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Rswlpdo Jurzwk dqg Prqhwdu| Srolf|= wkh
lpsdfwv rq wkh whup vwuxfwxuh ri lqwhuhvw udwhv�

Ulfdugr G1 Eulwr_

LEPHF
Uhqdwr J1 Io÷uhv Mu1

HSJH2IJY

Rfwrehu 53/ 5333

Devwudfw

Wklv sdshu vroyhv dq vwrfkdvwlf jurzwk prgho vxvfhswleoh wr wkh lqwhu0
yhqwlrq ri d prqhwdu| dxwkrulw| iroorzlqj d srolf| uxoh1 Lw lv vkrzq wkdw/
li vxemhfw wr lqyhvwphqw frvwv dqg vwlfn| lq dwlrq/ wkh prgho*v suhglfwlrqv
derxw wkh sdwwhuqv ri wkh whup vwuxfwxuh �w wkh revhuyhg lq hpslulfdo gdwd=
+l, sur0f|folfdo sdwwhuq ri wkh ohyho ri qrplqdo lqwhuhvw udwhv> +ll, frxqwhu0
f|folfdo sdwwhuq ri wkh whup vsuhdg +dv zhoo dv orz vhqvlwlylw| ri orqj |lhogv
wr prqhwdu| srolf| fkdqjhv,> +lll, vkruw uxq vwud| ri wkh uhdo lqwhuhvw udwh
iurp wkh pdujlqdo surgxfwlylw| ri fdslwdo> +ly, vkruw uxq qhjdwlyh fruuh0
odwlrq ehwzhhq h{shfwhg lq dwlrq dqg h{shfwhg ixwxuh uhdo lqwhuhvw udwh>
dqg +y, orz suhglfwdelolw| ri wkh vorsh ri wkh plggoh ri wkh |lhog1 Lq wkh
sursrvhg iudphzrun/ glvfrqwlqxrxv fkdqjhv ri wkh frqwuroohg vkruw udwh
sod| dq lpsruwdqw uroh dqg wkh lpsuryhg delolw| wr h{sodlq wkh gdwd lv
lqfrusrudwhg lqwr d vlpsoh lqwhuwhpsrudo htxloleulxp prgho ri wkh whup
vwuxfwxuh ri wkh lqwhuhvw udwhv1

4 Lqwurgxfwlrq

Wklv sdshu dwwhpsw d qhvwhg dqvzhu wr wzr dssduhqwo| xquhodwhg txhvwlrqv=

� Krz fdq dq lqwhuwhpsrudo htxloleulxp prgho dghtxdwho| �w dq duelwudu|
h{rjhqrxv whup vwuxfwxuh ri lqwhuhvw udwhvB

� Zkdw lv wkh uroh ri prqhwdu| srolf| lq ghwhuplqlqj wkh whup vwuxfwxuh ri
lqwhuhvw udwhvB

WWklv sdshu lv vwloo zrun lq surjuhvv1 Zh wkdqn Zroijdqj E kohu +Xqlyhuvlw| ri Pdqqkhlq,/
Ux| Ulehlur +Wkh Xqlyhuvlw| ri Fklfdjr, dqg Dulowrq Whl{hud +LEPHF, iru khosixo frpphqwv
dqg vxjjhvwlrqv1 Zh judwhixoo| dfnqrzohgjh wkh vxssruw surylghg e| HSJH2IJY/ zkhuh wklv
uhvhdufk kdv ehhq grqh1 Frpphqwv wr ueulwrClephfum1eu duh yhu| zhofrph1

_Ulfdugr Eulwr wkdqnv wkh �qdqfldo vxssruw ri LEPHF/ FDSHV xqghu judqw q1
EH[37;32<;06 dqg EEP1
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Rq wkh �uvw lvvxh/ lqwhuwhpsrudo htxloleulxp prghoolqj ri lqwhuhvw udwhv vwloo
ohdyhv pdq| txhvwlrqv xqdqvzhuhg1 Iru h{dpsoh/ wkh vfdodu wlph0krprjhqrxv
d!qh htxloleulxp prghov4 vwdqg rxw iru wkhlu whuvh ghvfulswlrq ri d htxloleulxp
hfrqrp|/ zklfk surylghv wudfwdeoh dqg ulfk dqdo|wlf uhvxowv1 Krzhyhu/ ehfdxvh
ri wkh frqvwdqw ohyho ri uhyhuvlrq/ wkhvh prghov duh lqwulqvlfdoo| lqfdsdeoh ri
�wwlqj dq duelwudu| h{rjhqrxv whup vwuxfwxuh1 Zruvh/ zkhq whvwhg djdlqvw pruh
jhqhudo vfdodu vshfl�fdwlrqv/ wkh| duh xvxdoo| uhmhfwhg/ vxjjhvwlqj hlwkhu wkh
h{lvwhqfh qrq0olqhdulwlhv ru rplwwhg yduldeohv +Fkdq hw do1 ^:` ru Dòw0Vdkdold
^4`,1

Rq wkh vhfrqg lvvxh/ ghvslwh wkh eholhi wkdw fkdqjhv lq wkh prqhwdu| srolf|
lpsdfw rq dvvhw uhwxuqv lq jhqhudo5 dqg duh d pdmru vrxufh ri fkdqjhv lq wkh
vkdsh ri wkh |lhog fxuyh/ plfur0�qdqfldo prghov kdyh qrw dffrpsolvkhg wr surs0
huo| lqfrusrudwh lw |hw1 Wkh qhjohfw wr ghdo zlwk pdfur olqnv ohdyhv xqh{sodlqhg/
ru hyhq frqwudglfw/ fhuwdlq vw|ol}hg idfwv olnh wkh sur0f|folfdo qrplqdo lqwhuhvw
udwh ohyhov/ wkh frxqwhuf|folfdo whup vsuhdg +Idpd ) Iuhqfk ^43`,/ ru wkh qhj0
dwlyh vkruw0uxq fruuhodwlrq ehwzhhq h{shfwhg lq dwlrq dqg wkh h{shfwhg ixwxuh
uhdo lqwhuhvw udwh +Eduu dqg Fdpsehoo ^6`,1

Dv pdfur olqnv/ rplwwhg yduldeohv dqg frqvwdqw uhyhuvlrq ohyho vhhp wr eh wkh
zhdn srlqwv ri wkh vfdodu wlph0krprjhqhrxv htxloleulxp prghov/ dq dwwhpsw lv
pdgh wkhuh wr lqfrusrudwh d pdfur prqhwdu| srolf| yduldeoh lqwr d lqwhuwhpsrudo
htxloleulxp prgho1

Zh dqdo|}h wkh fkdudfwhu ri  xfwxdwlrqv lq wkh whup vwuxfwxuh ri qrplqdo
lqwhuhvw udwhv/ wkh lq dwlrq dqg wkh djjuhjdwh rxwsxw lq dq hfrqrp| zlwk vwdj0
jhuhg zdjh frqwudfwlqj dqg lqyhvwphqw frvwv/ vxemhfw wr erwk whfkqrorj| dqg
qrplqdo lqwhuhvw udwh vkrfnv1 Lqghhg/ zh hqg xs vroylqj dq vwrfkdvwlf jurzwk
prgho/ vxemhfw wr lqyhvwphqw frvwv dqg vwlfn| lq dwlrq/ vxvfhswleoh wr wkh lq0
whuyhqwlrq ri dq h{whuqdo dxwkrulw|1 Wkh lqwhuwhpsrudo rswlpl}dwlrq lpsolhv d
frpsohwh ghvfulswlrq ri wkh pxowlshulrg h{shfwhg uhwxuqv/ dqg wkh prgho doorzv
wkh ghulydwlrq ri d qrplqdo whup vwuxfwxuh zklfk lqfrusrudwhv wkh h�hfwv ri wkh
prqhwdu| srolf|1 E| glvfrqwlqxrv fkdqjhv ri wkh vkruwhvw0whup qrplqdo lqwhuhvw
udwh/ wkh Fhqwudo Edqn irufhv wkh vkruw0hqg ri wkh whup vwuxfwxuh wr pdwfk dq
h{rjhqrxvo| vshfl�hg ohyho/ lpsolhv d qrq0}hur qhw vxsso| ri qrplqdo ulvnohvv
erqgv/ dqg dggv wkh srvvlelolw| ri mxpsv ri doo iruzdug0orrnlqj prghov* ydul0
deohv1 Jlyhq wkdw wkh prqhwdu| dxwkrulw| lv frqvwudlqhg wr nhhs lq dwlrq forvh
wr }hur/ ixwxuh fkdqjhv lq wkh frqwuroohg udwh fdq eh iruhfdvwhg e| orrnlqj dw
wkh g|qdplfv ri wkh h{shfwhg lq dwlrq dqg pljkw eh lqfrusrudwhg lqwr wkh whup
vwuxfwxuh vkdsh1

Ghvslwh devhqfh ri dq ruljlqdo k|srwkhvlv/ wkh uhvxowlqj prgho vhhpv dq lp0
suryhphqw xsrq Edogx}}l/ Ehuwrod ) Iruhvl*v ^5`/ Uxghexvfk*v ^4:` ru Sld}}hvvl*v
^48` dqdo|vlv ri wkh prqhwdu| srolf| lpsdfwv rq wkh whup vwuxfwxuh lq wkh vhqvh
wkdw lw h{sodlqv pruh vw|ol}hg idfwv/ dqg wklv lv grqh lq dq lqwhuwhpsrudo rs0
wlpl}dwlrq htxloleulxp iudphzrun1 Zlwk d uhodwlyho| vlpsoh prgho lw lv vkrzq

4Wkh xqlyduldwh yhuvlrq ri Fr{/ Lqjhuvroo dqg Urvv +4<;8 e, fdq eh vhhq dv wkh prvw
lpsruwdqw phpehu ri wkh fodvv1

5Iru h{dpsoh/ Wkruehfnh +4<<:, dqg Sdwholv +4<<:, grfxphqw wkh h{lvwhqfh ri d prqhwdu|
ulvn suhplxp dqg vkrz wkh uroh ri prqhwdu| srolf| lq wkh suhglfwdelolw| ri wkh dvvhw uhwxuqv1
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wkdw wkh prqhwdu| dxwkrulw| srolf| kdv uhdo h�hfwv1 Lq idfw/ zh duh deoh wr h{0
sodlq= +l, wkh sur0f|folfdo sdwwhuq ri wkh ohyho ri qrplqdo lqwhuhvw udwhv> +ll, wkh
frxqwhuf|folfdo sdwwhuq ri wkh whup vsuhdg6 +dv zhoo dv orz vhqvlwlylw| ri orqj
|lhogv wr prqhwdu| srolf| fkdqjhv,> +lll, wkh vwud|v ri wkh h{shfwhg uhdo lqwhuhvw
udwh iurp wkh h{shfwhg pdujlqdo surgxfw ri fdslwdo> +ly, wkh vkruw uxq qhjdwlyh
fruuhodwlrq ehwzhhq h{shfwhg lq dwlrq dqg h{shfwhg ixwxuh uhdo lqwhuhvw udwh>
dqg +y, wkh orz suhglfwdelolw| ri wkh vorsh ri wkh plggoh ri wkh |lhog fxuyh/ idfwv
zkrvh hpslulfdo hylghqfh kdv ehhq vkrzq lq wkh olwhudwxuh +iru h{dpsoh/ vhh
Fdpsehoo/ Orr ) PdfNlqod| ^9`/ Idpd ) Iuhqfk ^43` dqg Uxghexvfk ^4:`,1

Lq d uhodwhg sdshu7/ lpsolfdwlrqv ri wkh khuh ghyhorshg prgho duh h{soruhg
lq d erqg sulflqj frqwh{w1

Wkh sdshu kdv wkh iroorzlqj vwuxfwxuh1 Vhfwlrq 5 suhvhqwv wkh hpslulfdo gdwd
sdwwhuq1 Vhfwlrq 6 uhylhzv wkh whup vwuxfwxuh sdwwhuq lpsolhg e| wkh sodlq Uhdo
Exvlqhvv F|foh prgho dqg srlqwv lwv zhdnqhvvhv lq suhglfwlqj qrplqdo whup
vwuxfwxuh pryhphqwv1 Vhfwlrq 7 suhvhqwv wkh sursrvhg prgho lq d vlpsol�hg
uhsuhvhqwdwlyh djhqw iudphzrun1 Vrph h{dpsohv dqg d vlpxodwlrq duh zrunhg
lq Vhfwlrq 81 Vhfwlrq 9 vkrzv wkh htxlydohqfh ehwzhhq wkh uhsuhvhqwdwlyh djhqw
dqg wkh frpshwlwlyh sureohp dqg Vhfwlrq : frqfoxghv1

5 Vrph Vw|ol}hg Idfwv

Wklv vhfwlrq suhvhqwv hpslulfdo hylghqfhv rq wkh pryhphqwv ri wkh whup vwuxf0
wxuh ri qrplqdo lqwhuhvw udwhv/ lq dwlrq dqg rxwsxw/ wr zklfk wkh qxphulfdo suh0
glfwlrqv ri wkh wkhruhwlfdo prghov zloo eh vxevhtxhqwo| frpsduhg1 Wkh hpslulfdo
sdwwhuq ri wkh whup vwuxfwxuh lv uhsurgxfhg ehorz e| xvh ri Idpd dqg Eolvv gdwd
vhw +I)E gdwd iurp qrz rq,/ wkdw xvhv rqo| ixoo| wd{deoh/ qrq0fdoodeoh/ qrq0
 rzhu erqg8 1 Wkh prqwko| gdwd frqwdlq rqh wr �yh |hduv0wr0pdwxulw| erqgv dqg
fryhu wkh shulrg iurp Mxo| 4<85 wr Mdqxdu| 4<<;/ surylglqj 87: revhuydwlrqv lq
wrwdo1 Doo |lhogv duh h{suhvvhg lq dqqxdol}hg irup1

Wkh hyroxwlrq ri wkh |lhogv0wr0pdwxulw| 9 ri wkh rqh dqg wkh �yh0|hdu erqgv
duh sorwwhg lq �jxuh 4 zlwk vkdghv dgghg wr pdun wkh exvlqhvv f|fohv1 Hyhu|
zklwh shulrg srlqwv rqh h{sdqvlrq f|foh iurp wurxjk wr shdn/ dv fodvvl�hg e|
wkh QEHU1 Wkh jud| shulrgv pdun wkh frqwudfwlrq shulrgv iurp shdn wr wurxjk1
Wkh +l, sur0f|folfdo sdwwhuq ri wkh ohyho ri lqwhuhvw udwhv lv fohdu= wkh ohyho ri wkh
lqwhuhvw udwhv lqfuhdvhv gxulqj h{sdqvlrq dqg ghfuhdvhv gxulqj frqwudfwlrq1 Dovr
sorwwhg lv wkh hyroxwlrq ri wkh vorsh dqg wkh fxuydwxuh ri wkh |lhog fxuyh :1 Lw
lv vkrzq wkdw +ll, wkh whup vsuhdg suhvhqwv d frxqwhuf|folfdo sdwwhuq= wkh vorsh
ri wkh |lhog fxuyh lv elj dw wkh wurxjk dqg ghfuhdvhv gxulqj wkh f|foh wr ehfrph

6Wkh whup vsuhdg lv gh�qhg dv wkh gl�huhqfh ehwzhhq wkh |lhog0wr0pdwxulwlhv ri d orqj dqg
d vkruw whup erqg1

7Dqrwkhu fkdswhu ri wkh glvvhuwdwlrq zklfk wklv sdshu lv sduw ri1
8Wkh Idpd dqg Eolvv gdwd vhw zdv frqvwuxfwhg e| Idpd dqg Eolvv ^<` dqg zdv vxevhtxhqwo|

xsgdwhg e| wkh Fhqwhu iru Uhvhdufk lq Vhfxulw| Sulfhv +FUVS,1
9Wkh |lhog0wr0pdwxulw| lv gh�qhg dv wkh dyhudjh uhwxuq rq wkh erqg khog xqwlo pdwxulw|1
:Wkh vorsh ri wkh |lhog fxuyh lv qrwklqj pruh wkdq wkh whup vsuhdg E+ofD3 +of��1 Wkh

fxuydwxuh lv gh�qhg dv E+ofD3 2 u +of� n +of��1
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vpdoo dw wkh shdn1 Fxuydwxuh grhv qrw vhhp wr surylgh d fohdu sdwwhuq gxulqj
h{sdqvlrqv/ krzhyhu lw vhhpv wr ghfuhdvhv dorqj frqwudfwlrqv +vkdghv,1
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SLOPE
CURVATURE

Iljxuh 4= Hyroxwlrq ri X1V1 qrplqdo |lhogv iurp 4<85=36 wr 4<<:=37

Rwkhu hpslulfdo idfw ghvhuylqj uhsruw lv wkdw +lll, h{shfwhg uhdo lqwhuhvw udwh
fdq vwud| iurp wkh h{shfwhg surgxfwlylw| ri fdslwdo iru d zkloh1 Pruh/ wkhuh
h{lvw +ly, vkruw uxq qhjdwlyh fruuhodwlrq ehwzhhq h{shfwhg lq dwlrq dqg h{shfwhg
ixwxuh uhdo lqwhuhvw udwh/ dv vkrzq e| Eduu ) Fdpsehoo ^6`;1

Li dq| yhuvlrq ri wkh H{shfwdwlrq K|srwkhvlv< krogv/ wkh vorsh ri wkh |lhog
fxuyh kdv delolw| lq iruhfdvwlqj lqwhuhvw udwh pryhv1 Diwhu vrph dojheud/ wr whvw

;Zh duh zrunlqj rq jhwwlqj wkhvh hylghqfhv iurp I)E gdwd1
<Wkh H{shfwdwlrq K|srwkhvlv vd|v wkdw wkh h{shfwhg h{fhvvv uhwxuqv rq orqj0whup erqgv

ryhu vkruw whup erqgv +wkh whup suhplxpv, duh frqvwdqw ryhu wlph1
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vxfk d suhglfwdelolw| uhgxfhv wr fkhfn li wkh vorsh/ e> ri wkh uhjuhvvlrq=�
|ow.o � |ow

�
@ d. e

�
|5ow � |ow

�
. hw> +4,

lv vljql�fdqw1 Lqghhg/ wkh deryh k|srwkhvlv lpsolhv wkdw e @ 4=
Zh kdyh hvwlpdwhg e iru wkh kroglqj0shulrg o htxdo wr rqh |hdu/ zkdw phdqv

zh kdyh shuiruphg wkh whvw iru wkh suhglfwdelolw| ri wzr plqxv rqh0|hdu erqg1
Iru I)E gdwd/ wkh hvwlpdwhg e htxdov 313< zlwk d vwdqgdug huuru ri 314</ zkdw
phdqv lw lv qrw vljql�fdqwo| gl�huhqw iurp }hur1 Fdpsehoo/ Orr ) PdfNlqod| ^9`
rewdlq wkh vdph txdolwdwlyh uhvxowv lq d forvh frqwh{w/ dqg wkhlu uhsruw surylghv
d pruh frpsuhkhqvlyh ylhz ri wkh hpslulfdo sdwwhuq1 E| xvh ri prqwko| }hur0
frxsrq erqg |lhogv ryhu wkh shulrg 4<85=4 wr 4<<4=543/ wkh| hvwlpdwh htxdwlrqv
zlwk phdqlqj vlplodu wr +4, iru 5 wr 453 prqwkv dqg jhw wkh uhvxowv vkrzq lq
Wdeoh 41

5 6 9 45 57 7; 453
e 1835 179: 1653 15:5 1696 1775 41735
+v1h1, +13<9, +147;, +1479, +153;, +1556, +16;7, +1475,

Wdeoh 4= e hvwlpdwhv e| Fdpsehoo/ Orr dqg PdfNlqod|

Wkh vw|ol}hg idfw wkdw wkhlu uhvxowv eulqj wr vfhqh lv wkh X0vkdshg sdwwhuq
ri wkh frh!flhqwv= +y, wkh iruhfdvwlqj srzhu glplqlvkhv iurp rqh prqwk wr rqh
|hdu dqg wkhq lqfuhdvhv xs wr whq |hduv1

Ehvlghv wkrvh �yh hylghqfhv/ sulqflsdo frpsrqhqw dqdo|vlv pljkw eh xvhixo lq0
irupdwlrq lq wkh dwwhpsw wr exlog dq lqwhuwhpsrudo rswlpl}dwlrq prgho wkdw �wv
wkh whup vwuxfwxuh1 E| xvh ri sulqflsdo frpsrqhqw Olwwhupdq ) Vfkhlqnpdq ^44`
lghqwli| wkuhh pdlq idfwruv h{sodlqlqj prvw ri wkh whup vwuxfwxuh pryhphqwv441
Wkh �uvw idfwru lv vkrzq wr kdyh vlplodu lpsdfw rq doo erqgv/ dqg lv wkxv lqwhu0
suhwhg dv wkh ohyho1 Wkh vhfrqg idfwru lv lqfuhdvlqj lq pdjqlwxgh/ zklfk phdqv
lw fdxvhv wkh fkdqjhv lq vorsh1 Ilqdoo|/ wkh wklug idfwru/ zklfk kdv pruh lpsdfw
dw wkh vkruw0hqg dqg dw wkh orqj0hqg ri wkh whup vwuxfwxuh/ lv lqwhusuhwhg dv wkh
fxuydwxuh idfwru1 Wkh dssolfdwlrq ri sulqflsdo frpsrqhqw dqdo|vlv wr I)E gdwd
kdv jhqhudwhg vlplodu uhvxowv vkrzq lq Wdeohv 5 dqg 61

Pdwxulw| 4vw1 Hljhqyhf1 5qg1 Hljhqyhf1 6ug1 Hljhqyhf1
4 |hdu 31787; 031:7:3 3179<5
5 |hdu 317876 0315437 03194:7
6 |hdu 317798 31457; 031746<
7 |hdu 31775; 31695; 31443;
8 |hdu 3176:7 318338 31796:

Wdeoh 5= Hpslulfdo Hljhqyhfwruv

43Fdpsehoo/ Orr ) PdfNlqod| ^9` xvh wkh gdwd iurp PfFxoorfk dqg Nqrz +4<<6,1
44Olwwhupdq ) Vfkhlqnpdq ^44` kdyh xvhg zhhno| revhuydwlrqv iurp Mdqxdu| 4<;7 wr Mxqh

4<;;1
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Pdwxulw| Ohyho Vwhhsqhvv Fxuydwxuh
4 |hdu 31<:87 313576 313336
5 |hdu 31<<:6 313353 313338
6 |hdu 31<<;: 31333: 313335
7 |hdu 31<<67 313394 313333
8 |hdu 31<;:8 31344< 313336
Dyhudjh 31<<38 3133<3 313336

Wdeoh 6= Uhodwlyh Lpsruwdqfh ri wkh Hpslulfdo Idfwruv

Voljkwo| gl�huhqw lv wkdw lq I)E gdwd/ wkh �uvw idfwru h{sodlqv pruh wkdq
lq Olwwhupdq ) Vfkhlqnpdq ^44`/ zkdw pljkw phdq wkdw wkh vorsh dqg wkh
fxuydwxuh idfwruv duh pruh lpsruwdqw lq h{sodlqlqj vkruw uxq pryhphqwv1 Li wklv
lv gxh wr gl�huhqw iuhtxhqf|/ ohqjwk ri wkh wlph vhulhv ru vsdq ri wkh pdwxulw|
lv vrphwklqj wkdw ghvhuyhv pruh uhvhdufk1

6 D Vlpsoh Lqwhuwhpsrudo Htxloleulxp Wkhru|
ri wkh Whup Vwuxfwxuh zlwk surgxfwlrq

Ehfdxvh lqwhuwhpsrudo rswlpl}dwlrq prghov lpso| d frpsohwh ghvfulswlrq ri wkh
pxowlshulrg h{shfwhg uhwxuqv/ dqg wkh whup vwuxfwxuh ri lqwhuhvw udwhv lv wkh sorw
ri wkh revhuyhg pxowlshulrg uhwxuqv/ wkhvh prghov duh vxlwdeoh iru ghulydwlrq ri
d plfurirxqgdwhg whup vwuxfwxuh1

Lq wkh Uhdo Exvlqhvv F|foh +UEF, prgho zlwk oderu vxssolhg lqhodvwlfdoo|/
wkh uhsuhvhqwdwlyh djhqw pd{lpl}hv=

4[
l@w

�l�wx +fl, +5,

zlwk= x3+=, � 3> x%+=, ? 3> vxemhfw wr wkh exgjhw frqvwudlqw=

fw . nw.4 . e4w.4 .
4[
m@5

e m
w.4 +6,

@ �wn
�
w . +4� �,nw .

4

+4 . �w�4>w,

5
7+4 . lw, e

3
w .

4[
m@4

Em
w

Em.4
w�4

e m
w

6
8� � w>

wr wkh whfkqrorj| vkrfn g|qdplfv=

orj �w @ � orj �w�4 . %w> %w � Q
�
3> �5%

�
> +7,

dqg wr wkh wudqvyhuvdolw| frqglwlrqv=

olp
w$4

�wnw @ 3> +8,
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olp
w$4

�w
4[
m@4

Em
w

Sw

emw @ 3> +9,

zkhuh= f vwdqgv iru uhdo frqvxpswlrq> n lv wkh uhdo fdslwdo vwrfn> � lv wkh surgxf0
wlylw| vkrfn/ dqg 3 ? � ? 4 lv wkh fdslwdo hodvwlflw|45 > � lv fdslwdo ghsuhfldwlrq>
+4 . �w>w�4, @ Sw

Sw�4
lv wkh lq dwlrq ehwzhhq w � 4 dqg w> zlwk wkh sulfh lqgh{

Sw qrw nqrzq ehiruh w> +4 . lw, lv wkh qrplqdo lqwhuhvw udwh ri wkh rqh� shulrg
erqg khog ehwzhhq w� 4 dqg w/ nqrzq dw w� 4> Em

w lv wkh qrplqdo sulfh ri wkh
m � shulrg erqg> emw lv wkh txdqwlw| ri wkh erqg wkh frqvxphu fduulhv iurp w� 4
wr w/ dqg m lv wkh qxpehu ri shulrgv wr pdwxulw|> e3w lv wkh uhdo txdqwlw| ri wkh
erqg uhghhphg dw w> dqg � w duh wkh uhdo wd{hv1

Dowkrxjk oderu lv qrw h{solflwo| lqfoxghg/ wkh deryh irupxodwlrq frxfkhv
wkh fdvh ri frqvwdqw uhwxuq0wr0vfdoh surgxfwlrq ixqfwlrq zlwk oderu lqhodvwlfdoo|
vxssolhg1 Dovr/ wr pdnh suhvhqwdwlrq oljkwhu/ lqvwhdg ri wkh xvxdo qrupdol}dwlrq
ri qrplqdo xqlw sulfh dw pdwxulw|/ E3

w @ 4 ; w/ zh dvvxph wkdw wkh qh{w0wr0
pdwxuh erqg frvwv rqh qrplqdo xqlw dqg zruwklhv +4 . lw.4, qrplqdo xqlwv dw
uhghpswlrq1

Iurp wkh deryh/ wkh uhsuhvhqwdwlyh djhqw ydoxh ixqfwlrq fdq eh srvhg dv=
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dqg vroyhg wr uhvxow lq wkh djhqw*v rswlpdo doorfdwlrq uxohv=

x3 +fw, @ �Hw
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�
x3 +fw.4,

�
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x3 +fw,

+4 . lw.4,
@ �Hw
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x3 +fw.4,
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dqg

x3 +fw,
Em
w

Sw

@ �Hw

%
Em�4
w.4

Sw.4
x3 +fw.4,

&
;m> +43,

45Wkh surgxfwlrq ixqfwlrq s E&c w� ' w|&
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|
suhvhqw wkh xvxdo frqglwlrqv=
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wdnlqj sulfhv dv jlyhq1
Uhfxuvlrq rq +43, dqg wkh odz ri lwhudwhg h{shfwdwlrqv lpsolhv=

4 @ �oHw

%
Em�o

w.o

Em
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Sw

Sw.o

x3 +fw.o,

x3 +fw,

&
;m dqg o A 4= +44,

Qrwh wkdw wkh uhdo o � shulrg kroglqj uhwxuq ri wkh m � shulrg erqg fdq eh
zulwwhq dv=

Em�o
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Em
w

Sw

Sw.o

@
Em�o

w.o
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w

4

4 . �w.o> w
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4 . umw.o> w
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+45,

zkhuh= �w.o> w @
�
Sw.o

Sw
� 4

�
ghqrwhv wkh lq dwlrq udwh ehwzhhq w dqg w. o/ exw

rqo| nqrzq dw w . o> dqg umw.o> w vwdqgv iru wkh o � shulrg uhdo uhwxuqv rq d
m � shulrg qrplqdo erqgv/ iurp w wr w. o1

Wkh djhqw*v rswlpdo frqglwlrqv doorz xv wr gh�qh=

Pow @ �o
x3 +fw.o,

x3 +fw,
+46,

dv wkh vwrfkdvwlf glvfrxqw ixqfwlrq +ru wkh sulflqj nhuqho,> zklfk lq wkh suhvhqw
prgho lv htxlydohqw wr wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq lq frq0
vxpswlrq1

614 Htxloleulxp zlwkrxw h{whuqdo lqwhuyhqwlrq= lq dwlrq
dqg qrplqdo lqwhuhvw udwh lqghwhuplqdf|

Dq htxloleulxp vhtxhqfh lv gh�qhg dv d vhw ri vwrfkdvwlf yhfwru�
�w> nw.4> fw> lw.4> �w>w�4> u

m

w.o>w> e
m
w.4> � w

�
vdwlvi|lqj wkh i1r1f1*v dqg wkh

pdunhw fohdulqj frqglwlrqv iru hyhu| w11
Zlwkrxw h{whuqdo lqwhuyhqwlrq/ wkh h{rjhqrxv vxsso| ri erqgv lv }hur=

emw @ 3 ; m>

dv zhoo dv wd{hv= � w @ 3/ dqg/ jlyhq +7,/ wkh frqvxphuv* ghflvlrq vlpsol�hv wr
vsolw zhdowk ehwzhhq fdslwdo dqg frqvxpswlrq e| reh|lqj +;, dqg wkh vlpsol�hg
exgjhw frqvwudlqw=

fw @ �wn
�
w . +4� �,nw � nw.4> +47,

iru hyhu| w1
Wkh wudqvyhuvdolw| frqglwlrq +8, gh�qhv wkh vdggoh sdwk iroorzhg e| +n > f,

lq wkh v|vwhp +;, dqg +47,1 Wkh vxevwlwxwlrq ri +47, lqwr +;, gh�qhv d vwrfkdvwlf
gl�huhqfh htxdwlrq lq n wkdw/ jlyhq wkh lqlwldo fdslwdo vwrfn/ lqlwldo whfkqrorj|
dqg +8,/ rewdlqv wkh rswlpdo fdslwdo sdwk +n�, dqg surylghv wkh lqsxwv wr rewdlq

;



wkh rswlpdo frqvxpswlrq sdwk +f�, e| +47,1 Wkh deryh k|srwkhvhv duh hqrxjk
wr jxdudqwhh wkh glvwulexwlrq ri rswlpxp djjuhjdwh fdslwdo frqyhujhv srlqwzlvh
wr d olplw glvwulexwlrq zkhq uhwxuqv duh ghfuhdvlqj= n lv sxvkhg wr wkh ohyho
nvv zkhuh wkh h{shfwhg pdujlqdo surgxfwlylw| ri fdslwdo htxdov wkh udwh ri wlph
suhihuhqfh= �n��4vv � � @ +4@�, � 4 1 Zkhq uhwxuqv duh frqvwdqw0wr0vfdoh/ wkh|
duh dv zhoo hqrxjk wr jxdudqwhh wkdw wkh udwhv ri jurzwk frqyhujh srlqwzlvh wr
d olplw glvwulexwlrq461

Wkh o � shulrg uhdo uhwxuqv rq d m � shulrg qrplqdo erqgv/ iurp w wr w. o/
lv hqgrjhqrxvo| ghwhuplqhg e| wkh dssolfdwlrq ri if�w j4w@3 wr +44,=

4 @ �oHw
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4 . umw.o> w

�o x3 �f�w.o

�
x3 +f�w ,

&
; m A o> +48,

wkdw jlyhv wkh zkroh uhdo whup vwuxfwxuh lpsolhg e| wkh prgho1
Zkhq wkhvh hqgrjhqrxvo| ghwhuplqhg udwhv duh rewdlqhg zlwkrxw h{whuqdo

lqwhuyhqwlrq/ olnh lq wkh suhvhqw vhfwlrq/ zh fdoo wkhp qhxwudo ydoxhv1 Wkxv/ wkh
qhxwudo udwhv duh qrwklqj pruh wkdq wkh rqh iru zklfk wkh sulydwh vhfwru*v qhw
ghpdqg iru hyhu| pdwxulw| erqg lv }hur= em @ 3 ; m1

Htxdwlrq +48, lpsolhv wkh h{shfwhg uhdo udwh ri uhwxuq rq dq| erqg ryhu
o shulrgv lv wkh vdph iru hyhu| m � shulrg erqg/ zlwk m A o1 Wkdw phdqv/
wkh �Orfdo� yhuvlrq ri wkh H{shfwdwlrq K|srwkhvlv krogv lq wklv lqwhuwhpsrudo
rswlpl}lqj iudphzrun= Hw

k
umw.o> w � unw.o> w

l
@ 3 ; m dqg n A o> zkdw jlyhv d }hur

uhdo whup suhplxp1
Lqdvpxfk dv wkh |lhog0wr0pdwxulw| ri hyhu| o � shulrg erqg lv nqrzq iru

fhuwdlqw| dw w/
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/ lw fdq eh sxw rxw ri wkh h{shfwdwlrq rshudwru/

uhvxowlqj lq=
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wkdw surylghv wkh zkroh qrplqdo whup vwuxfwxuh1
Jlyhq wkdw wkh vkruwhvw qrplqdo lqwhuhvw udwh �{hg dw w/ lw.4/ lv wkh qrplqdo

lqwhuhvw udwh iru wkh erqg pdwxulqj qh{w shulrg/ lw lv hdvlo| ghgxfhg wkdw iru
o @ 4/ |4w @ lw.4> dqg wkh deryh irupxod vlpsol�hv wr=

4 @ �Hw
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> +49,

zkhuh lw.4 fdq eh sxw rxw ri wkh h{shfwdwlrq li ghvluhg1
Qrwh wkdw ehfdxvh wkhuh lv dq vwrfkdvwlf vkrfn lq wkh surgxfwlrq ixqfwlrq/ wkh

qhxwudo uhdo vsrw udwh  xfwxdwhv durxqg d wuhqg gh�qhg e| wkh rswlpdo fdslwdo

46Vhh Eurfn ^7` iru wkh surri1
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sdwk1 Iru h{dpsoh= li nw lv lqfuhdvlqj dorqj wlph dqg wkh surgxfwlrq ixqfwlrq
suhvhqw ghfuhdvlqj uhwxuqv0wr0vfdoh/ wkh surgxfwlylw| wuhqg lv ghfuhdvlqj dqg uhdo
qhxwudo udwh lv h{shfwhg wr ghfuhdvh dv hfrqrp| whqgv wr wkh vwhdg| vwdwh1

Zlwkrxw dq h{whuqdo lqwhuyhqwlrq/ wkh uhdo lqwhuhvw udwhv/ jlyhq e| +48,/ duh
frpsohwho| gh�qhg e| +7,/ +;,/ +47, dqg +8,1 Htxdwlrq +49, lv qrwklqj pruh
wkdq wkh Ilvkhu uhodwlrq wkdw gh�qhv qh{w shulrg lq dwlrq jlyhq wkh vsrw rqh0
shulrg qrplqdo lqwhuhvw udwh/ ru wkh rwkhu zd| durxqg1 Ehfdxvh wkh h{shfwhg
vsrw rqh0shulrg uhdo lqwhuhvw udwh lv frpsohwho| ghwhuplqhg e| wkh uhdo idfwruv
dqg lv hyhu| wlph wkh h{shfwhg pdujlqdo surgxfwlylw| ri wkh fdslwdo/ h{shfwhg
lq dwlrq vhqvlwlylw| wr wkh ohyho ri wkh qrplqdo lqwhuhvw udwh lv rqh/ zkdw phdqv
qr fruuhodwlrq ehwzhhq qrplqdo dqg uhdo yduldeohv1

Dowkrxjk rqh pljkw dujxh wkdw wkh lq dwlrq dqg wkh qrplqdo udwh lqghwhu0
plqdf| lv d frqvhtxhqfh ri kdylqj pruh yduldeohv wkdq htxdwlrqv/ wkh lqfoxvlrq
ri d fdvk0lq0dgydqfh uhvwulfwlrq ru wkh �vfdolvw wkhru| w|sh ri uhdvrqlqj grhv qrw
fkdqjh wkh deryh frqfoxvlrqv1 Jlyhq wklv rqh0wr0rqh fruuhvsrqghqfh ehwzhhq
l dqg �/ wkhuh lv +l, qr f|folfdo sdwwhuq ri wkh ohyho ri wkh qrplqdo whup vwuxf0
wxuh/ +ll, qru ri wkh whup vsuhdg1 Uhdo lqwhuhvw udwhv ydu| zlwk wkh pdujlqdo
surgxfwlylw| ri fdslwdo/ exw +lll, lw qhyhu vwud|v iurp wkh h{shfwhg surgxfwlylw|
ri fdslwdo1 +ly, Wkhuh lv qr fruuhodwlrq ehwzhhq h{shfwhg lq dwlrq dqg h{shfwhg
ixwxuh uhdo lqwhuhvw udwh/ dqg +y, wkh suhglfwdelolw| ri wkh vorsh ri wkh |lhog fxuyh
lv jrrg dqg htxdoo| fuhgleoh iru hyhu| pdwxulw|1

Vxpplqj xs/ v|vwhp +7,/ +;,/ +47, dqg +8, dorqh grhv qrw vsolw wkh fkdqjhv lq
wkh qrplqdo udwh lqwr fkdqjhv lq wkh uhdo udwh dqg lq dwlrq/ dqg lv qrw ri juhdw xvh
lq h{sodlqlqj krz prqhwdu| srolf| d�hfwv uhdo dfwlylw| dqg lq dwlrq1 Edvlfdoo|/
lw dvvxphv qhxwudolw| +dqg vxshuqhxwudolw|, dqg wkxv wkzduwv wkh srvvlelolw|
wkdw qrplqdo lqwhuhvw udwh dqg lq dwlrq ydu| lqghshqghqwo|1 Txlwh xquhdolvwlf/
lq dwlrq uhgxfwlrq wr }hur fdq eh grqh lq rqh sdlqohvv grzq pryh ri wkh qrplqdo
udwh wr wkh h{shfwhg pdujlqdo surgxfwlylw| ohyho zlwk qr lpsdfw rq wkh uhdo
dfwlylw|1

Qrwzlwkvwdqglqj/ wkhuh h{lvwv rqh ghjuhh ri iuhhgrp lq wkh deryh prgho wr
frxfk dq dg krf dvvxpswlrq/ dqg wklv lv jrlqj wr eh zrunhg lq frqmxqfwlrq zlwk
lq dwlrq vwlfnlqhvv lq qh{w vhfwlrq1

7 Wkh Prgho

Wkh sursrvhg prgho lv wkh ghvfulswlrq ri d rqh0jrrg forvhg hfrqrp|47 zlwk
�upv dqg fdslwdo dffxpxodwlrq/ vxemhfw wr lqyhvwphqw frvw dqg vwdjjhuhg zdjhv
frqwudfwlqj/ dqg vxvfhswleoh wr wkh lqwhuyhqwlrq ri wkh prqhwdu| dxwkrulw|1 Iru
suhvhqwdwlrq sxusrvhv/ zh ghyhors wkh pdlq lghdv lq wkh uhsuhvhqwdwlyh djhqw
iudphzrun zlwk vwlfn| lq dwlrq1 Wkh htxlydohqfh zlwk d pruh ghwdlohg hfrqrp|/
zkhuh frqvxphuv dqg �upv lqwhudfw lq d zruog ri vwdjjhuhg zdjh frqwudfwlqj/ lv
vkrzq dw wkh hqg/ lq vhfwlrq 91

47Dv srlqwhg lq Phow}hu +4<<8, ss183/ lq dq rshq hfrqrp|/ wkh h{fkdqjh udwh zrxog eh mxvw
rqh pruh ri wkh pdq| uhodwlyh sulfhv lq wkh wudqvplvvlrq surfhvv/ zlwkrxw dowhulqj wkh edvlf
uhvxowv1
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714 Wkh Lq dwlrq G|qdplfv dqg Prqhwdu| Dxwkrulw| Lq0
whuyhqwlrq

Ohw wkh lq dwlrq g|qdplfv eh jlyhq e|=

�w @ +4� "3,�w�4 . "3Hw ^�w.4` . "4 +i+n> �,� i�, . $w> +4:,

zkhuh= "3 lv wkh iruzdug orrnlqj sdudphwhu/ i� lv srwhqwldo rxwsxw dqg $w lv
dq lqghshqghqw udqgrp vkrfn1 Lq wkh suhvhqw htxloleulxp prgho/ wklv g|qdplfv
zloo eh udwlrqdol}hg e| vwdjjhuhg zdjh frqwudfwlqj +lq vhfwlrq 9,1

Vlqfh zh duh lqwhuhvwhg rq wkh vwxg| ri whup vwuxfwxuh vkdsh dqg pryhv/ dqg
qrw rq wkh vwxg| ri rswlpdo prqhwdu| srolf| uxoh/ zh grq*w fduh derxw remhfwlyh
ixqfwlrqv ri wkh prqhwdu| dxwkrulw| dqg uhodwhg lvvxhv1 Lw lv hqrxjk wkdw wkh
h{whuqdo dxwkrulw| +fdoo lw wkh prqhwdu| dxwkrulw|, eh frqfhuqhg derxw lq dwlrq/
kdyh ixqgv wr lqwhuyhqh lq wkh erqg pdunhw/ dqg nqrz lwv g|qdplfv lv jlyhq e|
+4:,1 Wklv ehlqj wkh fdvh/ lw lv surqh wr frqwuro wkh rqh0shulrg vsrw lqwhuhvw udwh
wr �jkw lq dwlrq1 Gxh wr rshudwlqj frqvwudlqwv/ lw lv dvvxphg wkdw lw xvhv wkh
uxoh=

lw.4 @ lw .  w> +4;,

zkhuh=

 w @

�
3> zlwk suredelolw| = +4� ) m�w�4m,
h �w�4

m�w�4m
> zlwk suredelolw| = ) m�w�4m

�
>

dqg h dqg ) duh srvlwlyh frqvwdqwv1 Wklv phdqv wkdw wkh vsrw udwh whqgv wr
uhpdlq frqvwdqw iurp shulrg wr shulrg/ h{fhsw iru mxpsv zkrvh suredelolw| lv dq
lqfuhdvlqj ixqfwlrq ri wkh lq dwlrq ohyho1 Li lq dwlrq lv �kljk� wkh hyhqwxdo mxps
lv srvlwlyh/ dqg li lq dwlrq lv �orz� +gh dwlrq, wkh hyhqwxdo mxps lv qhjdwlyh1
Zkhq lq dwlrq jurzv/ wkh suredelolw| ri mxpsv lqfuhdvhv dqg vr wkh h{shfwhg
ydoxh ri qh{w shulrg vsrw udwh1 Ehfdxvh lq dwlrq lv d shuvlvwhqw vhulhv/ srolf|
rqo| uhyhuwv zkhq wkh lq dwlrq wdujhw kdv ehhq prvwo| uhdfkhg1

Wkh prqhwdu| dxwkrulw| dfwv ex|lqj ru vhoolqj rqh0shulrg erqgv wkdw sd|
ulvnohvv qrplqdo lqwhuhvw udwh/ exw ulvn| uhdo lqwhuhvw udwh=�

4 . lw.4
4 . �w.4>w

�
>

uhyhdohg dw w. 41
Ehvlghv/ wkh dxwkrulw| uxqv qr gh�flw/ zkdw irufhv lw wr fkdujh wkh lqglylgxdov

d oxps vxp wd{ wr sd|r� wkh qhw lqwhuhvw=

� w @

�
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�
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zkhuh edw vwdqgv iru wkh shu fdslwd erqg ghpdqg1
Ehfdxvh lqglylgxdov uhfhlyh wkh ixoo surfhhgv ri erqgv wkh| krog dqg duh

fkdujhg oxps vxp/ wkh| fkrrvh wr orqj ru vkruw wkh rqh0shulrg erqg rqfh lwv
uhdo h{shfwhg uhwxuq glyhujhv iurp wkh h{shfwhg qhxwudo udwh1 Wkxv/ dowkrxjk
ohqglqj wr ru eruurzlqj iurp wkh prqhwdu| dxwkrulw| duh mxvw vlpsoh vwrudjh lq
wkh djjuhjdwh/ qrq0}hur qhw ghpdqg iru rqh0shulrg jryhuqphqw erqgv vkrzv xs
gxh wr wkh qrq0frrshudwlyh lqglylgxdo ehkdylru lqgxfhg e| wkh wd{ v|vwhp1

Qrw rqo| wkh deryh uxoh pdnhv lw hdv| wr iruhfdvw wrpruurz*v vsrw udwh/ exw
lw dovr fdxvh wkh v|vwhp vwdelolw| dv orqj dv lw jxdudqwhhv wkdw lq dwlrq grhv
qrw h{sorgh dqg surylghv wkh orqj uxq ohyho yduldeohv1 Vwdelolw| lv wkh fdxvh iru
orqj udwhv* orz vhqvlwlylw| wr prqhwdu| srolf| fkdqjhv= jlyhq wkh sdudphwhuv/
orqj uxq yduldeohv duh lpsolhg dqg wkrvh duh wkh rqhv wkdw zhljkw prvw lq wkh
ydoxdwlrq ri orqj whup erqgv1

715 Wkh Uhdo Vlgh zlwk lqyhvwphqw frvwv

Wkh uhsuhvhqwdwlyh djhqw pd{lpl}hv +5,/ vxemhfw wr wkh exgjhw frqvwudlqw=
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yduldeohv kdyh wkh suhylrxv vwdwhg phdqlqj1
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716 Htxloleulxp zlwk Lqwhuyhqwlrq Srvvlelolw|

Htxdwlrq +4<, fdq eh vlpsol�hg d elw1 Vlqfh wkh Fhqwudo Edqn rqo| lqwhuyhqhv
lq wkh rqh � shulrg erqg pdunhw/ rqo| e3w dqg e4w.4 fdq eh gl�huhqw iurp }hur
dqg wkh h{rjhqrxv vxsso| ri wkh erqgv orqjhu wkdq rqh shulrg lv vwloo }hur=
emw @ 3 ; m A 4= Dovr/ ehfdxvh lq wkh uhsuhvhqwdwlyh djhqw zruog/ htxloleulxp
phdqv=

edw @ e3w

dqg +4<, ehfrphv=

fw @ �wn
�
w . +4� �,nw . e3w �

%
nw.4 . *

�
nw.4
nw

� 4

�5
&
� e4w.4= +55,

Wkh hfrqrp| htxloleulxp vhtxhqfh
�
�w> e

m
w.4> � w> lw> �w> u

m

w.o>w> nw.4> fw
�
lv

qrz jlyhq e| wkh v|vwhp ri vl{ vlpxowdqhrxv htxdwlrqv +55,/ +7,/ +4:,/ +4;,/ +54,
dqg +49,/ dqg wkh wudqvyhuvdolw| frqglwlrqv +8, dqg +9,/ jlyhq wkh lqlwldo ydoxhv
iru �3> e43> �3> l3> n3 dqg ��4

481
Dowkrxjk lq wkh uhsuhvhqwdwlyh djhqw iudphzrun/ zh duh deoh wr dujxh lq

whupv ri wkh T0wkhru| ri lqyhvwphqw1 Lw lv srvvleoh wr jhw wkh hyroxwlrq ri
pdujlqdo Wrelq*v T=

T @ 4 . 5*

�
n�w.4
n�w

� 4

�
4

n�w
> +56,

iru wkh rswlpdo fdslwdo vhtxhqfh in�w j4w@3 =

717 Wkh prgho g|qdplfv= �wwlqj hpslulfdo sdwwhuq

Wkh prqhwdu| wudqvplvvlrq phfkdqlvpv duh wkh Wrelq*v T wkhru| ri lqyhvwphqw
dqg wkh zhdowk h�hfwv rq frqvxpswlrq= wkh vsrw udwh fkdqjh vsrqvruv frqvxps0
wlrq dqg sruwirolr uhvsrqvhv zlwk uhdo h�hfwv1

Wr looxvwudwh wkh lpsolfdwlrqv ri wkh prgho/ zh pdnh xvh ri skdvh gldjudpv wr
orrn dw wkh lpsolhg g|qdplfv dqg wkh hyroxwlrq ri wkh whup vwuxfwxuh dorqj wlph1
Slfwxuh B14 vkrzv wkh g|qdplfv ri T dqg N> dqg Slfwxuh B15 vkrzv wkh lpsolhg
g|qdplfv ri wkh whup vwuxfwxuh1 Lq Slfwxuh B14/ T lv deryh xqlw iru lqfuhdvlqj
n dqg lv ehorz xqlw iru ghfuhdvlqj n1 Lw lv wkh fdvh zlwkrxw lqwhuyhqwlrq ri dq
hfrqrp|*v jurzwk sdwk49 1 Iurp htxdwlrq +48, lw fdq eh lqihuuhg wkdw wkh vwhhs
ri wkh uhdo whup vwuxfwxuh ghfuhdvhv dv wkh hfrqrp| frphv forvh wr wkh vwhdg|0
vwdwh/ vlqfh wkh udwlrv ri wzr gl�huhqw wlph frqvxpswlrqv dssurdfk wkh xqlw|

48Wkh mxpslqj yduldeohv duh f/ e/ Z�
49Wkh vwhdg| vwdwh fdq eh vhhq dv wkh shdn ri d exvlqhvv f|foh1 Lq wklv fdvh/ dw hyhu|

whfkqrorj| vkrfn wkdw lpsuryhv h�flhqf|/ '' pryhv qruwkhdvw dqg wkh whup vwxfwxuh g|qdplfv
ehjlqv djdlq1
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+dqg wkh uhdo |lhog dssurdfk ��4 iru hyhu| pdwxulw|,1 Slfwxuh B15 looxvwudwhv
wklv surfhvv dqg sduwldoo| h{sodlq zk| wkh +ll, frxqwhuf|folfdo sdwwhuq ri wkh
whup vsuhdg1

Slfwxuh B14 vkrzv zkdw kdsshqv zkhq d whpsrudu| lqfuhdvh lq wkh uhdo vsrw
lqwhuhvw udwh lv h{shfwhg dw d fhuwdlq gdwh dqg iru d fhuwdlq shulrg4:/ gxh wr
wljkw ri wkh Fhqwudo Edqn wr �jkw lqfuhdvlqj lq dwlrq= rqfh wkh wljkw ehfrphv
h{shfwhg/ T mxpsv grzq dqg N ehjlqv wr ghfuhdvh xs wr wkh wlph zkhq wkh
fkdqjh kdsshqv +dw W,1 Ehwzhhq wkh h�hfwlyh wljkw dqg wkh wlph srolf| lv djdlq
orrvhq/ T lqfuhdvhv/ zkloh N �uvw ghfuhdvhv/ wr lqfuhdvh diwhu T uhdfkhv xqlw1
+T>N, fkdqjhv kdsshq vr wkdw zkhq srolf| uhyhuwv wr orrvh djdlq +dw W*,/ wkh
sdlu lv ryhu wkh ruljlqdo vdggoh dqg jrhv wr wkh vwhdg|0vwdwh1 Wkh whup vwuxfwxuh
vkrzq lq Slfwxuh B15 vkrzv wkdw frqvxpswlrq dovr mxpsv rqfh wkh fkdqjh eh0
frphv h{shfwhg dqg ghfuhdvhv zkhq lqwhuhvw udwh lv xs1 Zkhq srolf| lv orrvhq
djdlq/ frqvxpswlrq lqfuhdvhv djdlq1 Wklv lpsolhv dq lqyhuwhg kxpshg |lhog
fxuyh1

Slfwxuh B/ rq wkh rwkhu kdqg/ vkrzv zkdw kdsshqv zkhq wkh wlph ri wkh
wdujhw lv xqfhuwdlq1 Rqfh wkh fkdqjh ehfrphv mxvwl�deoh e| �kljk� lq dwlrq/ T
mxpsv iru dq lqwhuphgldu| vdggoh sdwk/ orfdwhg lq dffrugdqfh zlwk wkh sured0
elolw| ri fkdqjh1 Zkloh wkh fkdqjh grhv qrw kdsshq/ lq dwlrq lv lqfuhdvlqj dqg
wkh lqwhuphgldu| vdggoh pryhv vrxwkzhvw +gxh wr wkh lqfuhdvlqj suredelolw|,/
eulqjlqj wrjhwkhu wkh sdlu +T>N,1 Rqfh wkh wljkw wdnhv sodfh +dw W,/ T mxpsv
djdlq wr d srlqw wkdw ghshqgv rq wkh h{shfwhg ixwxuh prqhwdu| srolf|1

Wkh frpelqdwlrq ri wkh uhdo vsrw lqwhuhvw udwh zlwk wkh lq dwlrq g|qdplfv
doorzv wr rewdlq doo vruw ri vkdshv iru wkh whup vwuxfwxuh1 Qrz/ wkh +l, wr +y,
vw|ol}hg idfwv fdq eh h{sodlqhg e| wkh deryh prgho1

Lqdvpxfk dv wkh h{shfwhg lq dwlrq lv sur0f|folfdo/ +l, wkh qrplqdo lqwhuhvw
udwhv ohyho lv kljk lq wkh shdn dqg orz lq wkh wurxjk ri wkh exvlqhvv f|foh1

Ehfdxvh wkh orqjhu wkh erqg/ wkh pruh lwv |lhog lv d�hfwhg e| pryhv ri wkh
ixwxuh vkruwhvw qrplqdo lqwhuhvw udwhv/ +ll, wkh frxqwhuf|folfdo sdwwhuq ri wkh
whup vsuhdg fdq eh h{sodlqhg dv d �ixwxuh vsrw0udwh pryh ulvn�1 Gxh wr v|vwhp
vwdelolw|/ shrsoh eholhyh wkhuh duh xsshu dqg orzhu erxqgv iru wkh h{shfwhg
lq dwlrq dqg wkh suredelolw| ri prqhwdu| dxwkrulw| dfwlrq*v djdlqvw lq dwlrq lv
lqfuhdvlqj lq lq dwlrq lwvhoi1 Zkhq wkh hfrqrp| ehjlqv dq h{sdqvlrq wkh ohyhov
ri qrplqdo lqwhuhvw udwhv dqg lq dwlrq duh orz dqg lq dwlrq lv h{shfwhg wr jurz1
Hyhqwxdo vsrw udwh mxpsv lq wkh qhdu ixwxuh zloo kdyh srvlwlyh vljqv/ wklv phdqlqj
orzhu erqg sulfhv dqg fdslwdo orrvhv iru wkh orqj pdwxulwlhv erqg kroghuv/ zkr
fkdujh wkhlu eruurzhu iru wkdw1 Dv wkh h{sdqvlrq wdnhv sodfh/ lq dwlrq lqfuhdvhv/
iroorzhg e| wkh vsrw0udwh1 Vlqfh wkhuh lv d shufhlyhg xsshu olplw iru wkh lq dwlrq/
wkh cixwxuh vsrw0udwh xsvlgh ulvn* ghfuhdvhv dorqj wklv sdwk/ dqg wkh uhgxfwlrq
lq wkh whup vsuhdg lv frqvlvwhqw1 Wkh ghvfulswlrq ri wkh uhfhvvlrq jrhv dorqj wkh
vdph olqhv1

Zlwk wkh vsrw0udwh h{rjhqrxvo| �{hg dqg dgmxvwphqw frvwv/ lw lv dovr hylghqw
zk| wkh Ilvkhu k|srwkhvlv ri frqvwdqw uhdo lqwhuhvw udwh fdq*w krog dqg khos

4:Dowkrxjk Fhqwudo Edqn*v wdujhw fkdqjhv duh xqfhuwdlq dv zhoo dv lw lv krz orqj wkh| wdnh/
wklv h{huflvh vlpsol�hv frpsuhkhqvlrq1
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h{sodlq zk| +lll, wkh h{shfwhg uhdo vsrw lqwhuhvw udwh fdq vwud| iurp wkh h{shfwhg
pdujlqdo surgxfw ri fdslwdo iru d zkloh1 D srvlwlyh +qhjdwlyh, lq dwlrq vkrfn qrw
dffrpsdqlhg e| d vsrw0udwh mxps dffrpsolvkhv wr orzhu +udlvh, uhdo lqwhuhvw udwh
ehorz +deryh, suhvhqw fdslwdo surgxfwlylw| ohyho dqg vsrqvruv fdslwdo lqyhvwphqw
+glvlqyhvwphqw,1 Lq wkh suhvhqfh ri lqfuhdvlqj lqyhvwphqw frvwv/ fdslwdo grhv qrw
lqfuhdvh hqrxjk iru lwv surgxfwlylw| wr htxdo uhdo lqwhuhvw udwh1

Wkh zd| qrplqdo vsrw lqwhuhvw udwh lv prgl�hg jlyhv ulvh wr d +ly, qhjdwlyh
vkruw0uxq fruuhodwlrq ehwzhhq h{shfwhg lq dwlrq dqg h{shfwhg ixwxuh uhdo lqwhu0
hvw udwh/ vlqfh lq dwlrq lqqrydwlrqv duh qrw lqvwdqwdqhrxvo| wudqvplwwhg wr wkh
qrplqdo vsrw udwh1

Lq dwlrq vwlfnlqhvv dqg vwdelolw| vhhp hqrxjk wr mxvwli| +y, wkh ehwwhu suh0
glfwdelolw| ri wkh vorsh ri wkh |lhog fxuyh dw wkh vkruw0 dqg dw wkh orqj0hqgv +ru
wkh zruvh suhglfwdelolw| ri wkh vorsh ri wkh plggoh ri wkh |lhog fxuyh,/ lqdvpxfk
dv suhvhqw prqhwdu| srolf| lv vxssrvhg wr odvw iru d zkloh dqg orqj udwhv duh
pdlqo| d�hfwhg e| wkh vwdwlrqdu| orqj uxq yduldeohv1

Wu|lqj dq hfrqrplf lqwhusuhwdwlrq iru wkh wkuhh idfwruv suhvhqwhg deryh= wkh
ohyho zrxog eh d frpelqdwlrq ri wkh � dqg fxuuhqw lq dwlrq1 Wkh prqhwdu|
srolf| dqg wkh jurzwk zrxog mxvwli| wkh vwhhsqhvv1 Fxuydwxuh vwloo zdlwlqj iru
dq lqwhusuhwdwlrq1

8 H{shulphqwv dqg Vlpxodwlrq

Htxdwlrqv +7,/ +49,/ +4:,/ +4;,/ +54, dqg +55, irup d qrq0olqhdu vwrfkdvwlf gl�hu0
hqfh v|vwhp zlwk udwlrqdo h{shfwdwlrqv wkdw fdq eh vroyhg dffruglqj wr Qrydohv
hw do1^46`1

Txlwh suholplqdu| qxphulfdo h{huflvhv duh uhsruwhg ehorz iru sdudphwhu ydo0
xhv � @ 5> � @ 3=<<> � @ 3=<8> � @ 3=69> � @ 3=358> * @ 6;3> "3 @ 3=8> "4 @ 3=5/
zklfk duh vwdqgdug fdoleudwlrq sdudphwhu iru txduwhuo| iuhtxhqf|1

814 H{shulphqwv

Wkh �jxuhv ehorz looxvwudwh wkh g|qdplfv lq wzr h{shulphqwv= +l, d glvlq dwlrq
h{shulphqw/ zkhq fdslwdo kdv douhdg| uhdfkhg wkh vwhdg| vwdwh/ exw wkh suhvhqw
lq dwlrq lv deryh wkh vwhdg| vwdwh ohyho +vkrzq lq �jxuh 5,/ dqg +ll, dq h{sdqvlrq
h{shulphqw/ zkhq fdslwdo dv zhoo dv lq dwlrq duh ehorz wkh vwhdg| vwdwh ohyho
+vkrzq lq �jxuh 6,1

Dv looxvwudwhg lq �jxuh 5/ wkh ohyho ri wkh qrplqdo lqwhuhvw udwhv duh lqlwldoo|
kljk/ exw vkruw uhdo lqwhuhvw udwh lv h{shfwhg wr lqfuhdvh dqg lq dwlrq wr ghfuhdvh1
Wkh hyroxwlrq ri wkh whup vwuxfwxuh lv looxvwudwhg lq wkh �jxuh1

Lq �jxuh 6/ fdslwdo dqg frqvxpswlrq lqfuhdvh dorqj wlph/ zkloh wkh uhdo
lqwhuhvw udwh ghfuhdvh1
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Iljxuh 5= Frqwudfwlrq sdwk

815 Vlpxodwlrq zlwk wkh X1V1 gdwd

Lq d dwwhpsw wr whvw li wkh prgho uhsurgxfh wkh gdwd/ zh fdq ihhg wkh prgho zlwk
wkh klvwrulf vkrfn vhulhv iru +%> $, dqg fkhfn li wkh qxphulfdo suhglfwlrqv ri wkh
wkhruhwlfdo prgho suhvhqw gdwd sdwwhuq vlplodu wr wkh vw|ol}hg idfwv iurp vhfwlrq
51 Lq d txlwh suholplqdu| h{huflvh/ zh kdyh fdofxodwhg d vkrfn vhulhv % lq htxdwlrq
+7, iru wkh X1V1/ dqg xvhg lw wr jhqhudwh d vhulhv ri whfkqrorj| sdudphwhu � iru
wkh uhfhqw klvwru|1 Wkh sur{| iru surgxfwlylw| jurzwk xvhg zdv �Rxwsxw shu
krxu ri doo shuvrqv/ vhdvrqdoo| dgmxvwhg� iurp 4<85=6 wr 4<<:=71 surylghg e| wkh
X1V1 Ghsduwphqw ri Oderu/ Exuhdx ri Oderu Vwdwlvwlfv1 Wkh qhshuldq orjdulwkp
ri wkh vhulhv zdv wdnhq dqg wkh wuhqg glvfrxqwhg xvlqj Krgulfn0Suhvfrww �owhu1
Iurp wklv uhvxowlqj vhulhv/ dq DU+4, zlwk wuhqg zdv hvwlpdwhg dqg wkh uhvlgxdov
zhuh wdnhq wr eh wkh sur{| iru % 4;1

Iljxuh 7 ehorz suhvhqw wkh sdwk ri wkh yduldeohv iru wkh vlpxodwlrq1

4;Wkh uhvxowlqj uhvlgxdov suhvhqwhg doprvw qr fruuhodwlrq/ vwdqgdug0ghyldwlrq htxdo wr 3133;/
dqg wkh Mdutxh0Ehud whvw frxog qrw uhmhfw qrupdolw| dw 8( vljql�fdqfh ohyho1
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Iljxuh 6= H{sdqvlrq sdwk

Wkh uhvxowv duh qrw edg dqg duh �forvh� wr uhsurgxfh wkh sdwwhuq grfx0
phqwhg e| Olwwhupdq dqg Vfkhlqnpdq ^44`1 Wdeohv 7 dqg 8 ehorz vkrz uhodwlyh
lpsruwdqfh ri wkh idfwruv dqg wkh uhvshfwlyh hlqjhqyhfwruv1

Wkh vlpxodwlrq dovr suhvhqw wkh vkruw uxq qhjdwlyh fruuhodwlrq ehwzhhq h{0
shfwhg lq dwlrq dqg h{shfwhg ixwxuh uhdo lqwhuhvw udwh1 Wdeoh 9 ehorz suhvhqw
wkh fryduldqfhv ehwzhhq wrgd| h{shfwdwlrq ri qh{w shulrg lq dwlrq dqg h{shfwhg
uhdo lqwhuhvw udwh ri wklv dqg wkh qh{w wkuhh shulrgv 4< =

9 Wkh Frpshwlwlyh Sureohp

Wkh htxlydohqfh ri wkh uhsuhvhqwdwlyh frqvxphu zlwk d frpshwlwlyh hfrqrp| lv
jrlqj wr eh vkrzq ehorz1 Dv xvxdo lq wkh frpshwlwlyh iudphzrun/ frqvxphuv
dqg �upv pd{lpl}h wkhlu remhfwlyh ixqfwlrq wdnlqj sulfhv dv jlyhq1 Zlwkrxw

4<Wr kdyh dq lghd ri vl}h/ wkh yduldqfh ri uhdo lqwhuhvw udwh lv f�ff���
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Iljxuh 7= X1V1 vlpxodwlrq

orvv ri jhqhudolw|/ lw lv dvvxphg wkdw wkh �upv duh wkh rzqhuv ri wkh fdslwdo dqg
duh doo htxlw| �qdqfhg531

XSRQ UHTXHVW IRU ODFN RI VSDFH

: Frqfoxvlrq
Wkh uhodwlyho| vlpsoh pdfur prgho ghyhorshg lq wkh sdshu vhhpv deoh wr �w
wkh hpslulfdo whup vwuxfwxuh ri lqwhuhvw udwhv1 Lw grhvq*w irfxv rq wkh ehkdylru
ri vrph lqvwdqwdqhrxv vsrw udwh surfhvv ghulyhg iurp d sduwlfxodu htxloleulxp
prgho wr rewdlq wkh whup vwuxfwxuh dv lv xvxdo lq wkh olwhudwxuh1 Lqvwhdg/ lw
uhfrjql}hv wkh vsrw0udwh lv dq lqvwuxphqw ri wkh prqhwdu| dxwkrulw|/ zkr frqwurov
lw wr pdwfk wkh jrdo ri orz sulfh yduldwlrq1 Wklv ehlqj wkh fdvh/ wkh orqj uxq
ohyhov ri wkh vwdwh yduldeohv pd| eh iruhfdvwhg zlwk d kljk ghjuhh ri dffxudf|/

53Iru wkh �upv ghflvlrq ehwzhhq htxlw| dqg ghew lq d iudphzrun vlplodu dv rxuv/ vhh Eurfn
dqg Wxuqryvn| +4<;4,1 Qrwh wkh| ghdo zlwk vxfk ghflvlrq lq d shuihfw iruhvljkw vlwxdwlrq1
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Pdwxulw| Ohyho Vwhhsqhvv Fxuydwxuh
4 |hdu 31;7<: 3147:8 31335;
5 |hdu 31<866 31334: 31374:
6 |hdu 31<7;8 3135<< 313344
7 |hdu 31<483 3139:5 313433
8 |hdu 31;<7; 313:89 3134<5
Dyhudjh 31<456 313977 313483

Wdeoh 7= Uhodwlyh Lpsruwdqfh ri wkh Idfwruv

Pdwxulw| 4vw1 Hljyhf1 5qg1 Hljyhf1 6ug1 Hljyhf1
4 |hdu 1878: 01:<<8 15839
5 |hdu 17:77 139<; 01:<58
6 |hdu 17636 159;8 01449<
7 |hdu 16<68 16:7< 165;5
8 |hdu 16:35 16:;8 17666

Wdeoh 8= Hljhqyhfwruv

dv zhoo dv wkh ixwxuh fkdqjhv lq wkh vsrw lqwhuhvw udwh1 Wr rewdlq wkh whup
vwuxfwxuh/ shrsoh grhv wdnh lqwr dffrxqw wkh fxuuhqw guliw ri wkh lq dwlrq dqg
zkdw ixwxuh prqhwdu| srolf| dfwlrqv lw lpsolhv1

Ixwxuh surjuhvv rq wklv uhvhdufk pd| vkrz pruh uholdeoh uhvxowv dqg krz
jrrg lv wkh sursrvhg prgho wr �w wkh hpslulfdo gdwd1

Uhihuhqfhv

^4` Dòw0Vdkdold/ \1 +4<<9 e,/ �Whvwlqj Frqwlqxrxv0Wlph Prghov ri wkh Vsrw
Lqwhuhvw Udwh/� Uhylhz ri Ilqdqfldo Vwxglhv/ </ 6;807591

^5` Edogx}}l/S1/ J1 Ehuwrod dqg V1 Iruhvl +4<<6, �D Prgho ri Wdujhw Fkdqjhv
dqg Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/� QEHU Zrunlqj Sdshu 767:1

^6` Eduu/ G1 dqg M1 Fdpsehoo +4<<8,/ �Lq dwlrq/ Uhdo Lqwhuhvw Udwhv/ dqg wkh
Erqg Pdunhw= d Vwxg| ri wkh XN Qrplqdo dqg Lqgh{0Olqnhg Jryhuqphqw
Erqg Sulfhv/�1

^7` Eurfn/ Z1 +4<;B, �Dq Lqwhjudwlrq ri Vwrfkdvwlf Jurzwk Wkhru| dqg wkh
Wkhru| ri Ilqdqfh/ Sduw L= Wkh Jurzwk Prgho/� Lq= Vfkhlqnpdq/ M1 +4<;B,
Jhqhudo Htxloleulxp/ Jurzwk dqg Wudgh/ BBB

^8` Eurfn/ Z1 dqg V1 Wxuqryvn| +4<;4,/ �Wkh Dqdo|vlv ri Pdfurhfrqrplf Srol0
flhv lq Shuihfw Iruhvljkw Htxloleulxp/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 55/
4/ 4:<053<1

^9` Fdpsehoo/ M1/ D1 Or dqg D1 PdfNlqod| +4<<:,/ Wkh Hfrqrphwulfv ri Il0
qdqfldo Pdunhwv/ Qhz Mhuvh|= Sulfhwrq Xqlyhuvlw| Suhvv1

4<



Fryduldqfh Hw ^�w.4`
Hw ^uw.4>w` 0313344
Hw.4 ^uw.5>w.4` 031333<
Hw.5 ^uw.6>w.5` 031333<
Hw.6 ^uw.7>w.6` 031333;

Wdeoh 9= Fryduldqfhv

^:` Fkdq/ N1/ D1 Nduro|l/ I1 Orqjvwd� dqg D1 Vdqghuv +4<<5,/ �Dq Hpslulfdo
Frpsdulvrq ri Dowhuqdwlyh Prghov ri wkh Vkruw0Whup Lqwhuhvw Udwh/� Wkh
Mrxuqdo ri Ilqdqfh/ 7:/ 453<0455:1

^;` Fr{/ M1 F1/ M1 H1 Lqjhuvroo/ dqg V1 D1 Urvv +4<;8 e,/ �D Wkhru| ri wkh Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv/� Hfrqrphwulfd/ 86/ 6;8073:1

^<` Idpd/ H1 dqg U1 U1 Eolvv +4<;:,/ �Wkh Lqirupdwlrq lq wkh Orqj0Pdwxulw|
Iruzdug Udwhv/� Dphulfdq Hfrqrplf Uhylhz/ ::/ 9;309<51

^43` Idpd/ H1 dqg N1 Iuhqfk +4<;<,/ �Exvlqhvv Frqglwlrqv dqg H{shfwhg Uh0
wxuqv rq Vwrfnv dqg Erqgv/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 58/ 5607<1

^44` Olwwhupdq/ U1 dqg M1 Vfkhlqnpdq +4<<4,/�Frpprq Idfwruv D�hfwlqj Erqg
Uhwxuqv/� Mrxuqdo ri Il{hg Lqfrph/ Mxqh/ 4/ 870941

^45` Phow}hu/ D1 +4<<8,/�Prqhwdu|/ Fuhglw +dqg Rwkhu, Wudqvplvvlrq Surfhvvhv=
D Prqhwdulvw Shuvshfwlyh/� Wkh Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ </ 5/
Idoo/ 7<0:51

^46` Qrydohv/ D1/ H1 Grplqjxh}/ M1 Shuh} dqg M1 Uxl} +4<<<, �Vroylqj Qrqolq0
hdu Udwlrqdo H{shfwdwlrqv Prghov e| Hljhqydoxh0Hljhqyhfwru Ghfrpsrvl0
wlrqv�1 Lq Pdulprq/ U1 dqg D1 Vfrww +4<<<, Frpsxwdwlrqdo Phwkrgv iru
wkh Vwxg| ri G|qdplfv Hfrqrplfv1 R{irug1

^47` Sdwholv/ D1 +4<<:, �Vwrfn Uhwxuq Suhglfwdelolw| dqg Wkh Uroh ri Prqhwdu|
Srolf|/� Wkh Mrxuqdo ri Ilqdqfh/ yro1 OLL/ qr1 8/ Ghfhpehu=4<8404<:51

^48` Sld}}hvl/ P1 +5333,

^49` Urphu/ G1 +4<<9,/ Dgydqfhg Pdfurhfrqrplfv/ Qhz \run= PfJudz0Kloo1

^4:` Uxghexvfk/ J1 +4<<8,/ �Ihghudo Uhvhuyh Lqwhuhvw Udwh Wdujhwlqj/ Udwlrqdo
H{shfwdwlrqv/ dqg wkh Whup Vwuxfwxuh/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/
68/ qr1 5/ Dsulo= 57805:71

^4;` Zrrgirug/ P1 +4<<:,/ �Grlqj Zlwkrxw Prqh|= frqwuroolqj lq dwlrq lq d
srvw0prqhwdu| zruog/� QEHU zrunlqj sdshu qr1 94;;/ Vhswhpehu1

^4<` Wkruehfnh/ Z1 +4<<:,/ � Rq Vwrfn Pdunhw Uhwxuqv dqg Prqhwdu| Srolf|/�
Mrxuqdo ri Ilqdqfh/ 85/ 5/ 96809871
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