 1,(y) = 0, otherwise.
The first component of the operator 1 maps a sequence of strategies and entry rates into a sequence of
expected states. The second component applies the identity to the sequence of entry rates.

Forall S € S and A € f\ns, we define the following operator
Hy(S,\) = {ﬁ(-, G(9)), max{0, min{\; + BV (z¢, G**1(S)) — &, )‘maz}}}:io )

The operator Hs maps a sequence of states .S and entry rates A into a sequence of optimal strategies and

updated entry rates.

B.2 Outline of Proof

We prove Theorem 2.1 at the end of the section. In Section B.3, we prove useful lemmas. We provide
an outline here. For u € M,s and X € A, define the operator H (u, \) = Hy o Hi(u, A). Note that a
fixed point of H is a NOE. The proof uses Brouwer-Schauder-Tychonoff’s theorem (Aliprantis and Border

(2006)) to show that a fixed point of H exists in Mns X Ans. The main steps of the proof are the following:

1. Prove that H; is a continuous operator (Lemma B.1).
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2. Prove that H> is a continuous operator (Lemma B.4).
3. Prove that Hy o H; maps elements from Mns X Ans into itself (Lemmas B.1 and B.4 together).
4. Show that if NOE strategies and entry rates converge as time progresses, they converge to OE strate-
gies and entry rate.
B.3 Lemmas
The assumptions in Theorem 2.1 hold throughout this section.
Lemma B.1. The operator Hy maps elements from Mns X Ans into S x Ans and is continuos.

Proof. First, we prove that the first component of H; maps elements from M, x A into S, that is, {s¢t}720
in equation (B.4) is a converging sequence.

Note that because profits are bounded and ¢;; has support in R, there is a probability uniformly
bounded away from zero over all strategies u € Mns, states € NN [0, Zynqz), and time periods ¢t € N,
of exiting the industry at each time. Therefore, for all 1 € M, sup;>q o (Py,) < 1, where o(P) is the

spectral radius of the matrix P.

Now,
t—1 t—1 t—1
(B.5) st=s0 [P+ 1eehi [[ Pu, -
i=0 i=0 j=i+1
Let

t—1
G = M ye § jP};H )
1=0

Note that because o (P;) < 1,

lim 8 = A,e(I — Py) ' =3.
t—o0
We have that,
t—1 t—1 t—1 -1
) | LR WRUE | WA TR el
=0 =0 j=i+1 i=0

Let € > 0. Because sup;>q o (F,) < 1:
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1. There exist s such that for all ¢ > s + 2,

t—s—2 t—1

)\maarlace Z H Puj < g )

i=0 j=i+1

and
t—s—2

A e Z P};i—l
=0

2. There exists T > s + 2, such that, forall ¢t > T,

< £
3

t—1
50 H P,
i=0

<€
3"
Therefore, for t > T we have that,

t—1 t—1 t—1
[se—&ll < et || > Nlee [[ Py —Aae >, P

i=t—s—1 Jj=i+1 i=t—s—1

t—1 t—1
< et Y |l [[ By - Apert !
i=t—s—1 j=i+1

Note that the sum has s terms, for all ¢. Additionally, lim;_,, A\; = 2, and limy_ o0 P,, = Py, because P,
is continuous in p. Therefore,

lim ||s; — 8] <e€.
t—o0

Take € — 0 to conclude that lim;_,, ||s; — §¢|| = 0, and hence, lim;_, o s; = §.

Finally, by equation (B.5), s; is continuous because P, is continuos in x. Hence, H is continuos. [

Now, we show that the operator Hy is continuos. First, we show some preliminary lemmas.

Lemma B.2. The transition operator G is continuous on 8.

Proof. Consider the sequence {Sk € 8% : k > 0}, such that limy_,,, S k = § € 8. Therefore,
limy,_, o s¥ = s¢, for all t > 0. In particular, the latter holds for ¢ > 1. Therefore, limy_,, G(S*) = G(S).
The result follows. OJ

Lemma B.3. The value function V is the unique solution of Bellman’s equation V- = TV within the class

of bounded functions. Moreover, V and Ti are continuous in the metric compatible with the product topology

in NN [0, Tmaa] x S.
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Proof. Because single-period profits, investments, and expected sell-off value are bounded, V is the unique
solution of Bellman’s equation V' = T'V within the class of bounded functions (Bertsekas (2001)). We use
the contraction mapping theorem to prove that, additionally, V' is continuous in the metric compatible with
the product topology in NN [0, Zp,4z] X S*°. In particular, we show that 7" has a fixed point within the class
of bounded and continuous functions. Because the fixed point is V, V is continous.

Let Cp(N N [0, Zmaz] X S, R) be the space of continuous and bounded real-valued functions with
domain N N [0, Zyqz] X S°. Recall that Cp(N N [0, Zpqs] X S, R) is a complete metric space with the
metric defined by the supremum norm (Marsden and Hoffman (1993)). Also, recall that 7" is a contraction
in the supremum norm because 3 < 1 (Bertsekas (2001)). Now, we show that 7" maps elements from
Cy(N N[0, Zymaz] X 8, R) into Cp(N N[0, Zinaz] X S, RN).

Take a function V' € Cy(N N [0, Zpmaz] X S, R). By definition (B.1)

TV (z,S) =7(x,s0) + E

max {@'t, sup (—dv+ BE [V (zit41,G(9))|zi = z, 1t = L])}] .

L€]0,]

By Lemma B.2, the operator G is continuos. The profit function 7 and the value function V' are continuos.
By assumption A.2, (—dv + BE [V (x; 441, G(S))|xit = x, iy = ¢]) is continuos in ¢ and V, and the random
variable ¢;; is absolutely continuos. Moreover ¢ is optimized over a compact space. By Berge’s Maximum
Theorem, TV (x, S) is continuos. Moreover, 7'V is bounded because profits, investments, and expected sell-
off value are uniformly bounded over all states. Therefore, 7" maps elements from Cy(NN[0, Zyaq] X S, R)
into C,(N N [0, Zpaz] X S, RN).

Using the contraction mapping theorem (Marsden and Hoffman (1993)), we conclude that 7" has a
fixed point among the class of continuous and bounded functions, therefore, V' is continous. Using Berge’s

Maximum Theorem again, we conclude that ¢ and p are also continuous. O
Lemma B.4. The operator Ho maps elements from S x Ans into Mns X Ans, and is continuous.

Proof. By Lemmas B.2 and B.3, foreacht > 0, {7(-, G*(5)), max{0, min{)\; + BV (2%, G'**(S)) — K, Amaz } } }
is continous in (S, ). Hence, Hs is continuous.

Now, lim; ., GY(S) = {s, s, s, ...}, for some s € S, because S € S°°. Hence, using the continuity of
7 (Lemma B.3), lim; o 7i(-, G(S)) = p, for some y € M. By a similar argument, the second component

of Hs also converges. Hence, Hs maps elements from S x Ans into Mns X Ans. ]
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B.4 Proof Theorem 2.1

Proof. Because the range of y € M and A € M are bounded, by Tychonoff Theorem (Royden (1988)),
Mos X Aps is a compact set with the product topology. It is also a convex set and a subset of a locally
convex Haussdorff space.

By Lemmas B.1 and B.4, H is a continuos operator that maps elements from Mns X Ans into itself.
Hence, by Brouwer-Schauder-Tychonoff” theorem, there exists a fixed point (u, A) of H in the set Mo X
A,s. The fixed point is a NOE, such that, for all z, lim; ., () = fi(x) and limy_, o0 Ay = A

To finish the proof we show that (i, 5\) € M x A is an OE. Using the argument in Lemma B.1,
it is straightforward to show that the sequence S in the first component of H;(u, A) converges to § =
1ze N (I — Pﬁ)_l, the long-run expected state under oblivious strategy and entry rate (fi, 5\). By Lemma
B4, ui(-) = u(-, G(S)). Taking lim;_,, using the fact that lim;_,o, G*(S) = {5, 3, ...}, and that 7z is
continuous (Lemma B.3), we conclude that fi(-) is an OE strategy. Because V is continuous (Lemma B.3),
the associated OE value function is V'(x, {3, 3, ...}). Because ) is a fixed point of H and taking lim;_, ., if
A =0, then V(z¢, {5, 5,...}) < 0. Similarly, if X > 0, then 8V (¢, {3, 5, ...}) = . Therefore, A is an OE

entry rate. The result follows. O

C Proofs Section 4

Proof of Theorem 4.1. First, let us write,

Vo (sl i A) = Vo (w5l A) - = Vo (sl i, A) = Vo (alji, A, s)
(C.1) T (x]/],jx,s) V% (w,s|ﬂ,5\) .

Because /1 and ) attain an s—nonstationary oblivious equilibrium, for all z,

% (.’L’|/:L, 5\7 S) = Ssup ‘70 (33|M/7/17/~\73> = sup % <CC‘ILLI,/:L,5\,S) )
M/E./\;lns WEMnps

where the last equation follows because there will always be an optimal nonstationary oblivious strategy

when optimizing a nonstationary oblivious value function even if we consider more general strategies. Let
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* € M be such that sup, Vo (z, sl i, N) = Vo (=, s|u*, i, X ), for all z € N. We have,
1 Mo 1 s i

€2 Vo (sl i, A) = Vo (ali A, s) <

Ti
By i [Z Ch (w(m, s—ik) = (i, g(ﬁ,i,s>,k>>
k=0

T =2, S_z‘70 = S] .

Competitors of firm ¢ are using nonstationary oblivious strategies, therefore, their evolution is not affected

by firm ¢’s evolution. Hence,

C3) Vi (:c,sm*,ﬁ, X) — (x]/l,jx,s) <

- +
- k ’ ' B r o
K kzzoﬁ L'e{xorf)lﬁ?fmw} (nla's5-50) ”(x’sm,x,s),k))] ‘8—270—8] :

On the other hand,

C4 ¥ (:cm,ﬂ,s) v (x,sm, x) _

Eys

ﬂk <7T(af@k7 5([1,,5\,8),]{) - ﬂ-(xika S*i,k))
k=0

ZTiog = T, 85—4,0 = S] .
The result follows by expressions (C.1), (C.3), and (C.4). ]
Proof of Theorem 4.2. By equation (C.2):

Vo (w, sluc*, 1, ) = Vo (lfi, A,s) <

i
LB [Z Ch (”(Wf’ S—ij) = T (Tik, g(ﬁ,i,s),k)>
k=0

Tip = T,5_0 = s] .

Competitors of firm ¢ are using nonstationary oblivious strategies, therefore, their evolution is not affected
by firm ¢’s evolution. Using this fact and a similar argument to Theorem 5.2 in Weintraub, Benkard, and

Van Roy (2008a) we obtain:

(©5) Vo (sl i, A) = Vo (ali, A, s)

(o]

+

< ZﬁkEﬂyﬂ,j\ H?T(xik, s_ik) — T(Tik, 8(,]75\,5)7,{)} Tip = X,5-40 =S
k=0

27



The result of the proof is analogous to Theorem 4.1. O

Proof of Corollary 4.1. The proof is analogous to Theorem 4.2, but uses a similar argument to Corollary

B.1 in Weintraub, Benkard, and Van Roy (2008a) to obtain:

(C.6) V0<90 slu*, i, )

(+17:3.5)

f/
> +

; |: T\ Tiky S—i, k’) ($ik7§(ﬂ7j\7s)’k):|
k

= Zﬁk Z (y x) (1—g)y st vop HW(ZJ, s_ik) — (Y, 5(;1,&,3),1{)} ' ‘S—i,o = S] -
ye{z,...,.x+k}

k=0

)/2

Tig = &y 5—4,0 = 5]

D Proofs Section 6
Letl1 4 ={f € RY| || f|l1,y < oo}. With some abuse of notation, let Sy ; = S1 N {1 4.

D.1 Proof of Proposition 6.1

Proof of Proposition 6.1. It is simple to show that Assumption A.1.4 implies that, for all f, f' € S; 4, and
m,n € RNy (see Lemma A.6 in Weintraub, Benkard, and Van Roy (2008b))

|In 7, (2€, f,n) — Inmy, (29, f/on)| < |1 f — F/ g
By the previous equation and Assumption 6.2, it follows that, for all ¢ > 0, there exists z € N, such that,

sup inf |ln7rm(xe,ﬂ(m),ﬁ§m)) — In (2%, £, flgm)” < e

m t fesl z o
Therefore, for all m € Ry, t > 0, there exists ft(m) € 81,2, such that,
(D.1) exp(—)mm (2%, ™, 7{™) < (2t [, (™).
(m)

Assumption 6.1.4 implies that there exists ¢; > 0 and m; € N, such that, if n; ' < ¢y and m > my,
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then,

(D.2) 7o (€, f 7MY > 2 5 AT

Assumption 6.3 implies that there exists co > 0 and My such that, )\I(Tﬁz( > com, for all m > mo. Let
m = max{mj, m2} and ¢ = min{cy, co}. We show that the proposition holds for ¢ and 7 given by these
quantities.

Let us assume for contradiction that there exists ¢ > 0 and m > mm, such that, nt / m < c. We need to
consider two cases. First, consider )\( % = )\gm)x In this case, n( ™) > A$m)x > c¢m by Assumption 6.3 and
we arrive to a contradiction.

In the second case, )\ﬂ <A, By the zero expected value condition in the definition of NOE, it must

be that
/B‘Zf(m) (.,L.e‘u(m)7 )\(m)’ ng)) — KR S 0.

By equations (D.1) and (D.2), for e sufficiently small

K m) ~ > e m m
5 < (e LAY < M (e ) A0y

contradicting the zero expected value condition. The result follows. O

D.2 Proof of Proposition 6.2

We start by proving some preliminary lemmas.
Lemma D.1. Let X be a binomial random variable with parameters (p,n). Then,

o Ifp=0, forallge R,n>1,

Eexp(¢X) _1
explg(6 + 1)EX]

and
Eexp(¢X) _1

expla(0 — 1)EX]
e Forall § > 0, there exists C1 > 0, such that, for all p € (0,1],n > 1,

Eexp(¢X)

©-3) explq(d + 1) EX]

<exp(—C1EX),

where ¢ = In(1 + 9).
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For all 6 > 0, there exists Cy > 0, such that, for all p € (0,1],n > 1,

Eexp(¢X)
explq(l — ) EX]

(D.4) < exp(—CoEX),

where ¢ = In(1 — 6).

Proof. The case p = 0 is trivial. Suppose 0 < p < 1.

We use the following inequalities that are easy to show:
(D.5) (14+2x)log(l4+ ) —2>0and (1 —z)log(l —z)+ 2 > 0,Vx € (0,1).

Using the moment generating function for the binomial distribution, we have that for all ¢ € R,

Eexp(gX)  (1—-p+pe)” 1
explg(0 + DEX]  exp[g(6 +1)EX] exp {EX [Q(l +6) — ]; log(1 —p +peq)] }

Note that % log(1 + (e? — 1)p) is decreasing in p, for all g. Its derivative has the opposite sign to
(14 (e? —1)p)log(l + (e —1)p) — (e? — 1)p > 0.
So using that lim,, o % log(1 — p + pe?) = exp(q) — 1 we have that:
g(1+06) — ;log(l —ptpet) > g(1+6) —exp(q) + 1,¥p € (0,1], Vg € R.

The right-hand side of the above inequality is maximizied at ¢ = In(1 4 ¢) and its maximum is C; =
(14 6)In(1+9) — 0 > 0, which is positive by equation (D.5). Inequality (D.3) then follows.
To show inequality (D.4) follow a similar argument, noting that,

Fexp(¢X)  (1—p+pe?)" 1 ,
explg(1—0)EX] ~ explg(1—0)EX] 7 {—EX [q(l —6) - Elog(l —p+pe )] } :

and choose ¢ = log(1 — ) and C2 = (1 — 0) log(1 — J) + 0 > 0. O

Lemma D.2. Let Assumptions A.1, A.2, A.3, 6.1.4, 6.2, and 6.3 hold. Then, for all § > 0, there exists ¢ > 0

andm € N, such that for allt > 0 and m > m,

i

™

P ~1

> 5] < 2em,
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Proof. Let B, be a binomial random variable that represents the number of firms that at the initial period
were at quality level = and are still inside the industry at time period ¢. Let Yi; be a random variable that
represents the number of firms that entered the industry at time period 0 < &£ < ¢ and are still inside the
industry at time period ¢. Because entry at every time period ¢ > 1 is represented by a Poisson random
variable and firms’ trajectories are independent (because they use NOE strategies), we have that Yy, is
Poisson. Let Y; = 22:1 Y}:. The random variable Y; is Poisson because it is a sum of independent Poisson

random variables. Hence, we can write
ng = g By +Ys,
X

where each random variable B,; is binomial and Y; is Poisson. Moreover, these random variables are
independent. Note that for each market size m, ) §ém) () < oo, hence, the sum above has a finite number
of terms B, for each market size m.

We have that

m (m) , ym)
P<n§ )—125> < Bexp (3, 4B +qv,™)

Alm exp |a(0+1) (2, BB + BY,"™)|
Eexp(gy,™) Eexp(gBy”)

explg(6 + DEY,™] " explq(6 + 1) EB()]

Now, using Lemma D.1 and a similar analysis for the Poisson distribution based on the moment generating

function, there exists C; > 0, such that, for all £ > 0 and m € ®,'8

(m)
P (’fgm) —1> 5) < exp(~C1EY,"™) [] exp(—~C1EBYY) =
nt X

= exp (—ClE

Y Bl

) = exp(—leﬁgm)).

Now, by Proposition 6.1, there exists Cy > 0 and 772, such that, for all m > m and ¢ > 0, ﬁ§m) > Com.

Therefore, there exists ¢ = C1Cy and T, such that, for all ¢ > 0 and m > m,

(m)
(D.6) P (?Iém) —-1> 5) < exp(—cm).
Ty

'8The same constant C; as in inequality (D.3) serves to bound the term corresponding to the Poisson random variable.
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™)

A similar bound can be derived for P (1 — > 5). The result follows by putting together both

ﬁE’"L)

bounds. O

Proof of Proposition 6.2. Convergence of ngm) / ﬁgm) follows from Lemma D.2. To complete the proof,

we will establish convergence of || ft(m) - ft(m) ||1,4, for all £ > 0. Note that for any z € N,

17 = Fm)

e < zmaxg@|f" @) = M @)+ Y 9@ 7 (@) + Y (@) ™ (@)

T
x>z x>z

= A(m) + B(m) + C(m)’

z z z

where we have omitted the dependence on t to simplify notation. We will show that for any z, A,(Zm)

converges in probability to zero, that for any § > 0, for sufficiently large z, lim,,, o P[C’ém) > 0] =0, and
that for any 6 > 0 and € > 0, for sufficiently large 2, lim sup,,, . ’P[Bgm) > §] < ¢/6. The assertion that

[ ft(m) — ft(m) |1, —p O follows from these facts.

)

By Assumption 6.2, for any 6 > 0, for sufficiently large z, limsup,,_,, C,gm < 4, and therefore,

lim,,— oo P[Cgm) > 0] = 0. By Tonelli’s Theorem, E [Bgm)] = Cgm). Invoking Markov’s inequality, for
any 0 > 0 and € > 0, for sufficiently large z, lim sup,,_, P[Bgm) > 0] < ¢/éd.

To finish the proof we show that for any z, AS”) converges in probability to zero. In particular, we show
that, for all , | ft(m) (x) — ft(m) ()| —p 0 using mathematical induction. First, note that the result holds for
t = 0 because fém) (x) = fom) (x) (recall thatat t = 0, sém) = Eém)). To complete our inductive argument,

we now show that |fl§m) (z) — f,gm) (z)| —p 0, Vz, implies \f,gﬁ (z) — f,i’fi(x)\ —p 0, V.

We define

m 1 ~(m rlm ~(m m
N ye[z+w]

where él(gm) (y) is the number of firms at time £ in state y in market 1 after exit decisions have been realized;

ﬁ]gm) = Zy §,(€m)(y) is the total number of firms after exit decisions have been realized (and before new

A o(m)
entrants enter the industry); f,gm) (y) = 8’“(7(‘11) is the fraction of firms at time k in state y after exit decisions
n

m)
k
have been realized; e,(cm) is the number of entrants at time k£ + 1 in market m; ﬁl(gm) (y, x) is the probability

of transitioning from state y to state = conditional on staying in the industry; and 1, is the indicator

function. Let p,(cm) (y) be the probability of staying in the industry for a firm in state y in market m in

time period k, and plgm) (y, x) the unconditional probability of transitioning from state y to state x. Then,

(m)
ﬁ](cm) (y,x) = p’“(migl(/’m)). Note that this conditional probability is well defined for all m, k, x, y, because by
P Y
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assumption, 7, (x, s) > 0, Ym, z, s, and the random variables ¢;; have support in .

By the triangle inequality |f,§ffi () —f,ﬁﬂ (x)| < |f,§Tz (x)—Dlgm) (x)]+|D,(€m) () —féﬂ (x)|. Therefore
it suffices to show that every term at the right hand side of the inequality goes to zero in probability as the
market size grows.

First, we show that | f,ET} () — D,(cm) (x)| —p 0. We can decompose f,ET} (x) as

m 1 m
flg—i-%(l') = W Z Zy(x) + 1{:c:w5}6](g ) y
N1 \yelz+w]

where Z,(x) is a binomial random variable with parameters {ﬁ,(cm) f,gm) (y), ﬁ,(ﬂm) (y,x)}. For any € > 0,

conditional on f,i A,(ﬁm) ,(;f_l > 0,
P @) - DM @) > =P (| 3 Z MO AR )| > enlh)
y€[ztw) Y€ [ztw)
o (m
A . 2w+ 1
€ ( k+1) yE[rt+w] €Mt
where the first inequality follows by Chebyshev’s inequality. Integrating over fk 2 (m) nl(:ﬁ)l it follows

that unconditionally,

P (@) — DI (@) > €) < (2w + 1)/’ E [1 /nii1 ) >0}] +P (n,(;ﬂ o) .
Because n;, +1/ & +1 —p 1 and n,(€ +)1 — oo (Proposition 6.1) it must be that ”1(971)1 —p 00. Therefore,
1 / n,, +1 —p 0, and by the bounded convergence theorem we have that £ [1 / n,ﬁ)lln(w Y 0. It follows
k+1
that | f{7)(z) — D{"™ ()] — 0.
Now, we show that |D,(€ () — ka( x)| —p 0. By definition,

rim 1 ~(m) p(m m m
@ == |3 AR @p 1) + 1 A

N1 \yelz+w]
Suppose x # z¢. Then, by the triangle inequality,

5™ () nim) P (y)pl™(

~lm S
DY — fM @< S B () | B2
(m) (m)
ye[z+w) L] Nyl

y).
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It suffice to show that each term in the sum converges to zero in probability.

We can write:

m)
(m) ~(m m (m) (m sk (v) (m)
s, (Y / Yy f y m m
(D7)k(> k() ()_ k E: zk_ fk()()(y)’
(m) ~(m) Yy
L] Mgt ”k+15k y k+1

(

where WZ(,:Z) are i.1.d. Bernoulli random variables with mean pkm) (y) that are equal to one if firm ¢ at state

y stays inside the industry at time period & in market m. We consider two cases:

(i) Suppose lim inf,, oo fém) (y) > 0. Because | f,im)(y) — fkm)(y)\ —, 0 by the inductive hypothe-

sis and n,(cm) —p 00, one can check that in this case s,(Cm) (y) —p oo. Then, it is simple to verify

(m)
using Chebyshev’s inequality that 1/ s,(cm)( )3k ) WZ(,:;) - p,im) (y) —p 0. Because for all k,

" (y) = "™ ()] —p 0 by
the inductive hypothesis. Finally, Proposition 6.1 together with Assumption 6.3 imply that ﬁ,im) / ﬁ,(ﬁ)l

m)/ﬁ;m) —p 1, we have that (n,(gm)/ﬁ;m))( k+1/nk+1) —p 1. Also,

remains uniformly bounded from above over all market sizes. The previous convergence results to-

gether with the latter uniform bound imply that (D.7)—, 0.

(i1) Suppose liminf,, o f,gm) (y) = 0. For a subsequence for which lim,_, f,ng)(y) > 0, we can
apply argument (i). Now, we consider a subsequence for which lim,_, fém”(y) = 0. Consid-

ering that ﬁ,(:n) / ﬁ,(:j)l remains uniformly bounded from above over all market sizes, we have that
i, 7" ™ W)/ = 0. Nows |77 (w) = i w)] = 0 implies £ =, 0.

Also, 1/sk )(y) Zs’“ (y) Wl(,zz) < 1. Moreover, (nkm)/ﬁém))( k+1/”§$)1) —p 1. These facts with

(mr f(mr> ( )

S @) pprlme)
Yok, W —, 0. We conclude that

the converging together lemma imply that W il iky
k1 Y

(D.7)—, 0

(M)

(m)  gm)
A —p 0. By the fact that (m) —p L it suffices

(M) (M)

If x # z, we need to additionally show that

Mgt Ny L]

(m) (m)
to show that | =£~ — e(m) —p 0. Using Chebyshev’s inequality and the fact that e/,(C ™) is distributed Poisson

k+1 k+1
we have that m)

A 1
P(\e;m) - ] > 5”12:7:)1) < é“m) < oy 0.
(en k+1) €Nyt

Hence, for all z, | f™ (z) — ft(m) (z)| —, 0, concluding the proof. O

D.3 Proof of Theorem 6.1

We start by proving some preliminary lemmas.
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Lemma D.3. Let Assumptions A.1, A.2, A.3, 6.1, 6.2 and 6.3 hold. Then, for all x € Nandt > 0,

sup sup E,
m peM

Zﬂk tbup ﬂ-m(l‘zkvf)nk )‘l‘lt:x] < 00.

k=t fes

Proof. Take ¢ > 0 and ™ given by Proposition 6.1. Using Assumption 6.1.3 and the fact that for all m > m

andt > 0, ﬁgm) > cm, we have that

sup sup E, Zﬁ sup (i, f, ﬁ;g;m)) ‘ Ty = x] < sup E, ZB (i) ‘ Tip = ;1;‘] < 0.
m pueM fEST HEM
The result follows. O

The following technical lemma follows immediately from Assumption 6.1.3. We omit the proof.

Lemma D.4. Let Assumptions A.1.3 and 6.1.2 hold. Then, for all € > 0 there exists § > 0 such that for all

n,n € Ry satisfying |n/n — 1| < 4,

Tm (2, fyn) — mm(x, f,7)
Tm(x, f, 1)

sup
meR4 ,zeN, fe€S;

<e.

Lemma D.5. Let Assumptions A.1, A.2, A.3, 6.1, 6.2, and 6.3 hold. Then, for all sequences {ﬂ(m) € Mys}

andr € N,

lm By 0m a0 [Z B* | (@i, U) — T (i, U7 ™)) ‘ng =z, = 5| =o.
k=0

Proof. For the purpose of this proof, we will assume that all expectations are conditioned on z;p = z and

s = 5" Let ALY = |ma(@ir, sU1) — wal(@ir, £, ™). Fix € > 0 and let § > 0 satisty the

(m)

assertion of Lemma D.4. Let Z, " denote the event nim) / ﬁtm) — 1‘ > 0. Applying Tonelli’s Theorem and
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(m) _ =(m)

noting that s*;\; = 5, * we obtain,

Ti

Epyom) pyom) A(m) !Z gEAl

k=0

o0
< Y BB uom Ao [A,(;T)}
k=1
oo
= Zﬁk (Eﬂ(m)7u(m)’A(m) [Agzl)lﬂzlim)} + Ejm) ym) A(m) [Ag?)lzl(vm)]>

o0

Zﬂk (6Eu<m) () A(m) [Wm(xlk7f—zk7nk ))} + O(m)P[Zlgm)])

+3° grom)P(Z™),
k=1

IN

IN

k -
€E m) jy(m) A(m) Zﬁ sup o (i, £, 74")
k=1 T

where the second to last inequality follows from Assumption 6.1.1 and Lemma D.4. By Lemma D.2, there

exist constants ¢, 7 such that P[Z

]gm)} < 2e " for all £k > 0 and m > ™. Hence, the second sum above

converges to zero. Moreover, € is arbitrary and the expected sum in the first term is uniformly bounded over

all market sizes (by Lemma D.3). The result follows. L]
The following technical lemma is proved in Weintraub, Benkard, and Van Roy (2008b).

Lemma D.6. Ler Assumptions A.1.3 and A.1.4 hold. Then, for all € > 0 there exists & > 0 such that for
f.fe S1 g satisfying || f — f||17g <6,

~

Tm (2, fyn) — irm(xﬁ fin)
Tm(x, f,n)

<e.

sup
meR L ,xeNneR

Lemma D.7. Let Assumptions A.1, A.2, A.3, 6.1, 6.2, and 6.3 hold. Then, for all sequences {ﬂ(m) € My}

andx € N,

m—00

lim E. (m) N )\(m) [Zﬁ ’Wm wlk, ET%:’ 771](9 )) - 7Tm<$ik, §£:m))| Tio =, 8(_72)0 = §ém) = 0.

Proof. For the purpose of this proof, we will assume that all expectations are conditioned on x;p = = and
sﬁ?}o = Eém). Let AEZ”) = | T (xit, £ (Tz,ngm)) Wm(:rzt, st )| Fix € > 0 and let § satisfy the assertion

of Lemma D.6. Let Zt(m) denote the event || ft — ft Hl,g > 0. Applying Tonelli’s Theorem and noting
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that s( )0 (()m) we obtain,

Ti

Ejyom) pym) A(m) !Z NG

k=0

o0
< > B Epm i Am) [A,(;T)}
k=1
oo
= Zﬁk (Emm),u(m),xm) [AE,T)LZM + Epym) jy(m) \(m) [AE,T)IZM)
o0
(D.8) < O+ BB yom Ao [Aggﬂl Zlim)] ,
k=1

for some constant C' > 0. The last inequality follows from Lemmas D.3 and D.6.

Note that Ag?) < 2supses, Tm(Ziks f, ﬁ,({m)). Hence,

00
> B By uomy am) [AE?)le = Zﬂ Elptom) om o [2 oo o £ 7)1 ZW]
P k k=1
< 2 sup Zﬁ Eﬂﬂ(m> A(m) SuP Wm(l'zkafank ) Z(m)
(D.9) = 2 sup Zﬂ E sup Wm(xzkufn )) ,P[Zlgm)]v
/LEM'nsk 1

because sup,,¢c u,,, 1S attained by an oblivious strategy, so fﬁ’?’,)c evolves independently from ;3. Assump-

tion 6.1.3 together with Proposition 6.1 implies

up B |32 sup i, £, YPLZE)
BEMuns k=1 fes

< sup E,
pe

3 87 (a)PlZ™)
k=1

By the second part of Assumption 6.1.3, sup,,cq Ey (Y02, B*7(wx)] < oo. Moreover, by Proposition
6.2, forall k > 1, P(Z,gm)) — 0 as m — oo. Then by the dominated convergence theorem (D.9)—, 0.

Finally, € in (D.8) is arbitrary. The result follows. O

Proof of Theorem 6.1. Let 11*("™) be an optimal (non-oblivious) best response to ( p(m) ) \(m) ); in particular,

V™ (@, s gAY = sup Vi () 50 |, n, A,
/LGMns

Let
VO (@) = Vi™ (a, s§™ 70, 0, XY — V™ (5§ [0, A7) > 0.

The ANME property, which we set out to establish, asserts that for all z € N, lim,, vm) (z) =0.
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For any m, because (™ and \("™ attain a NOE, for all z,
Vo (™ A, ™) = sup V™ (i, A s6) = sup Vg™ Gl n™ A0,
filEMons AEMuns

where the last equation follows because there will always be an optimal nonstationary oblivious strategy
when optimizing a nonstationary oblivious value function even if we consider more general strategies. It

follows that

VO () = (Ve 5§, 0 A = T (] A0, 5 )

(T (), A6, ) — VI (@, 58, A7)

IN

<V0(m) (, S(()m)"u*(m),'u(m)’ )\(m)) _ f/o(m) (93|M*(m)v M(m)7 )\(m)s((]m)))
(% ™ XSG = Vi 57| A))

= A™(z) + B™(x).

To complete the proof, we will establish that A™)(z) and B("™) () converge to zero.

Let Ag”) = | (24t 5(7';;) — T (it §£m)) |. Tt is easy to see that

Alm) () < E‘u*(m)”uﬁn),)\('m) [Z ﬁkAl(-Zl) ‘ T = X, 8(,77;7)0 = S(()m)]
k=0
B™(z) < E,mzm [Z RN ‘ T = T, 8(_77)0 = ng)] ;
k=0

By the triangle inequality,
A,(;T) < |7Tm(33ik,8(_n;)k) — T (T, f&?}s,ﬁém)ﬂ + \Wm(ﬂﬁz‘k?f%;g,ﬁ;(gm)) — Wm(xz‘k7§;(§m))|~

The result therefore follows from Lemmas D.5 and D.7. O]

E Figures
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Figure 1: NOE evolution from original OE to new OE after a shock to profits.
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% Error Bound

'Y
~_ \ | Low level of
\\ ’\b@rtical differentiation
\’\‘\1: I
30 60 100 150 200

Expected Number of Firms

39



Figure 3: NOE total number of firms and entry rate as a function of the time period for low level
of vertical differentiation.
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Figure 4: NOE total number of firms and entry rate as a function of the time period for high level
of vertical differentiation.
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