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.

Keywords : 0 ptimalgonh, gotimalpath, valbe fundian, poverty
ep, inasesing retunms.

Jaurmal of Ecoamicl ieerature : CQG, 012,03, 041.

W e thank R aoufB cucakkdne Tor cammeants and suggestias. T he second author hes
beaen supported by agant™t ctiasR edherdies Concertess” oftrell inistry oftheB elgan
Fradh Speaking Canmunity.

CERN SHI, UN R 8095 CI RS, University of Paris |, Il aiscn des Sdencs
Eaconamiques, 106112 B aubvard ce K opital 75617 P aris Cedex 13, France. E-mail
Cuagl eV a@ univsparisl . fr

“IR ES, U niversite Catholigue de L anain P e Il atesquieu 3 1348 L anan bk
I enve Belgun. Emal ssgbm@ ires.uclacbe


https://core.ac.uk/display/6227259?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1 Introduction

Cannex strucures of the tednology and prefencs have played an impor
tant ok in eaonamic analysis of gotimal ane sector gronth modek. T hey
guarantee that the saquence of otimal stods moves maotnically tonards
aunige steedy state. (s in Cass (U9 6) and Kogomars (L9 6)). In these
mooek, per pita autput shauld anverge o asteedy state die O the a5
sumptian of dminishing retums 1o per Gepita gpital in the production of
perGpita autput H onever these studies were unebke o epln the non
anvergaee of auntries whose potential causss auld be the div eranittime
preferencss, tedhnolges, danagephies, marketstructures areconanicpol-
des.

In amadel ofendogenass tednologal dange in whidh the knondedce
acumulated by the agats is thebasictom oficepital R aner (198 6 relaxdng
this usual assumptian ofFdiminishing retums shoned thattper-Gepita autput
an govwithautbaund and the el ofper- Gpita autput acacss dis erant
aountries nesd notaonverce. [n this analysis, new tednology aeattied by a
singke ... i whidh hes a pasitive extermal e ectan the otther...mms is assumed
1o be the productofa researdh ted nology thattextibits diminishing retums.
T hus wharess praduction as a functian of the ..im eiibits diminishing
returms, productian as a Tincion ofthe stodk of knoniedce In the econamy
is assumed 1o eibitinasssing returs.

0 ntheotherhand || ajumdarandil ira (19 82), D edertand|l ishimura
(1983) amalyzed an gotimal gonh maodel with a nanraanvex tednology.
T hairkey resulitwss thatthe sequence oficepitalstodss is necessan lymanokanic
and uder sane sssumptias they exiibit a poarty trep. Extanding the
anabsis 1o an gpen autry, A skenery ard L eVan (1999) in a aotinas
time franenark and D imariaand L eV an (2001) in a disaete time frane
wark abo shonad thatifthe debtaastraintis hard itaould be gotimal Tor
apoorauntry o adlipse whie a ndh caunry toanverge toa hidh bl
of steedly state.

Inthis pgper; Dlbningl eV an | ahaim andD imaria(2001), wepresait
adisaete time ersian oftheR aner (19 86 madel and relbex atundemental
hypothesis nonaoncaity of the production Tondtian. W e analyze the e
of a develping cauntry with a production tednology that exhiibits inear
praduction epital ratio at the early stagess of industrializatian. T hen Tor
hidercpitalstods, the production funation becomes ancae ss intthe Gse
ofadeelped auntry. W e proe the edstance of soLitias 1o the sodal
plnner prdolem and draradierize the prgperties of the gotimal patts. W e
shovthata foragven guality ofknonedoe tednology the countries cud



\Heo iftdarintal stodk of epital are aboe a artical bel;, othernise
they caud B apoertstep. W eshonvthateven adevelyped auntry may
e apoerty trep ifendoned with a bw guality of knonedoe tednology.
B etineen tho aountries with the same production fonction and thesame bel
ofinitial pital stodk When ae faass apoertys trep, the othercould ae
o ifitis endoned with a higerguality of knonMedoe tednology. W e show
thatthe dir eranass in the quali ty ofknoniedce tedhnology betinean countries
G proide an ep bnation o the nan aanvargence ofthe aountries.

T he pgperis agmized as Olbas. 1N Sectian 2, presating the madel
and its sssumptias, westudy the edstence ofsolitias tothe sodal plbaner
prdolEm and analyze the properties and the converganae of gotimal patts.
Finally Sectian 3 aondludkes.

2 Theln.nteH aizaont ronthil ockel

W e asider a dosad econamy in whidh the preferenas of the S idaical
arsumers are gidoally represanted by a strictly aonae uti ity functian of
asumption, u@Ex T he assumptian is thatt

(VD) u© is thice attinasly deeatisble UE) > [ ; URE) <
0;8> 0 adu@)=0;u0)=+1":

T heirstartaneous praduction ofautputiora. m isgvenbyF (kg Ke>ds
whidh degpends an the .. im spead...c knonkedoe (I9), the agprecaie knonedoe
(Ko, ad the bwel ofall other fectars sudh as physical epital Ebaur; et
Tosimplfy and o hae per..mm and perepita\abes andde we restrict
aur attention to an eguil ibrium in whidh the numberof.. ims and the rum-
berof aasumers are equal by assuming thakeS =N =1 : FolloAingR aner
Q8§ adl eVan I aham ad D imara (2001), we essume that the ad
dticnal ctors are . >&d in supply so that the gotimal solution Tor X is X .

D rqoping§<1i0n the production Tunction, EtF;had F be

F &SK3O=TFRK)
FO =F KK3O=TOhKX
W e casider thO GBS,
i) adaelpad cauntry where the production funclian is ancae
f® = K;12]7;1[;
h) = K;%h> 1



i) a develpping cuntry where the praduction foncian is a inear func
i in an inftial phese and caoae aftervarts

. tk k-k
0 =1,, K; k_k ad
h) = K;%>

with+ 1K 1< 12 < < 150 < ix 1 andl < 1+ %: | clethat A < 0
A =+kjk =k + jkK'' <k1k'' ;K =T<l(i D

T he infuence of the .. xad assts an the autput can be messured thrauch
o indicators whidh are kand +: T he . xed asts are mare important ifk
inaeesss o and if+ deaesses.

Investing an amaunt k. ofF frgdng asumptian, a..m with a aumat
stodk of privatie knoniedoe ke producss additianal knonledoe whidh induass
a rate ofgonh

ke1 i ke=C (kO
A ssume that
¢ 1 G is axae axd hanagenass ofdegee ae. T hat

ker ik~ k., Kk
T—G(R,l)—ﬁfljt)

G 2 gﬁ)zo;(j@):%< +1

¢33 0 -oF)-6:

Faran astbitraxy path K, the sodal gotimization prdblan maximizes the
uti ity ofa riepresentative caansumersubject 1o the tedhnology implied by the
path K.

X
I axdimize T u@
€0
ot 0 - l@lkti&_gfaﬁlzicc)
k > 0 ;aven:

I ofe that in sodal gotimizatiaon prdblem, the praduction fTondian ex
hibits an initial phese of inaessing retums and a saaod phese with de



aessing retunrs. | ofe ako that this prdolem is ecuinalat to

b _
I admize TUE@i ke é%lk: kt))

€0
Stk - ko1 -l«gﬂzﬁf’)ﬂe

k > 0 ;aven:

where® =gil:

Fdbnngfran ¢ 3), noethat kg - k1 - I + @) Thenwe hag
ke - ks €+ Finduangthet FQ - Fas(+0)) - KL @+ o0
Inwhat ollons we assume that

(G s <lad (+0)¥*D<1:

D enolingg FT(kk) byg< ®;weaboassume tat

C2) O=.>xwenx2[ gl

I ofe that at zero an inaeese of ae pacaitin the anaunt of inesk
meatinduass an inaeese ofl =, peraatin the stodk of private knonredoe
whidh enebles Lis Dintapretthat] =, refedts the quality of the knonedoe
tedology.

2.1 Bdstance ofaSolutian
A sequene K= (e is called Eesibe fiom kg ifitsatis.es the aastraints
ofthe sodal qotimizatian prcblam:

TR
scl@-m-lqg%‘bﬂe

Inthis section we...Istproe thatevery esibke sacpenaee fran ik belongs
tOaampactsstiorthe productiopology; sscadweshovthatthe dojective
TNncion is aoitinaus Tor this tpology. Bxdstenae of solutias olbas fran
these reults.

211 Canpactress
L etk be aBesibke path fiam k. T hen by assumptian ¢ 3), Treary t

l«-l@l-legﬂzf)ﬂe-m@x




sa ke - € + ) ; thatis

M £ o
&2 k:C+ 0k :
€0

T hus, & belongs 1 a campact set for the tpology: Sincegand F are
axiinaus, the ssibe setfran kg is aompactiorthe product topology.

2.12 Caotirnuty of the dojective fuctian
T he dojective TUNCtiON IS
» M M T
U:Kij WU FOi K Keiik :
€0 ke
B ymears oftheproofaa Bbkinl eVan Il aham andD imana(2001),
we knovthatU is atinas 1orthe product topology.
T hus, with the dojective Tunctian being aotinaus and the TeesibE path
setbang aampact or the product tpadlagy, the prdolm hes a solution.

2.2 Vaieftuxtian B ellman equatian
L etV (k) denote the \alle Tunctian of the sodal qotimizatian prcdblem. It
is dear that the \valle Tunclian \exi...es the B ellman equatiat

% K 1 Y

_ ik —~
V @s)= max - u F&ik’ + V@
o -y-kg “02 1 ' ks

V is the unigue aaxitinauss soluition 10B ellnan equation. L et
Y Al
¢ K My ik

)= agmax - u F&ik’ »
-y-kg S22 vk

&7
+ V) :

B y the maxamum theoram, * is uppersami-aatinaus.

2.3 P rperties ad anvergenee of gotimal patts

In this sectian we dexive sane properties ofF gotimal patts. First, we show
the naon rulity of gotimal consumption and Gpital Second we proe that
there exsts aaitical vale k-\whidh may be interpreted as the "t oftte
poerty triep.



L emmal %) and FQ are inaessingftincias in[l ; K add G+ 1 [:
S -
0
Proof i) F® "=1[FkiFEIV hatllns fiam the de.ni-
ton ofFFEKis that

] _ HARE L k205 K
Foq()(l Fq()_fA(/z il)éz_;_ 1|(1+1/2+ (/2 i]_)(li%; k2 ]_C + 1[:

T here are o Gesss o be deded wen k2 + 1 [ -

b -1) FIRKiFO=KAGil) ¢+%ildDR]> 0 &sA =
tkjk < 0 ad

$>1) FIRKi FRO=K[IK+ @il DK +A)P> 0 s+ A _
K +A=+kThs"® isaninaessing Encion in [0 ;K ad J + 1 [

ii)

FPQ=TF

@G+ 1)KL k20; K
AW@G §IKIZ+ @+ WDE+% 1ML, k2 Kk + 11:
Itis dear that FA)> | Trk2 [0 ;K: T here are tho Gasss 1O be deded
wenk2k+1[:

-1 FOR=R™I[@+1DE+% ild)+ Ak ildd"]> 0 ad
h>1) FIR=KI[K+AIGil)+ C+ WK +1G il K> 0:
T hus, FA)is an inaessing Tndian in 0 ;Kand ¢+ 1 [.

3 3 -

-

L emma2 S50 5 0 were Gey)=u FRiK Y
P roof. Seel eVan I atam andD imaria (2001).
L etB GO=>0C)+ x
L emma3 0 ur gotimal gonth mackl an ke witien es:
X
max W G 1)

€0
St X ->:1 -B &
> > 0 isgwen

whidh etk © e \ale Tinction \erifjing te B ellnan equation gven as
V)= max W &y V@l

X -Y-B (o)
where B is an inaessing Tncion. | ettfigg and B4y ke qptimal patts start
ingfiam > and >¢ respectively. 116 < > tenxg - >¢:
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P roof: T he resultcomes fian mmm%&?’) > ( : SeeB enhebib
and ! ishimura (19 85).

P ropocsitionl Iffigggg isan gotimal path fram k= (; #ten 8t _ (
ke> 056> 0:Simibryiflkk 2" ten F&) i k° % > (:

P rooE T he proofis based an Ineda aodition of the uti ity function.
Seel eVan I oham and D imaria (2001).

Propocsition2 Let, > (0 begwven. There edses K > (| sudh e8¢ <
Kk > 0 ; 8<gotimal fian k ten k= 1k ;8t

O pp p Tl
F e 1ag 20D

P roof. Choose K such thatg@ ——=——=_———A -gad ¥,
K 1+g 5 >
+0)< 1: SII"(EF(k) is inasssing by L enmal and kmya o —&8 W =0 ;suh

akK edst. Letfark.; < K ﬁ’eeeqssasmaylmeear‘gqotmalpalh.
W e hae BEubrequation gven as :

| |
% R T SR i
"ﬁ T, T
0 ker ke
ke 1 ke 1
0 urdaim is thatthereexdsts tsudh tatl 1 < Kadlkg, _ K:Ifnot we
hacallhays k< K;8tThnlkg! k _k>0 adg! Fd)> 0 with
Ft)=-% due o Euleregation. Ndat’aotvxer’ae°° ke 51 =

uc) °©

x- I

- - - W Ml
e \: F e 3F(k") P g T8
: Ll < < <g@—==___ -~ A .
>18t$ ke l]' g g g Ko 1+g Ff{k:’)

gand’® =, xTorx2 ) ;glaccoding o4 ssumption (P 2).
Homsnmliolmmesar‘gm[o ;K ad k+1[ byl enmal ad
k - K;FA) - FIEO)< -4 s thaaotradicion.
H e”cemeleeqslstsmt’atlﬁl < Kadkg, _ K:Inwatillons,
axsider a path fi§'g aanvergng o zero and EET,, () be the pantsudh

that
Kn@y 1< Kadk, gy - K-



Aan t=0 ©T, (§D+ | wehae:

H )l
FE° TEL i1 =G DIFE D %
00 IQ; & 1
Ke 1 Ke 1
whidh reduass

ik2r ¢ #

OED="u6G 1D + (+0);

H oM

= - = - F k°1+g F(ka)

WD < V& D Fo(ka)*' Q+®) < WG DotEEG,; < G; 8=
05:5T+ 120 ovietingn! 1 kK, @@y 1 OnergsoR - Kandk, oy,
anagest)@ _ K2 B y the upper semi-amtinuity of " ;R 2 - R3.S|r‘ge
R > 0; fion prpaition 1, R > 0:Then & gey g ! 5@; R

Folloning fiom 1nedaacadition ve hae et FR)i R %—‘2 >0 onte

o”er’end:ButcE‘r(@yﬁ G < FQ{)ThencE‘r@yl mustaonverge to zero
o the otherhand  a coradicion.

Hene fork snall enaugh (& ;K ;k D) is the unigue gotimal path
fom Kk :

Propcsiion3 Llet, > | kegwven. Thare eds K7 > | sudh et 8 >
K= 8kaptimal fian k ten kg< kg 1;8tand k! +1:

P roof Cr’ajaelf"smt’atli"q%”)— :0 urcam is thatif
k > K7 Mayqotmalpalhlssmaylmeeangaﬁgomwm
band. In ader © proe this we will .istshovtatforay k > K
tepath & = (k:k::skim)is notgotimal T hen we willl show that
aryqoﬁmalpalhlssmaiylmeﬂr’gaﬁmqotmalpalhﬁdnk} > K-
aneargss o astesdy stale.

)] Co”sidermepalhfg Gk + Sk + "Lisk + ) thatis esibe
fion k :k - k < kg =52 +I§'Sircel~§g ER) > s e edsts

> | suhthatlg+ ™" -l@g ) +lg:Thenfork =k+ "and ke =k ;



3 - 3 -
8t-1:vehaek -l -kg " +kadk -k -kg P + Kk
tatiske - ke1 - kg T2 + ke This thareedsts "> ) sudh thatk is
TesibE fram kIl ovwe will showv that sudh a path inaessess the \valle of

U :
K BT ¥
V&) = u F&i k° K +  Tu@E&G+Y
M THNR ||
= u Feik’ o+ —uGls+ O
_ 1
V&) = Uﬂzdﬁ))ﬂLl i—UG:Qx’s))Z
T hen,
- M B, T -
V)il E&D)= u Fi Kk’ K iuFEGY
- UEG D i uEEG
H B, TR TEA]]
WP FRi ke K ik}i K
+ i—U°F®+'))F®+')iF®))
- 00 ) ITNTI | B .
WP REIR i o = PEGs DR -

Sirce__lm@° E =°%0)=., Pisingesingand k > K" we hae
F)> Y Ths thereexdsts > 0 such tatU @) iU &) > 0
anclding that & is notgotimal
i) 1T thae ware an qotimal path such etk = k5 then as the \valle
TUNnclion vexi...es the B ellman equatiat
Y2 K M bl ¥

k=k2 agna<. u Feik® y:@""* £V @
k-y-kg 2 ks

the path & = (& :k =k ;D) wauld then be gotimal whidh is impassibe.
Sonaessarily K > kg - Simibardy what olons is that 8 kg 1 > I
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i) W ming the Bubrequation :

1
ioO Iﬁ'llgllﬁuo F@ Iﬁoulﬁ'lik +
- 11 1.
- P i Karz iKarl 400 ke, i ket IJKH £
ke 1 ke 1 ke 1
M IJKT e 11
W Fle )i ke’ 71;1 L=

Sine kg is strictly inaessing Jqﬁ ke edsts. Suppase an the aatraxy that
kkanargs olk< +1 :Thahwewaud hae

Foﬂg)l?zb:

Bm@W— ad k > K® -aatradictian sinee FPis inaessing

Sokedvergs o+ 1 indudng thatper Gpitaautputgons withautbound.
]

Prqocsiﬁm4LetK”l:eoE..nan/F°Q{”)1;—— =_..letk > 0:lo0
gotimal path fian k 6 K aneargs b K™

ProoE Iflk > K“; fran propasiion 3 any gotimal path fian kK
willanvage o+ 1 Casidartte e whare k§ < K- L et figg be an
gotimal path from k and assume itanvergss © K-: T his gotimal path
must be inareesing and baunded aeoe by K-: T hare exdsts Ty sudh that
8t To; il - gadhee® ‘epile = leiike - 7pe gotimal
asumptian, ort _ T) willbeg=FO+ ki . ke1: W eabohag
8t . To: FAD i ~“ 0> Fls1) i~ 2k 15 berase the Tndiian
F«)i@kisdeaeasingm Kisdse oK ad k< K=:T hefolloning
ineoLality holos:

H || H !
R S B T L W
€T €T
But,

% ot i %
R T B ke = TN E ki L keDiz kg

€T €T

11



vl 11

T FQﬁ'o i Q_i _)lﬁ—o —
€T

=N
| 1]

|
o/

| 1]

Thus,

b S
6T EOr ke . ke < Q':“fr—)
€Ty 1 )

x Fds,)

4T q(

i)

€T
By Jasn’s inecualty, we have
0 1

o
Ci D" Tu@-ulC i) A< uFEl,)

€T €Ty

b

X X
STu@< TTTuEGs
€T €T
T his mears that the utility of the staticary path ke = kg, Tort _ Ty is
betier then the utiity from T ofthe gotimal path : a caradiction.

Theorem 1l Let, > (0 ke gwen. Then thete edstk kosudh tet 8k < ks
any gotimal path & fian k willsatisfy k= ks ; Stand 8l > ks anygotimal
path K fiom kg will satisfy/ k< ke 1;8cand k! +1:

P roof L etk  be thesupremum oftre kg, sudh thattiflg < Ik thenany
qptimal path & fian k will satisfy ke = k;8C L et be the in.mum of
the ke sudh thatiflg > ke then any gotimal path K fiom kg will converge
O+1:0urcEmisthatkl =K :Itisdnvasthatk - K : Suppoe
R < K:Tdek adK suhtatKk < k < K< K :Faon tevay
ce.nticnof K ad K ; there exists an gotimal path figg fiam kg whidhis
strictly inaessing and an gotimal path iy fran ¥ whidh is staticary, i.e.
KX = K; 8t By the inaessingess property of the gagirmal policy we have
ke - K;8cH ence k! R Itisessy odedktret F° R =91 and this
antredicts propasitian 4. Tharefore K =K :Paingk-=K =K' axb
the prook
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3 CadudingR emarks

Dletk > 0 begwen By prpatan 3 if, is small enauch then any
gotimal path fran k§ willaanverge o+ 1 : In partiailar; the R anermadel
fomalized in disaete timeharizan byl eV an I ahaim andD imaria (2001)
is the Imiteae of aurmadel by Etting , ! (: Il oeower; aasider /0
auntries with the same productiaon tednology and the same bvel ofinrtial
pital stodk By propaaitian 3, when ane fass a posartys trep, the other
auld ake o ifitis endoned with ahigher quality ofknoniedoe tednology.
T hatis tomattian that the diz erancss in the quality oF knonredoe ted ol
gy betneen cauntries can provide an eplbnation forthe nonaonvaerganee
of the countries.

i) Casicerthe eqpality FOE) - =, and sssume et K™ > KW e

hae o
A @HEE Y+ @ R =2 41D
where A @=+k j K :B y dis eraiating with respect 10+ e dotain thet

(o [l TappetiiD
E A EHE 1 1IETT 4 @ DG T DRSO

becase since K7 > k; the denaminatoris pasitive. 0 ne aan aondluce that,
gven kg ; ifthe infuence of the .. xed assts diminishes (i.e. + inaeeses), the
eccany anEe o . B

Furthermarg by die entiating the given equality FO@&™) = -4 with
respect © k; under the assumptian of K= >k we dotain tﬂt% > ()
T hatis 1o aoduce that, gven kg ; ifthe anaunt of.. xed axsts diminishes
(i.e. kdeaesss), the econany ean e 0.

il) Tosum up, an ecaamy whidh warts o ake o by using knonkedoge
tednology requires three Bdors

2 arge anauntofinitial knonedoe

=Small ..>xed asts,

= ood gquality of knonedoe tednology.

<0
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