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1 Introduction

In this paper, we develop a new method, named the p,-IV estimation, to estimate structural equations based
on the conditional quantile restriction imposed on the error terms, extending the .#;-1V approach proposed
by Sakata (1997, 2007). We study the large sample behavior of the new estimator and show how to make
statistical inferences on the regression parameters. In particular, we pay attention to the statistical inference
under weak identification, as the weak identification is as important a possibility in the regression based
on a conditional quantile restriction as in that based on the conditional mean restriction. We propose a
weak-identification-robust test that can be viewed as a natural counterpart of the Anderson and Rubin’s
(1949) statistic in p,-IV estimation.

The conventional instrumental variables (IV) estimator is based on the identification of the structural
parameters through the conditional mean restriction that the mean of the structural error term conditional
on a set of instrumental variables is zero. The conditional mean restriction may look appealing, because,
unlike the independence between the error term and the instruments, it does not impose restrictions on other
features of the conditional distribution of the error term such as the variance of it.

Nevertheless, the conditional mean restriction is considered unsuitable in some applications. The condi-
tional mean of a random variable critically depends on the tails of the conditional distribution of the variable.
A small change in the tails can cause a large change in the conditional mean. In many applications, on the
other hand, we know little about the part of the population distribution that correspond to the tails of the
error distribution. This often makes it difficult to justify the conditional mean restriction.

The conditional mean restriction is not the only natural way to identify the parameters of structural
equations. In many applications, the conditional mean restriction comes from an informal intuition that the
“location” of the conditional distribution of the error term given a suitably chosen set of instruments should
be constant. When we are faced by the above-mentioned concern about the conditional mean restriction, one
would desire to capture the location of the conditional distribution of the error term by a measure that does
not depend on tails. The conditional quantiles of the error term are examples of such location measures.

Sakata (1997, 2007) proposes identifying and estimating the regression parameters based on the con-
ditional median restrictions. Chernozhukov and Hansen (2001, 2006) also consider identification of the

regression parameters based on the conditional quantile restrictions and propose an estimation method, tak-



ing an approach related to but different from Sakata’s. In the current paper, we extend the estimator of
Sakata (1997, 2007) to propose an method called the p,-IV method to estimate regression models with the
conditional T-quantile restriction.

Being based on the same identification condition, our estimator is closely related to Chernozhukov and
Hansen’s estimator. The computation burden of the two estimators are also comparable, as should be clear
from the discussion in Section 3 of the current paper. A benefit of our approach is that the objective function
to be maximized in the p,-IV estimation takes a form similar to the “variance ratio” in the (normal) limited
information maximum likelihood (LIML) estimation. This allows us to formulate a statistic analogous to
the Anderson-Rubin (AR) statistic, with which we can make weak-identification-robust inference on the
regression parameters of interest.

In the IV regression literature, many researchers have been paying attention to possible identification
issues. Sargan (1983) points out that “near violation” of identifiability is problematic. The analysis of
Phillips (1984, 1985) on the exact finite sample distribution of LIML clearly shows that lack of identifiability
in structural equation estimation keeps the LIML estimator from consistently estimating the coefficient of
the structural equation. Hillier (1990) also shows analogous results in considering the directional estimation
of the coefficients of structural equations. Choi and Phillips (1992) further explores the behavior of the IV
estimator under lack of identifiability.

When instrumental variables are poorly correlated with endogenous explanatory variables in linear re-
gression, the asymptotic distribution of the IV estimator is quite different from what the standard large
sample theory suggests, as demonstrated by Nelson and Startz (1990b, 1990a) and Bound, Jaeger, and
Baker (1995). Staiger and Stock (1997) propose an alternative way to approximate the distribution of the
IV estimator with weak instruments. Stock and Wright (2000) then establish a way to approximate the
distribution of generalized-method-moments (GMM) estimators under weak identification. The proposed
approximation methods are useful in theoretically studying the nature of the IV and GMM estimators under
weak identification. Nevertheless, they do not offer a way to approximate the distribution of the estimators
based on data, involving some unidentifiable nuisance parameters.

Given the absence of a convenient and reliable approximation to the distribution of the IV estimator
with weak instruments, it is difficult to perform tests of hypotheses on regression parameters in the usual

style (i.e., the t-test, the Wald test, etc.). On the other hand, the AR test originally proposed in Anderson



and Rubin (1949) is not affected by weakness of instruments. For this reason, Staiger and Stock (1997)
and Dufour (1997) recommend the use of the AR test. The AR test even has nice power properties if the
number of instruments is equal to the number of endogenous explanatory variables (Moreira 2001, Andrews,
Moreira, and Stock 2004).

The weak identification is also an important possibility in regression based on a conditional quantile
restriction. To this end, we propose a test that has asymptotically correct size regardless of whether the
identification is strong or not. The hypothesis we consider is that some regression parameters are equal
to prespecified values. If we apply the p,-IV method imposing the constraints of the null hypothesis,
the objective function in the p,-IV estimation maximized subject to the parameter constraints of the null
hypothesis tends to be close to one under the null. The constraint maximum of the objective function is
similar to the Anderson and Rubin (1949) statistic in the sense that it captures how much of the fitted
structural error can be explained by the instruments. It, ranging between zero and one, is closed to one
if the fitted structural residuals cannot be fitted by the instruments in the sample. Its value far from one
is thus taken as an evidence against the null in our test. If the conditions in the null hypothesis include
the coefficients of all regressors potentially weakly related to the instruments excluded from the regression
function, then the proposed test involves no weak identification problem, so that our test is robust to weak-
identification.

Our test is closely related to Chernozhukov and Hansen (2008). They formulate a test in a way convenient
in the estimation framework of Chernozhukov and Hansen (2001, 2006), while we propose a test convenient
in the p,-IV estimation. Another paper related to our test is Jun (2008). Jun formulates a test adapting
the approach of Kleibergen (2005).

The rest of the paper is organized as follows. We first describe the basic setup and define the p, -1V
estimator in Section 2. Then, after briefly discussing the computation of the p.-IV estimator in Section 3,
we establish the consistency and asymptotic normality of the p.-IV estimator and explains how to consistently
estimate the asymptotic covariance matrix of p,-IV estimator in Section 4. In Section 5, we develop a weak-
identification-robust method to test hypotheses on the regression parameters. Throughout the paper, | - |
denotes the Euclidean norm for vectors and the Frobenius norm for matrices, and limits are taken along the

sequence of sample sizes growing to infinity, unless otherwise indicated.



2 p.~-IV Estimator

ASSUMPTION 1: Let (2, #, P) be a probability space. The data are a realization of an independently and
identically distributed stochastic process {X; = (yi, Y/, Z})" : @ — R x RY x R¥},cy such that E[|X1]] < oo,

and for each c € R 9+F\{0}, P[c' X, =0] < 1.
Partition Z; as Z; = (Z{ 1, Z; 5)'. where Z; 1 is ky x 1, and Z; ; is kg x 1 (so that ki +ky = k). The parameter
of interest is the coefficients in regression of y; on Y; and Z; ; described in the next assumption.
AsSUMPTION 2: The subset B of RY is nonempty and compact. There exists a unique 0y € (8), o) €
B x R* such that the conditional T-quantile of
Ur =y —Y{Bo — Z1 10
given Zy is zero, where T is a known real constant in (0,1).

If instead the conditional 7-quantile of U; given Y; and Z;; is known to be zero, 5y and g could be
consistently estimated by the estimator of Koenker and Bassett (1978). In our current setup, Koenker and
Bassett’s estimator is inconsistent in general.

We here propose an estimator of the structural regression coefficients, following the approach described

in Section 11 of Sakata (2007). Define p, : R — R by

pr(v)=(r—1v<0)v, veR,
where 1(A) is the indicator function that becomes one if and only if the condition A is true. Also define
functions R: B x R** x R* - R and Q : B x R** — R by

R(ﬁ7a77) = E[pT(yl - YI/IB - Zi,la - Zi’Y)]? (Bvaa,y) €Bx Rkl X Rk

and

inf,cpr R(B, ;)
R(B,,0)

Q(B, o) (B,a) € B x Rk,

where R(8,«,0) > 0 by the linear independence of the elements of X; = (y;, Y/, Z;)' required by Assump-
tion 1. Because of the conditional T-quantile restriction imposed on U; in Assumption 2, we have that

Q(Bo, ) = 1, so that for each (3,a) € B x RM

0<Q(B,a) <Q(Bo,ap) = 1. (1)



It follows that 0y € (8}, af)’ is the maximizer of Q over © = B x R*1.
Our estimator is the maximizer of the sample counterpart of ), which is given by a sequence of random

functions {Q, : B x R¥1 x Q — R}y defined by

inf_ kg R (B,07.0) -

R 5 , if inf b BxRF Rn(b,a,o’w) >0,
Qn(B,a,w) = R (8,2,0,w) (b,a)EBxRF1

1, otherwise,

(B,a) EBxRM weQ, neN,
where
R,(B,0,7,w)=n"" Zn: pr(ye(w) = Yi(w)' B — Zp 1 (w) '« — Zy(w)'y),
t=1
(B,a,7) e BxRM xR* wxQ, neN.
We now define our estimator.

DEFINITION 1 (THE p,-IV ESTIMATOR): Given Assumption 1, a sequence of random vectors {0 = (3., &)

Q — B x R¥Y}, oy is called the p,-IV estimator if for each n € N, Qn(ﬁn,@, = SUD (8 o) eBxRF1 Qn(ﬁ,a, ).

For each (3,a) € B x RF1, we have that

inf R, , 0L, ) = inf n~! E Ay =Y/ B~ Z] (o + — 7]
YERF (8,2,7,) (71,72) ERF1L xRF2 p pr(ye = Yif al M) 1272)
= inf 0Tty oy = VB~ Ziim — Zigne) = inf Ru(8,0,7,).
(v1,7v2) ER*1 xR*2 e} ! ’ ~ERF

Given this fact, it holds that whenever R, (B,,0,-) > 0 for every (3,a) € B x RF1,

. infcrr Ry (6,0,7, - inf g Rn(53,0,7, -
sup Qn(,B,OQ )= sup mn rye/\]Rls n(/B vy ) _ .ln ~ERF An(ﬂ Y ) . BeB. (2)
a€RF1 a€Rk1 Rn(ﬂ,a,(), ) lnfaeRkl Rn(ﬁ,a,(), )

Because the numerator and denominator of the ratio on the right-hand side of (2) are continuous in 3,
SUP, Rk Qn(ﬁ,a, -) is continuous in B in all realizations, whenever Rn(ﬁ,a,0,~) > 0 for every (8,a) €
B x RF1. The continuity of SUD cRrF1 Qn(ﬁ, a,-) in [ is also satisfied when R, (8, ,0,-) can touches zero,
because Qn(ﬁ7 «,+) =1 in such case. Thus, given the compactness of B, p,-IV estimator B, of Bo exists by

the standard result on the existence of extremum estimators such as Gallant and White (1988, Theorem 2.2).



Further, &, is the solution of

n
inf Ry,(Bp,,0,-) = inf n~! ZPT((% —Y/B,) — Zi ).

k1 k1
a€cR a€cR =1

That is, it is the Koenker and Bassett’s (1978) quantile regression estimator taking (y; — Y/f3,) for the

dependent variable and Z;; for the regressors, which surely exists.

THEOREM 2.1: Given Assumption 1, the p--1V estimator exists.

Remark.  We could avoid the compactness requirement of B by first defining the p,-IV directional
estimator, as Sakata (2007) does, and then deriving the slope estimator in Definition 1 from it. We, however,

directly define the slope estimator by imposing compactness on B for saving space in this paper.

3 Computation of the p, -1V Estimator

We could calculate the p,-IV estimator, adapting the algorithm described in Sakata (2007) for the case
7 = 0.5 in the straightforward manner. Sakata’s algorithm is, however, slow if k; is large, because it uses a
global search algorithm to minimizes Q.. over B x RF1.

Given a 8, however, the ratio on the right-hand side of (2) can be quickly calculated, because the
minimization problems appearing in both the numerator and denominator of the ratio can be rewritten as
linear programming problems, as Koenker and Bassett (1978) explains. Thus, the p,-IV estimator can be
calculated by maximizing the ratio in terms of 8 over B. Because the ratio may have local maximum, it is
advisable to use a global search algorithm such as the simulated annealing algorithm in calculating $,,, while

Gy, is the solution of the minimization problem in the denominator calculated with Bn

4 Large Sample Properties of the p,-1V Estimator

In investigating the consistency of the p,-IV estimator, it is convenient to consider the population coun-

terpart of (2), i.e.,

inf'ye]R’c R(ﬁ, 0, ’V) inf'yeRk R(ﬁ’ 0, ’7)
_ = B.
aseilil QB @) as‘eﬁl R(S3,,0) inf,cpr R(B,,0)’ pe 3)




By Assumption 2, f +— sup,err Q(8,) : B = R is a continuous function uniquely maximized at f.
We can also show that {inf,cgw Qn(ﬁ,a, )}nen converges to inf,cps; Q(B, ) uniformly in 8 € B a.s.-P
(Lemma A.3). By a standard result on consistency of extremum estimators (e.g., Pétscher and Prucha 1991,
Lemma 4.2), we can establish the consistency of {Bn}neN for fg.

The estimator &,,, on the other hand, minimizes Rn(ﬁn, @,0,-) with respect to o over R¥'. Given the
strong consistency {Bn} for By, we can verify the a.s.-P convergence of ﬁn(Bn, a,0,-) to R(Bo, ,0) for each

a € RFi and utilize the convexity of ﬁn(ﬁn, «,0,-) in « to establish the strong consistency of &, for ag.

THEOREM 4.1: Under Assumptions 1 and 2, {0, = (8., d.,) }nen converges to 6y = (84, af)’.

n’

In establishing the asymptotic normality of the p,-IV estimator, we impose the additional conditions

stated in the next theorem.

AsSSUMPTION 3: (a) The minimizer of R(Bo,ap,-) : R¥ — R over R is unique (hence, it is uniquely

minimized at the origin).

b) The vector By is interior to B. Also, a neighborhood By C B of By, a neighborhood Ay C R*' of ay,
( g g

and a neighborhood 'y C R*2 of the origin satisfy the following conditions:
(i) The conditional distribution y, given Yy and Z; has a continuous probability density function (pdf)
FCIY1, Zy) at Y{B + Z] ja+ Z7 572 for each (B,a,72) € By x Ag x 20 a.5.-P.
(ii) There exists a random wvariable D : Q — R with a finite absolute moment such that for each
B € By, each a € Ay, and each vo € Ty,
B+ Z1 o+ Z] e | Y1, 20) (VP + | Z1%) < D. (4)
(c) Let J be the Hessian of R at (B, ap,0..,)" and partition it as

Jos Jpa Iy
J= Jap Jaa Jay |
Jyg Jya J"w

where Jgg is g X g, Jaa 18 k1 X k1, and J, is k x k. Then the matriz

Jss  Jsa
Jaﬁ Jaa

Jeg =



is positive definite, and Jyg = (Jy8, Jya) is of full column rank.
(d) E[IY1]* +]Z1]%] < co.

Assumption 3(b) ensures the twice continuous differentiability of R in a neighborhood of (8, ap,0) in RI x
R¥1 x R*, which then implies the twice continuous differentiability of @ in a neighborhood of 8y = (), o)’
The first condition in Assumption 3(c) ensures that the Hessian of R(By, o, ) : R¥ — R at its minimum is
negative definite. Under these conditions, the Hessian of (3,a) — logQ(8,a) : B x R¥** — R at (3}, af)’
is guaranteed to be positive definite, being equal to —K, where K = R(Bo, 20,0) " JpyJ;,! Jyg. The full
column rankness of J,s means that within a neighborhood of (8, af)’, moving (5, a’)" away from (g, ag)’
causes the gradient of R(3,a,-) : R¥ — R to be bounded away from zero uniformly in all directions, so

/

that we can choose v to make R(8,a,) smaller than R(8,a,0), once (8',¢/) deviates from (8j,ap)’.
Assumption 3(d) ensures that the Lindeberg-Levy Central Limit Theorem (Rao 1973, p. 127) applies to
the generalized score of the p.-IV estimator. The moment requirements in Assumptions 3(b,d) are mild.
If f(yr — Y{B — Zi1a — Z1v|Y1,Z1) is bounded, they merely require that each element of Y; and Z;
has a finite second moment, while the asymptotic normality of the conventional IV estimator is typically

established under the assumption that the fourth moments of the dependent variable, the regressors, and

the instruments are finite.

LEMMA 4.2: Suppose that Assumptions 1-3 hold. Let {b, }nen and {an}nen be sequences of B- and R*: -
valued random vectors, respectively. Then there exists a sequence of k x 1 random vectors ¢, such that for
each n € N, I%n(bn,an,cn, -) = inf,cge ]:Zn(bn,an,’y, ). If, in addition, Assumptions 3 hold, and b, — By
and a, — «q in probability-P, then
= +J—1n—1/2§n:(7—1(U < 0)) Z +op (n*?|by, — Bo| + n/*|ay — ao| +1)

yy t t+op n — Po n 0 )

an — Qg t=1

n'%¢, = Cn'/?

and C = —J ! Je.

Using this lemma, we can now approximate log Q..

LEMMA 4.3: Suppose that Assumptions 1-3 hold and let {b,}nen and {a,}nen be sequences of B- and



R¥t -valued random vectors, respectively, that converge to By and ag. Write 0,, = (b,,,al,)’. Then

n’-'n

n10g Qn(by, an, ) = SR N <n1/2 zn:(v —1(U, < 0)) Zt>/le <n1/2 i(T —1(U, < 0)) Zt>

2R(50a Qp, 0) =1 =1
1 -1/2 - 101/2(0 1 1/2/p / 1/2(p9
- —1 VA 0, —6y) — = 0, —00) K 0, — 6
RBra0 )" 2o 1T < 0) ZiOn 2 (6o = 00) = (B = ) K26 — )
+op(n'/2b, — Bo| +nlb, — Bol* +1). (5)

Given this lemma, it is natural to expect that the minimizer of the the second and third terms on the right-

Al Al

hand side of (5) approximates 6= (8l,,&5,) . The next theorem confirms that such approximation bears an

op(1) approximation error, and derives the asymptotic distribution of {én}neN based on the approximation.

THEOREM 4.4: Suppose that Assumptions 1-3 hold. Then

K='C'n™ 2y " (1(U; < 0) = 7) Z + 0p(1)

t=1

N 1
W20, — ) = ————
( O) R(/BOaa070)

and
D™2p12(,, — 60) 2 N(0, 1),

where D = K 1C'VCK~!, K = R(By, ao, 0)_1J(9AYJW_71 Jyo (as introduced earlier), and
V =1(1 - 7)R(Bo, g, 0) 2E[Z1 Z]).

To estimate the asymptotic covariance matrix D consistently, we need to estimate V, K, and C consis-
tently. For consistent estimation of V', we can use its sample analogue,
n
Vo =7(1 = 1) Ro(Bn, 4, 0,) 071> 2, 7).
t=1
On the other hand, K and C are more complicated, depending on J, the Hessian of R. The Hessian of R,
is zero at each point in B x R*t x R¥, at which it is differentiable. This rules out estimation of J by using
of the Hessian of R,,.

A way to overcome the difficulty in estimation of K and C' is to employ the numerical differentiation
approach described in Newey and McFadden (1994, Section 7.3). Because —K is the Hessian of (5, a) —
logQ(B,a) : B x R — R at (8),04), —1 times a second-order numerical derivative of log Q(3,,-) at
( A;L, a.,) is our estimator of K. Let e denote the unit vector along the ith axis of the Cartesian coordinate

system in R™. Assume:

10



ASSUMPTION 4: The sequence {hn }nen consists of positive (possibly random) numbers such that h, — 0

and n*/?h,, — oo in probability-P.

Then our estimator of K is K,,, whose (i, j)-clement is given by

N 1 A A A~ A
Knij = 7472(10g Qn(en + hpe; + hnejv ) - log Qn(en — hpe; + hneja )

—log Qn(én + hpe; — hpej,-) + log Qn(én — hnei — hpej,-),  (4,7) €{1,...,(g+ k:l)}z, n € N.

2%

For C', we utilize the result of Lemma 4.2, which suggests that perturbation in 6, = (B,

a,,) would
change 4, approximately by C times the change in 6,. Let Ani(0) denote the ith element in the usual
quantile regression estimator in regression of y; — (Y}, Z{ ;)0 on Z; (i € {1,2,...,k}). Then our estimator of

C is C,, whose (i,j)-element is given by

1, . A ) .
Crij = ﬁ(’ym(en + hnej) = Ani(0n — hnej)), 1€{1,... k}, je{l,...,(g+ki)}.

Given the estimators of K and C, we estimate D by D, = K;C'V,,C,,K;", n € N, where K;' is the
Moore-Penrose (MP) inverse of K,, (we use the MP inverse instead of the regular inverse to ensure that this

estimator is well defined for every realization).

THEOREM 4.5: Suppose that Assumptions 1—4 hold. Then:
(a) {Kn}nen is weakly consistent for K.
(b) {CpYnen is weakly consistent for C.
(¢) {Vi}nen is weakly consistent for V.
(d) {Dyn}nen is weakly consistent for D.

Remark. The same step size h,, is used in each element of K, and C), just for simplicity. One could use
a different step size for each element in K, and C, without affecting the consistency results in Theorem 4.5,

as long as the step size satisfies the requirements in Assumption 4.

11



5 Testing on the Regression Coefficients under Possible Weak
Identification

When (8, @) — log Q(5, @) is flat in some directions from (S, ag), compared with the size of the error in
approximating log Q) by log Qn, the large sample distribution of the p,-IV estimator established in Section 4
can be unreliable, because the estimator can easily go astray. In other words, we may experience the so-called
weak identification problem in the p,-IV estimation.

The flatness of (8, a) — log Q(8, @) described above implies near singularity of K, which is —1 times the
Hessian of log Q(8, «). Because the large sample analysis in Section 4 involves the inverse of K, the near
singularity of K makes the results in Section 4 unreliable unless the sample size is extremely large. To verify

that the nearly singular K can arise in practice, suppose that Y; is related to Z; through
}/t:HOZt—i_V;) tGN,

where Ilj is a g X k constant matrix, and V; is a g X 1 zero-mean random vector independent from Z;. Let

fu(-1Z1) denote the conditional pdf of Uy given Z;. Then, under our current assumption, we have that

Iy Z,

Z11

Y;
Iy =28 fo0l2) | | 21| = 28| o 0l22) Z

Z11

If the last kp columns of Il is close to zero, each of the first g rows of Jp, can be well approximated by
a linear combination of the last k; rows of Jy,; i.e., the columns of Js, becomes nearly dependent. This
causes K = R(fy, ap, 0)_1J(9A,J;/1 Jye to be nearly singular and raises concerns about inference on 3y and
Q, relying on the asymptotics in Section 4.

Suppose that we are interested in the hypothesis that Hy: By = (3, where 3 is a known ¢ x 1 constant
vector. In the usual IV regression based on the zero-conditional mean restriction imposed on the error term,
the AR test is known to be robust to weakness of instruments. Given the structural equation estimated
under the constraint of the null hypothesis, the AR test regresses the null-restricted fitted structural error
term on all instruments and checks if R? is close to zero. If R? is high enough, it rejects the null hypothesis.

Because the AR test rejects the null when 1 — R? is close to zero, we can view the AR test as rejecting the
null hypothesis when the null-restricted fitted structural error term can be well explained by the instruments.

Note that 1 — R? is equal to the ratio of the two sample second moments. The denominator in the ratio

12



is the sample second moment of the fitted structural error term, while the numerator is the sample second
moment of the residuals in regression of the structural error term on the instruments. This view gives
us a way to adapt Anderson and Rubin’s (1949) approach in our problem setup. Namely, we replace the
sample second moment in 1 — R? with the corresponding average check functions. The resulting statistic is
Qn(B , &2 -), where &2 is the p,-IV estimator obtained imposing the constraint of Hy, which is exactly equal
to the Koenker and Bassett’s (1978) estimator in regression of y; — Y/ on Z; ;. For convenience, we take

the logarithm of it and multiply it by —2n to define a test statistic 7.

inf’yERk Rn (Ba 07 s )
inf cge, Rn(B,,0,-)

Jn = —2nlog Qn(ﬁ,dg, ) = —2nlo n € N. (6)

Let & be a ky x 1 vector such that Z{’léz be the p,-metric projection of y; — Y/ on the linear space
spanned by the elements of Z; ;. Then the standard large sample analysis on extremum estimation shows

that

n T, — —2 sup logQ(B,a) = —2log Q(B, @) in probability-P.
aceRk1

Under Hy, the right-hand side of this equality is zero, because

sup Q(B,a) = sup Q(o, @) = Q(Bo, o) = 1.

acRk1 a€RF1

Under the alternative, on the other hand, the limit of {n =17, },ecn is strictly positive, because

Q(B,a) < Q(Bo, ) = 1.

Thus, a test based on 7, should reject Hy if 7, exceeds a suitably chosen critical value. We will discuss
how to find the critical value below.

Define C° = —J 1 Jyo and L = R(Bo, @0, 0) " Jaa-

LEMMA 5.1: Suppose that Assumptions 1-8 hold. If in addition Hy is true, then
T 2 (L™ = C0(C” LC%) =1,

where n is a k X 1 random vector distributed with N(0,V),

Thus, {J, }nen has a non-degenerate limiting distribution, though it is not asymptotically pivotal. Among

the unknown parameters in the formula for the asymptotic distribution of {7, }nen, CY can be consistently

13



estimated by applying {Cp }nen “under the null” (Theorem 4.5). Write 02 = (5’,a%')’. Then our estimator

of 00 is C9 whose (i, j)-element is equal to

- 1. A . .
C’?Lij = ﬁ(ym(ﬁg + hnegij) — Ani (00 — hnegs)), ie€{l,...,k},je{l,... .k}

Analogously, V can be estimated by V0 = R,,(39,49,0,-)"2n"' 27, Z:Z].
The matrix L is the Hessian of v — log R(8o, a0,7) : R¥ — R at the origin. We take a second-order

numerical derivative of the sample counterpart of this function to estimate L. The resulting estimator L,

of L is the k x k matrix with (¢, j)-element equal to

- 1

Lyj =12 (log R,y (B, 45,42 + hpe; + hnej,-) —log R (8,8%,3% — hpe; + hnej,-)

- log éTl(/éa 6‘%7’3/70; + hnei - hnejv ) + log Rn(ﬂ_a 6‘%7’?2 - hnei - h’nej7 ))7 7’7] = 17 27 ey k7

where 40 is the 7-quantile regression estimator in regressing y; — /3 — Z} ,a% on Z;.

LEMMA 5.2: Suppose that Assumptions 1-8 and 4 hold. If in addition Hg holds, {ﬁg}neN 18 consistent
for L.

The limiting distribution of {7, }nen is that of a positive random variable whose distribution function is
positively sloped at each positive point. Let ¢(p, C, L, V) denote the (1—a)-quantile of 7/ (Lt —C(C'LC)TC")ij
for each k x | matrix C, each k x k symmetric matrix f/, and each k x k symmetric matrix V, where 7 is a
k x 1 random vector distributed with N(0, V), and p € (0, 1), where (a, b) denotes the open interval between
real numbers a and b. We here propose a test that rejects Hy if and only if 7, exceeds c(p, C*n,in,f/n),
where p is the desired size of the test. This test has the correct asymptotic size and it is consistent, as stated

in the next theorem.

THEOREM 5.3: Suppose that Assumptions 1-4 hold. Then:
(a) If in addition Hy holds, for each p € (0,1), P[J, > c(p,CO, LY, V)] — p.

(b) Suppose instead that Hy is violated, that R(S,-,0) : R¥1 — R has a unique mazimizer on R,
and that R(B,0,-) : R¥ — R has a unique minimizer on R*. Then for each p € (0,1), P[J, >

C(p, 027 i’917 V’r?)] — 1
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Because each quadratic form of normal random variables can be easily rewritten as a linear combination
of x? random variables using the eigenvalue decomposition, c(p, Cy, Ly, Vn) is the (1 — «a)-quantile of a linear
combination of x? random variables. To compute c(p, Ch,Ln, Vn), we can numerically find the (1—«)-quantile
of the distribution of the linear combination, evaluating the distribution function by using Farebrother’s

(1984) algorithm.

6 Power under weak instruments

According to Theorem 5.3(b), our test proposed in the previous section is consistent in the regular
asymptotic framework with strong instruments. In this section, we discuss the power properties of the test
when the instruments are weak. For this purpose, we need a model describing how weak instruments arise
in our problem. Before formalizing the notion of weak instruments in our problem setup, we first review the
concept of weak instruments in the conventional IV regression. Staiger and Stock (1997) introduces weak
instruments in a thought experiment in which the correlation between the endogenous regressors and the
instruments becomes weaker as the sample size grows. More concretely, they relate the £ x 1 instrument

vector Z; to the g x 1 endogenous regressor vector Yt(n) through
Y™ =n V2072, +V,, te{l,2,....,n},neN

where A is a g X k constant matrix, and V; is a unobservable g x 1 random vector such that Z; is exogenous

b

to V;. The superscript “(n)” in Yt(") indicates dependence of Yt(") on n. The structural equation in the

thought experiment is then
yt(") :}/;(")’50+Zt’71040+Ut, te{l,2,...,n},neN,

where Z, 1 is a k1 x 1 subvector of Z;, and the regression error U; is orthogonal to Z;. In this setup, Staiger
and Stock investigates the asymptotic behavior of tests of the hypothesis that Hy: 8y = 3, where 5 is a
known constant in RY.

Define W; = U; — V/(B — Bo) (t € N). Then it is straightforward to verify that the “null-restricted

residual”, i.e., the residual evaluated with coefficients (5', ag)’ is equal to
™ = V"B — 7] 100 = Wi — ZinT 2N (B — Bo). (7)

15



Because

E[Z:W:] =0, (8)
it follows that

E[Zi(y = Y{B = Z{,00)] = —ElZeZ{ln™ 2N (B = fo).

Thus, the null restricted residual violates the moment condition underlying the conventional IV estimator,
but only in the order of n=/2. This is the essential feature of the setup that Staiger and Stock used
to demonstrate that the behavior of the conventional tests of Hy may be very different from what the
conventional asymptotic analysis indicates, and why the AR test can be a better choice.

Note that, while the fact that the null-restricted residual violates the moment condition in the order of
n~1/2 hinges on (7) and (8), it does not matter for it what W; is or where A comes from. Also, note that
there is no natural universally agreeable reduced-form equation in our setup, unlike the conventional IV
regression setup. In analyzing our test of Hy with weak instruments, we therefore take as basis (7) and (8)
suitably modified for constructing an environment with weak instruments in our setup, as found in the next

assumption.

ASSUMPTION 5: The triangle array {Xt(n) = (yt(n), Yt(n), Zya,Z2) s t €{1,2,...,n}, n € N} consists of

(M) Z1, and Zyy are 1x 1, gx 1, ky x 1,

random vectors on a probability space (0, %, P), where y,gn), Y,
and ko x 1, respectively; 5 is a constant vector in B that is a nonempty and compact subset of R9; and T
is a known constant in (0,1). There exists Bo € B, a g x k matriz A, @ € R* | and a sequence of random

variables {W,}ien that satisfy that
y Y Z e =W — Zin VPN (B - Bo), tef{1,2,...,n},nEN, (9)
and that for each t € N, T-quantile of Wy given Z; is zero.

In Assumption 5, By appears as some vector satisfying the required condition, rather than the true
coefficient of }Q("), because our mathematical results do not depend on what [y is. Of course, our results
are most useful when Assumption 5 holds with 5y set equal to the true true coefficient of Yt("). If By = 3,

the conditional quantile restriction imposed upon {W;}ien is essentially the same as Assumption 2. The
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equivalence of the two conditions can be achieved by setting & = ay and W7 = Uq, in particular when we
require that {(Z;, W/)}ien is i.i.d., as we will do below. When 3y # 3, the assumption implies that the
conditional T-quantile of the null-restricted residual given Z; is local-to-zero. In general, the distribution of
W, depends on 3 — 5. Assumption 5 is clearly satisfied, if (U, V}/) is independent from Z; in the setup
of Staiger and Stock (1997) discussed above. The matrix A captures the strength of the instruments. For
example, the instruments are irrelevant when A = 0.

In addition to Assumption 5, we impose the following conditions similar to Assumption 3:

AsSUMPTION 6: (a) Ep, (W1 — Z1v) is uniquely minimized at v = Ogx1.
(b) A neighborhood Ty C R¥ of the origin satisfies the following conditions:

i) The conditional distribution W1 given Zy denoted by F(-|Z1) has a pdf f(-|Z1) at Z1vy for each
(i) 1

v el as.-P.

(ii) There exists a random variable D : Q — R with a finite second moment such that for each vy € Ty,

f(Ziv| Z1)|Z1|? < D a.s.-P.

(¢) Jyy = O*R(B,a,01x1)/0v0 is positive definite, and Jo = O*R(B,a,0kx1)/0v0a’ is of full column

rank.
(d) E[|Z1]?] < <.
(e) {(We,Z)) :t=1,...,n} are independent and identically distributed.

The following theorem describes the asymptotic distribution of 7, in the case of fixed alternatives (3 — 3y

is a fixed vector) and the weak IVs design assumed in Assumption 5.
THEOREM 6.1: Suppose that Assumptions 5 and 6 hold. Then
T 2 (Ep-(W7)) ™! (0 + Joy N (B = Bo)) (J73 = COUCY T, CO)T1CY) (0 + Ty N (B — Bo)),
where n is a k x 1 random vector distributed with N(0,7(1 — 7)E[Z, Z1]).

In the case of weak instruments and under fixed alternatives, the asymptotic distribution of 7, is a non-

central mixed-y? random variable. The power of the test that rejects Hy : 8 = 3y when J,, > ¢(«, 6’27 Lo Vo)

n? n
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depends on the magnitude of the the non-centrality parameter given by
= / _ _
(5 - /80) A(‘]W’Y - JWCO(CO/ Iy c?) 1CO/JW)A/ (3 - 50)7
where J., —J,,CO(CY ., CO)~1CY ], is a positive definite matrix by Assumption 6(c). Under Hy, 3—8y =
0 and the test rejects asymptotically with probability a. Thus, the test has correct size regardless of the
strength of the instruments. Under the fixed alternatives, the asymptotic rejection probability depends on
the distance between 3 and 3y and the strength of the instruments A. For example, the test has no power

when the instruments are irrelevant and A = 0. The test also lacks power in certain directions if A # 0

however its rank is less than g.

Appendix A Mathematical Proofs

Given Assumption 1, write ||£]|,, = E[p,(£)] for each £ € £ (Q,.#,P). Then || - |,, is a pseudo norm on
(0, .#,P). Using || - ||,., R can be written as

R(B,a,y) = lly1 —Y{B— Z1 10— Zillp,,  (B,,7) € Bx R* x R¥

It follows that the minimization in the numerator of the ratio on the right-hand side of (3) is the || -|| ,, -metric

projection of y; — Y{f on Z;, while the minimization in the denominator is the || - ||, -metric projection of
y1 —Y{B on Zy 1. The norm | - |, is closely related to the 2, norm || - |;. They actually generate the
equivalent topologies, because
< < —
||§||Pr - ||£||1 — mil’l{T, 1— 7_} HgHPr

An important implication of the equivalence is that ||£]|,. = 0 if and only if ||£]|; = 0. Our analysis uses the
equivalence of the two norms, mostly without mentioning it explicitly.

We show below that {sup,cgw Qn(ﬁ,a,')}neN converges t0 supyecpr @(8, @) uniformly in 8 on the
compact set B. We can then conclude that {Bn}neN is consistent for 3y, because 3y is the unique maximizer
of B+ sup,cpr Q(B, ) on B. Once the consistency of B, is established, we can also prove that {&n}nen
converges a.s.-P to ag, at which R(Bo, -, 0) : R¥* — R is minimized, by utilizing the convexity of ﬁn(Bn, a,0,-)
in o and the pointwise convergence of { Ry (Bn, @, 0, ) }nen to R(SBo, a,0) for each a.

We first establish a few lemmas. For later conveniences, some lemmas have more generality than we need

for proving Theorem 4.1. The generality will be useful in our proof of 4.4.
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LEMMA A.1: Suppose that Assumptions 1 holds. Then for each § € B,

inf f%n(ﬁ,(),’y, ) — inf R(B,0,v) = 0 a.s.-P,
YERF YERF

and

inf R,(B,,0,-) — inf R(8,a,0) =0 a.s5.-P.
nf Rn(B,0,0,) = inf R(f,0,0) a.s

Proof of LEMMA A.1: The two convergence results can be proved in similar manners. We only prove
the first one. Let 8 be an arbitrary point in B. Then the || - ||, -metric projection of y; — Y{3 on the
linear subspace spanned by Z; exists and is in general a compact set. By the linear independence of 7
(Assumption 1), this further means that I'y = argmin, cgr R(S3,0,7) is compact. It follows that there exists
a closed ball I's containing I'; in its interior. Now fix a point v; in I';. By the Kolmogorov law of large
numbers (Rao 1973, p. 115), {RH(B,O,%, ) }nen converges to R(5,0,71) a.s.-P. Also, by Jennrich’s uniform
law of large numbers (Jennrich 1969, Theorem 2), {]%n(,b), 0,7,+)—R(5,0,7) }nen converges to zero uniformly

in v on the boundary 0I'; of I's a.s.-P. Because Rn(ﬁ, 0,7,-) is convex as a function of ~, and

R(ﬂv 07 71) < Wé%% R(ﬁ» 07 ’y)v

it follows from the above-mentioned facts that

Rn 70a 1) < inf Rn 707 )"
(8,0,7,") . (8,0,7,-)

for almost all n € N a.s.-P. On the other hand, by Jennrich’s uniform law of large numbers, {Rn (8,0,7,) —

R(B,0,7v) }nen converges to zero uniformly in v € 'y a.s.-P, so that

inf R,(8,0,7,-) = R(B,0,7) a.s.-P.
RIS

The desired result therefore follows. O

LEMMA A.2: Suppose that Assumptions 1 holds. Then

sup| inf Rn(ﬁ,o,%-) — inf R(B,Om)’ — 0 a.s.-P,
BeB|vERY YERF

and

sup| inf Rn(ﬁ,a,o,-) — inf R(B,a,())‘ — 0 a.s.-P.
BeB|acRF1 a€Rk
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Proof of LEMMA A.2: We only prove the first convergence result, as the second one can be shown in an
analogous manner. Because Lemma A.1 has shown the corresponding pointwise a.s. convergence, and B is
compact, it suffices to show that the series in question is strongly stochastically equicontinuous (Andrews
1992, Theorem 2).

Let 1 and (2 be arbitrary points in B. Also, let g,; be Koenker and Bassett’s (1978) estimator in

T-quantile regression of y, — Y/3; on Z;, i.e.,
Rn(ﬁja ngnj7 ) = inf Rn(ﬁja 0; s ')7
YERF
for j = 1,2. Then we have that for each n € N,

Rn(ﬁl, 07gn17 ) - Rn(ﬁ% O,an, )
= (Rn(ﬁh ngnla ) - Rn(ﬁla Oagn% )) + (Rn(/817 ngn2a ) - Rn(ﬁ% 0797127 ))

< Rn(ﬂl; 0797127 ) - Rn(ﬂ?a OagTL?v ')7

where the inequality holds, because Rn(ﬁl, 0,9n1,") < ]:Zn(ﬂh 0, gno, ) for each n € N. We further have that

n
Rn(ﬁla 079712’ ) - Rn(ﬁ% O7gn2a ) :n_l Z(pT(yt - 1/;/61 - Zégn2) - p‘r(yt - }/t/62 - Z,‘{Qn?))

t=1

<n 'Y Y B = Y Ba| < |8y — Baln Tt (Vi
t=1 t=1
It follows that for for each n € N

Ry (81,0, gn1, ) — Rn(B2,0,gn2, ) < |B1 — Baln ™" z": Yyl
t=1
Analogously, we can also show that for each n € N
Ry (82,0, gn2, ") — R (81,0, gn1,-) < |B1 — Bafn ™! i Y]
t=1
Thus, it holds that for each n € N

n
inf Rn(ﬁ%oa’%') — inf Rn(ﬁlyoar%')‘ = ‘Rn(62,0,9n2,') —Rn(ﬁ170,9n1,')| S |61 _ﬁ2|n_lz|§/t|
YERF YERF P}

Because {n™* Y"1, |Y3|}nen converges to E[|Y;]] a.s.-P by the Kolmogorov strong law of large numbers, the

desired result follows by Andrews (1992, Lemma 2). O
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LEMMA A.3: Suppose that Assumptions 1 and 2 hold. For each 8 € B, {inf,cpr Qn(8,a,-)} converges

to inf,cpre Q(B, ) uniformly in 5 € B a.s.-P

Proof of LEMMA A.3: Because the linear independence of the elements of X; = (y1, Y7, Z}) in Assumption 1
implies that for each § € B, the distance between y; — Y/ and the || || ,,-metric projection of y; — Y7 on the
subspace spanned by Z7 is positive, i.e., inf  cpr, R(3, @, 0) > 0. Because 8 — inf cps; R(5,,0): B — Ris
continuous, it is bounded away from zero on B. The desired results from this fact and Lemma A.2, because

(ri,7m2) = r1/r2 : R X (a,00) — R is a Lipschitz function if ¢ > 0. O

LEMMA A.4: Suppose that Assumptions 1 and 2 hold. Let {b,}nen be a sequence of B-valued random
vectors on (Q, . F, P) converging to By a.s.-P (in probability-P). Let {a,}nen be sequences of k1 x 1 vectors
on (Q, F, P) satisfying that for each n € N, Rn(bn, ap,0,-) = inf cpr, ]:En(bn7 a,0,-). Then:

(a) Then a, — ag a.s.-P (in probability-P).

(b) Let {cn}nen be a sequence of k x 1 random wvectors on (Q,.F#,P) satisfying that for each n € N
Rn(bn,an,cn,-) = inf,cge Rn(bn,an,7,~). Then ¢, — 0 a.s.-P (in probability-P), provided that the

minimizer of R(Bo, ag,-) : RF — R over R¥ is unique.

Proof of LEMMA A.4: We only prove the result for {a,}nen. The result for {¢, }nen can be established in
an analogous way.

Suppose that b, — By a.s.-P. Then for each o € R*1, {]%n(bn7 «,0, ) }nen converges to R(fBy, @, 0) a.s.-P,
because for each o € R*1, {Rn(ﬁ, @, 0, ) }nen converges to R(/3, a, 0) uniformly in 8 € B by Jennrich’s uniform
law of large numbers (Jennrich 1969, Theorem 2). Further, we can apply Rockafellar (1970, Theorem 10.8)
to show that the convergence is uniform in o over any compact subset of R*1, because for each n € N,
]A%n(bn, a,0,-) is convex in o over RF1,

Take an arbitrary compact subset A; of R¥! that contain aq in its interior. Then {Rn(bn,ao,0,~)}
converges to R(Bo, ao,0) a.5.-P; {Ry(bn,,0,-)} converges to R(fo, a,0) uniformly on o € A; a.s.-P; and
R(Bo, 0,0) < infaeon, R(Bo,a,0), because g is the unique minimizer of R(8y, -,0) on R¥* by Assumption 2.

Because Rn(bn7 a,0,-) is convex in «, it follows that

Rn bnv 707‘ < inf RTL bn» 707'
(bn; 0,0, ) et ) (bn, @, 0, )
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for almost all n € N a.s.-P. That is, a, € A; for almost all n € N a.s.-P. Because A; is an arbitrary
compact subset containing aq in its interior, this establishes the a.s.-P convergence of {ay, }nen to ag. The
convergence of {a, }nen in probability in the current lemma immediately follows from the result of the a.s.

convergence of {a, }nen by using the subsequence theorem. O

Proof of THEOREM 4.1: By Assumption 2, § — sup,err @(8,a) : B — R is uniquely maximized
at Bp. Because Bn maximizes sup,cps Qn(,@,a,-) with respect to [ over the compact subset B, and
{supyerr Qn(B, @, ) Inen converges to sup,cpr Q(B, @) uniformly in 8 € B as.-P, it follows by Potscher
and Prucha (1991, Lemma 4.2) that {Bn}nEN converges to By a.s.-P. Further, applying Lemma A.4(a) by
setting b, = Bn and a, = &, establishes that the strong consistency of &, for ag. The result therefore
follows. O

In proving Lemmas 4.2, 4.3 and Theorem 4.4, we use the following lemma.

LEMMA A.5: Suppose that Assumptions 1-3 hold, and let {dm = (b5 @njs gnj)' + 2 = Bx RF x R*}, e
be a sequence of random vectors that converges in probability-P to dy = (8}, ), 01xx)’, 7 =1,2. Then

Rn(ana an2, dn2, ) - Rn(bnh anl,9nl, )

= =, ~ 1
=-n! Z(T —1(U; <0)) X{(dn2 — dp1) + §(dn2 —do)' J(dp2 — do) — §(dn1 —do)' J(dn1 — do)
t=1

+op(n 2 |dny — dut| + |dn1 — do|* + |dnz — do|?)), (10)

where X; = (Y3, i1, Zy) teN.
Proof of LEMMA A.5: Define 1 : R x R9tFitk o Rothitk o Rothitk R by

- 1 - - - -
r(y, @, di,da) = & —di| (Pr(y —&'dy) — pr(y — 3'dy) + (7 — Ly — 2'do < 0)) 7' (d2 — dl))7

(y, %, dy,dy) € R x RITRIHR o Ro+kith o Rothith

with the rule that devision by zero is zero. Also, following Pollard (1985), let v,, denote the standardized

sample average operator such that for each function f : R x R"% — R with E[|f(Y1, X1)|] < oo

n

vaf () =n Y23 (F(%, X)) — B[f (G, K1), meN.

t=1
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By the definition of r, we obtain that

n

Ry, (d,-) — Ry(dy, ) =R(ds) — R(d1) — (z +nt ) (T 1(U: < 0)) Xt) (dy — dy)

t=1

+ n_1/2|d2 — d1| I/nT'(', ) dhdg)

for each (dy,ds) € RHFxRITF where £ is the gradient of R at (8p, g, 01x%), which is equal to —E[(7—1(U; <
0)) X;]. Taking the second-order Taylor expansion of R(d;) and R(dy) about do on the right-hand side of
this equality and replacing d; with dn1 and dy with dps in the resulting equality yields the desired result,
if {v,r(-, ~,Jn1,dn2)}neN converges to zero in probability-P. It thus suffices to show the convergence of
{Vnr(- -, dn1, Jng)} to zero in probability-P.

It is straightforward to verify that r(yi, X1, 64, o) < 2|)~(1\, from which it follows that

E sup T(yl,Xl,dl,dg)Q < 4E[|X1|2] < 00.

(dl,d2)€R9+k1+k xR9+k1+k

Also, {r(-,-,d1,dg) : (di,dy) € RITF1+E x RIFF1HEY can be expressed as a sum of a fixed member of functions
from a polynomial class. These facts imply that {v,r(-,-,d1,d2)}nen is stochastically equicontinuous at
(do,do) (Pollard 1985, pp. 311-312). Further, 7(y1, X1,d1,d2)? converges to zero as (di,ds) — (do, do)
a.s.-P, and T(yth,dl,dz)z is dominated by 4|X’1|2 with a finite moment. It follows by the dominated
convergence theorem that E[r(y, X1,d1, d2)?] = 0 as (di,d2) — (do, do).

Now let {U, C RItkitk x Rotki+kl ¢ be an arbitrary sequence of balls centered at (dj,d})’ that
shrinks down to (df,d)’. Then, as Pollard (1985, page. 309) explains, it follows from the above-mentioned

Unt(+, -, d1,d2)| = 0 in probability-P. Thus, {v,r(:,, Jnl,Jng)} converges to zero in

facts that sup g, 4,)eu,,

probability-P, given that {dnj}neN converges to dy in probability-P, j = 1,2. O

LEMMA A.6: Let (2, 7, P) be a probability space. Suppose that a sequence of random vectors {n, :  —
R™},en and a sequence of random variables {&, : Q — R}pen satisfy that —n), An, + &, > 0 for each n € N,
where A is a positive definite m X m symmetric matriz. Also, let {¢, : @ — R}nen be a sequence of random

variables. Suppose that &, = op(|na| + [1a|? + Cal) as n — co. Then |n,| = op(|¢a|*/? +1) as n — co.

We now prove Lemma 4.2.

Proof of LEMMA 4.2: The existence of {c,} follows immediately from the fact that the minimization of
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Ry, (bn, an,7,-) in terms of vy is the || -], -metric projection of (y1 —Y{b, — Z] 1an,y2 = Y3bpn— 21 20n, - - -, Yn—
Y, by — Z1 ,,an) on the space spanned by the rows of (21, Za, ..., Z,).

To prove the second result, we first show that {c,} converges to 0 in probability-P, and then apply
Lemmas A.5 and A.6. For each fixed v € R*, R, (8, a,7, ) is convex in 8 and a. By the Kolmogorov strong
law of large numbers and Hjort and Pollard (1993, Lemma 1), {Rn(ﬁ,a,'y, ) }nen converges to R(S,, )
uniformly in (8, ')’ in each neighborhood of (8), o)’ in probability-P. Because {(b/,,a. ) }nen converges to
(Bh, )’ in probability-P by the assumption, it follows that { Ry, (bn,an,7, ) }nen converges to R(So, o, )
for each v € R¥. Under Assumptions 1-3(c), this fact implies by Hjort and Pollard (1993, Lemma 2) that
{¢n} converges to 0 in probability-P.

We now set b,, to both b,,; and b,2, ¢, to gn1,

bn = Bo -

gl =C + Ity (1= 1(U < 0)) Zy.

an — Qg t=1

t0 gno in (10) and multiply the resulting equality by n to obtain that

0 Sn(Rn(bmamgLa ) - Rn(bm Oy Cny ))
1
L e e g
+op(n'2len = ghl +nlby = Bol* + nlan — aol? + nlea|* +nlgh )

1
=— 5”1/2(% - gl)lenl/Q(Cn - gl)

+op (n*/2len —gh1) + nlen — i[> + nlby — fol? + nlay — a0l +1),

where the second equality holds because |g) | = Op(|b, — Bo| + |an — o] + 1) and ¢, = Op(|cn — gh| + |91 ])-

The result follows from this inequality by Lemma A.6. O

Proof of LEMMA 4.3: Let {¢, }nen be as in Lemma 4.2. Note that the difference between {]%n(bn, Any Cy*) bnen

and {]%n(bn, an, 0,) }nen converges to zero in probability-P. Applying the delta method with this fact, we
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obtain that

nlOg Qn(bn’a’n, ) = n(log Rn(bn7 Qpy Cn,y ) - IOg Rn(bna Qn, 0 ))
1

= — "N Rn bnaanacn, 2) — Rn bn7an707 .
R(fBo, a,0) (Fn( ) ( )
! ; 2
_ W”(Rn(bn,an,cn’ ) _ R(BO;QO,O))
1

& 2
+ 3R a0y Fon(bas an 0,2) = R(5o,0,0))

+op (H(Rn(bn, QApy Cn, ) - R(BOa g, 0))2 + n(Rn(bny Qs 07 ) - R(/B07 @, 0))2)

We apply Lemma A.5 to each of the non-remainder terms on the right-hand side of this equality:

n(Rn(bnv Q5 Cny ) - Rn(brman; 0, ))

1
- —§n1/20;an1/20n +op(n'?|eu| + nlby — Bol? + nlan — aol® + |cal?)
1
= —inl/%;ljwnlmcn +op(n'2|b, — Bo| +n'/?|an — ao| + nlbn — Bol* + nlan — aol* + 1),

nV2(Ry (b, @, eny-) — R(Bo, 20, 0))

= n1/2(Rn(bn7anvcn7 ) - Rn(ﬂ07a0a 07 )) + n1/2(Rn(607 04070, ) - R(B(h OZ0,0))

— (™D (r = 11U < 0) (Y, Z{1)) n"/2(8, — 00) + n'/*(Rn(Bo. 0,0, ) — R(Bo, %, 0))

t=1

+op (n'/?[b, — ol + n'/?lan — aol + nlby — Bol® + nlan — ol + 1),

and

n1/2(Rn(bn7 G,y Oa ) - R(ﬁo; «, 0))

= n1/2(Rﬂ(bmamOv ) - én(ﬁm o, 0, )) + n1/2(Rn<50a ap, 0, ) - R(ﬁOa 05070))

= - (n‘l > (r = 1T < 0)) (Y, ;,n’) n'/2(b, — Bo) + n'/?(Rn(Bo, @0, 0, ) — R(Bo, a0, 0))
t=1

+op(n'/2|b, — Bo| +n'/?|an — ao| + nlbn — Bol* + nlan — agl* +1).

Substituting these into (11) and applying Lemma 4.2 yields the desired result. O
Proof of THEOREM 4.4: Let
1 n
0l =0y— —— K 'C'n? —1(U; <0))Z;, neN,
" =00 B ani0) nY (T LU <0)Zi, n

t=1
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and let b/ and af, denote the vectors containing the first g elements and the remaining elements of 0,,

respectively. Then, by Lemma 4.3, we have that

0 Snlog Qn(éna@na ) - nlog Qn(b;rwa;rw )
1 ~ ~ N ~
:5711/2(0” — 08y Kn'/2(0,, — 61)
+op(n?|B, — Bo| + 12| — a0l +1|Bn — Bol® + nldn — aol* +1).

The first result follows from this equality by Lemma A.6. For the second result, apply the central limit
theorem (CLT) for i.i.d. random vectors (Rao 1973, p. 128) to show that {n /23" (71— 1(U; < 0)) Z; }nen
is asymptotically distributed with N(0, R(fy, g, 0)?V'), and then apply the continuous mapping theorem.
([

Proof of THEOREM 4.5: To prove (a), let {0f },.cn be as in the proof of Theorem 4.4 and {4, }nen an
arbitrary sequence of (g + k1) x 1 random vectors that converges to the origin in probability-P. Recall that
the expression consisting of the second and third terms on the right-hand side of (5) is minimized when
(br,s )’ = 6}

n’

and that {n'/2(, — 65)},en converges to zero in probability-P by Theorem 4.4. Using these

facts with Lemma 4.3, we can show that nlog Qy(0,,-) — nlog Q. (0} ,-) = op(1) and

n10g Qu(0n + 64, -) — nlog Qu(8), )
1 N ~ A ~
= =520 = O} + 6n) Kn' /(0 — 0}, + 6n) + 0p (n'/?]0n] + |00 ]* + 1)

1
= —§n1/25;Kn1/25n +o0p (n2|6,] + [8a]* +1) (12)

By taking each of T,e; + T,ej, —Tp€; + Tr€j, Tne; — The;, and —T,e; — Tpe; for 6, in this equality and using

the resulting equalities in the definition of Knij (i,7=1,2,...,1), we obtain that
4nT,2LKnij = 47'5Kij + OP(nfl/ZTn + T,ZL + 1).

Dividing both sides of this equality by 4n72 and applying Assumption 4 yields the desired result.
To prove (b), let § be an arbitrary (g+ k1) x 1 vector. By Lemma 4.2, we have that for each i = 1,2,... k
and each j =1,2,...,1, ’ym(én + 7p0) — fym(én —1p0) = 27,C0,, + 0p(7,). Tt follows that

L BB+ 708) — A — b)) = C6 + 0p(1).

27,

Taking e; for § for each j =1,2,...,k in this equality completes the proof.
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To show (c), notice that {R,, (5, a, 0, -) }nen converges to R(j3, e, 0) uniformly in (4, ) in each closed ball
centered at (3}, )’ in probability- P, because {Rn (8, ,0,-)} converges to R(S3, , 0) in probability-P for each
(B,a) € BxR*  and R, (8, ,0,-) is convex in 8 and « for each n € N (Hjort and Pollard 1993, Lemma 1). Tt
follows by Theorem 4.4 that {R,(3n, @n,0, ) nen converges to R(By, ag,0). Also, n~? St ZiZ] converges
to E[Z1Z]] a.s.-P by the Kolmogorov strong law of large numbers and Hjort and Pollard (1993, Lemma 1).
The desired result follows from these by the Slutsky theorem. Finally, the claim (d) immediately follows

from a—c by the Slutsky theorem. O

Proof of LEMMA 5.1: Using Lemma 4.3 and Theorem 4.4, the p,-IV regression of V; = y; — Y,;’B on Zy 1,

taking Z; for instruments, we obtain that

—; n-1/2 - S / -1 _ 0 30—1,~0/
jn_R(ﬁ07a0,O)< ;( 1(Ut <0)) Zt> (L CK C )
U (s, O
g R(ﬂo,ao,m( > (-1 <o>)zt) +op(1),

t=1
where K° = R(Bo, a0,0) *JayJ 3 Jya. Because R(Bo,a0,0) 'n= /230 (1 — 1(Uy < 0)) Z 2y by the

central limit theorem (CLT) for ii.d. random vectors (Rao 1973, p. 128), it follows by the continuous

mapping theorem and the asymptotic equivalence lemma that
T A n/(L—l _ COKO—ICO/)n.
Applying the fact that K° = C% LC° to this result completes the proof. [

Proof of LEMMA 5.2: Let {0, }nen be an arbitrary sequence of k x 1 random vectors that converges to the

origin in probability-P. By Lemma A.5 with Theorem 4.4 and Lemma 4.2, we have that
A A 1
Rn(ﬁ7 6497,76/701 + 6n7 ) - Rn(67 d?za /?27 ) = 55;1‘]776” +op (n_1/2|5n + |5n|2 + TL_1> .
By the delta method, it follows that

logﬁn(g,d%,ﬁg + 57“ ) - IOan<Bv&9wﬁ/70m )
1 o A 1
= W(Rn(ﬂ,ag,vg + 5n,, ) - Rn(ﬂ,a%,'}/g, )) = §§;L5n +0P(1)

The desired result follows from this equality in essentially the same way as Theorem 4.5(a) is proved using

(12). O
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Proof of THEOREM 5.3:  To prove (a), it suffices to show that for each p € (0,1), {c¢(p, Cr, L, Vi) nen is
weakly consistent for ¢(p, C, L, V). For each k x [ matrix C’, each k X k symmetric matrix f/, and each k x k
symmetric matrix V, let F(-,C,L,V) : R — R denote the distribution function of 7/(L* — C(C'LC)*TC")i
with 7 distributed with N(0,V). Also, define {F, : R x @ — Rl,ey and F* : R — R by F,(z,-) =
F(m,é’n,Vn,ﬁn), x € Ryn € N, and F*(z) = F(x,C,L,V), x € R. Because F* is positively sloped at
¢(p,C, L, V) for each p € (0,1), the convergence of {c(p, C, Ly, Vn)}neN in probability-P to ¢(p, C, L, V') for
each p € (0,1) is implied by the convergence of {Fn (2, ) }nen in probability-P to F*(x) for each z € R. We
below prove this sufficient condition.

Notice that the characteristic function ¢(-,C, L, V) of F(-,C, L, V) is given by
65,0, L, V) = det (I — 2is V7 /2(L+ — G(C/LEY*C712),

where ¢ denotes the imaginary unit. Because C, — C, L, — L, and V, = Vin probability-P, it follows
from the subsequent theorem (Lukacs 1975, Theorem 2.4.4) that for each subsequence {n;}ien of {n}nen,
there exists a further subsequence {n;, }jen of it, along which émj — C, finij — L, and Vni]_ —=Vasj— o

a.s.-P. Because V is positive definite, we have that

(b(S? C’rh ) Ln

J

o Vi) = det Vo, det(V) = 2is(Lf = Cn, (Ch, Lo, Co, )CY ), s€R
J J J

J *3
for each s € R and a.a. n € N a.s.-P. By the continuity theorem (Billingsley 1968, Theorem 7.6), this implies
that for each z € R, {Fnij (x,-)}ien converges to F*(x) a.s.-P. By the subsequence theorem, it follows from
this fact that for each z € R, {F},(x, ) }nen converges to F*(z) in probability-P. The desired result therefore
follows.

For (b), it suffices to show that ¢(p, Cp, L, V) = Op(1), because for each ¢ € R, P[J, > ¢ — 1 if
the function Q(B,-) : R¥* — R attains one nowhere on R*1. We only give a sketch of the proof here. It
is possible to derive results similar to those of Lemmas 4.2, 4.3, and Theorem 4.4 without imposing Hy
in the p,-IV regression of y; — Y/ on Z; 1, taking Z; for instruments, by employing essentially the same
techniques. Although the constants in the resulting formulas are different from those found in Lemmas 4.2,
4.3, and Theorem 4.4, essentially the same logic delivers the convergence of {C%}en, {L2 }nen, and {V}nen
in probability-P. The stochastic limit of {Eg}neN is the Hessian of R(B3,a*, ) : R¥ — R at v*, which
is nonsingular by Assumption 3(c). Using the same argument as in the proof of (a), we can show that

{c(p, Cp, L, Vn)}neN converges in probability-P, so that it is Op(1). O
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Proof of THEOREM 6.1: First, we show that &¥ = arg ming cpk, Rn(ﬁ, a,0,-) converges to & a.s.-P, where

Rn(B,a,O ) _EPT(Wl _Zi,l(a_o_[)” —0

& is defined in Assumption 5. It suffices to show that sup,cpr;
a.s.-P. We have | R,,(B,,0,) —Ep, (W1 — Z{ 1 (a — @))| < |Ru(B,,0,) — R(B, ,0)| + |Ep- (W1 — Z{ A" (B —
Bo)yn V% = Z{ \(a — &) — Ep, (W1 — Z{ 1 (o — @) )|, where the first summand converges to zero a.s.-P and
uniformly in «, as we argued in the proof of Lemma A.4, while the second summand can be bounded using
Knight’s identity by n~=/2E|Z||A'(8 — Bo)| (Koenker 2005, equation (4.3), page 121).

Note that 7, in (6) can also be written as

R (B? na7n7')
n(/Ba n7 a')

In a similar manner as before, one can show that 40 — 0 a.s.-P.

Jn = —2nlog , where 4! =arg inf Rn(57d2,7,~).
YERF

Next, the result of Lemma A.5 can be also stated as follows. Let {(aj,;,¢c,;) : @ = RFt x R¥}, o,

7 =1,2, be sequences of random vectors that converge to zero a.s.-P. Then,

71 —1 / /
E pr(Wi = Z; yana — Zjcpa) — n E pr(Wi = Zj 1an1 — Zicn1)
t=1

=-—n"') (7= 1W; < 0))(Z] 1 (an2 — an1) + Z{(cn2 — cn1))

/ / (13)
n } an2 Jaa Ja’y an2 1 an1 Jaa Ja’y an1
2 Cn2 J’ya J’y'y Cn2 2 Cnl Jwa J’yw Cnl
+op(n2ans — api| + 172 ens — cpr| + lant]? + lent]? + lanz|? + |eaz]?).
Define
n
gh =0T VPN (B = Bo) = T} Tha(69 — @) + I nT Y (1= (W, < 0)Z
t=1
By (13) and as in the proof of Lemma 4.2,
O<n( (/B’ n7g'£7') (B’ 917’3’27))
1 . . . . . _
= =502 = gh) Jan' (35 = gl) +op (' 2140 — gl + nlAn — g + nlay, — af? + 1),
and, therefore, by Lemma A.6,
n'/240 = —N'(B— Bo) + COn' 26 — @) + T n 72D (1 — LW, < 0))Z (14)
t=1

+op(n'/?a —a| +1).
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Now, as in the proof of Lemma 4.3,

nlog Qu (8,65, ) = n(log R (5,437, ) — log Ru(5.6,0.))
= iy BB 30) = Fu(3.65.0..) (15)
- S e (316840 = B (W) 2
+ S (R .65.0.) = Ep (W)
+op(n(Ra(B,65, 9, -) = Epr (W1))* + n(Ra(B,65,0,-) = Ep, (W1))%).
For the difference term in (15) we have by (13),
(R (8,65, 40, -) = Ra(B, 47,0, )
= pr = Zia(éh — @) = Zi(n + N(B = Bo)))
- ZpT(Wt — 2116 — a) = ZIN' (B — Bo))
t=1
=-n"1/? En:(f — (W, < 0))Z{n'/?5)
t=1
+ %nl/%‘i’@ n230 £ 023 = Bo) AJyynt/ 230 4 nt/2(&0 — @)’ T, nt/240
+op(n'?|3p| +nla), — a® +nl4p* + 1)
= —n/230" 7 n/230 4 op(nt/?a0 — a| + n|a@d — al® +1). (16)
Define
W =023 e U(Ws < 0)Z — SN (B o).
t=1
Using (14)—(16), the result analogous to that of Lemma 4.3 can be stated as
— 2nlog Qn(B, 43, - )Ep, (W) (17)
= U, J W, = 20, T Tant (69 — &) + n'/2 (80 — @) Jay I3 Jyan/? (65 — @)
+op(n'/?ad —a| +nlad —al* +1)
’ 1/2( — Jyan'/? (@ — a)) |2 (18)

+op(n'/?a% —a| +n|ad —al® +1).
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Similarly to the result of Theorem 4.4, we have now:
n'2(69 — @) = (Jay o Jya) " andoq U + 0p(1), (19)
and after substituting this into (18), we obtain:

—2n log Qn(ga d?m )EpT(Wl)
— — — — — 2
= (I3 = I 2 Jna(Jany It Tre) " and ) Wal” +0p(1).

Next, note that W, —+q N(Jyo N (B — o), 7(1 — T)E[Z121)), |J57"% = Iy Tna(Jan It Toa) ™ Jan I 1> =
J} = C%(CY T, C%) 1 CY, and the result follows.

To show (19), define n'/?(af — a) = (Jar T} Tya) ™ Jan I, W, Now,

0 < —2nlog Qn(B, 6%, )Ep, (W1) + 2nlog Qu(B, o, ) Ep, (W)

= 20}, J Jyan' (60 — @) — (o, = @) + 02 (85 — @) Jay 5 Jran' (&) - a)
_ nl/Q(Ozi - d)/JavJv_vlenl/Q(ai —a)
op(a 1 —al 11 af+1)

= —2\I/;1Jw_71Jwa(Jva_vlea)_lJavJv_vljvoznl/2((d9L —a) = (o}, — @)
+nt2(a9 — d)/JavJ;vljvanl/Q(dg —a)
_ nl/z(ai - d)/JavJ;'yl‘]’m”l/Q(ai D)
+op(n'/|a), — a] + nlaf, —al* + 1)

=—2(a} — @)Jav‘]w_vl‘]wnlm((@% — @) — (), —a))
+ 026 = 6) Jaq I Tyan' (65 — @)
—n?(a} - d)/Java_vlJvanl/2(ai —a)
+op(n'/?aY — al + nlal — al® + 1)

=n'"2(a8 — o) Joy I3 Jyan' (65 — ak) + op(n'/?|aY — a| + njah — al* + 1),

and (19) follows by Lemma A.6. O
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