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�CDEFGHEI �JKL MNMOP KQRPSTUVOL N LKWMXO VSQRKQUSUL WONLUPO SY VPOTKR PKLZ RJNR NL[LSVKNROL RS ONVJ \PW N PKLZ MNPNWOROP POXNROT RS RJO \PW]L PKLZ[QOURPNX TOYNUXR KQROQLKR^I�JOLO MNPNWOROPL VNQ _O VSWMUROT YPSW `USROT _SQT MPKVOL NQT NXXSa NLLKbQWOQR SY
VPOTKR PNRKQbL WUVJ \QOP RJNQ RJSLO MPScKTOT _^ cNPKSUL PNRKQb NbOQVKOLI �O OLRKWNRO
RJO PKLZ WONLUPOL SQ N TNKX^ _NLKL YSP N LNWMXO SY d� \PWL NQT VSWMNPO RJOW aKRJ RJO
VSPPOLMSQTKQb PNRKQbL MPScKTOT _^ �SST^]L NQT RJO TKLRNQVO RS TOYNUXR WONLUPOL VNXVU[XNROT ULKQb RJO �OPRSQ efghij WSTOXI �JO RJPOO WONLUPOL bPSUM RJO LNWMXO SY \PWL KQRS
cNPKSUL PKLZ VXNLLOL KQ N LKWKXNP _UR YNP YPSW KTOQRKVNX aN^k MSLLK_X^ POlOVRKQb RJO WSTOXL]TKYYOPOQR YSPOVNLRKQb JSPKmSQLI �WSQb RJO RJPOO WONLUPOLk RJO JKbJOLR PNQZ VSPPOXNRKSQKL YSUQT _ORaOOQ SUP VSQRKQUSUL WONLUPO NQT �SST^]L PNRKQbLI �JO ROVJQK`UOL KQ RJKLMNMOP VNQ _O ULOT RS OnRPNVR RJO OQRKPO TKLRPK_URKSQ SY KQROP[ROWMSPNX PKLZ[QOURPNX TOYNUXRKQROQLKRKOL aJKVJ KL ULOYUX YSP RKWO[RS[TOYNUXR OLRKWNRKSQL NL aOXX NL YSP MPKVKQb VPOTKRTOPKcNRKcOLI

o(1)p qKPLR TPNYR �NPVJ frk sttuI vUPPOQR POcKLKSQ �VRS_OP fuk sttuI wPKQROT �VRS_OP sik sttuI
† �URJSP YSP VSPPOLMSQTOQVOI vUPPOQRX^ NR �OMNPRWOQR SY xVSQSWKVLk yUQT dQKcOPLKR^k �aOTOQI O[WNKXp
JNQLI_^LRPSWzQOZIXUILO �JO NURJSP aNL LUMMSPROT _^ N �aOTKLJ ��{�� bPNQRI
‡ vUPPOQRX^ NR �OMNPRWOQR SY qKQNQVOk dQKcOPLKR^ SY �^TQO^k �ULRPNXKNI �JO NURJSP aNL MNPRKNXX^ LUMMSPROT
UQTOP RJO d�� {QROPQNX �OLONPVJ �PNQR �VJOWOI |

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/6228896?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


} ~ ������ ������������~���� �� ������ ����
�� ������������

������ ���  ¡ ¢� �£� ���  ¢¤ ¥¢¦§���¨©��ª ��¤©¦«� ¡ �� ©§ �¬¨¢��©§� ¤©¥�¢� �§ �£� ©«¦©��¢§
©§� �£� ���  ¬ ©§©®�¬�§� ¢¤ ¯§©§¥�©« ©����� � °£� «¢���� ©����§® ¤�¢¬ �£� ����§® ¢¤ ��¥�§�
¥¢�¨¢�©�� ¥¢««©¨ ���¡ �§¥«¦��§® ±§�¢§ ¡ ²¢�«��¢¬ ©§� ³¬ ©�� ¡ ¨�¢��� ©¬¨«� ����§¥� ¢¤
��� �¬¨¢��©§¥� � ´ ¢µ���¡ �£� ���  ¢¤ ��¤©¦«� ¡ ¶ª ��� ��ª §©�¦�� ¡ �� ��¤¯¥¦«� �¢ ·¦©§��¤ª¡ µ ��£
�£� ��©����¢§©« ¥����� �©��§®� �¦¨¨ «��� ¶ª ©®�§¥�� � �¦¥£ ©� ¸ ¢¢�ª ¹� ©§� º�©§�©�� » ¼¢¢� ¹�
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¤�¢¬ ¥¦���§� ¶¢§� �©�© ¡ �£� ¬ �©�¦�� �� �§£���§�«ª ¤¢�µ©�� «¢¢ �§® ©§� ©�Å ¦ ��� �¬¬���Æ
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¶�«¢µ �£� ª��«�� ¢¤ ©«« ¥¢�¨¢�©�� ¶¢§� ª��«�� � °£� ¬¢��« �� ©«�¢ ·¦��� ��¬¨«� ¡ µ ��£ �£�
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Î � °�Ó������ÓÔ ¸ ÕÓÖ��ÕÖ �× ��Õ��� Ø �ÖÙ
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§��� �¢ �© � �£� ���  ¢¤ ¥¢¦§���¨©��ª ��¤©¦«� �§�¢ ¥¢§ �����©��¢§ µ£�§ ¬ © �§® �£��� �§���Æ
¬ �§� ��¥���¢§�¡ ©§� �£� ©¶�«��ª �¢ ·¦©§��¤ª �£�� �¢ ¥©««�� ¥����� ���  �� �¬¨¢��©§� ¤¢� ¶¢�£
¨��¥�§® ©§� ���  ¬ ©§©®�¬ �§� ¨¦�¨¢��� �

Ç ¢µ¡ �£��� ©�� ����©« µ©ª� �§ µ£�¥£ �£� ���  ¢¤ ��¤©¦«� ¥©§ ¶� ®©¦®�� � Ú§� µ©ª ��
�¢ ��«ª ¢§ �©��§® ©®�§¥���¡ �¦¥£ ©� ¸ ¢¢�ª ¹� ©§� º�©§�©�� » ¼¢¢� ¹� ¡ �£©� �©�� �§����¦©«
¯�¬ ¹� ¥©¨©¶�«��ª �¢ ����¥� ©§� ��¨©ª �£��� ��¶� � É§ ©«���§©��� µ©ª �� �¢ ��«ª ¢§ ¬¢��«�
�£©� ©���¬¨� �¢ ·¦©§��¤ª �£� «��« ¢¤ ¥����� ���  ¦ ��§® ©¥¥¢¦§��§® �§¤¢�¬ ©��¢§ ©§� ��¢¥ 
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Û§¤¢��¦§©��«ª¡ �£� ¨��¥��� ¨�¢¥����� ¶ª µ£�¥£ �£� �©��§®� ©®�§¥�� � ©���� ©� �£��� ¥�����
�©��§®� ��¬ ©�§ �£� ¨�¢¨����©�ª �§¤¢�¬ ©��¢§ ¢¤ �£� ���¨�¥��� ©®�§¥��� � ´ ¢µ���¡ �£�ª ¬ ¢��
«� �«ª �§¢«� ©§©«ª ��� ¹ ��µ � ¤¢�¬ �� ¤�¢¬ ¨¦¶ «�¥ ©§� ¨��©�� �§¤¢�¬ ©��¢§ � É ¨©���¥¦«©�«ª
��¬¨«� ©§� ¨¢¨¦«©� ©¨¨�¢©¥£ ¤¢� �§¤����§® ¥����� ���  �§¤¢�¬ ©��¢§ ¦��§® ©¥¥¢¦§��§® ©§�
��¢¥  ¬ ©� �� �§¤¢�¬ ©��¢§ �� �£� ¥¢§��§®�§� ¥«©�¬ � ¶©��� ¬¢��« ¢¤ ¸ ���¢§ À�ÁÂÃÄ � °£��
¬ ¢��« ��µ � © ¯�¬ ¹� «�©¶ �«����� À�·¦��ª ©§� ��¶�Ä ©� ¥¢§��§®�§� ¥«©�¬ � ���¦�� ©®©�§ �� �£�
¯�¬ ¹� ¦§���«ª�§® ©����� � Üª ¶©¥ �§® ¢¦� ©���� ¨��¥� � ©§� ¢«©��«���� � ¤�¢¬ ·¦¢��� �·¦��ª
¨��¥�� ©§� ¶©«©§¥� �£��� �§¤¢�¬ ©��¢§ ¡ �� ¨�¢���� ����¬ ©�� � ¢¤ �£� ¯�¬ ¹� ��¤©¦«� ¨�¢¶©¶�«Æ
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Î ��� �ÝÞßÝà áâ ãäÝ � Ýåãáæ � áçÝèé Ø �¥©«« �£©� �·¦��ª £¢«���� £©� �£� �����¦©« ¥«©�¬ ¢§
© ¯�¬ ¹� ©����� µ£�«� ¶��§® �¦¶Å �¥� �¢ «�¬ ���� «�©¶ �«��ª� ¸ ���¢§ À �ÁÂÃÄ ��¥¢®§���� �£©� ©§
�·¦��ª �§ © ¯�¬ �� �·¦�©«�§� �¢ © «¢§® ¨¢����¢§ �§ © ¥©«« ¢¨��¢§ ¢§ �£� ¯�¬ ¹� ©����� ¡ ©§�
¦ ��� �£�� ¥¢����¨¢§��§¥� �¢ ����� �£� ¬ ©� �� ©«¦� ©§� ¢«©��«��ª ¢¤ �£� ¯�¬ ¹� ¦§���«ª�§®
©����� � ¸ ¢�� ¨��¥���«ª¡ ¸ ���¢§ ¦ ��� �£� Ü «©¥  ©§� º¥£¢«�� À �ÁÂÏÄ ¤�©¬ �µ¢�  �¢ �¢«� ¤¢�
�£� ©���� ©«¦� ©§� ¢«©��«��ª �¬¨«��� ¶ª �£� ¢¨��¢§ ¨��¥� ©§� �£� ¢¨��¢§ ¨��¥� ¢«©��«��ª ê�
°£� ©���� ©«¦� ©§� �£� ©���� ¢«©��«��ª ¥©§ �£�§ ¶� ¥¢¬¶�§�� �§�¢ © ���  ¬�©�¦�� ¥©««��
ë Ëì ÊíîïÍ Êð ëÍñ íòóÊ �£©� �� ����¥�«ª ��«©��� �¢ �£� ¥����� µ¢��£�§��� ¢¤ �£� �·¦��ª ���¦�§®
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É � �£� £�©�� ¢¤ �£� ¸ ���¢§ À�ÁÂÃÄ ¬ ¢��« «�� � © ¬ ¢��¯�� ����¢§ ¢¤ �£� Ü «©¥ Æº¥£¢«��
¤¢�¬¦«© ¡ �È �

VE = VAN (d1) − e−r(T−t)DN (d2),
ÀÎ ��Ä

ê�SRO RJNR KQ RJKL VNLO RJO SMRKSQ KL O`UKR^ NQT RJO UQTOPX^KQb NLLOR KL RJO \PW]L NLLORLI
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«�§ �§® �£� ¬ ©� �� ©«¦� ¢¤ �·¦��ª ©§� �£� ¬ ©� �� ©«¦� ¢¤ ©����� ¡ µ£���

VE =
¬©� �� ©«¦� ¢¤ �£� ¯�¬ ¹� �·¦��ª

,

VA =
¬©� �� ©«¦� ¢¤ �£� ¯�¬ ¹� ©�����

,

D =
�¢�©« ©¬ ¢¦§� ¢¤ �£� ¯�¬ ¹� ��¶�

,

T − t =
��¬ � �¢ ¬ ©�¦���ª ¢¤ �£� ¯�¬ ¹� ��¶�

,

r =
���  ¤��� �§������ �©��

,

d1 =
ln(VA/D) + (r + 1

2
σ2

A)(T − t)

σA

√
T − t

,

d2 = d1 − σA

√
T − t,

N (·) =
¥¦¬¦«©��� §¢�¬ ©« ������¶¦��¢§

.
¸¢��¢��¡ �� �� �©��«ª �£¢µ§ �£©� �£� �·¦��ª ©§� ©���� ¢«©��«��ª ©�� ��«©��� ¶ª �£� �¾¨���Æ
��¢§

σE =
VA

VE

N (d1)σA,
ÀÎ �ÎÄ

µ£���

σE =
¢«©��«��ª ¢¤ �£� ¯�¬ ¹� �·¦��ª ���¦�§ �

,

σA =
¢«©��«��ª ¢¤ �£� ¯�¬ ¹� ©���� ���¦�§ �

.
º¢«�§® �£� §¢§«�§�©� �ª ���¬ ¢¤ �·¦©��¢§� ÀÎ ��Äõ ÀÎ �ÎÄ ®���

VA

©§�
σA

¡ ©§� �£� ����©§¥�
�¢ ��¤©¦«� �� ��¯§�� ¶ª �£� �¾¨�����¢§

γ =
ln(VA/D) + (r − 1

2
σ2

A)(T − t)

σA

√
T − t

.
ÀÎ �ÏÄ

°£�� �� ��¬¨«ª �£� §¦¬¶�� ¢¤ ��©§�©�� ���©��¢§ � �£©� �£� ¯�¬ ©«¦� �� ¤�¢¬ �£� �£���£¢«�
¨¢�§� ¡ ©§� �£� �¬ ©««�� �£� ©«¦� ¢¤

γ
�£� «©�®�� �£� À���  §�¦��©«Ä ¨�¢¶©¶�«��ª �£©� �£� ¯�¬

µ�«« ��¤©¦«� ¢§ ��� ��¶� �
�§ �£�� ¨ ©¨�� µ� ¥¢¬¨©�� �£� �©§ �§®� �¬¨«��� ¶ª �£�� ���  ¬�©�¦�� �¢ �£� �©§ �§®�

¢¶�©�§�� ¤�¢¬ ¢¦� ¥¢§��§¦¢¦ � ���  ¬ �©�¦�� ©§� �£¢�� ¨�¢���� ¶ª ¸ ¢¢�ª ¹� � Ç ¢�� �£©�
µ£�«� �£� ���  ¬ �©�¦�� �¬¨«��� ¶ª ¸ ���¢§ ¹� ¬ ¢��« �� ¶©��� ¢§ ¢¶ ���©��¢§ � ¤�¢¬ �£�
��¢¥  ¬ ©� �� �£� ¬�©�¦�� �§��¢�¦¥�� �§ �£�� ¨©¨�� µ �«« ¶� ¶©��� ¢§ ¢¶���©��¢§ � ¤�¢¬
�£� ¶¢§� ¬ ©� �� � �¢§��·¦�§�«ª¡ �£� ¥¢¬¨©���¢§ ¢¤ �£� �µ¢ ���¦«�� ¥¢¦«� �£�� �¢¬ � «�®£�
¢§ µ£��£�� �£� ��¢¥  ©§� �£� ¶¢§� ¬ ©� ��� ¥©��ª ��¬ �«©� �§¤¢�¬ ©��¢§ ©¶¢¦� �£� ¥�����
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vπ1(T |t) ≥ vπ2(T |t), ÀÏ �ÏÄ
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F π1(T |t) ≥ F π2(T |t), ÀÏ �ÃÄ
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T = t
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�£� �§��§ ���ª ¢¤ �¬¬ ���©�� ��¤©¦«� ¡ µ � £©� ¥£¢��§ �¢ ¦�� �£� §�®©��� ¢¤ �£� �«¢¨� ©� �£�
¬�©�¦�� ¢¤ ���  � É§ �¬¨¢��©§� ©�©§�©®� ¢¤ �£�� ¬ �©�¦�� ¥¢¬¨©��� �¢ �¾���§©« �©��§®� ��
�£©� �� �� ¥¢§��§¦¢¦ � ©§� £�§¥� �§©¶«�� © ¬¦¥£ ¯§�� ��¨©�©��¢§ ¢¤ ¯�¬ � ©¥¥¢���§® �¢ �£���
���  ¢¤ ��¤©¦«� �
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Ç ¢µ¡ �¤ µ� ��§¢�� �£� ��� Æ¤��� ¤¢�µ©�� �©�� ¥¦�� ¶ª
r(t, T )
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π
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rπ(t, T )
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vπ(t, T ) = e−
∫

T

t
rπ(t,u) du ©§�

p(t, T ) = e−
∫

T

t
r(t,u) du,
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Ç ¢�� �£©� ��§¥� �£� ¥¢§����¢§©« ¨�¢¶©¶�«��ª ¢¤ ��¤©¦«� ¡
F̃ π(T | t)¡ �©���¯�� �£� �·¦©��¢§

F̃ π(T | t) = 1 − F π(T |t)¡ �� ¤¢««¢µ � �£©�

m(π) =
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m(π)
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¶� �§���¨����� ©� �£� �§��§ ���ª ¢¤ ËÌÌ Íë ËíÊÍ ��¤©¦«� �
Ï �Î � �áæ÷ãåú�ãßáæ áâ áåàöåç �öãÝ �úåÞÝ÷é º�§¥� �£� �§ ��©§�©§�¢¦� ¤¢�µ©�� �©���¡ ©§�
�§ ¨©���¥¦ «©� �£� �§ ��©§�©§�¢¦ � �£¢�� �©��� ¡ ©��  �ª �����¬ �§©§�� ¢¤ �£� ���  ¬ �©�¦�� �§��¢Æ
�¦¥�� �§ �£�� ¨©¨��¡ �� �� �¬¨¢��©§� �¢ �§ �¦�� �£©� �£� È��¢ ¥¢¦¨¢§ ¶¢§� ¨��¥�� ©�� �¾��©¥���
�§ �¦¥£ © µ©ª �£©� �£� ¥¢����¨¢§��§® ¤¢�µ©�� �©�� � ©�� ©� íïïò�íÊÍ� ©� ¨¢���¶ «� � ¸ ¢��¢��¡
��§¥� �£� �£©¨�� ¢¤ ¤¢�µ©�� �©�� ¥¦��� ¨ «©ª ©  �ª �¢«� �§ �����¬ �§�§® �£� ���  §�¦��©« ��Æ
¤©¦«� �§��§ ������ ¡ �� �� ©«�¢ �¬¨¢��©§� �¢ �§ �¦�� �£©� �£� ¥¦�� ¢¤ �£��� ¤¢�µ©�� �©��� ©�� ©�
ìÌ ððÊÿ ©� ¨¢���¶ «� � �§ ¨�©¥��¥� ¡ £¢µ���¡ �£��� ��·¦���¬ �§�� ¥©§§¢� ¶� �©���¯�� ��¬¦«�©Æ
§�¢¦ �«ª ©§� ¡ ��¨�§��§® ¢§ �£� ���¦©��¢§ ¡ �£� ©¥¥¦�©¥ª ¢� �¬ ¢¢�£§��� ¬¦�� ¶� �©¥��¯¥�� �

½¢� �£� ¨¦�¨¢��� ¢¤ �£�� ¨ ©¨��¡ ©¥¥¦�©�� �£¢�� �©��� ©§� �¬ ¢¢�£ ¤¢�µ©�� �©�� ¥¦���
©�� ��·¦���� � Ç ¢µ¡ �£� ¢§«ª �¦�� µ©ª �¢ �©���¤ª �£� «©���� ��·¦���¬ �§� �� �¢ ©��¦¬� ©
¨©�©¬ ����¥ ¤¢�¬ ¤¢� �£� ¤¢�µ©�� �©�� ¥¦���¡ ©§� �£� �¨�¥�¯¥©��¢§ �£©� ¨�¢���� © ®¢¢�
¥¢¬¨�¢¬ ��� ¶��µ��§ ¿�¾�¶�«��ª ©§� �©�� ¢¤ �¬¨«�¬�§�©��¢§ �� �£� ¨©�©¬ ����¥ ¤¢�¬ �§Æ
��¢�¦¥�� �§ Ç �«�¢§ ©§� º��®�« À �Á�ÂÄ � °£�

(T − t)
Æ¬ ©�¦���ª �§��©§�©§�¢¦� ¤¢�µ©�� �©�� ¡

r(t, T )
¡ ¦§��� �£��� �¨�¥�¯¥©��¢§ �� ©��¦¬�� �¢ ¶� �����¬ �§�� ¶ª �£� �·¦©��¢§

r(t, T ) = a0 + a1 e−κ(T−t) + a2(T − t) e−κ(T−t),
ÀÏ �ÁÄ
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κ

©�� ¨©�©¬����� �¦¶Å �¥� �¢ ¥¢§ ���©�§��

a0 > 0, a0 + a1 > 0
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κ > 0.
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a0 = lim(T−t)↑∞ r(t, T )
¥¢����¨¢§�� �¢ �£� «¢§® �©�� ©§�

a0 + a1 = r(0)
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¶ª ¬ �§�¬ ���§® �£� �¢�©« µ��®£��� �·¦©��� ���¢� ¶��µ��§ �£� ¬ ¢��« �¬¨«��� ¶¢§� ¨��¥��
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,
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i
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¶��§® �£� �¦�©��¢§ ¢¤ �£�
i
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¤©¥�¢�� ¡
ωi

¡ £©� �£� �¤¤�¥� ¢¤ ���¦¥�§® �£� §©�¦�©« ��§��§¥ª ¤¢� �£� ¬ ¢��« �¢ ¢�� ¯� �£�
«¢§® �©��� ¶¢§�� ©� �£� �¾¨�§ �� ¢¤ �£� �£¢�� �©��� ¶¢§�� �

Ç¦¬ ���¥©« �¬¨«�¬�§�©��¢§ � ¢¤ �£� ©¶¢� ¨�¢¥��¦�� ��·¦��� �£� �§¨¦� ¢¤ �§���©« ��©���§®
©«¦�� ¢¤ �£� ¨©�©¬ ����� �§ ¢§� ¤¢�¬ ¢� ©§¢�£��¡ ©§� ©� ¢¶ ����� ¤¢� �¾©¬¨«� �§ Ü ¢«���
©§� º�� ��«�� � À �ÁÁÁÄ¡ �£� ¨©�©¬����� ¥©§ ¶� ��ª ��§����� �¢ �£��� �§���©« ©«¦�� � °£�
©¨¨�¢©¥£ �¦®®����� �§ Ü¢«��� ©§� º�� ��«�� � À �ÁÁÁÄ ¯��� ©¨¨�¢¾�¬ ©��� �£� ¨©�©¬���� �

a0©§�
a1

¶ª �����§® �£� �£¢�� ©§� �£� «¢§® �©��� �·¦©« �¢ �£� ª��«� ¢§ �£� �£¢��� �� ©§� �£�
«¢§®��� ¬ ©�¦���ª ¶¢§�� ���¨�¥���«ª� °£� ��¬ ©�§�§® ¨©�©¬ ����� ©�� �£�§ �����¬ �§�� ¶ª
�����§® �£�

(a2, κ)
�¨©¥� �§�¢ ����©« ��¥�©§®¦«©� ��®�¢§ �¡ ¥¢¬¨¦��§® �£� «¢¥©« ¬ �§�¬¦¬

µ��£�§ �©¥£ ��®�¢§ ¡ ©§� �£�§ �����§® �£� ¨©�©¬���� � �·¦©« �¢ �£� ¬ �§�¬¦¬ ©¬ ¢§® �£���
«¢¥©« ¬ �§�¬ © �

²� £©� ����§��©««ª ©�¢¨��� �£� ©¶¢� ©¨¨�¢©¥£ µ ��£ ¢§� �¬¨¢��©§� ¬ ¢��¯¥©��¢§ �
º�§¥� µ� ��·¦��� ©¥¥¦�©�� �£¢�� �©��� ¡ µ� ¯��� ¥¢§���¦¥��� �£� ¤¢�µ©�� �©�� ¥¦��� ¦�Æ
�§® �£� ��¥£§�·¦� �§��¢�¦¥�� �§ ³µ¢§ ÀÎÎÄ � °£�� ��¥£§�·¦� ¥¢¬¨¦��� ¤¢�µ©�� �©��
¥¦��� �£©� ¬ ©¾�¬ ��� © ®��§ �¬ ¢¢�£§��� ¬ �©�¦�� ¡ ©§� ���¦«�� �§ ¤¢�µ©�� �©�� ¥¦��� �£©�
©�� �¨ «�§�� µ ��£ ¥���©�§ ¤¦§¥��¢§©« ¤¢�¬ � � °£� ��¥£§�·¦� ©«�¢ ©�Å ¦ ��� �£� ¬ ©� �� ¶¢§�
¨��¥��¡ µ ��£�§ �£��� ¶ ��Æ©�  �¨��©��¡ �¢ �¬¨�¢� �£� �¬ ¢¢�£§��� ¢¤ �£� ���¦«��§® ¤¢�µ©��
�©�� ¥¦��� � °£� �¬ ¢¢�£§��� ¬ �©�¦�� ¦��� ¤¢� �£� �§���©« ¤¢�µ©�� �©�� ¥¦��� �§ �£�� ¨ ©¨��
µ©�

∫ T̄

0

r′(t, u)2 du,
ÀÏ ��ÎÄ

µ£���
T̄

�� �£� ¬ ©�¦���ª ¢¤ �£� «¢§®��� �©��� ¶¢§� ¡ ©§� ¥¢����¨¢§�� �¢ ·¦©��©��¥ �¨ «�§�� �
Û§¤¢��¦§©��«ª¡ �£� �� �¦«��§® ¤¢�µ©�� �©�� ¥¦��� µ��� §¢� �¦¤¯¥��§�«ª �¬ ¢¢�£ ¤¢� �£� ¨¦�Æ
¨¢��� ¢¤ �§¤����§® �£� �§���� ¥¦�� ¢¤ ��¤©¦«� �§��§ ������ ¡ �£���¶ª §�¥�����©��§® �£� ¦ �� ¢¤
Ç �«�¢§Æº��®�« ¥¦��� �

Ú§¥� ¥¢§ ���¦¥��� ¡ �£� �£¢�� ©§� �£� «¢§® ¤¢�µ©�� �©�� � ¤�¢¬ �£��� ¬ ¢�� ©¥¥¦�©�� ¥¦���
µ��� ¦ ��� �¢ ©¨¨�¢¾�¬ ©�� �£� Ç �«�¢§Æº��®�« ¨ ©�©¬ �����

a0

©§�
a1

¡ ©§� �£� ��¬ ©�§�§®
¨©�©¬ ����� µ��� �£�§ �����¬ �§�� ©¥¥¢���§® �¢ �£� ¬��£¢� ¢¦�«�§�� ©¶¢� � �� �£¢¦«� ¶�
§¢��� �£©� ¢¦� ©¨¨�¢©¥£ ¨�¢���� © ¬ ¢�� ©¥¥¦�©�� ©¨¨�¢¾�¬ ©��¢§ ¤¢�

a0

©§�
a1

�£©§ �£©�
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�©��� �©�£�� �£©§ ¶¢§� ª��«�� ©§� ¢¦� �£¢�� �©�� �� �£� ©¥�¦©« �£¢�� �©�� �©�£�� �£©§ ¶��§®
�£� ª��«� ¢¤ �£� �£¢��� �� �©��� ¶¢§� µ£¢�� ¬ ©�¦���ª ¬ ©ª ¶� ¬ ¢�� �£©§ ¢§� ª�©��

É � ���¥¦ ���� �©�«���¡ ¥¢¬¬ ¢§ ¨�¢¾��� ¤¢� �£� ���  ¤��� ¶¢§�� �§ �£� «����©�¦�� ©�� �£�
���©�¦�ª ¶¢§�� ¢� �£� ¶¢§�� ¤�¢¬ © ¯�¬ ¢¤ �£� £�®£��� ¥����� �©��§® � ´¢µ���¡ µ ��£ �£� �©�©
¦ ��� �§ �£�� ¨©¨��¡ §���£�� ¢¤ �£��� ©¨¨�¢©¥£�� µ��� �©���¤©¥�¢�ª ��§¥� �§ ¬ ©§ª ¥©��� �£�
¥¢��� �¨¢§��§® ���� Æ¤��� ¹ ¤¢�µ©�� �©��� µ��� £�®£�� �£©§ �£��� ��� ª ¥¢¦§���¨©���¡ ���¦ «��§®
�§ §�®©��� ��¤©¦«� �§��§ ������ � °¢ ¢��¥¢¬ � �£�� ����¢¦� ¨�¢¶ «�¬ ¡ µ� ¥¢§���¦¥��� �£� ���  Æ
¤��� �©�� ¤¢�µ©�� �©�� ¥¦��� µ ��£ �£� ¬ ©�§ ©�¬ ¢¤ �§�¦��§® �£©� �� ��¬ ©�§�� ¶�«¢µ ©««
�£� ��� ª ¤¢�µ©�� �©�� ¥¦��� � ½¢� �£��¡ µ � ������ �£� ¬ ©�¦���ª �§���©« �§�¢ ¢§� ª�©�
�¦¶�§���©«� ¡ ���§��¯�� �£� «¢µ��� ¤¢�µ©�� �©�� �§ �©¥£ �¦¶�§���©« ©¬ ¢§® ©«« �£� ��� ª
¤¢�µ©�� �©�� � ¥¦��� ¤¢� �£� �©�� ¦§��� ¥¢§�����©��¢§ ¡ ©§� �£�§ ¯� © Ç �«�¢§Æº��®�« ¥¦��
�£�¢¦®£ ©«« �£��� ¬ �§�¬ ©« ¤¢�µ©�� �©��� � É � © ¯§©« ���¨ ¡ �£� ���� Æ¤��� ¹ ¥¦�� µ©� �£�¤���
�¢µ§ ¡ �¤ ��·¦���� ¡ �¢ �§�¦�� �£©� �£� ���  Æ¤��� ¤¢�µ©�� �©�� ¥¦�� µ©� ¶�«¢µ ©«« �£� ��� ª
¤¢�µ©�� �©�� ¥¦��� �

½ �®¦�� Ï �� ®��� �¾©¬¨«�� ¢¤ �ª¨�¥©« ¤¢�µ©�� �©�� ¥¦��� �£©� ���¦«� ¤�¢¬ �£� ©¶¢�
¥¢§ ���¦¥��¢§ ¨�¢¥��¦�� � �§ ®�§��©«¡ �� ©¨¨�©� � �£©� �£� ¤¢�µ©�� �©�� ¥¦��� ¤¢� �£� ��� ���
¯�¬ � ©�� �§����� µ£�«� �£� ¥¦��� ¤¢� �£� �©¤�� ¯�¬ � ��§� �¢ £©� �£� §¢�¬ ©« ¦¨µ©��
�«¢¨�§® �£©¨� ��

Ï �Ï � �áæ÷ãåú�ãßáæ áâ �æãÝå�
Ýù �áåöè � Ýâöúèã � Ýæ÷ßã� �ß÷ãåß�úãßáæ÷é °£� ��¥£§�·¦�
���¥��¶�� ©¶¢� ¤¢� ¥¢¬¨¦��§® �£� �§��§ ���ª ¢¤ �¬¬ ���©�� ��¤©¦«� ¥©§ ¶� �¾��§��� �¢
®�� �£� �§���� ������¶¦��¢§ ¢¤ ��¤©¦«� �§��§ ����� � �§ © ��¬¨«� µ ©ª� �§ �����¬ �§�§® �£� ��� 
¬�©�¦��

m(π)
¡ µ � £©� ¤¢¥¦ ��� ¢§ �£� �«¢¨� ¢¤ �£� ¥¦��

F π(T |t) ¢§«ª ©� �£� �£¢�� �§� �
´¢µ���¡ ©¨¨ «ª�§® �£� �©¬� ���©� �¢ ¢�£�� ¨¢�§�� ©«¢§® �£�� ¥¦�� ®��� ��¤©¦«� �§��§ ������
¤¢� ¢�£�� ¬ ©�¦����� � � ¸ ¢�� �¨�¥�¯¥©««ª¡ ¤¢� ©§ª

t ≤ t∗ ≤ T
¡ �����§®

T = t∗
�§ ÀÏ �ÒÄ ®���

�£� �§��§ ���ª ¢¤ ��¤©¦«� ¡
f̃(t∗|t)¡ ©� ��¬ �

t∗
©�

f̃(t∗|t) =
(rπ(t, t∗) − r(t, t∗))

1 − δπ

[

vπ(t, t∗)

p(t, t∗)

]

.
ÀÏ ��ÏÄ

¸ ¢��¢��¡ ��§¥� µ� £©� ©¨¨�¢¾�¬ ©��� �£� ¤¢�µ©�� �©�� ¥¦��� ¦ ��§® �£� Ç �«�¢§Æº��®�«
¤©¬ �«ª¡ �� �� ¨¢���¶ «� �¢ ®¢ ¤¦��£�� ©§� ����� �¾¨ «�¥�� �¾¨�����¢§ � ¤¢� �£� ¥¦�� ¢¤ ��¤©¦«�
�§��§ ������ � ½¢� �£��¡ ��§¢�� ¶ª

a0, a1, a2, κ
©§�

aπ,0, aπ,1, aπ,2, κπ

�£� Ç �«�¢§Æº��®�« ¨ ©Æ
�©¬ ����� ¤¢� �£� ���  Æ¤��� ¤¢�µ©�� �©�� ¥¦�� ©§� �£� ¤¢�µ©�� �©�� ¥¦�� ¥¢����¨¢§��§® �¢
¯�¬

π
���¨�¥���«ª� °£�§ ��§¥�

rπ(t, T ) = aπ,0 + aπ,1 e−κπ(T−t) + aπ,2(T − t) e−κπ(T−t)

r(t, T ) = a0 + a1 e−κ(T−t) + a2(T − t) e−κ(T−t),

��JOLO \PWL NPO VJSLOQ NWSQb RJO su \PWL KQ RJO OWMKPKVNX LRUT^ KQ �OVRKSQ rI �JO^ NPO VJSLOQ YPSW RJO
RSM NQT _SRRSW OQT SY \PWL PNQZOT NVVSPTKQb RS VPOTKRaSPRJKQOLL
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�£� ¶¢§� ¨��¥��
vπ(t, T )

©§�
p(t, T )

©�� ®��§ ¶ª

vπ(t, T ) = exp

[

−aπ,0(T − t) − aπ,1

κπ

(

e−κπt − e−κπT
)

−aπ,2

κ2
π

(

e−κπt − e−κπT
)

− aπ,2

κπ

(

te−κπt − Te−κπT
)

]

p(t, T ) = exp
[

−a0(T − t) − a1

κ

(

e−κt − e−κT
)

−a2

κ2

(

e−κt − e−κT
)

− a2

κ

(

te−κt − Te−κT
)

]

,
©§� �¦¶ ����¦��§® �£��� �¾¨�����¢§ � �§�¢ ÀÏ ��ÏÄ ®��� �£� ������� �¾¨�����¢§� ¤¢� �£� ��¤©¦«�
�§��§ ������ �§ ���¬ � ¢¤ �£� Ç �«�¢§Æº��®�« ¨ ©�©¬����� �

× × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × ×� � � � � � � � � � � � � � � � � � � � � � � � � 
� � � � � � � � � � � � � � � � !"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"
!"!"!"!"!"!"!"!"!"!"!"!"!"
!"!"!"!"!"!"!"!"!"!"!"!"
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½ �D��Õ Ï � � � Ç �«�¢§Æº��®�« ¤¢�µ©�� �©�� ¥¦��� ¤¢� ¸ ©�¥£ Â ¡ Î �

Ã � °EÕ �Ó�Ó
°£� �©�© ¦ ��� �§ �£�� ¨©¨�� ¥¢§����� ¢¤ �©�«ª ¥«¢��§® ¬ �� ¨��¥�� ¢¤ ÎÏ ¯�¬ � �§ ©��¢¦�

�§�¦ ������ �£©� ©�� ��©��� ©� �£� ÇFº± ¤�¢¬ ¸ ©�¥£ Â ¡ Î � �¢ � �¥�¬¶�� Ï �¡ Î �� É «���
¢¤ �£��� ¯�¬ � �� ®��§ �§ °©¶ «� Î � ¸ ¢�� ¢¤ �£� ¯�¬ � ©�� «©�®� ¬¦«��§©��¢§©«� ©§� ¤¢� �£�
��¬ � ¨���¢� ¥¢§ ������� �£�ª £©� ©� «�©�� �£��� ¢¦���©§��§® ¶¢§�� µ ��£ ¬ ©�¦������ «��� �£©§
��§ ª�©�� � ²� £©� ¥£¢��§ �¢ ¥©«¥¦«©�� ¢¦� ���  ¬�©�¦�� ©� �©��� µ£��� ©«« ¶¢§�� £©� ©�
«�©�� Ò ��©��§® �©ª � �¢ �£� §�¾� ¥¢¦¨¢§ ¢� ¨��§¥�¨ ©« ¨ ©ª¬�§� ¡ �È � �£�

7
GH¡

8
GH¡

9
GH¡

20
GH¡

21IG ©§� 22JK ¢¤ �©¥£ ¬¢§�£ �L É «« �£� ¥¢�¨¢�©�� ¶¢§�� �§ ¢¦� �©¬¨«� ©�� ¶¢§�� µ ��£¢¦�
©§ª ¥¢§��©¥�¦©« ¨�¢���¢§ � �¦¥£ ©� ¥¢§����¶ «� ¡ ¥©««©¶ «� ¡ ¢� ¨¦�©¶«� ¤�©�¦��� � °£� ¶¢§�
¨��¥� �©�© µ©� ¢¶�©�§�� ¤�¢¬ � ©�©º���©¬ � ½�§©««ª¡ ¤¢««¢µ �§® �©��¢µ¡ � ©§�¢ ©§� °¦�§¶¦««
À �ÁÁÂÄ µ� £©� ���

δπ = 0.3265
©� �£� �¾¢®�§¢¦� ��¥¢��ª �©�� ¤¢� ©«« ¯�¬ � ��®©��«��� ¢¤

�©��§® ¥«©��
π
� °£�� ©��¦¬¨��¢§ ¥©§ �©��«ª ¶� ��«©¾�� ¶ª �����§® © ��¤¤���§� ��¥¢��ª �©��

¤¢� �©¥£ �©��§® ¥«©��
π
�

½¢� ¥¢¬¨©�©��� ��©�¢§ � µ� ©«�¢ ¢¶�©�§�� �©�«ª ¥����� �©��§®� ¤�¢¬ ¸ ¢¢�ª ¹� À¬ ¢��
�¨�¥�¯¥©««ª ��§�¢� ¦§��¥¦��� ��¶� �©��§®�Ä ¡ ©§� �£� �©�«ª ��¢¥  ¨��¥�� ©§� ��¶� «��«� ¤¢�
�©¥£ ¯�¬ ¤�¢¬ � ©�©º���©¬ � ¸ ¢¢�ª ¹� �©��§®� µ��� �£�§ ¥¢§����� �¢ §¦¬ ���¥©« ©«¦��
L�JKL aNL RS NcSKT JNcKQb RS NTTPOLL RJO PNRJOP NT JSV WNQQOP KQ aJKVJ On[VSUMSQ TNROL aOPO TOROPWKQOTI
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¶��µ��§ � ©§� Î � µ��£ �£� «©�®�� §¦¬ ���¥©« ©«¦� ¥¢����¨¢§��§® �¢ ¨¢¢��� ¥����� ·¦©«��ª�M
°£� ��¶� «��«� ��·¦���� ¤¢� ¸ ���¢§ ¹� ¬ ¢��« µ��� ©¨¨�¢¾�¬ ©��� ¶ª �§���¨¢«©��§® �£� �¢�©«
��¶� ¯®¦��� ¥¢§�©�§�� �§ �£� ª�©�Æ�§� ¶©«©§¥� �£��� ��¨¢��� ©§� �£� ¬ ©�¦������ ¢¤ �£���
��¶�� µ��� ©��¦¬�� �¢ ¶� ¢§� ª�©�� ¸ ©� �� ¥©¨��©«��©��¢§ � µ��� ¥©«¥¦«©��� ¤�¢¬ ·¦¢���
��¢¥  ¨��¥�� ©§� �£� §¦¬¶�� ¢¤ ¢¦���©§��§® �£©���¡ �·¦��ª ¢«©��«���� � µ��� ����¬ ©��� ¦ ��§®
�£�

3
Æ¬ ¢§�£ £���¢��¥©« �©¬¨«� ¢«©��«���� �¡ ©§� �£� ���  Æ¤��� �©��� µ��� ¨�¢¾��� ¶ª �£�

ÏÆ¬ ¢§�£ Ûº ���©�¦�ª ¶�«« �©��� � °£��� ¥£¢�¥�� ©�� ©«« �§ «�§� µ ��£ ¢�£�� ��¦���� �§ �£�
«����©�¦�� �

Ñ � ±NO����ÓÔ ØÕÖ�Ô�Ö
°£�� ��¥��¢§ ®��� �£� ���¦«�� ¢¶�©�§�� ¤�¢¬ �¬¨«�¬ �§��§® �£� ��¥£§�·¦� ���¥��¶�� �§

º�¥��¢§ Ï ¢§ �£� ¶¢§� �©�© ���¥��¶�� �§ º�¥��¢§ Ã � º�§¥� �£� ¦«��¬ ©�� �©�  ¢¤ ¢¦� ¬ �©�¦��
�� �¢ �©§  ��¤¤���§� ¯�¬ � ©¥¥¢���§® �¢ �£��� ¥����� µ¢��£�§���¡ ©§ �©«¦©��¢§ ¢¤ �£� ¬ �©Æ
�¦�� ¹� ¨��¤¢�¬ ©§¥� �� µ©��©§��� � ´¢µ���¡ �¦� �¢ �£� µ�««  §¢µ§ ��¤¯¥¦«��� � ©��¢¥�©���
µ ��£ �©«¦©��§® ¥����� ���  ¬ ¢��«� À��¤©¦«� �� © ��ª �©�� ��§�Ä ¡ µ � £©� ��¥���� ¢§ ©
�¢¬�µ£©� �§����¥� ©¨¨�¢©¥£ ¢¤ ¥¢¬¨©��§® ¢¦� ¬�©�¦�� µ ��£ ¢�£�� µ�««  §¢µ§ ¡ ©§� �£¢�Æ
¢¦®£«ª ������ ¡ ¥����� ¬ �©�¦��� � � ¢§������§® �£� ¤©¥� �£©� ¢¦� ���  ¬�©�¦�� �� ¨��¬ ©��«ª
© �©��§® �¢¢« ®��§® �§¤¢�¬ ©��¢§ ¢§ �£� ��«©��� £�©«�£ ¢¤ © ®�¢¦¨ ¢¤ ¯�¬ �¡ µ� ¥£¢�� �¢
¥¢§¥�§��©�� ¢§ �£� ¬ �©�¦�� ¹� ¨��¤¢�¬ ©§¥� �§ ¨�¢�¦¥�§® ��«©��� �©§ �§®� �

°£� ¯��� ���¦� µ� ¥¢§����� �� �£� ��®��� ¢¤ ¥¢���«©��¢§ ©¬ ¢§® �£� �£��� ���  ¬ �©�¦��� �P
É «�£¢¦®£ �� µ©� ¬ �§��¢§�� ¨���¢¦ �«ª �£©� �£� �©�®�� £¢��È¢§ ¢¤ �£� �£��� ¬�©�¦��� ©��
·¦��� ��¤¤���§� ¡ �� µ¢¦«� §¢� ¶� ¦§��©�¢§©¶ «� �¢ �¾¨�¥� © ¥���©�§ «��« ¢¤ ¥¢���«©��¢§ ¶�Æ
�µ��§ �£� ¬�©�¦��� � º�§¥� �£� �©�© ��¨����§��§® �£� ���  ¬�©�¦��� ¥¢§ ����� ¢¤ �©§  � ©§�
�£� ©��¦¬¨��¢§ ¢¤ §¢�¬ ©«��ª µ ��£¢¦� ¢¦�«���� �¢�� §¢� £¢«� ¤¢� �£�� �©�© ��� ¡ µ � ¨����§�
¶¢�£ �£� ¢���§©�ª ¼�©��¢§ ¥¢���«©��¢§ ¥¢�¤¯¥��§�� ©§� º¨�©�¬ ©§ ¹� �©§  ¥¢���«©��¢§ ¥¢�¤Æ
¯¥��§�� �§ °©¶ «� ��

º�§¥� © «©�®� ����©§¥� �¢ ��¤©¦«� �� ©��¢¥�©��� µ ��£ «¢µ ���  ¡ ¸ ���¢§ ¹� ����©§¥� �¢ ��Æ
¤©¦«� ¬ �©�¦�� �� ¢¤ ¥¢¦��� §�®©���«ª ¥¢���«©��� µ ��£ �£� ¢�£�� �µ¢ ���  ¬ �©�¦��� � �§ ¤©¥� ¡
�£� «��« ¢¤ ¥¢���«©��¢§ ¶��µ��§ �£� ����©§¥� �¢ ��¤©¦«� ���  ¬ �©�¦�� ©§� �£� ¢�£�� �µ¢
¬�©�¦��� �� ©¨¨�¢¾�¬ ©��«ª −0.5

� °£�� £¢«�� ¶¢�£ ¤¢� �£� ¢���§©�ª ¼�©��¢§ ¥¢���«©��¢§
¥¢�¤¯¥��§� ©§� ¤¢� �£� º¨�©�¬ ©§ �©§  ¥¢���«©��¢§ ¥¢�¤¯¥��§� � ¸ �©§µ£�«� ¡ �£� ¥¢���«©��¢§
¶��µ��§ ¢¦� ¥¢§��§¦¢¦� ���  ¬ �©�¦�� ©§� ¸ ¢¢�ª ¹� �©��§®� �� ��®§�¯¥©§�«ª £�®£�� Q ¼�©�Æ
�¢§ ¹� ¥¢���«©��¢§ ¥¢�¤¯¥��§� ��

0.71
©§� º¨�©�¬ ©§ ¹� �©§  ¥¢���«©��¢§ ¥¢�¤¯¥��§� ��

0.64
�

°£�� £�®£�� ¥¢���«©��¢§ �� �§�������§® ��§¥� ¢¦� ¬ �©�¦�� �� ¥¢§ ���¦¥��� �¢ ¶� ¬¦¥£ ¬¢��
¬ª¢¨�¥ �£©§ ¸ ¢¢�ª ¹�¡ ©§� �¦¨¨¢��� �£� ¨¢¨¦«©� ��µ �£©� �£� �©��§® ©®�§¥�� � ¹ �§������� ©��
¬ ¢�� ¥«¢��«ª ©«�®§�� µ ��£ �£� �§������� ¢¤ ¶¢§� £¢«���� �£©§ µ ��£ �£¢�� ¢¤ �·¦��ª £¢«���� �

°£� �©§ �§®� ¢¤ �£� �§����¦©« ¯�¬ � ¦ ��§® �£� �£��� ��¤¤���§� ¬ �©�¦��� �§ ¢¦� ��¦�ª
©�� �£¢µ§ �§ °©¶ «� Î � °£��� �©§ �§®� ©�� �£� ©��©®�� ¢¤ �£�
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�©�«ª �©§ �§®� �§ �£�

�©¬¨«� � °£� ���¢§®��� ©®���¬�§� ¶��µ��§ �£� �£��� ¬�©�¦��� ¢¥¥¦� ©� �£� �¾���¬ �� � ½¢�
�¾©¬¨«� ¡ ©«« �£��� ¬ �©�¦��� �¦®®��� �£©� ²©«Æ¸ ©�� ©§� Ü�««�¢¦�£ ©�� ��ª ��©¶ «� µ£�«�
�£�ª ©«« �¦®®��� �£� ¢¨¨¢���� ¤¢� Úµ�§�Æ�««�§¢��¡ º�� ©§� ¸R¸ �

M�JKL VNPTKQNXKLNRKSQ SY VSUPLO KWMSLOL NQ KWMXKVKR NLLUWMRKSQ RJNR �SST^]L PNRKQbL NPO XKQONPX^ POXNROT RS
RJO NVRUNX PKLZ SY RJO \PWIP{Q SPTOP RS VNXVUXNRO VSPPOXNRKSQL �SST^]L PNRKQbL NPO \PLR VNPTKQNXKmOT NL TOLVPK_OT N_ScOI
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²� §�¾� ¥¢§ ����� �§ ®��©��� ���©�« �£� ��«©��¢§ �£�¨ ¶��µ��§ ¢¦� ¥¢§��§¦¢¦ � ¥����� ¬ �©Æ

�¦�� ©§� ¸ ¢¢�ª ¹� �©��§®� � �§ ½ �®¦�� Ñ �� ©§� �§ °©¶ «� Ï¡ �£� ��«©��¢§�£�¨ ¶��µ��§ �£� �µ¢
¬�©�¦��� ¢¤ ¥����� µ ¢��£�§��� ©�� ¨����§��� ¢§ ©§ ©®®��®©��� «��« � °£� �µ¢ ¥¦��� �§
½�®¦�� Ñ �� ��¨����§� �£� ¬�©§ ©§� �£� ¬���©§ ���  ¬�©�¦��� ©¬ ¢§® ©«« �£� ¯�¬ � ¢��
�£� �§���� ª�©� µ ��£�§ �£� ��¤¤���§� ¸ ¢¢�ª ¹� �©��§® ¥«©���� � �� �� ����§� �£©� ¢¦� ¬ �©�¦��
¥«¢��«ª ��©¥  � ¸ ¢¢�ª ¹� �©��§®�¡ µ ��£ © ¥���©�§ ��®��� ¢¤ ¢��«©¨ ¶��µ��§ �£� �µ¢ � °£��
¬ ¢§¢�¢§�¥ ��«©��¢§ �£�¨ �� ¶�¢ �§ ¢§«ª ¢§¥� ¡ �È � �£� Ü ©© � �©��� ¯�¬ � ©�� ¢§ ©��©®�
¥¢§ ������� �©¤�� ¶ª ¢¦� ¬�©�¦�� �£©§ ¶¢�£ �£� ÉÎ �©��� ©§� �£� É Ï �©��� ¯�¬ �� Ú��©««¡
£¢µ���¡ ¢¦� ¬ �©�¦�� ��ª ¬¦¥£ ¥¢§¯�¬ � ¸ ¢¢�ª ¹� ��µ � ¢§ �£� ¥����� µ¢��£�§��� ¢¤
¯�¬ �¡ ©� «�©�� ©� �£� ©®®��®©�� «��« �

°ÓSÔÕ �� �¢���«©��¢§ ¶��µ��§ �£� ���  ¬ �©�¦��� �
TUVWXYWZ [WZ\ ]^XXV_W`a^Zb^^cdef bVX`^Z ]^Z`aZg^gfb^^cdef

1 −0.479 0.636bVX`^Z −0.479 1 −0.426]^Z`aZg^gf
0.636 −0.426 1

]^XXV_W`a^Z hiVWXf^Zjb^^cdef bVX`^Z ]^Z`aZg^gfb^^cdef
1 −0.551 0.707bVX`^Z −0.551 1 −0.501]^Z`aZg^gf

0.707 −0.501 1
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°ÓSÔÕ Î � É��©®� �©§ �§® ¢¤ �£� ¯�¬ � ¢�� �£� ª�©��

b^^cdef bVX`^Z ]^Z`aZg^gf
�NX[�NPR e�Nsj vSVN vSXN �NX[�NPR�OXXLSURJ e�Nsj �NX[�NPR �x

�x e�Nuj �OXXLSURJ �ONbPNW ewOPQSTj
vSVN vSXN e�Nuj �XXLRNRO �OXXLSURJ
wNVK\V �OXX e�Nuj wNVK\V �OXX �XXLRNRO
�NQV �QO e�Nuj vNPSXKQN w�y �NQZ �QO�XXLRNRO e�fj wJKXKM �SPPKL vSVN vSXN

�NPbOR e�sj �VVKTOQRNX �KWO �NPQOP
wJKXKM �SPPKL e�sj vSNLRNX exX wNLSj wJKXKM �SPPKL�ONPLk �SO_UVZ � vSI e�uj �NPPKSRR wNVK\V �OXX
vNPSXKQN w�y e�uj ySVZJOOT �NPRKQ dQKSQ wNVK\V�KWO �NPQOP e�NNfj �KWO �NPQOP �VVKTOQRNX

wSJNQb {PSQ � �ROOX e�NNsj dQKSQ wNVK\V wSJNQb {PSQ � �ROOX{XXKQSKL wSaOP e�NNsj �ONbPNW ewOPQSTj {XXKQSKL wSaOP�ONbPNW ewOPQSTj e�NNsj �NPbOR ySVZJOOT �NPRKQ
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Ø Õ×Õ�Õ��ÕÖ
�XNVZk qI NQT �VJSXOLk �I efghujk ¬�JO wPKVKQb SY �MRKSQL NQT vSPMSPNRO yKN_KXKRKOL]k "B0'(# "$ 5"#&1& (#

+ "'",2 ®¯k �uh°�rgI�SXTOPk �I NQT �RP ±OXKLZKk �I efgggjk �KOXT vUPcO �STOXXKQb NR RJO �NQZ SY vNQNTNk �OVJQKVNX POMSPRk �NQZ
SY vNQNTNI

vNXSWKPKLk vI efgggjk ¬�UKXTKQb NQ KQVOQRKcO[VSWMNRK_XO LNYOR^ QOR]k "B0'(# "$ 7('²&'4 ('* %&'(' )³´k figg°frfgI�NLk �I NQT �UYNQSk wI efgg�jk ¬wPKVKQb vPOTKR[�OQLKRKcO �O_R aJOQ {QROPOLR �NROLk vPOTKR �NRKQbL NQT vPOTKR�MPONTL NPO �RSVJNLRKV]k "B0'(# "$ %&'(' &(# +'4&'))0&'4 µesjk f�f°fg�I�UYYOOk �I efgg�jk ¬�JO �OXNRKSQ �ORaOOQ �PONLUP^ �KOXTL NQT vSPMSPNRO �SQT �KOXT �MPONTL]k "B0'(# "$%&'(' ) µ´e�jk sssr°ssifI�UNQbk ¶I[·I NQT �UNQbk �I esttsjk �Sa �UVJ SY RJO vSPMSPNRO[�PONLUP^ �KOXT �MPONT KL �UO RS vPOTKR�KLZ¸k �SPZKQb MNMOPk �RNQYSPT dQKcOPLKR^I
¶NPPSak �Ik yNQTSk �I NQT �UPQ_UXXk �I efgghjk ¬� �NPZSc �STOX YSP RJO �OPW �RPUVRUPO SY vPOTKR �KLZ�MPONTL]k ¹)/&)< "$ %&'(' &(# �1B*&)- ¯ºesjk i�f°rsuI�aNQk �I efgg�jk ¬qKPW[LMOVK\V KQYSPWNRKSQ NQT RJO VSPPOXNRKSQ _ORaOOQ KQTKcKTUNX LRSVZL NT _SQTL]k "B0»'(# "$ %&'(' &(# + "'",& - ¼ºk �u°�tI�aSQk �I esttsjk � �OQOPNX qPNWOaSPZ YSP RJO vSQLRPUVRKSQ NQT RJO �WSSRJKQb SY qSPaNPT �NRO vUPcOLk½q�� �SPZKQb wNMOP huk �VJSSX SY qKQNQVO NQT xVSQSWKVLk dQKcOPLKR^ SY �OVJSQSXSb^ �^TQO^I
yOXNQTk �I NQT �SYRk �I efgg�jk ¬�MRKWNX vNMKRNX �RPUVRUPOk xQTSbOQSUL �NQZPUMRV^k NQT RJO �OPW �RPUVRUPO

SY vPOTKR �MPONTL]k "B0'(# "$ %&'(' ) µ¯eujk �gh°ftfgI
ySQbLRNYYk qI NQT �VJaNPRmk xI efggrjk ¬� �KWMXO �MMPSNVJ RS¾NXUKQb �KLZ^ qKnOT NQT qXSNRKQb �NRO �O_R]k
"B0'(# "$ %&'(' ) µºeujk h�g°�f�I
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