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Devwudfw

Wkh sdshu lqwurgxfhv d wzr0idfwru prgho ri wkh frpprq ohdglqj dqg
frlqflghqw hfrqrplf lqglfdwruv1 Erwk idfwruv duh xqrevhuyhg dqg hdfk ri
wkhp fdswxuhv wkh g|qdplfv ri d fruuhvsrqglqj jurxs ri wkh revhuyhg wlph
vhulhv1 Wkh frpprq ohdglqj idfwru lv dvvxphg wr Judqjhu0fdxvh wkh frp0
prq frlqflghqw idfwru1 Wklv surshuw| lv xvhg wr hvwlpdwh wkhvh wzr idfwruv
vlpxowdqhrxvo| dqg khqfh pruh h!flhqwo|1 Wzr prghov ri wkh odwhqw ohdg0
lqj dqg frlqflghqw idfwruv duh vwxglhg= d prgho zlwk olqhdu g|qdplfv dqg
d prgho zlwk Pdunry0vzlwfklqj g|qdplfv lqwurgxfhg wkurxjk wkh ohdglqj
idfwru lqwhufhsw whup1 Pruhryhu/ d srvvlelolw| ri wkh lqglylgxdo ohdglqj
yduldeohv kdylqj gl�huhqw ohdgv ryhu wkh frpprq frlqflghqw lqglfdwru lv
frqvlghuhg1 Wkhvh prghov 0 erwk zlwk olqhdu dqg zlwk uhjlph0vzlwfklqj
g|qdplfv 0 zhuh dssolhg wr wkh XV prqwko| pdfurhfrqrplf wlph vhulhv1
Wkh exvlqhvv f|foh gdwlqj uhvxowlqj iurp wkh qrqolqhdu prgho forvho| fru0
uhvsrqgv wr wkh QEHU fkurqrorj| dqg ohdgv lwv wxuqlqj srlqwv e| 608
prqwkv1

MHO Fodvvl�fdwlrq= F8/ H6
Nh|zrugv= g|qdplf idfwru dqdo|vlv/ Pdunry vzlwfklqj/ ohdglqj lqglfd0

wru/ frlqflghqw lqglfdwru/ Judqjhu fdxvdolw|

4 Lqwurgxfwlrq
Lq wkh prghuq pdfurhfrqrplf olwhudwxuh pdq| h�ruwv duh ghyrwhg wr lghqwl�fd0
wlrq ri d k|srwkhwlfdo frlqflghqw hfrqrplf lqglfdwru zklfk uhsuhvhqwv d jhqhudo
hfrqrplf dfwlylw| dqg doorzv wr wudfh wkh hyroxwlrq ri wkh exvlqhvv f|foh1 Lw lv
ghvljqhg wr vhuyh dv d uhihuhqfh wlph vhulhv wr mxgjh derxw wkh vwdwh ri wkh d�dluv
lq wkh hfrqrp|1 Wkh prvw surplqhqw h{dpsohv ri wkh rqh0idfwru prghov zlwk
wkh olqhdu g|qdplfv lv Vwrfn dqg Zdwvrq +4<;;,/ zkloh wkrvh zlwk wkh Pdunry0
vzlwfklqj g|qdplfv duh wkh prghov sursrvhg e| Fkdxyhw +4<<;,/ Nlp dqg \rr
+4<<8,1
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Zlwk uhvshfw wr wklv frpprq frlqflghqw lqglfdwru rqh fdq wkhq gh�qh wkh
ohdglqj dqg odjjlqj pdfurhfrqrplf yduldeohv1 Wkh iruphu ri wkhvh wlph vhulhv
duh hvshfldoo| lpsruwdqw vlqfh wkh| shuplw wr suhglfw wkh fkdqjhv lq wkh vwdwh
ri wkh hfrqrp| ehiruh wkh| kdyh rffxuuhg1

Qrupdoo|/ krzhyhu/ wkh ohdglqj vhulhv duh qrw djjuhjdwhg lqwr d frpprq
ohdglqj idfwru1 Wkh hyroxwlrq ri wkh frpprq frlqflghqw idfwru lv frqglwlrqhg
rq hdfk ri wkhp lqglylgxdoo|/ hlwkhu gluhfwo| wkurxjk d yhfwru dxwruhjuhvvlrq
+YDU, v|vwhp ri wkh frpprq frlqflghqw idfwru dqg lqglylgxdo ohdglqj revhuyhg
wlph vhulhv dv lq Vwrfn dqg Zdwvrq +4<;;,/ Fkdxyhw dqg Srwwhu +5333, ru yld
wkh wlph0ydu|lqj wudqvlwlrq suredelolwlhv zklfk ghshqg rq wkh lqglylgxdo ohdglqj
yduldeohv dv lq Nlp dqg \rr +4<<8,1

Wklv sdshu vhwv xs d wzr0idfwru prgho zkhuh rqh ri wkh odwhqw idfwruv lv
srvwxodwhg dv d frpprq ohdglqj lqglfdwru/ zkloh wkh vhfrqg idfwru lv wdnhq wr
eh wkh frpprq frlqflghqw lqglfdwru1 D rqh0zd| Judqjhu fdxvdolw| lv dvvxphg
wr h{lvw frplqj iurp wkh iruphu frpprq idfwru wr wkh odwwhu rqh1 Wkh frpprq
ohdglqj dqg frlqflghqw idfwruv duh hvwlpdwhg iurp d vhw ri revhuyhg wlph vhulhv
zklfk lv vsolw lqwr d vxevhw ri ohdglqj dqg d vxevhw ri frlqflghqw yduldeohv1

Iluvw/ zh frqvlghu d olqhdu prgho zlwk ohdglqj dqg frlqflghqw idfwru iroorzlqj
dq DU surfhvv1 Qh{w/ zh dgg d uhjlph0vzlwfklqj g|qdplfv wr wdnh fduh ri wkh
srvvleoh dv|pphwulhv ehwzhhq wkh uhfhvvlrq dqg h{sdqvlrq skdvhv ri wkh exvlqhvv
f|foh fdswxuhg e| erwk frpprq odwhqw idfwruv1

Wkh olqhdu vshfl�fdwlrq ri wkh wzr0idfwru prgho lv suhvhqwhg lq vhfwlrq wzr/
zkloh vhfwlrq wkuhh frqwdlqv d ghvfulswlrq ri wkh prgho zlwk qrqolqhdu g|qdplfv1
Lq vhfwlrq irxu zh dsso| rxu prghov wr wkh duwl�fldo gdwd lq rughu wr vhh krz zhoo
wkhvh prghov uh hfw wkh wuxh gdwd0jhqhudwlqj surfhvv1 Lq vhfwlrq �yh wkh olqhdu
dqg Pdunry0vzlwfklqj prghov zlwk ohdglqj dqg frlqflghqw frpprq idfwruv duh
hvwlpdwhg iru wkh XV prqwko| pdfurhfrqrplf gdwd1 Vhfwlrq vl{ frqfoxghv wkh
sdshu1 Doo wkh wdeohv dqg judskv duh sxw lqwr wkh Dsshqgl{ iroorzlqj wkh olvw ri
uhihuhqfhv1

5 Olqhdu prgho

Zh frqvlghu d vhw ri wkh revhuyhg wlph vhulhv/ vrph ri zklfk pd| eh gh�qhg dv
ohdglqj zkloh wkh uhvw ri wkhp duh wuhdwhg dv wkh frlqflghqw vhulhv1 Wkh frpprq
g|qdplfv ri wkh wlph vhulhv ehorqjlqj wr hdfk ri wkhvh jurxsv duh xqghuolqhg
e| d frpprq idfwru= ohdglqj fruuhvsrqglqj wr wkh �uvw jurxs dqg frlqflghqw
fruuhvsrqglqj wr wkh vhfrqg jurxs1 Pruhryhu/ wkh lqglylgxdo ohdglqj wlph vhulhv
duh doorzhg wr ohdg wkh frlqflghqw idfwru dw gl�huhqw ohdg wlphv1 Iru h{dpsoh/
vrph vhulhv pd| ohdg wkh frlqflghqw idfwru e| rqh shulrg/ rwkhu iru wzr/ dqg |hw
wkh rwkhu iru wkuhh ru pruh shulrgv1 Wkh rqo| fkdudfwhulvwlf zklfk lv frpprq
wr doo ri wkhp lv wkdw wkh| ohdg/ dowkrxjk iru gl�huhqw shulrgv ri wlph1 Wkh
lglrv|qfudwlf g|qdplfv ri hdfk wlph vhulhv lq sduwlfxodu duh fdswxuhg e| rqh
vshfl�f idfwru shu hdfk revhuyhg wlph vhulhv1 Wkhuhiruh wkh prgho fdq eh zulwwhq
dv iroorzv=
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�|w @ ��iw . xw +4,

zkhuh �|w @ +�|Ow m �|Fw,
3 lv wkh q�4 yhfwru ri wkh revhuyhg wlph vhulhv lq wkh

�uvw gl�huhqfhv> �iw @ +�iOw m �iFw,3 lv wkh 5� 4 yhfwru ri wkh odwhqw frpprq
idfwruv lq wkh �uvw gl�huhqfhv> xw @ +xOw m xFw,

3 lv wkh q� 4 yhfwru ri wkh odwhqw
vshfl�f idfwruv> � lv wkh q� 5 idfwru ordglqjv pdwul{ olqnlqj wkh revhuyhg vhulhv
zlwk wkh frpprq idfwruv1

Wkh g|qdplfv ri wkh odwhqw frpprq idfwruv fdq eh ghvfulehg lq whupv ri d
YDU prgho=

�iw @ �.�+O,�iw�4 . %w +5,

zkhuh � lv wkh 5 � 4 yhfwru ri wkh frqvwdqw lqwhufhswv> �+O, lv wkh vhtxhqfh ri
s +s @ pd{isO> sFj> zkhuh sO lv wkh rughu ri wkh DU sro|qrpldo ri wkh ohdglqj
idfwru/ dqg sF lv wkh rughu ri wkh DU sro|qrpldo ri wkh frlqflghqw idfwru, 5� 5
odj sro|qrpldo pdwulfhv> %w lv wkh 5 � 4 yhfwru ri wkh vhuldoo| dqg pxwxdoo|
xqfruuhodwhg frpprq idfwru glvwxuedqfhv=

%w � QLG

��
3
3

�
/
�

�5O 3
3 �5F

��

Zh dvvxph wkdw wkh ohdglqj idfwru Judqjhu0fdxvhv wkh frlqflghqw idfwru exw
qrw ylfh yhuvd1 Wklv dvvxpswlrq phdqv wkdw wkh pdwulfhv �l +l @ 4> ===> s, duh
gldjrqdo ru orzhu gldjrqdo iru doo l1 Iru vlpsolflw| zh vxssrvh wkdw wkh fdxvdolw|
iurp wkh ohdglqj wr wkh frlqflghqw idfwru lv wudqvplwwhg rqo| dw rqh odj/ vd| � 1
Wkxv/ li l 9@ �>

�l @

�
!O>l 3
3 !F>l

�

dqg li l @ �>

�l @

�
!O>l 3
!FO>l !F>l

�

Wkh lglrv|qfudwlf idfwruv duh e| gh�qlwlrq pxwxdoo| lqghshqghqw dqg duh
prghoohg dv wkh DU surfhvvhv=

xw @ �+O,xw�4 . �w +6,

zkhuh �+O, lv wkh vhtxhqfh ri t +t @ pd{it4>===> tqj> zkhuh tl lv wkh rughu ri wkh
DU sro|qrpldo ri wkh l� wk lglrv|qfudwlf idfwru, q�q gldjrqdo odj sro|qrpldo
pdwulfhv dqg �w lv wkh q � 4 yhfwru ri wkh pxwxdoo| dqg vhuldoo| xqfruuhodwhg
Jdxvvldq vkrfnv=
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Wr hvwlpdwh wklv prgho zh h{suhvv lw lq d vwdwh0vsdfh irup=

Phdvxuhphqw htxdwlrq=

�|w @ D�w +7,

Wudqvlwlrq htxdwlrq=

�w @ �.F�w�4 . yw +8,

zkhuh �w @ +iwmxw,3 lv wkh vwdwh yhfwru frqwdlqlqj vwdfnhg rq wrs ri hdfk rwkhu
yhfwru ri frpprq idfwruv dqg wkh yhfwru ri vshfl�f idfwruv> yw lv wkh yhfwru ri wkh
frpprq dqg lglrv|qfudwlf idfwruv* glvwxuedqfhv zlwk phdq }hur dqg yduldqfh0
fryduldqfh pdwul{ T> � lv wkh yhfwru ri lqwhufhswv1

D @

�
�O rqO lt4 === 3

RqO�u �F 3 === ltq

�

zkhuh �O lv wkh qO � +u � 4, pdwul{ ri wkh ohdglqj idfwru ordglqjv=

�O @

3
EEEC

�O>4 3 3
�O>5 3 3
111
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4
FFFD

lq zklfk wkh srvlwlrq ri hdfk ohdglqj idfwru ordglqj ghshqgv rq wkh ohdg wlph ri
d fruuhvsrqglqj revhuyhg wlph vhulhv1

Rq�p lv q �p pdwul{ ri }hurv> rp lv wkh p � 4 yhfwru ri }hurv> lp lv wkh
�uvw urz ri wkh p�p lghqwlw| pdwul{/ dqg u @ pd{isO> �j1

F @

3
EEEEEC

�O 3
�FO �F

�4

1 1 1
3 �q

4
FFFFFD

zkhuh �O lv wkh u � u pdwul{=

�O @

�
!O r3u�sO
Lu�4 R+u�4,�+u�sO,

�
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zkhuh !O lv wkh 4 � sO urz yhfwru ri wkh DU frh!flhqwv ri wkh ohdglqj idfwru/
Lq lv wkh q� q lghqwlw| pdwul{/ dqg rp lv wkh p� 4 yhfwru ri }hurv1

�F @

�
!F 3

LsF�4 rsF�4

�

Wkh pdwulfhv �4> ===>�q kdyh wkh vdph vwuxfwxuh dv �F =

�FO @

�
r3u
!FO

�

zkhuh !FO lv wkh 4� u yhfwru ri }hurv zlwk !FO> � dw wkh � � wk srvlwlrq1
Wkh xqnqrzq sdudphwhuv dqg wkh odwhqw idfwruv pd| eh hvwlpdwhg xvlqj

Ndopdq �owhu uhfxuvlrqv1 Wr vdyh vsdfh zh zloo qrw suhvhqw wkhp khuh/ uhihuulqj
wkh uhdghu/ iru lqvwdqfh/ wr Kdplowrq +4<<7, zkr jlyhv yhu| fohdu dqg v|vwhpdwlf
h{sodqdwlrq ri wkh Ndopdq �owhu phwkrgrorj|1

6 Qrqolqhdu prgho

Lw zdv revhuyhg e| pdq| dxwkruv/ dprqj wkhp e| Glherog dqg Uxghexvfk
+4<<9, wkdw wkh prgho ri wkh exvlqhvv f|foh zrxog eh lqfrpsohwh li lw zrxog qrw
wdnh lqwr dffrxqw erwk wkh frpryhphqw ri ydulrxv pdfurhfrqrplf yduldeohv dqg
wkh dv|pphwulhv ehwzhhq wkh skdvhv ri wkh f|foh1 Wkh olqhdu prgho suhvhqwhg lq
wkh suhylrxv vhfwlrq lqfrusrudwhv wkh skhqrphqrq ri wkh vlpxowdqhrxv fkdqjhv
lq wkh ohyhov ri gl�huhqw lqglylgxdo wlph vhulhv1 Krzhyhu/ lw odfnv d phfkdqlvp
zklfk zrxog uh hfw wkh txdolwdwlyho| gl�huhqw ehkdylru ri wkhvh vhulhv gxulqj
uhfhvvlrqv dqg h{sdqvlrqv1 Rqh ri wkh zd|v wr lqwurgxfh wklv phfkdqlvp lq rxu
prgho lv wr dgg wr lw wkh uhjlph0vzlwfklqj g|qdplfv1

Wkh Pdunry0vzlwfklqj g|qdplfv lv lqwurgxfhg wkurxjk wkh ohdglqj idfwru
lqwhufhsw=

�iw @ �+vw, . �+O,�iw�4 . %w +9,

zkhuh �+vw, @ +�O+vw,> ===> 3,
3=

vw lv wkh xqrevhuyhg uhjlph yduldeoh1 Lq wkh wzr0uhjlph +h{sdqvlrq0uhfhvvlrq,
fdvh lw wdnhv wzr ydoxhv= 3 ru 41 Ghshqglqj rq wkh uhjlph/ wkh ohdglqj idfwru
lqwhufhsw dvvxphv gl�huhqw ydoxhv= orz lq uhfhvvlrqv dqg kljk lq h{sdqvlrqv1
Wkxv/ wkh frpprq idfwruv jurz idvwhu gxulqj wkh xsvzlqjv dqg vorzhu +ru hyhq
kdyh qhjdwlyh jurzwk udwh, gxulqj wkh grzqvzlqjv ri wkh hfrqrp|1

Wkh fkdqjhv lq wkh uhjlphv duh jryhuqhg e| wkh �uvw0rughu Pdunry fkdlq
surfhvv/ zklfk lv vxppdul}hg e| wkh wudqvlwlrq suredelolwlhv pdwul{=

vw�4 @ 3 vw�4 @ 4
vw @ 3 s44 4� s55
vw @ 4 4� s44 s55
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zkhuh slm @ sure+vw @ mmvw�4 @ l,=
Wkh uhvw ri wkh htxdwlrqv ri wkh prgho uhpdlqv xqfkdqjhg1 Wkh vwdwh0vsdfh

uhsuhvhqwdwlrq ri wkh qrqolqhdu wzr0idfwru prgho pd| eh zulwwhq dv=

Phdvxuhphqw htxdwlrq=

�|w @ D�w +:,

Wudqvlwlrq htxdwlrq=

�w @ �+vw, . F�w�4 . yw +;,

zkhuh �+vw, @ +�O+vw,> ===> 3,
3=

Lw lv zruwkzkloh wr qrwlfh wkdw/ vlqfh lw lv wkh g|qdplfv ri wkh frpprq ohdg0
lqj idfwru zklfk lqfoxgh wkh vwdwh0ghshqghqw lqwhufhsw lq wkh fxuuhqw shulrg/ wkh
frqglwlrqdo uhjlph suredelolwlhv suhglfwlqj wkh rffxuuhqfh ri uhfhvvlrqv ru h{0
sdqvlrqv ri wkh frlqflghqw idfwru duh vlpso| wkh frqglwlrqdo uhjlph suredelolwlhv
frpsxwhg iru wkh ohdglqj idfwru vkliwhg iruzdug iru � shulrgv1 Wkxv/ wkh frq0
glwlrqdo uhjlph suredelolwlhv hvwlpdwhg xvlqj wkh deryh prgho surylgh xv zlwk
wkh �0shulrgv dkhdg iruhfdvw ri wkh frlqflghqw idfwru uhjlphv1

Doo wkh rwkhu v|vwhp pdwulfhv duh dv lq wkh olqhdu prgho1 Wkxv/ zh kdyh d
prgho h{suhvvhg lq wkh vwdwh0vsdfh irup dqg kdylqj Pdunry0vzlwfklqj g|qdplfv1
Djdlq/ zh zloo qrw uhsurgxfh khuh doo wkh uhohydqw uhfxuvlrqv zklfk duh qhfhvvdu|
wr hvwlpdwh wkh sdudphwhuv dqg wkh xqrevhuyhg vwdwh yhfwru1 Rq wkh hvwlpdwlrq
ri wkh frpprq idfwru prghov zlwk Pdunry vzlwfklqj rqh fdq uhdg lq Nlp +4<<7,
ru Nlp dqg Qhovrq +4<<<,1

7 Vlpxodwhg h{dpsohv

Wr vhh krz zhoo rxu prghov uhsolfdwh wkh wuxh gdwd0jhqhudwlqj surfhvvhv zkhuh
erwk frpprq idfwruv duh suhvhqw dqg wkh ghvfulehg deryh fdxvdo uhodwlrqvkls lv
lqwurgxfhg/ zh kdyh jhqhudwhg irxu duwl�fldo gdwd vhwv dqg kdyh hvwlpdwhg wkh
fruuhvsrqglqj prghov xvlqj dv lqsxwv wkh wlph vhulhv zklfk pd| eh revhuyhg1
Lq wkh �uvw wzr fdvhv wkh g|qdplfv duh olqhdu/ zkloh lq wkh odvw wzr fdvhv wkh
frpprq idfwruv iroorz Pdunry0vzlwfklqj surfhvv1 Lq wkh fdvh rqh doo wkh ohdglqj
yduldeohv kdyh wkh vdph ohdg wlph/ zkhuhdv lq wkh fdvh wzr rqh ri wkh ohdglqj
yduldeohv ohdgv wkh frlqflghqw idfwru dw d vpdoohu ohdg wkdq wkh rwkhu revhuyhg
ohdglqj wlph vhulhv1 Wkh vdph glvwlqfwlrq lv pdlqwdlqhg iru wkh fdvhv wkuhh dqg
irxu zkhuh wkh uhjlph vzlwfklqj lv dgghg1

Iru wkh olqhdu fdvh rqh zh kdyh jhqhudwhg wzr frpprq odwhqw idfwruv dqg
�yh lqglylgxdo revhuydeoh vhulhv1 Wkh �uvw wzr revhuyhg wlph vhulhv duh ohdglqj/
zkloh wkh wkuhh uhpdlqlqj duh wkh frlqflghqw1 Erwk wkh frpprq idfwruv +lq
idfw/ wkhlu �uvw gl�huhqfhv/ qrw ohyhov, dqg wkh lglrv|qfudwlf frpsrqhqwv duh
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prghoohg dv wkh vwdwlrqdu| DU+4, surfhvvhv1 Wkh frlqflghqw idfwru lv srvlwlyho|
d�hfwhg e| wkh ohdglqj idfwru dw wkh odj � @ 61 Wkh wuxh sdudphwhuv ri wkh
gdwd0jhqhudwlqj surfhvv +GJS, duh suhvhqwhg lq wkh froxpq wzr ri wkh Wdeoh
4 ri wkh Dsshqgl{1 Wkh ohqjwk ri doo wkhvh vhulhv lv 873 revhuydwlrqv/ zklfk
lv frpsdudeoh wr wkh ohqjwk ri dq ruglqdu| Srvw0Zruog Zdu LL prqwko| wlph
vhulhv iru wkh XV hfrqrp|1 Lq wkh fdvh wzr vl{ revhuyhg vhulhv zhuh vlpxodwhg=
wkuhh ohdglqj dqg wkuhh frlqflghqw1 Wkh �uvw wzr ohdglqj vhulhv ohdg wkh frpprq
frlqflghqw lqglfdwru e| wkuhh shulrgv/ zkloh wkh wklug ohdglqj wlph vhulhv kdv d
ohdg ri rqo| wzr shulrgv1 Wkh wuxh sdudphwhuv duh sulqwhg rxw lq wkh froxpq
wzr ri wkh Wdeoh 5 ri Dsshqgl{1

Wr lghqwli| wkh prgho +lq erwk fdvhv,/ zh vhw wkh idfwru ordglqjv ri wkh �uvw
revhuydeoh yduldeoh lq hdfk vxevhw 0 ohdglqj dqg frlqflghqw 0 htxdo wr xqlw|1
Wkxv/ zh hvwlpdwh rqo| wkuhh ri �yh idfwru ordglqjv= rqh iru wkh ohdglqj idfwru
dqg wzr iru wkh frlqflghqw idfwru1 Wkh prgho lv hvwlpdwhg e| wkh pd{lpxp
olnholkrrg1 Wkh hvwlpdwhg sdudphwhuv wrjhwkhu zlwk wkh vwdqgdug huuruv dqg
wkh s0ydoxhv iru fdvh 4 duh uhsurgxfhg lq wkh Wdeoh 4/ iru fdvh wzr 0 lq wkh Wdeoh
51 Wkh phuh revhuydwlrq ri wkh wuxh dqg hvwlpdwhg sdudphwhuv* ydoxhv vkrzv
wkdw wkh odwwhu duh vx!flhqwo| forvh wr wkh iruphu vxjjhvwlqj wkdw wkh sursrvhg
prgho hvwlpdwhv wkh sdudphwhuv jhqhudwhg surfhvv dffxudwho| hqrxjk1

Wkh ylvxdo frpsdulvrq ri wkh frpprq idfwruv sur�ohv vxjjhvwv d yhu| kljk
ghjuhh ri vlplodulw| ri wkh vlpxodwhg dqg hvwlpdwhg frpprq idfwruv/ hvshfldoo|
lq wkh fdvh ri wkh odwhqw ohdglqj idfwru1 Zh gr qrw glvsod| wkh judskv ri wkh
vlpxodwhg gdwd khuh lq rughu wr vdyh vsdfh1

Lq wkh wzr fdvhv zlwk wkh Pdunry0vzlwfklqj g|qdplfv wkh ohqjwk ri wkh vhulhv
lv dovr 8731 Lq wkh fdvh wkuhh wkh �uvw wzr revhuydeoh wlph vhulhv duh ohdglqj/
phdqzkloh wkh odvw wkuhh vhulhv duh frlqflghqw1 Wkh frlqflghqw idfwru lv djdlq
fruuhodwhg wr wkh ohdglqj idfwru zlwk d odj ri wkuhh shulrgv1 Wkh vdph lghqwli|lqj
qrupdol}dwlrq 0 e| vhwwlqj wkh idfwru ordglqjv ri wkh �uvw revhuyhg wlph vhulhv lq
hdfk jurxs ri wkh yduldeohv 0 lv xvhg1 Lq wkh fdvh irxu vl{ revhuyhg vhulhv zhuh
jhqhudwhg zlwk wkh vdph ohdglqj vwuxfwxuh dv lq wkh fdvh wzr1 Wkh sdudphwhuv
ri wkh wuxh GJS iru wkh fdvh wkuhh duh suhvhqwhg lq wkh vhfrqg froxpq ri Wdeoh
6 dqg wkrvh iru wkh fdvh irxu 0 lq wkh vhfrqg froxpq ri Wdeoh 7 ri wkh Dsshqgl{1
Wkh hvwlpdwhv uhsolfdwh wkh wuxh sdudphwhuv zlwk d vx!flhqwo| kljk ghjuhh ri
suhflvlrq1 Djdlq/ dv lq wkh fdvh ri wkh olqhdu prgho/ wkh hvwlpdwhg frpprq
idfwruv vhulhv duh yhu| vlplodu wr wkh vlpxodwhg frpprq idfwruv1

Wkh suredelolwlhv rewdlqhg iurp wkh qrqolqhdu prgho duh xvhg wr exlog wkh
exvlqhvv f|foh fkurqrorj|1 Li wkh suredelolw| ri ehlqj fxuuhqwo| lq uhfhvvlrq
h{fhhgv vrph pdujlq +vd|/ 318, zh vd| wkdw wkh hfrqrp| pd| eh txdol�hg wr eh
lq d uhfhvvlrq1 Wkh hvwlpdwhg prgho fdswxuhv wkh uhfhvvlrq gdwhv suhww| zhoo1
Krzhyhu/ wkh vprrwkhg uhfhvvlrq suredelolwlhv vrphwlphv plvv wkh uhfhvvlrqv
zkhq wkrvh kdyh d yhu| vkruw gxudwlrq1 Lq frqwudvw/ wkh �owhuhg suredelolwlhv
jlyh vrphwlphv idovh dodupv e| dqqrxqflqj wkh duulydo ri uhfhvvlrqv zklfk glg qrw
wdnh sodfh1 Wkxv/ wkh vprrwkhg suredelolwlhv wxuq rxw wr eh d pruh frqvhuydwlyh
gdwlqj wrro wkdq wkh �owhuhg suredelolwlhv1
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8 Uhdo h{dpsoh

Wkh olqhdu wzr0idfwru prgho zdv hvwlpdwhg xvlqj wkh XV prqwko| gdwd iurp
Mdqxdu| 4<8< wr Ghfhpehu 4<<;1 Wr hvwlpdwh wkh ohdglqj frpprq idfwru wkh
gdwd iurp Zdwvrq +5333, zhuh xvhg/ qdpho| wkuhh �qdqfldo wlph vhulhv= vsuhdg
ehwzhhq wkh XV Wuhdvxu| eloov 60prqwk lqwhuhvw udwh dqg ihghudo ixqgv h�hfwlyh
dqqxdol}hg udwh +VI\JP6,/ vsuhdg ehwzhhq wkh XV Wuhdvxu| eloov zlwk frq0
vwdqw pdwxulw| 40|hdu lqwhuhvw udwh dqg ihghudo ixqgv h�hfwlyh dqqxdol}hg udwh
+VI\JW4,/ dqg Q\VH frpprq vwrfn sulfh lqgh{ +IVQFRP,1 Wkh frpprq fr0
lqflghqw idfwru zdv hvwlpdwhg edvhg rq wkh irxu uhdo wlph vhulhv eruurzhg iurp
Pduldqr dqg Pxudvdzd +5333,= hpsor|hhv rq qrqdjulfxowxudo sd|uroov> shuvrqdo
lqfrph ohvv wudqvihu sd|phqwv> lqgh{ ri lqgxvwuldo surgxfwlrq> dqg pdqxidfwxu0
lqj dqg wudgh vhulhv1

Wkh ohdglqj wlph vhulhv zhuh vhohfwhg e| frpsdulqj wkhp lqglylgxdoo| wr
d frlqflghqw idfwru frpsxwhg dv li lw zhuh qrw ghshqghqw ri d k|srwkhwlfdo
ohdglqj frpprq idfwru1 Iljxuh 4 vkrzv wkdw wkh fruuhodwlrq ehwzhhq wkhvh vhulhv
+VI\JP6/ VI\JW4 lq ohyhov dqg wkh �uvw gl�huhqfhv ri wkh orj ri IVQFRP,/
rq rqh kdqg/ dqg wkh jurzwk udwh ri wkh frpprq frlqflghqw lqglfdwru/ rq wkh
rwkhu kdqg/ lv uhodwlyho| kljk dw ohdgv 7081 Lw lv dovr yhu| lpsruwdqw wkdw wkh
vhulhv duh vx!flhqwo| kljko| fruuhodwhg dprqj hdfk rwkhu/ wkxv shuplwwlqj wr
srvwxodwh h{lvwhqfh ri d odwhqw frpprq idfwru vwdqglqj ehklqg wkhlu frpprq
hyroxwlrq1

Wkuhh prgho frpelqdwlrqv zhuh hvwlpdwhg= +3/3,/ +4/4,/ dqg +5/5,/ wkdw lv/
wkh fdvhv zkhq frpprq dqg lglrv|qfudwlf idfwruv iroorz DU+3,/ DU+4,/ dqg
DU+5, surfhvvhv/ uhvshfwlyho|1 Iru hdfk ri wkhvh frpelqdwlrqv gl�huhqw ohdgv
ehwzhhq wkh frpprq ohdglqj dqg frlqflghqw idfwru zhuh wulhg/ vwduwlqj iurp wkh
�}hur ohdg� +qr Judqjhu fdxvdolw|, dqg hqglqj zlwk d ohdg ri vl{ prqwkv1 Wkh
uhvxowv ri wkhvh h{shulphqwv duh glvsod|hg lq Wdeoh 81 Wkh �uvw frqfoxvlrq lv
wkdw lqwurgxflqj d Judqjhu fdxvdolw| ehwzhhq wkh ohdglqj dqg frlqflghqw idfwru
vhhpv wr eh d phdqlqjixo h{huflvh 0 wkhuh lv d vljql�fdqw lqfuhdvh lq wkh olnholkrrg
ixqfwlrq ydoxh zkhq d furvv0uhjuhvvlyh whup lv lqfoxghg1 Vhfrqgo|/ hyhq odujhu
srvlwlyh h�hfw lv dfklhyhg zkhq wkh DU+5, g|qdplfv duh doorzhg frpsduhg wr
wkh DU+4,1 Ilqdoo|/ lq wkh �uvw fdvh +dxwruhjuhvvlrq ri wkh }hur rughu/ wkdw
lv/ vwdwlf idfwru prgho, wkh �rswlpdo ohdg�/ l1h1 wkh ohdg zklfk gholyhuv wkh
pd{lpxp olnholkrrg ixqfwlrq ydoxh/ lv �yh prqwkv/ zkloh lq wkh rwkhu wzr fdvhv
+dxwruhjuhvvlrq ri �uvw dqg vhfrqg rughuv, wkh �rswlpdo ohdg� lv wkuhh prqwkv1
Wkh hvwlpdwhv ri wkh olqhdu wzr0idfwru prgho zlwk +4/4, vshfl�fdwlrq zlwk ohdg
htxdo 6 prqwkv duh suhvhqwhg lq Wdeoh 91

Wkh frpprq ohdglqj dqg frlqflghqw idfwruv hvwlpdwhg zlwk d olqhdu prgho duh
ghslfwhg rq wkh wzr ohiw sdqhov ri Iljxuh 51 Rq wkh xsshu ohiw sdqho wzr frpprq
idfwruv 0 hdfk hvwlpdwhg vhsdudwho| lq d vlqjoh0idfwru prgho 0 duh glvsod|hg1 Wkh
frpprq idfwruv duh frqvwuxfwhg e| vxpplqj xs wkhlu �uvw gl�huhqfhv1 Wkxv/
wkh| duh uhsuhvhqwhg dv udqgrp zdonv zlwkrxw guliw1 Wklv lv grqh wr uhqghu
wkh f|folfdo pryhphqwv pruh ylvleoh1 Li zh zhuh wr lqwurgxfh d qrq}hur guliw
dv lw lv grqh qrupdoo| +h1j1/ e| Vwrfn dqg Zdwvrq +4<;;,,/ lw zrxog pdvn wkh
f|folfdo  xfwxdwlrqv1 Wkh frpprq idfwruv hvwlpdwhg lqghshqghqwo| kdyh wkh
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iroorzlqj vshfl�fdwlrqv= ohdglqj idfwru lv +4/4,/ wkdw lv/ erwk frpprq dqg vshfl�f
idfwruv duh DU+4,/ dqg wkh frlqflghqw idfwru lv +4/4,1 Lq wkh fdvh ri vlpxowdqhrxv
hvwlpdwlrq ri wkh wzr frpprq idfwruv/ zkhq wkh frlqflghqw idfwru ghshqgv rq
wkh ohdglqj rqh/ wkh vshfl�fdwlrq lv dovr +4/4,1 Zh fdq revhuyh wkdw lq whupv ri
wkh wxuqlqj srlqwv wkh wzr prghov +zlwk dqg zlwkrxw Judqjhu fdxvdolw| ehwzhhq
wkh idfwruv, duh vlplodu/ gl�hulqj pdlqo| lq wkhlu �yhuwlfdo sur�oh�1 Wkh odwwhu
lv qrw vxusulvlqj jlyhq wkdw wkh frpprq idfwruv zhuh uhfrqvwuxfwhg dv udqgrp
zdonv1

Wkh qh{w h{huflvh zdv wr lqfrusrudwh wkh Pdunryldq g|qdplfv lqwr wkh pxo0
wlidfwru prgho1 Wklv zdv grqh wkurxjk wkh uhjlph0ghshqghqw lwhufhsw ri wkh
ohdglqj frpprq idfwru1 Vlqfh lq wkh wzr0idfwru prgho wkh frlqflghqw idfwru
ghshqgv rq wkh ohdglqj rqh/ wkh Pdunry0vzlwfklqj g|qdplfv ri wkh odwwhu lv
wudqvihuuhg wr wkh iruphu1 Wkh sdudphwhu hvwlpdwhv ri wkh Pdunry0vzlwfklqj
wzr0idfwruv prgho duh frqwdlqhg lq Wdeoh :1 Wkh frpprq ohdglqj idfwru lv vshf0
l�hg dv DU+3,/ wkh frpprq frlqflghqw idfwru iroorzv DU+5,1 Wkh ohdg lv vhw
htxdo wr 6 prqwkv1

Wkh frpprq idfwruv hvwlpdwhg dvvxplqj wkh uhjlph0vzlwfklqj g|qdplfv duh
glvsod|hg rq wkh wzr uljkw sdqhov ri Iljxuh 51 Wkh vshfl�fdwlrq ri frpprq ohdg0
lqj dqg frlqflghqw idfwruv frpsxwhg lq d vlqjoh0idfwru prgho duh +3/3, dqg +4/4,/
uhvshfwlyho|1 Lq wkh wzr0idfwru fdvh wkh ohdglqj frpprq idfwru dqg fruuhvsrqg0
lqj lglrv|qfudwlf frpsrqhqwv zhuh prghohg dv DU+3,/ zkloh wkh frpprq frlq0
flghqw idfwru dqg fruuhvsrqglqj vshfl�f idfwruv zhuh vxssrvhg wr iroorz DU+5,
surfhvvhv1 Ylvxdo lqvshfwlrq ri doo irxu judskv ghslfwhg rq Iljxuh 5 vkrzv wkdw
wkhlu wxuqlqj srlqwv duh edvlfdoo| wkh vdph1 Rqh lpsruwdqw gl�huhqfh lv wkdw
wkh olqhdu prghov wuhdw wkh uhfhvvlrq ri wkh hduo| 4<<3v dv ghhshu wkdq wkdw ri
wkh ehjlqqlqj ri 4<;3v/ zkloh wkh qrqolqhdu prghov uhyhuvh wkh rughu1

Iljxuh 6 frpsduhv wkh uhfhvvlrq suredelolwlhv +�owhuhg dqg vprrwkhg, ri wkh
ohdglqj dqg frlqflghqw frpprq idfwruv1 Lq wkh �uvw fdvh wkh suredelolwlhv duh
frpsxwhg iurp wkh wzr0idfwru prgho/ zkloh lq wkh vhfrqg fdvh wkh uhfhvvlrq
suredelolwlhv iurp wkh vlqjoh +frlqflghqw, idfwru prgho duh xvhg1 Rqh fdq hdvlo|
vhh wkdw wkh uhfhvvlrq suredelolwlhv fdofxodwhg iru wkh ohdglqj idfwru vljqdo wkh
duulydo ri wkh uhfhvvlrq skdvh vhyhudo shulrgv odwhu wkdq wkh frlqflghqw idfwru
uhfhvvlrq suredelolwlhv gr1 Wkh frlqflghqw idfwru prgho vxjjhvwv wkdw wkhuh zhuh
vl{ uhfhvvlrqv gxulqj wkh Mdqxdu| 4<8< 0 Ghfhpehu 4<<; shulrg/ zkloh wkh wzr0
idfwruv prgho xqfryhuv �yh uhfhvvlrqv1 Wkh rqo| uhfhvvlrq zklfk lv plvvlqj lv
wkh rqh lq wkh yhu| ehjlqqlqj ri wkh vdpsoh1 Krzhyhu/ jlyhq wkh ohdglqj qdwxuh
ri wkh uhfhvvlrq suredelolwlhv rewdlqhg iurp wkh 50idfwruv prgho/ rqh fdq dvvxph
wkdw wklv uhfhvvlrq vlpso| �grhv qrw �w wkh vdpsoh�1 Lq rwkhu zrugv/ lw zrxog
eh irxqg/ kdg zh wkh kdg gdwd vwduwlqj d olwwoh elw hduolhu1

Qh{w/ zh frpsduh wkh ohdglqj dqg frlqflghqw uhfhvvlrq suredelolwlhv wr wkh
Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk +QEHU, fkurqrorj|1 Wklv lv grqh lq
Iljxuh 71 Lw lv hylghqw wkdw wkhuh lv yhu| forvh fruuhvsrqghqfh ehwzhhq wkh QEHU
gdwlqj dqg wkh frlqflghqw idfwru uhfhvvlrqv1 Wkh ohdglqj idfwru uhfhvvlrqv/ dv lw
lv wr eh h{shfwhg/ dqwlflsdwh wkh QEHU wxuqlqj srlqwv1

Ilqdoo|/ zh fdofxodwh wkh furvv0fruuhodwlrqv ehwzhhq wkh ohdglqj dqg frlqfl0
ghqw frpprq idfwruv dw gl�huhqw odjv dqg ohdgv1 Wkhvh furvv0fruuhodwlrqv duh
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glvsod|hg rq Iljxuh 81 Wkh gdwd xvhg wr sorw wkh slfwxuh zhuh wkh vdph dv wkrvh
zklfk duh glvsod|hg rq Iljxuh 51 Wkh furvv0fruuhodwlrqv zhuh frpsxwhg iru wkh
�uvw gl�huhqfhv ri wkh frpprq idfwruv/ qrw wkhlu ohyhov1 Wkh uhdvrq lv wkdw wkh
frpprq idfwruv lq ohyhov duh qrw vwdwlrqdu|/ zkloh wkhlu jurzwk udwhv duh1 Zh
fdq vhh wkdw wkh pd{lpxp fruuhodwlrq dssurdfkhv 318 dqg wkdw lw lv dfklhyhg dw
ohdg 708 prqwkv/ dowkrxjk ehlqj suhww| kljk lq wkh qhljkerukrrg ri wklv srlqw1

9 Vxppdu|

Lq wkh sdshu zh kdyh lqwurgxfhg d g|qdplf idfwru prgho zlwk wzr frpprq
idfwruv= ohdglqj dqg frlqflghqw1 Hdfk ri wkhp uhsuhvhqwv wkh frpprq g|qdplfv
ri d fruuhvsrqglqj vxevhw ri wkh revhuyhg wlph vhulhv zklfk duh fodvvl�hg dv ehlqj
ohdglqj ru frlqflghqw zlwk uhvshfw wr vrph k|srwkhwlfdo �vwdwh ri wkh hfrqrp|�1
Wkh frpprq ohdglqj idfwru Judqjhu0fdxvhv wkh frpprq frlqflghqw idfwru/ wkxv
doorzlqj wr xvh wkh iruphu lq wkh suhglfwlrqv ri wkh ixwxuh ydoxhv ri wkh odwwhu1
Wklv shuplwv wr lpsuryh wkh iruhfdvwlqj ri wkh frlqflghqw idfwru ehfdxvh ri wkh
dgglwlrqdo lqirupdwlrq frplqj iurp wkh ohdglqj yduldeohv1 Lq dgglwlrq/ gl�huhqw
ohdgv zlwk uhvshfw wr wkh frpprq frlqflghqw lqglfdwru iru wkh lqglylgxdo ohdglqj
wlph vhulhv duh doorzhg/ zklfk pdnhv wkh prgho pruh  h{leoh dqg uhdolvwlf/ vlqfh
lq wkh uhdo olih wkh ohdglqj wlph vhulhv uduho| ohdg wkh frlqflghqw idfwru iru wkh
vdph shulrgv ri wlph1

Zh frqvlghu wzr prghov= d prgho zlwk wkh olqhdu g|qdplfv dqg d prgho
zlwk wkh uhjlph vzlwfklqj1 Wkh �uvw prgho fdswxuhv wkh f|folfdo frpryhphqwv ri
gl�huhqw pdfurhfrqrplf wlph vhulhv1 Wkh vhfrqg prgho doorzv dovr wr wdnh fduh
ri wkh dv|pphwulhv zklfk pd| fkdudfwhul}h gl�huhqw skdvhv ri wkh exvlqhvv f|foh
dqg wkhuhiruh lv pruh frpsohwh iurp wkh vwdqgsrlqw ri wkh Exuqv dqg Plwfkhoo*v
gh�qlwlrq ri wkh exvlqhvv f|foh dv lqwhusuhwhg e| Glherog dqg Uxghexvfk +4<<9,1

Erwk prghov duh looxvwudwhg xvlqj irxu duwl�fldo h{dpsohv +wzr zlwk wkh lghq0
wlfdo ohdg wlph iru doo wkh revhuyhg ohdglqj vhulhv dqg wzr zlwk wkh gl�huhqw ohdg
wlphv,/ zklfk vkrz d kljk hqrxjk �wwlqj delolw| ri wkhvh prghov/ surylghg wkdw
wkh| fruuhvsrqg wr wkh wuxh gdwd0jhqhudwlqj surfhvv1

Txlwh lqwhuhvwlqj uhvxowv zhuh rewdlqhg zkhq wkh prgho zdv dssolhg wr wkh
XV prqwko| pdfurhfrqrplf gdwd vwuhwfklqj iurp Mdqxdu| 4<8< wr Ghfhpehu
4<<;1 D olqhdu dqg d Pdunry0vzlwfklqj 50idfwru prghov zhuh hvwlpdwhg1 Wkh
frpprq frlqflghqw idfwru lv vx!flhqwo| forvho| uhodwhg wr wkh frpprq ohdglqj
idfwru/ wkh ohdg wlph ehlqj 608 prqwkv1 Wklv ohdg lv dovr dssduhqw zkhq wkh
uhfhvvlrq suredelolwlhv duh frqvlghuhg= wkh shdnv ri wkh orz vwdwh suredelolwlhv
fdofxodwhg iru wkh ohdglqj idfwru suhfhgh wkrvh frpsxwhg iru wkh frlqflghqw idf0
wru1 Pruhryhu/ wkhuh lv d wljkw fruuhvsrqghqfh ehwzhhq rxu hvwlpdwhg uhfhvvlrq
gdwhv dqg wkrvh surylghg e| wkh QEHU1 Wkh frqfoxvlrq lv wkdw zh fdq xvh wkh
wzr0idfwru prgho wr suhglfw wkh hyroxwlrq ri wkh XV Srvw0Zdu frlqflghqw hfr0
qrplf lqglfdwru dqg wkh exvlqhvv f|foh wxuqlqj srlqwv lq wkh qhdu +xs wr �yh
prqwkv, ixwxuh1
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: Dsshqgl{

Wdeoh 41 Wuxh dqg hvwlpdwhg sdudphwhuv ri wkh olqhdu wzr0idfwru prgho
+fdvh 4= lghqwlfdo ohdg wlph,

Sdudphwhu Wuxh Hvwlpdwhg Vw1 huuru s0ydoxh
�4 4 0 0 0
�5 31< 31<4 3136 313
�6 4 0 0 0
�7 5 5139 3136 313
�8 41: 41:4 3135 313
!O 31; 31:< 3136 313
!F 31: 31:3 3136 313

!FO>6 318 317; 3138 313
#4 0316 03169 3138 313
#5 031: 0319: 3137 313
#6 0318 0317: 3138 313
#7 0315 03155 313: 313
#8 031; 031:< 3136 313
�54 3158 3159 3136 313
�55 3169 3169 3136 313
�56 3149 3149 3134 313
�57 317< 317; 3138 313
�58 31;4 31;4 3139 313
�5O 3158 3157 3136 313
�5F 3169 3169 3136 313
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Wdeoh 51 Wuxh dqg hvwlpdwhg sdudphwhuv ri wkh olqhdu wzr0idfwru prgho
+fdvh 5= gl�huhqw ohdg wlph,

Sdudphwhu Wuxh Hvwlpdwhg Vw1 huuru s0ydoxh
�4 4 0 0 0
�5 31< 31;9 3136 313
�6 418 4176 3137 313
�7 4 0 0 0
�8 5 5136 3138 313
�9 41: 41:5 3137 313
!O 31; 31:< 3136 313
!F 31: 319: 3135 313

!FO>6 318 318; 3137 313
#4 0316 03168 3138 313
#5 031: 031:5 3136 313
#6 0318 03184 3139 313
#7 0315 03149 3138 313
#8 031; 031;5 3136 313
#9 0316 03169 3138 313
�54 3158 3158 3135 313
�55 3169 3169 3135 313
�56 3149 3149 3135 313
�57 317< 3183 3136 313
�58 31;4 31:< 313; 313
�59 3197 3197 3138 313
�5O 3158 3156 3135 313
�5F 3169 3166 3136 313
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Wdeoh 61 Wuxh dqg hvwlpdwhg sdudphwhuv ri wkh qrqolqhdu wzr0idfwru prgho
+fdvh 6= lghqwlfdo ohdg wlph,

Sdudphwhu Wuxh Hvwlpdwhg Vw1 huuru s0ydoxh
s44 31<8 31<: 3134 313
s55 31;7 31;7 3138 313
�O4 317 3173 3137 313
�O5 0319 031:3 3139 313
�4 4 0 0 0
�5 31< 31<3 3134 313
�6 4 0 0 0
�7 5 41<< 3134 313
�8 41: 419< 3134 313
!O 31; 31:; 3135 313
!F 31: 31:3 3135 313

!FO>6 318 3184 3136 313
#4 0316 0315< 3138 313
#5 031: 0319< 3136 313
#6 0318 03183 3138 313
#7 0315 0313< 313: 313
#8 031; 031;5 3136 313
�54 3158 3159 3135 313
�55 3169 3168 3136 313
�56 3149 3149 3134 313
�57 317< 317: 3138 313
�58 31;4 31;4 3139 313
�5O 3149 314; 3136 313
�5F 3169 316: 3136 313
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Wdeoh 71 Wuxh dqg hvwlpdwhg sdudphwhuv ri wkh qrqolqhdu wzr0idfwru prgho
+fdvh 7= gl�huhqw ohdg wlph,

Sdudphwhu Wuxh Hvwlpdwhg Vw1 huuru s0ydoxh
s44 31<8 31<8 3134 313
s55 31;7 31;9 3136 313
�O4 317 316< 3136 313
�O5 0319 0318; 3138 313
�4 4 0 0 0
�5 31< 31<4 3134 313
�6 418 4184 3135 313
�7 4 0 0 0
�8 5 5133 3135 313
�9 41: 41:3 3135 313
!O 31; 31:< 3135 313
!F 31: 31:4 3135 313

!FO>6 318 317< 3136 313
#4 0316 0315: 3138 313
#5 031: 031:6 3136 313
#6 0318 03179 3139 313
#7 0315 03155 3138 313
#8 031; 031;6 3136 313
#9 0318 0317< 3138 313
�54 3158 3158 3135 313
�55 3169 3169 3135 313
�56 3149 314: 3135 313
�57 317< 317< 3136 313
�58 31;4 3197 313: 313
�59 3169 3175 3137 313
�5O 3149 314: 3135 313
�5F 3169 3169 3136 313

Wdeoh 81 Rswlpdo ohdg ghwhuplqdwlrq1 Olnholkrrg ixqfwlrq ydoxhv
fruuhvsrqglqj wr gl�huhqw DU rughu frpelqdwlrqv dqg gl�huhqw ohdgv

Ohdg Frpelqdwlrqv
+3/3, +4/4, +5/5,

3 075691;3 0659;1:9 064<<18:
4 07538136 0658519< 064;4186
5 074<<19; 065841;< 064;41;:
6 074<7195 0657<1<: 064;4159
7 074<4157 0658319< 064;615;
8 074<31<7 065861<6 064;91<5
9 074<9154 0658:15; 064<3173
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Wdeoh 91 Hvwlpdwhg sdudphwhuv ri wkh olqhdu wzr0idfwru prgho
+XV pdfurhfrqrplf prqwko| gdwd/ 4<8<=404<<;=45,

Sdudphwhu Hvwlpdwhg Vw1 huuru s0ydoxh
�45 81<9 513; 313
�46 71:3 41:3 313
�58 31;9 3139 313
�59 31<< 3139 313
�5: 319: 3138 313
!O 31<5 3135 313
!F 317< 3138 313

!FO>6 4163 3183 3134
#4 3157 3137 313
#5 3198 313; 313
#6 31<: 3134 313
#7 313< 313; 3146
#8 03139 3139 314<
#9 031335 3136 317:
#: 03166 3138 313
�54 31<4 3139 313
�55 313; 3134 313
�56 3135 3134 313
�57 3168 3136 313
�58 3186 3137 313
�59 316: 3137 313
�5: 3194 3137 313
�5O 31337 31335 313;
�5F 316: 3137 313
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Wdeoh :1 Hvwlpdwhg sdudphwhuv ri wkh uhjlph0vzlwfklqj wzr0idfwru prgho
+XV pdfurhfrqrplf prqwko| gdwd/ 4<8<=404<<;=45,

Sdudphwhu Hvwlpdwhg Vw1 huuru s0ydoxh
s44 31<< 3134 313
s55 31<6 3136 313
�O4 3139 3135 313
�O5 0316< 3143 313
�45 71:6 4155 313
�46 718: 414; 313
�58 31<5 313; 313
�59 4148 313; 313
�5: 31:; 3139 313
!F>4 3176 313; 313
!F>5 3135 3143 3174
!FO>6 4138 3166 313
#74 3143 3138 3134
#75 3178 3138 313
#84 03135 313< 3175
#85 3137 3138 3157
#94 03139 3143 315<
#95 0313< 313: 3144
#:4 03175 3138 313
#:5 03154 3138 313
�54 31<9 3139 313
�55 3155 3136 313
�56 315: 3136 313
�57 3164 3136 313
�58 3189 3137 313
�59 3165 3136 313
�5: 3188 3137 313
�5O 3134 3134 3136
�5F 3165 3137 313
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Cross-correlation of common coincident factor and observed variable
US monthly data 1959:1-1998:12
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Common leading and coincident indicators

Linear single factor model
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Linear 2-factors model
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Noninear single factor model
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Nonlinear 2-factors model
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Recession probabilities

Filtered probabilities
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Leading probabilities vs. NBER chronology
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Cross-correlation of common leading and coincident factor
US monthly data 1959:1-1998:12

Linear single factor model
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