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Abstract

This paper integrates endogenous fertility behavior into a modd of the digribution of
consumption and wedth in a competitive market economy. In particular, we examine under
what conditions endogenous fertility leads to a non-degenerate distribution of consumption and
wedth among dynagties in the long run when preferences are time-separable. We show that, if
dynasties have a common discount factor and preferences over number of children satisfy a
normality assumption, al Steady dates are characterized by equdity of cepitd stocks and
consumption among families. We aso provide sufficient conditions for uniqueness of the steady
date. In order to illustrate these results, we present an example in which preferences over
number of children are logarithmic and the technology is Cobb-Douglas. For this combination of
preferences and technology, there exists a unique egditarian steady sate. Moreover, the
economy converges to this steady dtate in only one generation. We aso show that, if dynasties
are heterogeneous in ther discount factors, more dtruistic dynagties have higher fertility rates
than less dtruigtic dynadties in al steady Sates. Also, assuming a normality condition for fertility
and consumption, we show that more dtruistic dynasties own higher capitd stocks and consume
more in seady date than less dtruidic dynagties. Even though the Stationary distribution of
consumption and wedlth is non-degenerate a each point in time, asymptoticaly al dynasties but
the mogt dtruistic one become an infinitesmal part of the population.



1. Introduction

This paper invetigates the interaction between endogenous fertility behavior and the
digribution of income and wedth in a competitive market economy. Specificdly, we examine
under what conditions endogenous fertility leads to a non-degenerate didtribution of
consumption and wealth among dynagties in the long run.

Stiglitz (1969) develops a generd equilibrium modd of the digtribution of income and
wedlth among individuds, in the context of a neoclassca growth framework. Stiglitz andyzes an
economy in which agents are divided into a finite number of long-lived families with morta
members in each generation. Different generaions of a given family are linked through
intergenerationd transfers. In his modd, the economy-wide capitd stock is determined
amultaneoudy with the digtribution of capitd among individuds. Stiglitz shows that, under the
assumption that bequests are a linear function of family income, the steady Sate leve of the
economy-wide capitd stock per capita is globdly dable and wedth and income are
asymptotically evenly distributed among families'.

It has been shown, however, tha the results in Stiglitz (1969) depend crucidly on the
assumption that families have linear bequest rules. If one assumes that bequests are determined
endogenoudy by utility-maximizing agents, Stiglitz's results on the long-run equdity of income
and wedth among families do not hold in generd, unless additiond redtrictions are imposed on
preferences.

Becker (1980) andyzes a modd that is amilar to Stiglitz (1969) in dl aspects, except
for the fact that he assumes that infinitdy-lived agents maximize a time-additive utility function
with a congtant rate of time preference. He shows that the household with the lowest discount
rate owns dl the capita in the long run. If households have equa discount rates, then the steedy
date digtribution of income is indeterminate.

!In Stiglitz’s model, different families receive the same wage rate and differ only in their per capita wealth
holdings. The assumption that bequests are linear in income implies that an increase in per capita wealth by
a given percentage raises bequests by a smaller percentage. As aresult, the wealth per capita of the poorer
families grows faster than that of the richer families.



Lucas and Stokey (1984) argue that the strong implications for the long-run distribution
of income and wedlth derived by Becker (1980) do not arise from any economic feature of the
mode, but are smply consequences of the assumption that preferences are additively separable
over time. For this reason, they argue that it seems necessary to use a broader class of
preferencesin order to andyze the long-run distribution of wedlth.

Lucas and Stokey (1984) study an optima growth mode in which preferences are
recursve, but not necessarily additively separable over time. They show that, if preferences
exhibit a property labeled increesng margina impatience, which means that the consumer’s
discount factor is a decreasing function of steady state consumption, then there will exist a
unique interior stationary ditribution of consumption and wesdlth.

Sarte (1997) shows that, even if preferences are additively separable, progressive
taxation may generate dationary equilibria with a non-degenerate wedth didribution in a
compstitive growth model. Sorger (2002) shows in the context of a Ramsey growth modd with
time-additive utility functions that, if households have market power on the capitd market, there
may exist anon-degenerate Sationary distribution of capital.

This paper integrates endogenous fertility behavior into a modd of the digribution of
consumption and wedth in a competitive market economy. In particular, we examine under
what conditions endogenous fertility leads to a non-degenerate digtribution of consumption and
wedlth among dynagties in the long run, even if preferences are time-separable.

This paper consders a society divided into a finite number of dynadties, in which
individuds from different generations are dtruidicdly linked. All the members of a given dynasty
have the same physicd capitd holdings, but dynadties differ in their per capita holdings and their
sze (number of members). Different dynasties interact in competitive markets for goods and
factor services in each period. Parents are assumed to derive utility from their consumption,
number of children and the well-being of each child.

If dynagties have a common discount factor, the modd implies that they choose the
same fertility rate in Seady state, so the shares of each dynasty in the population are congtant.
We provide sufficient conditions on dynastic preferences and the cogts of child rearing such that,
in any seady Sate, al dynagties have the same capitd stock. This egditarian result follows from



a normality assumption on fertility. We aso provide sufficient conditions for uniqueness of the
steady State.

If dynagties have different discount factors, we show that in any Steady state more
dtruidic dynagties have higher fertility rates than less dtruistic dynagties. Also, assuming a
normality condition for fertility and consumption, we show that more dtruistic dynasties own
higher capitd stocks and consume more in Seady date than less dtruigtic dynasties. Even
though the stationary didtribution of consumption and wedth is non-degenerate at each point in
time, asymptoticaly al dynagties but the mogt dtruigtic one become an infinitesma part of the
population.

The paper is organized as follows. Section 2 defines the setup of the modd with
common discount factors and defines a competitive equilibrium for the economy. Section 3
defines a deady date and an egditarian steedy state and provides sufficient conditions for
uniqueness of an egditarian steady dtate. Section 4 shows that, if preferences over number of
children are logarithmic and if the technology is Cobb-Douglas, then there exists a unique
egditarian steady date, which is globdly sable. Section 5 provides conditions for a non-
degenerate steedy dtate distribution of income and wedlth when dynadties differ in their discount

factors. Section 6 concludes.

2. The Modd with Common Discount Factors

The sgtup of the modd is the following. Society is divided into a finite number of
dynadties. We define adynasty or family line as a collection of agents compaosed of a parent and
al his descendants. We assume that the economy gtarts with a finite number of parents, who in
turn define a finite number of dynadties, indexed by | =1,...,M . Agents live two periods, the

firg as children, in which they do not make any economic decisons, and the second as parents.
Each period is taken to be a generation.

There is a large number of firms endowed with the same congant returns to scae
technology, so we can assume, without loss of generdity, tha there is only one firm, which
produces the only consumption good according to an aggregate constant returns to scale



production function, described by Y = F(K,N), where K and N denote aggregate capital
and |abor, respectively.?
Let y denote output per worker and k denote the aggregate capital-labor ratio.

Assumption 1. Assume that the production function satisfies the following properties:
y=flk)e Flka) (0)=0,f(k)>0, f'(k)<0,lim f'(k)=¥,im ' (k)=0

In each period, firms sell goods to the household sector and agents supply their |abor a
awage w and rent their capitd to firms a a rentd rate r. The economy is assumed to be
competitive, S0 both agents and firms take prices as given. Competition and profit maximization
by firms together imply that factors are paid their margind products and firms earn zero profits.
Thisimplies the fallowing conditions

ro=1(k) (1)
w = f(k)-kf(k) 7y

Parents have identicd preferences and supply indagticdly one unit of labor. All the
currently aive members of a given dynasty have the same stock of physica capital but dynasties
differ in ther per capita physcd cepitd holdings Moreover, dynadies may differ in sze
(number of members).

In this economy, agents are indexed by the dynasty to which they belong. Let kli

denote the capita stock of a member of dynasty i in period t and Nti the number of members

%Since each agent supplies one unit of labor, the number of hours supplied is equal to the size of the
population.



of dynasty i. A typical member of dynasty i derives his income from the wage rate w, and
from capitd kti , which earnsrent a the rate r, . Capital depreciates at therate d .

We assume that each child hasafixed cost f in units of the consumption good, so f rf
isthe total cost of child-rearing, where qi is the fertility rate of dynasty i in period t. Parents
choose a bequest kmi for each child, so total bequests equa nti k[ﬂi . Parents dso spend thelr

resources on their own consumption cti . The problem of the head of dynasty i isthe following™

max g_btu(d,ni)

¢'20N/2 0key'2 0 t=0

S.t.
G (f+ky )= d+p)k +w
k, given

3)

where 0< b <1 isthe discount factor, which is the same for &l dynasties by assumptiort’. The

congdtraint ktﬂi 3 0 dates that dynasties cannot borrow to finance current consumption and

expenditures on children.”

Assumption 2. Assume that u(c,n) is srictly incressing, concave and twice
continuoudy differentiablein both ¢ and n, with limu, (c,n) =¥, limu, (c,n)=¥ .
c® 0 m® 0
Definition 1 A competitive equilibrium is a Sequence

— . . ) ¥
E= (V\4, koY (6 ket )i =1, M})IZO which satisfies the following conditions

*This formulation of the budget constraint incorporates the interaction between quantity and quality of
children analyzed in Becker and Lewis (1973), Razin and Ben-Zion (1975) Becker and Barro (1988), Barro and
Becker (1989), Benhabib and Nishimura (1993), Alvarez (1999) and L ucas (2002).

* Razin and Ben-Zion (1975) used a similar formulation in the context of an aggregative model of optimal
growth with endogenous fertility. However, since in their model all agents have identical preferences and
capital stocks, it isnot suitable for an analysis of the long-run distribution of capital.

®> Becker (1980) and Sorger (2002) also assume borrowing constraints in their models of the long-run
distribution of wealth.



1) For each t, the pair (r,,w,) satisfies (1) and (2), respectively.

¥
_, Hlves the maximization

2) For each i=1,..,M, the sequence (cti,kt+1i,r1i) .
problem (3).

M
o o]

3) The factor markets clear in every period, i.e, k =g a'k/

i=1

"t=1,.,¥, whee

4) The goods market clears in every period, e,

éMa(q‘mi(f +hk )= F(R)+(1-d)R " =L,

i=1

In addition to (1) and (2), the budget condraint in (3) and condition 3 in definition 1, a
competitive equilibrium is characterized by the first-order conditions of the dynasty's problem:

u, (cti n ) :%(1- d+r.,)u, (cmi ,r1+1i) (4)

o, (el n')=u (el n)(f k) )

Equation (4) is the Euler equaion with endogenous fertility and (5) is the first-order

condition for the optimal number of children.

3. Steady State

Definition 2. A compstitive equilibrium E is a steady dtate if it is a constant sequence

E:(W,r,lz, y,{(c‘,ki,n‘)/i :1,...,M}).



Definition 3. An egditarian deady date is a deady doae with

(c‘,ki,n‘):(ci,ki,nj) "i,j=1,...,M

Let R°1-d +r bethe steady state gross interest rate. We can characterize the steady

date with the following system of equations:

bR=n' i=1,.,M
M:f +K i=1,.,M
u (c'.n')
c+n(f +K') =Rk +w i=1,.,M
R=1-d +f (k)
w= f(k)- k()
R
k=3 ak
i=1
y
aa-=1

(6)

()

(8)

9)

(10)

(11)

(12)

(13)



From (6), it can be seen that the effective discount factor is given by R. , S0 that steady
n

date fertility behaves as a time preference parameter. This implication will be crucid for the
results below.

In the subsequent andysis, it will be assumed that a seady Sate exigts (thet is, there
exists a solution to (6)-(12).° We will focus on the issue of uniqueness of the steady State.

In order to solve for the steady State, we will use the following strategy. First, we will
postul ate an economy-wide capital stock per capita k . From (9) and (10), we can express the
interest rate R and the wage rate w asfunctionsof k :

R=R(k)°1-d +f (k) (14)
w=w(k)° f(Kk)- k' (k) (15)

Using (6)-(8), we will solvefor ¢',k',and n' for agiven par (R,w). Using (14) and
(15), we will define a mapping from k to the individual capital stock k.,k. =Y (l?) . Then we

will use (11) and (12) to solve for the equilibrium k.
From (6), it is dear that in any seady Sate dl families have the same fertility rate, given

by

n=l =bR "i=1..,M (16)

After subgtituting (16) into the left-hand sde of (7), we can write the Steady State
margina rate of subgtitution between children and consumption as a function of deady Sate

consumption and fertility as follows

®In section 4, we will provide an example of a combination of preferences and technology for which a steady
state exists.



m(c.1 o o) a7

From (8), we can write k' asafunction of ¢' and| (for given R and w):

ki:c+fl - W

- (18)

Noticethat R-1 >0, dnce | =bR. If we subgtitute (17) and (18) into (7), we

obtain

m(c‘,l ):m (19)

R- |

We want to find redricions on u(c,n) such tha (19) defines
¢' asafunction of (R,w,1 ). Throughout this andysis, we will keep (R,w,| ) congtant and

view both sides of (19) asfunctionsof c'.

Remark 1. From assumption 1, there exigtss a k>0 such tha
k£ f(k) £k, foral O£k £k and f(k) <k, foral k >k.Hence, X =[0,K] is the st
of maintainable capital stocks.

Assumption 3. Assume that fR(E) - W(E) >0, where K is the maximum sustaineble

capital stock per capita.

Remark 2 Since W(E)/ R(E) is srictly incressing in k , assumption 3 implies that

fR(K)- Wk)>0 " kT X.



Assumption 3 imposes a lower bound on the cost of child-rearing f , given by VE\I((%
One way to interpret this assumption is that it requires the net cost of producing a descendant to
be postive. An additiond child cogts f in the current period, which isworth Rf  next period.
Since an additiona descendant will earn w next period, when he becomes an adullt, the lifetime
cogt of an additiond adult isf R- w, which is positive from assumption 3.

)0 mc(ci,l)(:i

Assumption 4. e(c‘,l m(ci,l )

31 forany (I ) stisfying (6)-(12).

Lemma 1 states that, in any steady state, ¢' =¢! " i,j=1,..,M

Lemma 1. Let assumptions 1-4 hold. Then there is at most one ¢ that solves (19) for
gven (Rw,l ).

mc,!)

Proof: LetV\(cI ,I)°

If we divide both sides of (19) by ¢' and rearrange the terms, we obtain:

1 fR-w
)= R- | +(R-l )c

w(cl (20)

From (16) and assumption 3, the right-hand side of (20) is gtrictly decreasing in ¢c'.

Differentiating W(ci | ) with respect to ¢', we obtain:

(21)

10



From assumption 4 and (21), W(c',| ) iswesKly increesing in ¢ at the steady state

solution, so the Ieft-hand side of (20) is weskly increasing in ¢' at any such solution. Since the
right-hand side of (20) is gtrictly decreasing in c', there exists & most one ¢' satisfying (20).
QED

The derivative of W(c',| ) with respecttoc' can be related to the utility function

u(c,n) asfollows:

W, (c.1)= : (22)

where dl derivatives are evauated at steady Sate values.

To gain some intuition on the regtriction imposed on e(ci N ) , condder the following

problem:’

max u(c,n)+bv(Kk)
st. (23)
c+n(f+k') =1

where v is utility per childand | isincome. In this problem, k isheld constant.

Definition 4. n isnormd if the maximizing vdue of n in (23) isincreesingin | for dl
vauesof f and k. Thisis equivalent to the condition u.u_, - uu, >0.5

"The following argument is motivated by asimilar reasoning in Lucas (2002).

11



If we assume that n isnorma in the sense defined above, the first term in the numerator
of (22) will be postive at the steady dtate solution. Yet, these conditions are not enough to
guarantee the existence of aunique ¢' sdisfying (20), since the second term in the numerator of
(22) isalso positive. Hence, we need the stronger condition e(c',1 ) 2 1.

The intuition for this result is the following. Richer dynaesties desre to have more
children, since children are a norma good. Yet, they dso face a higher price of children,

because they invest more in each child. Hence, it might be possible to have a seady date in
which two dynasties with different capitd stocks and consumption find it optima to have the

same number of children. The condition e(ci N ) 3 1 requires the income effect on fertility to be

strong enough, in the sense that the numerator of (22) hasto be positive.

In light of Lemma 1 ad usng (16), we <can define
¢' asafunctionof (Rw), ¢ =p (R,w). The following proposition states that al steedy

dates are egditarian.

Proposition 1. Let assumptions 1-4 hold. Then dl steady States are egditarian, that is,
they satisfy (c‘,ki,ni):(ci,kj,ni) "i,j=1.,M.

Proof. From equation (16) and Lemma 1, we obtain that, in any Seady Hete,
(c‘,n‘):(ci,nj) "i,j=1..,M .Since in any deady date, ¢' =p (R,w) andl =bR, we

can use (18) to obtain:

p(Rw)+fbR- w

=R D)

(24)

®This condition can be obtained by differentiating implicitly the first-order conditions associated with (23)
with respect to | and by requiring the derivative of the maximizing value of n with respect to | to be
positive.



From (24),itisdearthat k' =k’ "i,j=1,..,M. QED

From (14) and (16), we can define | asafunctionofk,| =bR(k)° I (k).

Differentiating | (E) with respect to k , we obtain:
I'(k)=bR(k)<0 (25)

since R (k) = f* (k) <0. Equation (25) states that when the economy-wide capital stock per

capitais higher, the fertility rate is lower. The reason isthat ahigher k reduces the interest rate,

so fertility hasto be lower in order to reduce the effective rate of time preference.

From (14), (15), (20) and (25), we can define ¢’ as a function of k , ¢ :C(E),

where C(k) satisfies

(26)

where dk) © W(E)

A
2

Definition 5. ¢ isnormd if the maximizing vadue of ¢ in (23) isincreesngin | for dl

vauesof f and k . Thisisequivaent to the condition u u,, - u.u,. >0.

Assumption 5. u,u,, - u.u,, >0 (c isnormd).

Lemma 2. Let assumptions 1-5 hold. Then C( IZ) isstrictly decressing in k .

13



Proof. The appendix shows that, if we differentiate (26) implicitly with respect to k , we
obtain:

c'(k)= ) . R(k)<0 (27)

The denominator of (27) is pogtive, snce W, 3 0 (which follows from assumption 4),
f - G>0 (whichisequivalent to assumption 3) and b1 (0,1). Theterm W, in the numerator

isthe derivative of W with respect to n, which isequd to:

Wn — uu,, -i uue, <0
C

which is negaive from assumption 5 From the feashility condition (13), we have

f (I?) +(1- d)k >c'. Hence, the term inside brackets in the numerator of (27) is positive.

Since R(k) = f"(Kk) < 0, we have established that C(k) <O0. QED

The intuition for this result is the following. A higher k is associated with lower fertility,
which raises the margind rate of subgtitution between number of children and consumption, from
the assumption that ¢ is normd. The normality condition on fertility requires consumption to
dedine A changein k aso affects the cost of fertility through changesin w and R. By using
the fact that, in equilibrium, R and w are rdlated to margind productivities, one can observe
that the net (negative) effect of an increase in the wage rate on the cost of child rearing
dominates, which reduces consumption further (thisis captured by the first term in the numerator
of (27)).

14



Substituting (14), (15), ¢' =C(k) and| =1 (k)° bR(k) in (18), we can write k'

asafunctionof k, k' =Y (E) . which satisfies

(28)

Snce k' =k! "i,j=1,..M, (11), (12) and (28) imply tha the steady Sate

economy-wide per capita capital stock k must satisfy the following condition:
Y (k)=k (29)

Equation (29) equates the desired individua capital stock to the economy-wide capita
stock per capita. The next proposition provides conditions under which (29) has a unique

solution for k .

Propostion 2. Let assumptions 1-5 hold. Then there exists a most one economy-wide

capital stock per capitak .

Proof. If we view both sides of (29) as functions of k, the right-hand side is just the
45-degreeline. If we differentiate (28) implicitly with respect to k and rearrange the terms, we
obtain:

oy SR+ (k) + (k) (k- K) 30
L () ”

When k' =k , (30) is reduced to

15



Y,(E):C'(E)+(f +K )l '(E)<O -

snce C(k)<0 from (27), 1'(k) <0 from (25) and (1- b)(l-d+ f'(l?))>0, from

assumption 1. Hence, the function Y(IZ) has a negative dope when it crosses the 45-degree

ling, which impliesthat it can crossit only once, establishing the desired result.

4. Example: Log Preferences’

Let u(c,n)=glog(c)+hlog(n) g>0 h>0 O<b<1

|_etf(l?):A|Za A>0 O<a <1 d=1

4.1. Steady State

For this specification of preferences, the steady State margind rate of subgtitution
between number of children and consumption is

Cyow(er) ne
m(c’l)_uc(ci,l)_gl (32)
_ _ m(d,l ) o
Thefunction W(c',l )0 g isgiven by
w(cl ):;— (33)

°_ogarithmic preferences for children have been recently used in Lucas (2002).

16



which does not depend on ¢'. From (32), e(ci,l ):1, S0 assumption 4 is satisfied. It is

(1- a) 1 .
a A2 . Assumption 5 amounts to

graightforward to verify that assumption 3 requiresf >

nn

u_=- Ilz <0, which holdsin this example.

Since assumptions 1-5 are sdtisfied for this example, propostions 1 and 2 imply that
there exist & most one steady date for this combination of preferences and technology, and it
must be egditarian.

For this example, we can solve the steady state equations (6)-(12) and obtain a closed-
form solution for the steedy State vaues of consumption, capital and fertility, which are given by

u

. gA éfab(g+h) U
c & |
g+h gh-ab(g+h)g

fab (g +h)

K=k = b g+

éh-ab(g+n)y”

| =abAg— o371
a S fab(g+h) g

We need the additional restriction h - ab(g+h)>0 to guarantee existence of a
Steady state with positive consumption, capital and fertility.

4.2. Stability

In this subsection, we anadyze the sability of the Steady state computed above. We

assume that the economy darts at time t =0. Let superscripts index dynasties and subscripts
denote the time period (assumed to be a generation). We assume that there are M dynadties,

17



with initial capital stock k., i =1,...,M . The dynamic system associated to the competitive

equilibrium defined in section 2 is described by the following equations:

¢ n
Cti _g(f +kt+1i)
n h

Cti +nti (f + kt+;.): Rktl + Vvt

R=f(k)=aAk""

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

Equation (34) is the Euler equation, (35) is the firs-order condition for fertility, (36) is

the budget congtraint, (37) and (38) relate factor prices to the margind productivities, (39) isthe

18



market-clearing condition for capital, (40) describes the evolution of the population shares of
each dynasty and (41) states that the sum of the shares must sum up to one.
From (34) and (35), wefind thet at t =1, the following holds:

ol =298t +i) (@)

From (35) and (36), we can obtain another expression for consumption at t =1:

_g(w+Rk))
b=\ - -7 43
Q== “3)
From (42) and (43), we obtain
fb (g +h) h aan,

k =

= - - 44
h-b(g+h) h-b(g+h)SR “9

Equation (44) impliesthat k' = k' "i,j. Hence, a t=1, capital stocks are equal
among dynadties, independently of their initid capital stocks. From (34)-(41), we obtain that this
common value of the capital stock isequal to the steady State k :

K = k! :g:# "i,j=1..,M (45)

To summarize, the economy converges to the unique egditarian steady Sate in only one
generation. The intuition behind the sability of the Steedy date is the following. From (34), we
have

19



(46)

ool
>
S

From (35) and (42), we have

~ h(w, +Rk,
n, = —( : R°k°_) (47)
(9+h)(f +K)
Equation (46) shows that high fertility dynasties discount more the utility of each child,

so their consumption grow less than the consumption of low fertility dynasties, and so does their
capital stock. From (47), it follows thet richer parents (higher koi) dilute therr wedth by having

more children than poorer parents. Hence, the capital stock of poorer parents grows faster than
that of richer parents, leading to convergence of the per capita capital stock among dynasties.

For log preferences and Cobb-Douglas technology, this convergence takes only one generation.
5. Model with Heter ogeneity in Discount Factors

In this section, we present some results for a verson of the modd in which dynasties are
heterogeneous in their discount factors. Specificaly, we assume that dynasty i has discount
factor b',where 0O<b' <1 "i=1,..,M . Without loss of generdity, we can order dynasties
according to decreasing dtruism, i.e, 1>b' >b?>...>b" >0.

The seady date is il characterized by equations (7)-(12), but we have to replace (6)
with'©

b'R=n (48)

19t should be noted that, since fertility rates may be different across dynasties, the shares of each dynasty
in the population may vary over time in asteady state.
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From (48), we can observe that more dtruistic dynasties have higher fertility rates than
less dtruigtic dynasties. Hence, we have n*>n?>..>n" . In order to solve for the steady

state consumption ¢', we can rewrite (20) as

1 N fR-w
R-n (R-n‘)ci

W( c, n‘)= (49)

From the analysis in section 3, we know that for each triple (R, w,n' ) there exists a
unique ¢' that solves (49). Hence, we can define ¢ :g(R,W,n‘), where g(R,W,n‘)
sidfies

1 fR-w
+

W(g(R,W,n‘),n‘): R-n" (R-n')gRwn')

(50)

Lemma 3 states that steady state consumption ¢' increases with the steady state fertility

rate n'.

Lemma 3. Let assumptions 1-5 hold. Then, ¢' =g (R,W,n‘) is grictly increasing in

n'"i=1..,M.

Proof. Differentiating both sides of (50) with respect to n' and rearranging the terms,

weobtainthat g, satisfies

- 1 f R-
Ig ' =- W, + " i (51)

" (R- ni)2 g‘(R- ni)
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Since W, 3 0, W, <0, fR>w andR>n" "i=1,.,M, it folowsfrom (51) tha

g, >0. QED

The following proposition gtates that in al seady states more dtruigtic dynasties have
higher fertility, consumption and capitd stocks than less dtruigtic dynadties.

Proposition 4. Let assumptions 1-5 hold. Then
(cl,kl,nl) >(cz,k2,n2) >...(CM, k", n™ )

Proof. From (48), we obtan n'>n*>..>n". From lemma 3, we obtain

c'>c*> ..> c" . From (8), wecan write k' asafunctionof ¢' and n' for given (R,w):

(52)

From (52) and the previous results, we conclude that k* >k*> ... > k" . QED

Hence, in any steady dtate more dtruistic dynagties have higher fertility, consumption
and capital stocks than less dtruigtic dynadties. In particular, the more dtruistic dynasties tend to
grow in Sze rdative less dtruistic ones. In other words, dtruism is a trait that tends to prevail

through its effect on fertility. ™
6. Conclusion

In this paper, we congtruct a competitive growth model in which dtruistic dynasties are
heterogeneous in their initia stocks of physica capitd. Parents make choices of family size dong

" Barro and Becker (1989) show that more altruistic societies tend to grow in size relative to less altruistic
ones in an aggregative model of optimal growth with endogenous fertility.
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with decisions about consumption and intergenerationd transfers. We show that, if dynasties
have common discount factors and preferences over number of children satisfy a normaity
assumption, then dl dynagties have the same stock of physical capitd per capitain the long run.
Moreover, if consumption satisfy a normality assumption, this common level of the capita stock
is unique. If preferences are logarithmic and the technology is Cobb-Douglas, the economy
converges to the unique egditarian steady State in one generation.

We aso show tha, if dynasties have different discount factors, more dtrustic dynasties
have higher fertility rates in a Steady state. Also, assuming a normdity condition for fertility and
consumption, we show that more dtruigtic dynasties own higher capitd stocks and consume
more in a seady date than less dtruigtic dynagties. Even though the dtationary digtribution of
consumption and wedlth is non-degenerate a each point in time, asymptoticaly al dynasties but
the mogt dtruistic one become an infinitesmal part of the population.

Appendix

Proof of Lemma 2. If we differentiate (26) implicitly with respect to k , we obtain

avs_-9) Gorp)-. R _GK) ¢
§Nc+(1_ b)(c‘)zgc(k)__ L 0)R L b)e - Wb R (k) 53)
Snce dE)O WEK; wehaveG(E):Wl(E)RAZWR(@ From (14), we have

R(k) = (k). From (15), we have w (k) = - kR (k)

Thisimpliesthat G(k) = - il E)MRE) *+ KRk

From (14) and (15), we obtain
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G(E):-R'(E)gf (Ez)+(1-d)128 -~

If we subgtitute (54) into the right-hand Sde of (53) and rearrange the terms, we obtain

which givesthe expression in the text.
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