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Abstract

This paper compares theoretically three alternative systems: the cur-
rent one adopted in some countries (e.g, Brazil, Mexico, Portugal and
Spain), in which students who perform better in the entering exam obtain
the right to attend the public university without paying the full tuition;
a system of a¢ rmative action quotas in public universities, to bene�t low
income students; and a targeted vouchers system that can be used either
to pay private or public university tuiton. The comparison indicates that
the last system leads to: (i) a higher quality of the labor force; (ii) a more
e¢ cient allocation of resources; and (iii) a greater social mobility. Finally,
the analysis suggests that the introduction of the targeted voucher system
may face opposition due to two potential consequences of its implemen-
tation: the reduction in the welfare of speci�c groups and the shut down
of the less competitive public universities.

Key words: Higher Education, E¢ ciency, Social Mobility, Quotas, Af-
�rmative Action, Welfare
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1 Introduction

Some Latin American and European countries have an university system with
two characteristics. First, there is a mix of private and public universities co-
existing. Examples are: Argentina (with 15% of students enrolled in private
universities), Brazil (63%), Mexico (31%), Portugal (36%) and Spain (11%).1

Second, the government heavily subsidizes higher education by �nancing fully
(or almost fully) public universities�tuitions. Public universities in Argentina,
Brazil and Mexico are tuition-free. Almost 80% of the Spanish public universi-
ties funds comes from the government. In Portugal, the annual public university
tuition can correspond to 80% of a monthly private university one.2

There are two main justi�cations to use government money to �nance higher
education. The �rst one is to promote equality of opportunity by correcting the
lack of capital markets to �nance education. The second one is to produce
positive externalities. It is not clear that the current university system in those
countries is the most e¢ cient to accomplish these goals.
On the one hand, the system is clearly regressive and does not promote

equality of opportunity. It is �nanced through tax revenues by all individu-
als in the economy. The mechanisms to select students to attend the public
universities are very di¤erent across countries. It ranges from a very generous
system in which enrollment is open to all individuals with high school degree
(e.g, Argentina) to a strict one in which only students who pass a competitive
entrance exam are accepted (e.g., Brazil). However, independently of the se-
lection mechanism, the current system implies a transfer from the rich to the
poor. Its bene�ciaries are in general students coming from high income fami-
lies. The reasons are obvious. Rich families�o¤spring receive a higher quality
pre-university education which allows them either to �nish high school or to
perform better in the competitive entrance exams for the public universities.
They choose the public option over the private one either because the public
universities are better or because it is not worth �paying twice� for a better
education (through tax and tuition in private universities). For example, in Ar-
gentina, almost 50% of the students at public universities belong to the highest
20% of the income distribution. 90% have a higher than the median per capita
famliy income. In Brazil, 76% of all public expenditures in higher education
are directed to the top 20% richest families in the population. Only 3% are
directed to the 60% poorest families. In Spain, studies indicate that there is an
important relationship between an individual�s family income and his ability to
obtain an university degree.

1This data comes from OECD. The years of reference are 1999 for Argentina and Brazil
and 2000 for the others.

2For information about the higher education systems in Argentina, Brazil, Mexico and
Spain see, respectively, Rozada and Menendez (2000), Veloso e Ferreira (2006), Malledo and
San Segundo (2000), and Lopez-Acevedo and Salinas (2000). In Portugal, the annual public
university tuition is about 600 euros, whereas a private university tuition ranges from 350 to
500 euros per month.
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On the other hand, the presence of externalities may not justify the current
system. First, it is not necessarily optimum to subsidize every student at the
same rate. Mostly important, given the �nancial di¢ culties of the governments
and the potential alternative uses of the money, it is desirable to use more
e¢ ciently the public resources.
Given the inadequacy of the current system, it is worth analyzing other

options. This paper�s objective is to compare theoretically three systems. The
�rst one mimics the current system in the countries mentioned above and it is
called free tuition regime. It is assumed that the public universities are tuition
free. The students who obtain the highest scores in the entrance exams can
attend the public universities.3 The second one is the targeted vouchers system.
Under this scheme, public tuitions are not free. Low income students receive
vouchers that can be used either to pay private or public tuition. The others
have to sponsor fully their higher education. Pro-poor voucher plans operate
in some countries (e.g., Colombia, Guatemala, the United States), but only in
lower levels of education, not in universities.4 The third regime is quotas. Under
this option, public universities are tuition-free. However, it is guaranteed the
admission of a certain number of students from the target groups (coming from
low income families) in public universities. These bene�ciaries replace students
from non-target groups who would have the right to attend the tuition-free
public universities in the free tuition regime. Such a system has been adopted
in some Brazilian public universities and the government has plans to expand
it to all federal universities.
The analysis suggests that the targeted vouchers system is the best among

the three examined. It produces the highest quality of the labor force, the
greatest social mobility and the most e¢ cient allocation of total resources (pri-
vate and public) in higher education. Its advantage is related to the fact that
it directs public resources only to those individuals who really need �nancial
support to attend an university.
As voucher allows its bene�ciaries to select which university to attend, one

consequence of its introduction is the shut down of the less competitive public
universities. In addition, some speci�c groups have their welfare reduced with
vouchers in comparison with the current system. It occurs either because the
skill premium is lower (due to the higher quality of the labor force) or they
lose their right to attend the tuition free public universities. These two e¤ects
combined can explain possible oposition to the replacement of the current system
by the the more e¢ cient targeted vouchers one.
There are some papers related to this one. It adapts a framework developed

by Caucutt and Kumar (2003), which analyses the e¤ects of increasing higher

3As pointed out above, the public universities are not tuition-free in some of the countries
mentioned above. The student pays a small fraction of the university costs and the government
�nances the rest. To simplify the analysis, it is assumed tuition-free.

4To my knowledge, Chile is the only country that adopts a voucher system in higher
education. Its system, however, is a universal one as proposed by Friedman (1962), not
selective. For di¤erent funding mechanisms for higher education in the world, see Albrecht
and Ziderman (1992).
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education subsidies in the US on inequality, welfare and e¢ ciency. They do not
examine the e¤ects of quotas and targeted vouchers. Chen and West (2002)
studies the median voter choice between the universal and selective vouchers
but in primary and secondary education. In contrast with the ideas in Johnson
(1984), Creedy and François (1990) and Fernandez and Rogerson (1995), the
results of this paper are in line with the explanation that majority voting is
not an appropriate mechanism to capture how the goverment takes its decisions
and possibly political power is concentraded among wealthier individuals. If a
majority voting mechanism was in place, the targeted vouchers system would
replace the current one.
The paper is organized as follows. Section 2 lays out the structure of the

model. The following section describes the competitive equilibrium in each
system. Section 4 compares the e¢ ciency of the three regimes (tuition free,
quotas and targeted vouchers). Section 5 examines the welfare consequences of
replacing the current system by the targeted vouchers system. The �nal section
concludes.

2 Model

The model employs a two-period economy. There are two types of families,
which di¤er by the parent�s level of human capital. At time t = 0, parent
has either a high or a low level of human capital. Each parent works, receives
wages, decides whether to send his child to university, consumes, and dies.
At time t = 1, the child becomes a worker with high or low level of human
capital, depending on the educational decision of his parent, receives a wage,
and consumes. The measure of each generation (and the number of workers
in each period) is constant and is normalized to one. Let nh;t and nl;t be the
fraction of individuals, respectively, with high and low levels of human capital
at time t. Note that nh;0 = n�h;0 and nl;0 = n�l;0 are exogenously given, and
n�h;0 + n

�
l;0 = 1.

As I do not model the schooling decision, it is assumed that all children
have a school degree and are able to attend university. However, they di¤er in
their ability to perform well at university and become an individual with a high
level of human capital. A child with ability a who attends a private university
becomes an individual with high or low level of human capital, respectively, with
probability �pr(a) and (1��pr(a)). In the case of attending a public university,
the equivalent probability can di¤er and is denoted by �pu(a). If the quality
of the public university is greater than the private, then �pu(a) > �pr(a), 8a.
The inequality reverses if the opposite holds, that is, if the private university
has a higher quality. This feature of the model limits the heterogeneity to two
levels of human capital, and therefore to two income levels, which simpli�es the
analysis. If a child does not attend university, he has the lower level of human
capital with probability equal to one. Let F (:) be the distribution function for
ability on the support [0; 1], and f(:) be the corresponding density function.
As in Caucutt and Kumar (2003), the distribution is identical across types and
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within families of the same type, and all ability draws are independent of each
other.5

Assumption 1: a 2 [0; 1], 0 � �j(a) � 1, �0j(a) > 0, �00j (a) < 0, 8a, and
�j(0) = 0, j = pr; pu.

The parent whose child has ability a may have three options: sending the
child to attend the public or the private university, or alternatively, letting the
child remain solely with a school degree. His problem can be written in the
following way:

max
pu;pr;s

fu ((1� �)wi;0 � Epu + V ) + � [�pu(a)u (wh;1) + (1� �pu(a))u (wl;1)] ;(1)

u ((1� �)wi;0 � Epr + V ) + � [�pr(a)u (wh;1) + (1� �pr(a))u (wl;1)] ;
u ((1� �)wi;0) + �u (wl;1)g, i = h; l:

where � is the income tax, � is the discount factor, wi;t is the wage of individual
with i level of human capital at time t, Epu is the public university tuition, Epr
is the private university tuition, V is the voucher that can be used either in
private or public university, and the utility function u has the usual properties.
The university tuition can be seen as the cost per student in terms of units
of consumption. The �rst term within the parenthesis in the above problem
indicates the public university option, which may be available to the family.6

At t = 0, the family receives its wage net of taxes, may have to pay the public
university tuition and may receive vouchers to pay the child�s education. It
consumes and sends its child to a public university. At t = 1, the child becomes
either a worker with high or low level of human capital, based on the quality of
the public university, and earns his wage. The second term indicates the private
university option, which is available to all families who have enough resources
to pay the tuition.7 ;8 The di¤erence with respect to the �rst option is that the
probability of the child becoming an individual with high level of human capital
is now based on the quality of the private university. The last term within the
parenthesis is the option of not sending the child to university at all. The family
pays taxes and the child becomes a worker with low level of human capital.
The family�s problem above di¤ers slightly depending which regime is in

place: free tuition in public universities (f), quotas (q) and targeted vouchers

5 In this paper, the term ability includes cognitive and non-cognitive abilities. See Cunha
et al. (2006) for a lenght discussion on the impact of cognitive and non-cognitive abilities
and parent�s education on the student performance, as well as early and late investments in
education a¤ecting many individuals�behaviors and income.

6See discussion below about which families have the public university option.
7As it is assumed that there is no capital market to �nance investments in education, the

private university option is not available to those families that do not receive vouchers and
whose wage net of taxes is lower than the private university tuition.

8The price (cost) of private education is assumed to be �xed and equal to Epr . Thus, the
number of students that are enrolled in the private universities is endogenously determined.
Implicitly, it is assumed, for simplicity, that there is perfect competition in the private market
for education with competitors having the same cost structure.
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(v). Under the free tuition regime, there are no vouchers and the public uni-
versity tuition is free. Hence, Epu and V are equal to zero. Moreover, there is
a �xed number s of places (s << 1) in public universities. As the number of
applicants is greater than s, it is necessary to have some form of rationing.
For example, in Brazil and Spain, this rationing is made through exams

that all applicants must take. The accepted students are those who achieve the
highest scores. In order to mimic this current system of students�selection to
the public universities, it is assumed that the students who achieve the highest
scores are the ones with greater abilities. Hence, the s individuals with greater
ability obtain the right to attend the public university, independently of their
family�s income background.9 Formally, the ability ranges of the individuals
from high and low income families who acquire the right to attend public uni-
versity under regime f are, respectively, equal to [afpu;h; 1] and [a

f
pu;l; 1], such

that: s = n�h;0
R 1
afpu;h

f(a)da + n�l;0
R 1
afpu;l

f(a)da.10 Only those families whose

children obtain the right to attend the public university have the three options
mentioned in problem (1) under the free tuition regime. The others would have
only the last two options: either to send their children to private university or
let them remain solely with a school degree.
Under the quota regime, as in the free tuition regime, there are no vouchers

and the public university tuition is free (Epu = V = 0). The introduction of
quotas into the system has the e¤ect of changing the individuals who have the
right to attend public universities and, thus, the ability range of the individual
who attend public universities. This change occurs formally in the following way.
The c individuals with the lowest ability levels compared to other individuals of
their background, who had the right to attend the public university and whose
parents have a high level of human capital, lose their right to attend public
universities. In their place, the c individuals with the highest ability levels
among individuals of their backgrounds, who did not have the right to attend a
public university and whose parents have a low level of human capital, acquire
that right. Therefore, the new ability range of the individuals who attend public
universities under regime q are the following. It becomes equal to [aqpu;h; 1] and
[aqpu;l; 1], respectively, for those individuals whose parents have high and low
level of human capital. The abilities aqpu;h and a

q
pu;l are obtained, respectively,

from the following equations: c = n�h;0
R aqpu;h
afpu;l

f(a)da = n�l;0
R afpu;l
aqpu;l

f(a)da.11 This

set-up indicates that, when quotas are introduced, some high income families
lose their right to send their children to public university, which are transferred
to some low income families. In this way, this feature of the model tries to mimic
the types of quotas that has been introduced in Brazil, which are intended to
bene�t either black or public schools students who in general are from low

9With assumption 2 below, the s individuals with the highest abilities actually decide to
attend the public universities under the free tuition regime.
10Note that afpu;l = a

f
pu;h.

11Note that aqpu;h > a
q
pu;l.
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income families.12 Hence, with quotas, there is a new set of families whose
children have the right to attend the public university. They are the ones now
with the three options in problem (1). The other families can choose from only
the other two alternatives: private universities or no university.
Under the targeted voucher system, students have to pay tuition to attend

public universities. In addition, students from low income families may receive
vouchers that can be used to pay full tuition either in private or public university.
To simplify the analysis, I assume that, when tuition are charged in public
universities, private and public tuitions are equal (Epr = Epu = E). For those
families who receive vouchers, V is positive and equal to E. For the others, V
is equal to zero and E is positive. It is important to de�ne which low income
families are eligible to receive the vouchers. They are the ones with the highest
ability levels among those families who do not send their children to attend
university without the �nancial aid from the government. It is important to
emphasize that the targeted voucher system is di¤erent from the other two
because it directs public resources only to those families who really need �nancial
support to provide an university degree to their children.13 I de�ne the ability
range of the individuals who receive vouchers as [avinf ; a

v
sup]. Total number of

vouchers distributed are equal to s. Hence, s = n�l;0
R avsup
avinf

f(a)da. The number
of places available in the public universities are still the same and equal to s. If
public universities face excess demand, I assume that the individuals with the
highest abilities have the right to attend them. However, the places available in
the public universities may not be �lled under the targeted voucher system as
they are not free anymore and their quality may be lower than the private ones.
Recall that, independently of which regime is in place, each family has to

pay an income tax (�) at t = 0. Income tax are the sole source of revenues
to the government. Under the free tuition or quota regimes, public university
students do not pay tuition which is �nanced by the government. Assuming
that the cost per student is equal to E, government expenditures are equal to
sE. Under the voucher system, s vouchers are distributed and each one has a
face value equal to E. This amount is su¢ cient to pay s full tuitions either in
the private or public university. Total government expenditures are also equal
to sE. As a result, the model is constructed in a way that total expenditures
by the government are the same in all regimes, which makes the three regimes
comparable. Government�s budget constraint, which has to be in equilibrium,
is the following:

�
�
n�h;0wh;0 + n

�
l;0wl;0

�
= sE.

12For more details, see Andrade (2004).
13The targeted voucher system used in the model is certainly not the most e¢ cient one.

In particular, it could have been proposed one in which targeted families with lower ability
children receive more generous vouchers. As a result, more children would attend university
as it is clearly not necessary to pay the full tuition to �convince" the targeted families with
the relatively brighest children to choose the university option. Nonetheless, for simplicity,
I use a targeted voucher system in which all recipients receive vouchers with the same face
value. For a further discussion on di¤erent voucher systems and its impacts, see Neal (2002)
and Ladd (2002).
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There is a single non-storable good in the economy produced by �rms op-
erating in a competititve market. There is no physical capital in the economy.
The only inputs in the production process are the two types of labor, with high
and low levels of human capital. The single technology, which has constant
returns to scale, produces goods that can be consumed or invested in education
and is as follows:

Yt = AN
�
h;t(Nh;t +Nl;t)

1��

where A > 0; 0 < � < 1; Nh;t and Nl;t are, respectively, the number of indi-
viduals with high and low levels of human capital employed in the production
process at time t. The idea behind this production function is the following.
Workers with high level of human capital provide two distinct productive ser-
vices, physical e¤ort (�brawn�) and mental e¤ort (�brains�)�. Workers with low
level of human capital is capable of providing only the former. In other words,
in order to be able to execute more sophisticated tasks the individual must ac-
quire a higher level of human capital.14 It is easy to check that the greater is
the fraction of individuals with high level of human capital, the greater is total
production. Moreover, as each type of labor is paid its marginal product, wh;t
is always greater than wl;t.

3 Competitive Equilibrium

This section discusses the competitive equilibrium of the model under the three
di¤erent regimes: free tuition (f), quotas (q) and targeted vouchers (v). I
restrict the analysis in any regime to equilibria that incorporate two features.
First, families always use the option o¤ered by the government if available to
them, either to use their right to attend the public university (in the free tuition
or quota regimes) or the vouchers in the best available university. Second,
there is also private investment in education. In other words, the expected skill
premium, resulted from the sole public expenditures in education in any regime,
is large enough to give incentives for at least some families to invest their own
resources in private education.
The reason for adopting these two features in the model is that they are

characteristics of the system in the countries mentioned in the introduction. In
general, individuals opt to attend public universities because they are (almost)
free in order to avoid paying twice for education (through tax and tuition in
private universities). It may occur even if a private university has a higher
quality.15 Moreover, there is a mix of private and public universities coexisting.
These characteristics are likely to remain if the two alternative regimes discussed
here, the quotas and targeted voucher regimes, are introduced.
Let w0i;1 be the wage of worker type i (i = h; l) at time t = 1 if the s individ-

uals with the right to attend public university under the quota regime choose
14Andrade (1998) uses the same production function, which is a simpli�ed version from the

one employed by Stokey (1996).
15Using the notation of the model, even if �pr(a) > �pu (a), 8a.
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the public option and there is no private investment in education. Recall that
the lowest ability level of all individuals who acquire the right to attend public
university under the quota regime is equal to aqpu;l. The following assumption
guarantees that the di¤erences in quality between both types of universities are
not large enough to justify the investment E in private education under the
quota regime when the public option is available:
Assumption 216 :(1� �)wh;0 > E and for any a, a 2 [aqpu;l; 1],

u ((1� �)wh;0)�u ((1� �)wh;0 � E) > � (�pr(a)� �pu(a))
�
u
�
w0h;1

�
� u

�
w0l;1

��
:

It is interesting to mention what this assumption implies to the equilibrium
under the free tuition regime. As mentioned in the previous section, quota
changes the individuals who have the right to attend public universities, reducing
their average quality. Hence, without any private investment in education, the
skill premium is certainly lower with quotas in comparison with the free tuition
regime. As a result, if it does not justify the investment in private education in
the quota regime when the public option is available, it must also hold in the
free tuition regime.
In the vouchers regime, obviously, the recipient families always opt to send

their children to the university with higher quality. The others alternatives
(either no university or the one with lower quality) become redundant.
Thus, as pointed out above, the type of equilibrium that is the focus of

this paper is the one in which the families always use the option o¤ered by the
government. Formally, the following holds in the equilibria examined. Under
the free tuition regime, the ability ranges of the indivuals from high and income
families who actually attend the public universities are, respectively, equal to
[afpu;h; 1] and [a

f
pu;l; 1]. Under the quota regime, the corresponding ability ranges

are [aqpu;h; 1] and [a
q
pu;l; 1]. Under the targeted voucher regime, the ability range

of the individuals from low income families who use the vouchers is [avinf ; a
v
sup].

The following assumption is su¢ cient to restrict the analysis to equilibria in
which there is private investment in education under the free tuition and quotas
regimes:

Assumption 317 : ��pr(a
q
pu;l)

h
u
�
w0h;1

�
� u

�
w0l;1

�i
> u ((1� �)wi;0) �

u ((1� �)wi;0 � E), for i = h and if (1� �)wl;0 > E for i = l.
Some of high income families whose children do not have the right to attend

public university are made better o¤ by investing in private education instead

16Obviously, if it is not worth to high income families to choose the private option when the
public one is available, the same holds for low income families. Moreover, if low income families
do not have enough resources to pay for private education (that is, if (1� �)w0:l < E), they
do not invest in private education. Finally, note that having chosen the public option without
any private investment in education, the families certainly continue choosing the public option
when there are also private investments in education in the economy as the skill premium is
lower.
17Note that this assumption guarantees that there is private investment in education under

the quota regime. As the skill premium is higher when there is no private investment in
education under the free tuition regime, it follows that there is also private investment in
education under the free tuition regime.
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of not sending their children to university. The same is valid to low income
families as long as their net wage of tax is greater than the university tuition
((1� �)wl;0 > E). Otherwise, there is no private investment in education made
by low income families as there is no capital market to �nance education in the
model.
Let w00i;1 be the wage to worker type i (i = h; l) at time t = 1 if the s individ-

uals who receive vouchers attend the university with the highest quality. Recall
that avinf is the lowest ability level of all individuals who receive vouchers. The
following is a su¢ cient assumption to guarantee that there is private investment
in education under the targeted voucher regime.

Assumption 418 : ��pr(avinf)
h
u
�
w00h;1

�
� u

�
w00l;1

�i
> u ((1� �)wi;0)�u ((1� �)wi;0 � E),

for i = h and if (1� �)wl;0 > E for i = l.
I now turn to the de�nition and the proof of existence and uniqueness of the

equilibrium under regime j (j = f; q; v):
De�nition 1: Given s, c, Epu, Epr, E, V and n�h;0, a competitive equilib-

rium under regime j is characterized by nji;1, w
j
i;0, w

j
i;1, a

j
pu;i and a

j
pr;i (i = h; l),

and avinf and a
v
sup under regime v, such that: (i) given wages, �rms maxi-

mize pro�ts; (ii) the labor market clears, that is, Nh;t = njh;t and Nl;t = njl;t
(t = 0; 1); (iii) afpu;h = afpu;l is obtained from the following equation for s,

s = n�h;0
R 1
afpu;h

f(a)da+ n�l;0
R 1
afpu;l

f(a)da; (iv) aqpu;l and a
q
pu;i are obtained from

the following equations for c, c = n�h;0
R aqpu;h
afpu;l

f(a)da = n�l;0
R afpu;l
aqpu;l

f(a)da; (v)

given wages, s, c, Epu, Epr, E and V , ajpu;i and a
j
pr;i solve the university deci-

sion problem of family i in (1) under regime j such that individuals with ability
ranges [ajpu;i; 1] and [a

j
pr;i; a

j
pu;i] attend, respectively, public and private univer-

sities.(v) avsup and a
v
inf are obtained, respectively, from the following equations,

avsup = a
v
pr;l and s = n

�
l;0

R avsup
avinf

f(a)da; (vi) under regime v, individuals from low

income families with ability range [avinf ; a
v
pr;l] attend the type of university with

higher quality; (vii) the government�s budget constraint is in equilibrium; and
(viii) the law of motion for the variables nkh;t (k = f; q) and nvh;t, which are,
respectively, given by:

nkh;1 = n�h;0

"Z 1

akpu;h

�pu(a)f(a)da+

Z akpu;h

akpr;h

�pr(a)f(a)da

#
+ (2)

+n�l;0

"Z 1

akpu;l

�pu(a)f(a)da+

Z akpu;l

akpr;l

�pr(a)f(a)da

#
;

18The economic intuition behind this condition is equivalent to the one in assumption 3.
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and

nvh;1 = n�h;0

"Z 1

avpu;h

�pu(a)f(a)da+

Z avpu;h

avpr;h

�pr(a)f(a)da

#
+ (3)

n�l;0[

Z 1

avpu;l

�pu(a)f(a)da+

Z avpu;l

avpr;l

�pr(a)f(a)da+

+

Z avpr;l

avinf

�pr(a)f(a)da]

Proposition 1: Under regime j (j = f; q; v), there exists a competitive
equilibrium and it is unique.
Before turning to the comparison of the regimes, it is worth summarizing

some characteristics of the equilibria examined in this paper. First, all families
whose children have the right to attend public universities or receive vouchers
accept the bene�ts provided by the government. Second, some high income
families do pay tuition to attend private university. The same is valid to low
income families if they are not credit constrained. Otherwise, ajpu;l = ajpr;l
(j = f; q; v), that is, there is no private investment in education from low income
families. Finally, one important implication from the equilibrium under the
targeted voucher regime is the following:
Corollary 1: If �pu(a) < �pr(a), then avpu;l = a

v
pu;h = 1.

The above corollary shows one obvious result: public university would not
exist if a voucher system is introduced and the private university has a higher
quality.19 A voucher�s recipient would be able to choose a place either in the
private or public university and would certainly opt to the former one. The
non-recipients devoided from the free tuition alternative in the public univer-
sities would also choose the private alternative. This prospect suggests that a
government policy based on a targeted voucher regime may su¤er opposition
from members of low quality public universities, as discussed below.

4 E¢ ciency Across Regimes

This section compares the e¢ ciency of the regimes: free tuition (f), quotas
(q) and targeted voucher (v). In order to perform this analysis, I use four
di¤erent indicators: (i) the e¢ ciency of public expenditures in education; (ii)
the e¢ ciency of the total, private and public, expenditures in education; (iii)
the modulus of the di¤erence in the threshold abilities behavior of both types
of families; (iv) the quality of the labor force.
Before comparing the regimes, it is important to de�ne formally all indica-

tors.20 The �rst indicator is the e¢ ciency of the public expenditures in edu-

19When �pu(a) = �pr(a), families are indi¤erent from sending their children to private or
public universities. In this case, it is not clear if public universities would coexist with private
ones.
20Caucutt and Kumar (2003) and Andrade (2004) use similar indicators.
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cation. It is measured by the ratio of the number (measure) of students who
have their university education �nanced by the government and turn out to be
individuals with a high level of human capital to the public expenditures in
education. Obviously, a greater ratio indicates more e¢ cient public investments
as it is desirable to have more quali�ed indiviuals per amount spent. Formally,
this indicator is equal to:

EFF jpu =
n�h;0

hR 1
ajpu;h

�pu(a)f(a)da
i
+ n�l;0

hR 1
ajpu;l

�pu(a)f(a)da
i

vE

and,

EFF vpu =

(1� I)n�l;0
�R avsup
afpu;l

�pu(a)f(a)da+
R afpu;l
avinf

�pr(a)f(a)da

�
+ In�l;0

R avsup
avinf

�pr(a)f(a)da

vE
;

respectively, for j (j = f; q) and for the targeted vouchers system. In the
expression for EFF vpu, I is an indicator function that can assume two values:
0 if the low income families are credit constrained and the public universities�
quality is at least as good as the private ones; and 1 otherwise. In the �rst case,
some of the vouchers�recipients have the right to attend the public university
and make this option. These are the students coming from low income families
who also have the right to attend the public university under the free tuition
regime. The others have only the private alternative. In the second case, the
bene�ciaries use the vouchers to attend private universities because either they
are not quali�ed to attend the public universities or the private universities are
better.
The second indicator is the e¢ ciency of total expenditures in education. It is

measured by the ratio of the number (measure) of students who turn out to be
individuals with a high level of human capital to the total (private plus public)
expenditures in education. Obviously, for the same reason as in the previous
indicator, a greater ratio indicates more e¢ cient investments. Formally, this
indicator is equal to (j = f; q; v):

EFF jto =
njh;1�

v + n�h;0
R ajpu;h
ajpr;h

f(a)da+ n�l;0
R ajpu;l
ajpr;l

f(a)da

�
E

;

The third indicator captures which system is more capable of allocating
the best talents, individuals with the greatest abilities, to attend university,
independently of their family�s income�s background. It can be seen as a measure
of social mobility. Hence, it is interesting to compare the ability of the least able
individual with a high income family background who attends university with
the correspondent one from the low income family. Formally, this indicator
denoted by DIF is the di¤erence of these abilities. For regime j (j = f; q),

the indicator is equal to DIF j =
�
ajpr;l � a

j
pr;h

�
. For the voucher regime, the

indicator is equal to DIF j =
�
avinf � avpr;h

�
.
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Finally, the fourth and last indicator is the quality of the labor force at time
t = 1 measured by the fraction of individuals with high level of human capital
(njh;1, j = f; q; v).
I now turn to the results of the comparison of the regimes in terms of e¢ -

ciency.
Proposition 2: DIF v < DIF j and nvh;1 > n

j
h;1 (j = f; q).

Proposition 3: There is a positive number of targeted vouchers such that
EFF vto > EFF

j
to (j = f; q).

The two above propositions show that the targeted voucher system is the
most e¢ cient in three out of the four indicators analyzed. It produces a greater
quality of the labor force (n), more social mobility (DIF ), and a better alloca-
tion of the total resources spent in higher education (EFFto).
The intuition behind these results is the following. With vouchers, public

resources are not wasted in providing higher education to individuals who have
enough resources on their own and would use them to pay the full tuition if the
free option is not available. This waste occurs either in the free tuition or the
quota system.
Thus, under the targeted voucher system, limited resources are directed to

those individuals who really need �nancial support to attend an university. Its
implications are the following. On the one hand, it reduces the relationship be-
tween the student�s family income and his capability of attending an university.
That is, it increases social mobility.
On the other hand, the direct e¤ect of vouchers is to decrease the skill

premium, as it augments the ability range of those individuals coming from low
income who attend university. At the margin, high income families become less
inclined to send their children to university, which tends to reduce the e¤ect
on the skill premium. The net e¤ect is a skill premium under the targeted
vouchers system lower than the ones obtained in the free tuition and quotas
regimes, which indicates a greater quality of the labor force.
Finally, there is a positive number of targeted vouchers that can make to-

tal investments in higher education more e¢ cient under the targeted vouchers
regime than the others. There is a positive number of vouchers that can be
distributed to low income families such that in the equilibrium: (i) the number
of new university students coming from low income families are exactly equal
to the number of students coming from high income families whose families
decide not to send their children to university anymore (due to the lower skill
premium), and (ii) the new students (from low income families) have a higher
quality than the ones who do not attend university anymore (from high income
families). The �rst feature guarantees that the same number of students attend
university with the vouchers system in comparison with the others regimes. The
second feature indicates that the average ability of the students attending uni-
versity under vouchers is necessarily greater. Therefore, it is straighforward to
show that the overall allocation of resources in higher education is more e¢ cient
under the vouchers regime. That is, EFF vto > EFF

j
to (j = f; q).

Proposition 4: If �pu(a) > �pr(a), then EFF vpu > EFF jpu (j = f; q) and
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if �pu(a) < �pr(a), then EFF vpu may be greater, equal or lower than EFF
j
pu

(j = f; q):
The above proposition indicates that the e¢ ciency of the public investments

in higher education under the targeted vouchers system is lower, in general,
than in the other regimes. This is an expected result. As pointed out above,
vouchers are directed to those individuals who really need �nancial support to
attend an university. These students are in general the ones with a lower level
of ability.
However, if the quality of the private university is greater, the result can

be reversed. The reason is the following. When vouchers are introduced, its
bene�ciaries have, on average, a lower level of ability in comparison with the the
students with the highest abilities who opt for the public universities because it
is free of charge under the quota and free tuition regimes. However, as they opt
for the private universities which are better, the overall investments in education
by the government can actually increase.
It is interesting to note the following. In comparison with the other regimes,

vouchers produce, in general, a less e¢ cient public investiments in higher edu-
cation and a more e¢ cient total (private and public) investments in education.
Obviously, the e¢ ciency of the whole educationl sector is the more relevant
variable.

5 Welfare E¤ects of Targeted Vouchers

This section compares the individuals�economic welfare when the free tuition
regime is replaced by the targeted voucher one. This comparison is performed
under three possible scenarios. In scenario I, low income families� net wages
((1 � �)wl;0) are greater than the university tuition (E), that is, they are not
credit constrained. In addition, it allows public universities to have either higher,
lower or the same quality as private universities (�pr(a) 7 �pu(a), 8a). In both
scenarios II and III, low income families are credit constrained ((1��)wl;0 < E).
The only di¤erence between these two scenarios is the quality of the public
university vis-à-vis the private one. In the former, public universities�quality is
at least as great as the private universities�(�pr(a) 6 �pu(a), 8a). In the latter,
private universities are better (�pr(a) > �pu(a), 8a).
The following proposition analyzes the welfare e¤ects of the introduction of

the targeted voucher system under scenario I (low income families are not credit
constrained):
Proposition 5: With (1 � �)wl;0 > E and �pr(a) 7 �pu(a), 8a, high

income families with child�s ability a: are better o¤ if a < afpr;h; are worst o¤ if

a > avpr;h; may be better o¤ or worst o¤ if a
v
pr;h > a > a

f
pr;h; low income families

with child�s ability a: are better o¤ if a < avpr;l; are worst o¤ if a > a
v
pr;l.

The results are the same no matter which type of university, private or public,
has a greater quality. With vouchers, those individuals either from low or high
income families who were attending public university in the free tuition system
are necessarily worst o¤ (respectively with ability a > afpu;l and a > afpu;h).
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There are two reasons. First, because they have to start paying the university
tuition, either private or public depending on their choice. Second, because the
voucher�s system leads to a reduction in the skill premium and the potential
bene�t of attending university, as it increases the fraction of individuals with
high level of human capital in the next period (nh;1).
Individuals who attend private university in both systems (with free tuition

and vouchers) and are not voucher�s recipient are also necessarily worst o¤.
They are the ones with ability a, afpu;i > a > a

v
pr;i (i = h; l). They keep paying

the same tuition but the expected utility of obtaining the university degree
is reduced due to the lower skill premium. In contrast, the reduction in the
skill premium bene�ts those individuals who do not attend university in either
regime. These are the ones from low and high income families, respectively,
with ability a < avinf and a < a

f
pr;h. Their wages inevitably augments as there

is less individuals with low level of human capital.
It is not clear the welfare e¤ects on those individuals from high income

families who attend private university in the free tuition system and do not
attend in the targeted voucher system (with ability a, avpr;h > a > a

f
pr;h). One

the one hand, with the lower skill premium, it is not pro�table anymore to pay
for their education and obtain a lower immediate utility. On the other hand,
they get a higher wage without investing in additional education. These two
e¤ects run in opposite directions and it is not clear the net e¤ect.
Finally, individuals who either were attending private university or were not

attending university in the free tuition system and start receiving vouchers are
obviously better o¤. Their ability range is equal to [avinf ; a

v
pr;l].

Proposition 6: With (1 � �)wl;0 < E and �pr(a) 6 �pu(a), 8a, high
income families with child�s ability a: are better o¤ if a < afpr;h; are worst o¤ if

a > avpr;h; may be better o¤ or worst o¤ if a
v
pr;h > a > a

f
pr;h; low income families

with child�s ability a: are better o¤ if a < afpu;l; are worst o¤ if a > a
f
pu;l.

The above proposition indicates the welfare e¤ects of targeted vouchers un-
der scenario II (low income families are credit constrained and public universities
are at least as good as private ones). In comparison to the results in the previ-
ous proposition, the e¤ects and its explanations are exactly the same. The only
di¤erence is that with credit constrained families, there is not the case in which
individuals from low income families were attending private university in the
free tuition system. Therefore, the ability of those individuals from low income
families who are better o¤ are formed by the intervals [0; avinf ] and [a

v
inf ; a

f
pu;l]

representing, respectively, those who do not attend university in either regime
and who do not attend university in the free tuition regime and receive vouch-
ers. The former are better o¤ because their wages are greater. The latter are
better o¤ because they can now attend university without paying. The others
are worst o¤.
Proposition 7: With (1 � �)wl;0 < E and �pr(a) > �pu(a), 8a, high

income families with child�s ability a: are better o¤ if a < afpr;h; are worst o¤ if

a > avpr;h; may be better o¤ or worst o¤ if a
v
pr;h > a > a

f
pr;h; low income families
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with child�s ability a: are better o¤ if a < afpu;l; may be better o¤ or worst o¤

if a > afpu;l.
Finally, the above proposition presents the welfare e¤ects under scenario III

(low income families are credit constrained and the private universities have
a higher quality). There is only one di¤ence with respect to the case dealt
in the previous proposition. It is not clear the welfare e¤ects on low income
families who have the right to attend public university in the free tuition system
(a > afpu;l). On the one hand, when vouchers are introduced, they are worst o¤
because the lower skill premium reduces the expected bene�t from an university
degree. On the other hand, they now have the choice due to the vouchers system
to attend a private university which has a higher quality. As a result, it increases
their probability of becoming an individual with high level of human capital and
receiving a higher wage in the future. Hence, the net e¤ect is ambiguous.
There are some interesting points to stress as a result of the replacement of

the free tuition system by the targeted voucher system. Obviously, the welfare
e¤ects are not homogenous across individuals in the society. There are clear
winners and losers. In general, one can say that the winners are the families
whose children have lower ability levels, independently of their income. In ad-
dition, the losers are not only the students who lose their right to attend public
university without paying tuition. They are also individuals who were attending
private university in the free tuition regime. Their losses are related to the fact
that vouchers increase the quality of the labor force in the future, reducing the
potential bene�t of investing and acquiring an university degree. Finally, the
clear bene�ciaries of the voucher system are families who are not able to send
their children to attend university either in the free tuition or voucher regimes.
They bene�t due to the reduction in the skill premium.

6 Conclusion

Some countries (Argentina, Brazil, Mexico, Portugal and Spain) are currently
adopting a higher education system with undesirable features. It is clearly
regressive and does not promote equality of opportunities. It is also ine¢ cient
as it does use the available resources in way to maximize the quality of the labor
force.
This paper indicates that there is another system that can correct some of the

inadequacies of the current one: targeted vouchers system. It leads to a higher
quality of the labor force, more e¢ cient allocation of resources and a greater
social mobility. These are possibly just the initial e¤ects of its introduction.
The competition between private and public universities should cause additional
desirable e¤ects in the long run, mainly in terms of e¢ ciency and greater quality
of the universities.
There are some European countries such as Italy, Netherlands, and United

Kingdom, which its higher education sector is dominated by public institutions.
Moreover, the costs are mainly paid by the government. They should consider
changing their systems by charging full tuition to those students who can pay.
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With these changes, private universities may emerge and increase the compe-
tition in the sector. The introduction of a targeted vouchers system may be a
next desirable step.
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8 Appendix

Proposition 1: Under regime j (j = f; q; v), there exists a competitive equi-
librium and it is unique.
Proof. Under regime j, the equilibrium is characterized by �ve unknows

(nji;1, w
j
i;0, w

j
i;1, a

j
pu;i and a

j
pr;i) and �ve equations (two �rst-order conditions of

the �rm�s problem, the law of motion for the variable nh;t and the solutions to
both types of individuals�problem).21

Let�s �rst examine the quota regime. Departing from the situation in which
there is only public investment in education and using assumptions 2 e 3, one
�nds that:

��pr(a
q
pu;l)

�
u
�
w0h;1

�
� u

�
w0l;1

��
> u ((1� �)wi;0)� u ((1� �)wi;0 � E) = Ai:

In above equation, the RHS is constant. As the LHS is greater than the RHS,
individuals from high income family will invest in private education. The same
occurs with individuals from low income families if (1 � �)wl;0 > E. As a
consequence, nh;1 and wl;1 increase, and wh;1 decreases. All these changes lead
to a reduction in the LHS. As �pr(0) = 0, there is one and only one fraction
of individuals with high level of human capital (and then unique wages and
threshold abilities) that equates the LHS and the RHS in the above equation.
The proof is similar to the regimes f and v.
Corollary 1: If �pu(a) < �pr(a), then avpu;l = a

v
pu;h = 1.

Proof. For any a and wh;1 > wl;1, the following inequality holds: (if V > 0,
i = h; l)

u ((1� �)wi;0 � E + V ) + � [�pu(a)u (wh;1) + (1� �pu(a))u (wl;1)]
> u ((1� �)wi;0 � E + V ) + � [�pr(a)u (wh;1) + (1� �pr(a))u (wl;1)] :

Then avpu;l = a
v
pu;h = 1.

Proposition 2: DIF v < DIF j and nvh;1 > n
j
h;1 (j = f; q).

Proof. This proposition is valid with (1� �)wl;0 7 E and �pr(a) 7 �pu(a).
The proof is analogous in all possible cases. I show here the case in which
low income families are not credit constrained ((1 � �)wl;0 > E) and public
universities have a greater quality (�pu(a) > �pr(a)), and compare the targeted
vouchers regime with the free tutition one.
The following condition must hold in the competitive equilibrium under

regime j (j = f; q; v):

��pr(a
j
pr;i) [u (wh;1)� u (wl;1)] = u ((1� �)wi;0)� u ((1� �)wi;0 � E) � Ai.

(4)
I need to show that avpr;i < afpr;i (i = h; l) and afpr;l > avinf . Suppose that

21Under regime v, avsup = a
v
pr;l and a

v
inf is determined by s = n

�
l;0

R avsup
av
inf

f(a)da.
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avpr;i = a
f
pr;i. Then:

nfh;1 = n�h;0

"Z 1

afpu;h

�pu(a)f(a)da+

Z afpu;h

afpr;h

�pr(a)f(a)da

#
+

+n�l;0

"Z 1

afpu;l

�pu(a)f(a)da+

Z afpu;l

afpr;l

�pr(a)f(a)da

#
< n

0

h;1 =

= n�h;0

"Z 1

afpu;h

�pu(a)f(a)da+

Z afpu;h

afpr;h

�pr(a)f(a)da

#
+

+n�l;0[

Z 1

afpu;l

�pu(a)f(a)da+

Z afpu;l

afpr;l

�pr(a)f(a)da

+

Z afpr;l

avinf

�pr(a)f(a)da];

where s = n�l;0
R afpr;l
avinf

f(a)da, and n
0

h;1, the fraction of individuals with high

level of human capital at t = 1 when avpr;i = a
f
pr;i and with targeted vouchers,

is greater than nfh;1, as the vouchers� recipients are now attending university.

As n
0

h;1 > nfh;1, then w
f
h;1 > w

0

h;1 and w
f
l;1 < w

0

l;1, where w
0

i;1 is the wage of

individual type i at t = 1 when afpr;i = avpr;i and with targeted vouchers. It

means that the skill premium is lower. Hence, the combination afpr;i = avpr;i
and wvh;i = w

0

h;i do not satisfy equation (4) that must hold in the competitive
equilibrium under regime v:

��pr(a
f
pr;i)

h
u
�
w
0

h;1

�
� u

�
w
0

l;1

�i
< Ai.

Hence, afpr;i = a
v
pr;i and w

0

i;1 are not part of the competitive equilibrium under
the targeted vouchers regime. To restore equality, the LHS must be greater,
that is, the ability of those individuals coming from high and low income families
must be greater, which increases the skill premium (without returning to the
previous level, though). Therefore, avpr;i > afpr;i, n

v
h;1 > nfh;1 and a

f
pr;l > avinf .

As avpr;h > a
f
pr;l and a

f
pr;l > a

v
inf , then DIF

v < DIF f .
Proposition 3: There is a positive number of targeted vouchers such that

EFF vto > EFF
j
to (j = f; q).

Proof. This proposition is valid with (1� �)wl;0 7 E and �pr(a) 7 �pu(a).
The proof is analogous in all possible cases. I show here the case in which
low income families are not credit constrained ((1 � �)wl;0 > E) and public
universities have a greater quality (�pu(a) > �pr(a)), and compare the targeted
vouchers regime with the free tutition one.
There is a positive number of vouchers that can be distributed to low in-

come families such that in the equilibrium: (i) the number of new university
students coming from low income families are exactly equal to the number of
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students coming from high income families whose families decide not to send
their children to university anymore (due to the lower skill premium), and (ii)
the new students (from low income families) have a higher quality than the ones
who do not attend university anymore (from high income families). Due to (i),�
s+ n�h;0

R 1
avpr;h

f(a)da+ n�l;0
R 1
avpr;l

f(a)da
�
E =

�
s+ n�h;0

R afpu;h
afpr;h

f(a)da+ n�l;0
R afpu;l
afpr;l

f(a)da

�
E,

and due to (ii), nvh;1 > n
f
h;1. Therefore, EFF

v
to > EFF

f
to.

Proposition 4: If �pu(a) > �pr(a), then EFF vpu > EFF jpu (j = f; q) and
if �pu(a) < �pr(a), then EFF vpu may be greater, equal or lower than EFF

j
pu

(j = f; q):
Proof. Let�s �rst consider the case in which �pu(a) > �pr(a). Under

this condition, n�h;0
hR 1
ajpu;h

�pu(a)f(a)da
i
+ n�l;0

hR 1
ajpu;l

�pu(a)f(a)da
i
is always

greater than (1� I)n�l;0
�R avsup
afpu;l

�pu(a)f(a)da+
R afpu;l
avinf

�pr(a)f(a)da

�
+In�l;0

R avsup
avinf

�pr(a)f(a)da,

I = 0; 1, j = f; q. Hence, EFF vpu < EFF
j
pu. However, when �pu(a) < �pr(a),

EFF vpu ? EFF jpu if n�l;0
R avsup
avinf

�pr(a)f(a)da ? n�h;0
hR 1
ajpu;h

�pu(a)f(a)da
i
+n�l;0

hR 1
ajpu;l

�pu(a)f(a)da
i
,

(j = f; q).
Proposition 5: With (1 � �)wl;0 > E and �pr(a) 7 �pu(a), 8a, high

income families with child�s ability a: are better o¤ if a < afpr;h; are worst o¤ if

a > avpr;h; may be better o¤ or worst o¤ if a
v
pr;h > a > a

f
pr;h; low income families

with child�s ability a: are better o¤ if a < avpr;l; are worst o¤ if a > a
v
pr;l.

Proof. Let�s �rst compare the welfare for those individuals from high income
families. Individuals with a < afpr;h are better o¤ because:

u ((1� �)wh;0) + �u
�
wvl;1

�
> u ((1� �)wh;0) + �u

�
wfl;1

�
;

as nvh;1 > nfh;1 which implies that w
v
l;1 > wfl;1. Individuals with a > afpu;h are

worst o¤ because:

u ((1� �)wh;0) + �
h
�pu(a)u

�
wfh;1

�
+ (1� �pu(a))u

�
wfl;1

�i
> u ((1� �)wh;0 � E) + �

�
�k(a)u

�
wvh;1

�
+ (1� �k(a))u

�
wvl;1

��
;

(k = pr; pu), as nvh;1 > n
f
h;1 which implies that w

v
l;1 > w

f
l;1 and w

v
h;1 < w

f
h;1, and

using assumption 2. Individuals with afpu;h > a > a
v
pr;h are worst o¤ because:

u ((1� �)wh;0 � E) + �
h
�pr(a)u

�
wfh;1

�
+ (1� �pr(a))u

�
wfl;1

�i
< u ((1� �)wh;0 � E) + �

�
�pr(a)u

�
wvh;1

�
+ (1� �pr(a))u

�
wvl;1

��
as nvh;1 > n

f
h;1 which implies that w

v
l;1 > w

f
l;1 and w

v
h;1 < w

f
h;1. Individuals with

avpr;h > a > afpr;h may be better o¤ or worst o¤ depending on the sign of the
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following inequality:

u ((1� �)wh;0 � E) + �
h
�pr(a)u

�
wfh;1

�
+ (1� �pr(a))u

�
wfl;1

�i
7 u ((1� �)wh;0) + �u

�
wvl;1

�
:

The result is uncertain as wvl;1 > w
f
l;1. The proofs are similar for those individ-

uals from low income families.
Proposition 6: With (1 � �)wl;0 < E and �pr(a) 6 �pu(a), 8a, high

income families with child�s ability a: are better o¤ if a < afpr;h; are worst o¤ if

a > avpr;h; may be better o¤ or worst o¤ if a
v
pr;h > a > a

f
pr;h; low income families

with child�s ability a: are better o¤ if a < afpu;l; are worst o¤ if a > a
f
pu;l.

Proof. The proofs are similar to the ones in proposition 4. The only excep-
tion is related to low income families with child�s ability in the range [avinf ; a

f
pu;l].

Those families are better o¤ because:

u ((1� �)wl;0) + �u
�
wfl;1

�
< u ((1� �)wl;0) + �

�
�pr(a)u

�
wvh;1

�
+ (1� �pr(a))u

�
wvl;1

��
as wfl;1 < w

v
l;1.

Proposition 7: With (1 � �)wl;0 < E and �pr(a) > �pu(a), 8a, high
income families with child�s ability a: are better o¤ if a < afpr;h; are worst o¤ if

a > avpr;h; may be better o¤ or worst o¤ if a
v
pr;h > a > a

f
pr;h; low income families

with child�s ability a: are better o¤ if a < afpu;l; may be better o¤ or worst o¤

if a > afpu;l.
Proof. The proofs are similar to the ones in proposition 5. The only excep-

tion is related to low income families with child�s ability in the range [afpu;l; 1].
Those families may be better o¤ or worst o¤, depending on the sign of the
following inequality:

u ((1� �)wl;0) + �
h
�pu(a)u

�
wfh;1

�
+ (1� �pu(a))u

�
wfl;1

�i
7 u ((1� �)wl;0) + �

�
�pr(a)u

�
wvh;1

�
+ (1� �pr(a))u

�
wvl;1

��
:

The result is uncertain as �pr(a) > �pu(a), 8a and wvl;1 > w
f
l;1 and w

v
h;1 < w

f
h;1.
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