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Abstract

This paper analyses the portfolio problem of an investor who wants to
maximize the expected utility of his terminal real wealth in an incomplete
financial market. The investor must cope with a set of stochastic invest-
ment opportunities and inflation risk following a jump-diffusion process.
We investigate how the inflation risk affects the optimal portfolio compo-
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1 Introduction

This work analyses the issue of optimal portfolio policy in a multi-period model
where investors maximize expected utility of their terminal real wealth facing,
in particular, an inflation risk outside the financial market. Furthermore, our
work offers a contribution to the investment problem in the rather general case
where the value of assets depends on the stochastic behaviour of a set of state
variables.

The vector of state variables contains all the stochastic variables directly
affecting the asset prices but indirectly affecting the investors’ wealth. For a
review of all variables which can affect the asset prices readers are referred to
Campbell (2000) who offers a survey of the most important contributions in this
field.

Beside these state variables, we consider a kind of ”background risk” rep-
resented by inflation. In the literature there exist some examples where the
background risk is given by the investors’ wages (see for instance Franke, Peter-
son and Stapleton, 2001).

This framework makes our model quite general because it can be applied,
for example, to pension funds (see for instance Blake, 1998, Blake, Cairns and
Dowd, 1998, and Boulier, Huang and Taillard, 2001) or to insurance companies
(see Young and Zariphopoulou, 2000). The inflation is described by a jump-
diffusion process where the jump component accounts for sudden changes in the
inflation rate.

In this paper we follow the traditional route to use the stochastic dynamic
programming technique (Merton, 1969,1971) leading to the Hamilton-Jacobi-
Bellman (HJB) equation.! For the method called "martingale approach” the
reader is referred to Cox and Huang (1989,1991), and Lioui and Poncet (2000).
We find that the optimal portfolio is formed by three components: (i) a prefer-
ence free component minimizing the investor’s wealth volatility and immunizing
the investor’s portfolio against the inflation risk, (ii) a speculative part propor-
tional to both the Sharpe ratio of investor’s portfolio and the inverse of the
Arrow-Pratt relative risk aversion index, and (iii) a component depending on
the derivatives of the value function (indirect utility function) with respect to
the state and inflation variables. The last component is the only one depending
on the investor’s time horizon.

We outline the simple solution to the maximization problem if the investor
has a log-utility function and we show that, if the investor has a power utility
function, then the only optimal portfolio component depending on the form of
the value function is the third one. The same kind of property is found in Merton
(1990, Chapter 5.9) but under the hypotheses that: (i) the riskless interest rate
is constant, (ii) the only state variables are the asset prices, and (iii) there are
no background risks.

In order to find the explicit solution to this value function, it is necessary to
solve the HJB equation. Unfortunately, solving this highly non-linear PDE is

! @ksendal (2000) and Bjork (1998) offer a complete derivation of the HJB equation.



the most difficult task of the stochastic optimal control approach. In fact, some
algebraic solutions can only be obtained in very special cases. In particular, we
refer to the works of Kim and Omberg (1996), Wachter (1998), Boulier, Huang
and Taillard (2001), and Deelstra, Grasselli and Koehl (2001).

In the present work we propose a general approximated solution to the HJB
equation. Even if our solution is exact under particular conditions that must
hold on the value function, we find that it stays valid as an approximated
solution under conditions which are not very restrictive. We compare our result
both with the above-mentioned exact solutions and with another approximated
solution offered by Kogan and Uppal (1999) and based on the work of Chacko
and Viceira (1999). We find that the gain in computational simplicity does not
generate a great error in our approximated solutions with respect to the exact
ones. Furthermore, with respect to the approximation of Kogan and Uppal, our
model offers a richer solution in describing the behaviour of optimal portfolio
as function of the problem parameters. Moreover, all the qualitative results are
maintained.

We underline that the exact solutions presented in Kim and Omberg (1996),
Boulier, Huang and Taillard (2001), and Deelstra, Grasselli and Koehl (2001),
consider only one state variable and do not take into account any background
risk. Instead, our model is able to determine an approximated solution when
there exists a set of generic state variables and the background risk is given by
the inflation rate. Thus, our framework seems to be very general and able to be
applied to many particular cases.

Through this work we consider agents trading continuously in a frictionless,
arbitrage-free but incomplete market until time H which is the horizon of the
economy.

The paper is structured as follows. Section 2 details the general economic
framework and exposes the stochastic differential equations describing the be-
haviour of asset prices, state variables and the inflation process. In Section 3
the optimal portfolio composition is computed. This section presents our main
results: the behaviour of optimal portfolio with respect to the inflation risk and
the approximated algebraic solution of the HJB equation. Section 4 presents
the comparisons between our solution and other exact and approximated solu-
tions of the HJB equation in different frameworks. Section 5 concludes. All the
computations relative to Section 4 can be found in the Appendix.

2 The market structure

We suppose that asset prices are affected by a set of state variables representing
all the risk sources asset prices are linked to. For a review of all variables which
can affect the asset prices readers are referred to Campbell (2000) who offers a
survey of the most important contributions in this field.

In this paper we suppose that these risk sources follow the stochastic differ-



ential equation:

dX = f(X,t)dt+g(X,t)dW, (1)
sx1 sx1 sxk  kx1
X(to) = XU,

where s is the number of state variables and dW is the differential of a k—dimensional
Wiener process whose components are independent.?

Given these variables we can write the process describing the behaviour of
asset returns like the following stochastic differential equation:

dS = Is |p(t,X,9)dt+%(tX,8)dw|, (2)
nx1 nxn nx1 nxk kx1
S(to) = So,

where g is a diagonal matrix containing asset prices (in nominal terms).

The set of risk sources is the same for the state variables and for the asset
prices. This hypothesis is not restrictive because thanks to the matrices g and
Y we can model a lot of different situations. For instance, if we consider dW =
[dWy dWy |, g =[g1 0]and ¥ = [0 o2 | then the processes of X
and S are not correlated.

Finally, we add the assumption that on financial market there exists a riskless
asset whose price (G) follows the differential equation:

dG = r(X,t)Gdt,
G(to) = G,

where 7 (X, t) is the nominal risk-free interest rate which is supposed to depend
on the state variables X.

If we define as {S (¢, X)};cpy, iy the market where there are n risky assets
and one riskless asset (G) we say that the market {S (¢, X)},¢(;, #) is normalized
if G = 1. This hypothesis means that the riskless asset is the numeraire of
the economy. Any market can always be normalized by putting S (¢, X) =
G (X)) St X).

We present the main results concerning completeness and arbitrage in this
kind of market (for the proofs of the two following theorems see @ksendal, 2000).

Theorem 1 A market {S (t,X)}te[th] is arbitrage free if and only if there
exists a k—dimensional vector u (t, X) such that:
E(t,X)/’lL(t,X) = p’(taX) 7T(taX)S(taX)a
and such that: . )
B e} I 0P4] o

2This condition can be imposed without loss of generality because a set of independent
Wiener processes can always be transformed into a set of correlated Wiener processes thanks
to the Cholesky decomposition. For an application see Appendices A.3 and A.4.




Theorem 2 A market {S (¢, X)},cpy, gy s complete if and only if there exists
a unique k—dimensional vector u (t, X) such that:

St X) u(t,X)=pt,X)—rtX)S(t,X),

and such that: - )
E [65 Jeg (X)) dt} < 0.

If on the market there are less assets than risk sources (n < k), then the
market cannot be complete even if it is arbitrage free. In this work we assume
that n < k and that the rank of matrix ¥ is maximum (i.e. it equals n).
Thus, the results we obtain in this work are valid for a financial market which
is incomplete and stay valid for a complete market (n = k).

2.1 The inflation risk

We suppose that the investor is subject to the inflation risk and he wants to
maximize the expected value of his real welath. In particular, we suppose that
the stochastic part of the inflation process can be described by two components:
a Wiener process and a Poisson process. The first one is able to describe the
continuous changes in the level of prices while the second one can explain the
sudden changes occurring at certain times.

Thus, the inflation risk process can be represented in the following way:

dL = L aL(t,L,S,X)dt+A(t,L,S,X)’gM{+n(t,L,S,X)’dP ,(3)
X

1xk 1xp px1
L(ty) = Lo,

where L is the level of prices, dW is the same set of risk sources we have for the
asset prices and the state variables, and P (¢t + 7) — P (t) is a p—dimensional
Poisson process whose elements are 0 when the inflation follows its ”"normal”
behaviour, while they are 1 if there is a jump in its value. Define formally the
differential dP to be the limit of P (¢ +7) — P (t) as 7 — dt. The parameter 1) is
a vector of random variables measuring the magnitude of reactions of variable
L to the jumps. The drift term «j indicates the deterministic component of
inflation while the variability around this trend is measured by the matrix of
diffusion terms A.

We suppose that dP is independent of the other stochastic differentials dW
and of the random variables contained in 7. Furthermore, we suppose:

EldP] = ¢(tX)dt,
Cov[dP] = Iudt,

where Iy € RP*P is a diagonal matrix containing the elements of vector ¢ €
RP*1,



2.2 The investor’s wealth

After what we have presented in the previous subsections, the market structure
can be represented in the following way:

dX = f(t, X)dt + g (t, X) dW,

sx1 sxk kx1

sx1

dS = Is |p(t,X,9)dt+ % (t,X,8)dw |,
nxl1 nxn nx1 nxk kx1 (4)

dG = Gr (t, X) dt,

1xk 1xp px1

dL =L laL (t,L,S,X)dt+ A (t,L,S, X)'(gI/I{ +n(t,L,S,X) dP
X

If we indicate with w € R™*! the vector containing the percentages of wealth
invested in each asset, then the growth rate of investor’s (real) wealth can be

represented as: iR iG o dL
f = w’IgldSJr (1 *w/l) ? - T,
where 1 is a vector of 1s (of suitable dimension). Actually, the growth rate of
real wealth can be approximated by the difference between the growth rate of
nominal wealth and the growth rate of prices.
By substituting for the differentials from system (4) into the wealth differ-

ential equation, we have:

dR=R[(r —ap)+w' (u—rl)]dt + R(w'Y — AN)dW — RydP.  (5)

3 The optimal portfolio

Under the market structure (4) and the evolution of investor’s wealth given in
equation (5), the optimization problem can be written as follows:

ey, (K (R ()
E/
.

S - e 9%
d|: R :| B [ R[(’f’fOzL)erlM] :|dt+ [ R(w/ElfA/)
z (to) = 20, R (to) = Ry, Vto <t < H,

o[ o

(6)

where:
P =[x s L],
(s+n+1)x1
:u’z = [ f/ /’L/ ar ]l’
(s+n+1)x1
= X A
kx(s+n+1) [ g } ’
= 0 0
pX(s+n+1) [ g ] ’
n]\><41 = (/1“ - 7“1) )



and the function K (R) is increasing and concave. The vector z contains all the
state and background variables but the wealth. Hereafter, we indicate with 0 a
vector of zeros of suitable dimension.

From problem (6) we have the following Hamiltonian:

1
H = Ju, +JgR[(r—ar)+w M|+ St (YQJ,.) + (7)
+R (W'Y — N)QJ.r + %RQJRR (WS Yw — 2w A+ A'A)

where J (R, z,t) is the value function solving the Hamilton-Jacobi-Bellman par-
tial differential equation (see Section 3.2), and verifying:

J (R, z,t) =supE; [K (R (H))],

w

here the subscripts indicate the partial derivative. The system of first order
conditions on H is:®

0
% = JRRM + RY'QJ. 5 + R2Jgrr (S'Sw — X'A) = 0,

from which we obtain the optimal portfolio composition:

_ _ 1 _
w* = (3'8) A Ir (s) M- (2'S) ' SO Le (8)
wi P I
(2) (3)

We recall that in this framework the matrix ¥'Y is invertible. In fact, X'Y is
an n X n matrix and we suppose that ¥’ € R"** has maximum rank. Because
we put n < k, then ¥ has rank n and, thus, ¥’Y is invertible. This means that,
even in an incomplete market, there exists a unique optimal portfolio.

Thus, we can state the following result:

Proposition 1 Under market structure (4), the portfolio composition maximiz-
ing the investor’s terminal wealth (thus solving problem (6)) is formed by three
components: (i) a preference free part (wz‘l) ) depending only on the diffusion
terms of assets and inflation process, (ii) a part (w&)) proportional to both
the portfolio Sharpe ratio and the inverse of Arrow-Pratt relative risk aversion
index, and (iii) a part (wE“3)) depending on the state variable parameters.

3The second order conditions hold if the Hessian matrix of H:
oH

= R?Jrpy’s,
ow’ Ow RE

is negative definite. Because R?Y'Y is a quadratic form it is always positive definite and so
the second order conditions are satisfied if and only if Jgr < 0 that is if the value function
is concave in R. The reader is referred to Stockey and Lucas (1989) for the assumptions that
must hold on the function K (R) for having a strictly concave value function.



In the following subsection we analyze the role of the first preference free
portfolio component (wa)). For the second part, we just outline that w(*Q) in-
creases if the risk premium increases and decreases if the risk aversion or the
asset variance increase. From this point of view, we can argue that this com-
ponent of the optimal portfolio has just a speculative role. The third part w2‘3)
is the only optimal portfolio component explicitly depending on the diffusion
terms of the state variables. Thus, while wy|, covers the investor from the infla-
tion risk, wz‘s) also covers the investor from the risk ”inside” the financial market
(given by variables X). We will investigate the precise role of this component
after computing the functional form of the value function.

3.1 The role of the preference free portfolio component

In the previous subsection we have derived the optimal portfolio composition
when the investor must cope with an inflation risk. One component of the
optimal portfolio is preference free. This means that this part (hereafter wZ‘l))
does not depend on the value function J (R, z,t).

Furthermore, this component hedges the investor’s portfolio only against
the ”diffusion part” of the inflation risk, while the ”jump-part” is hedged by the
other two components and, in particular, by the third one (see Equation (8)).

It is quite intuitive that wy,, can hedge the optimal portfolio only against
the diffusion part of the inflation risk which is linked to the asset risks. For
showing this property, let us divide the matrices ¥ and A into two sub-matrices
in the following way:

¥ o= [ ¥y X7 ] ,
AN = [ Ny A} ] .
Thus, the asset prices and the inflation process can be represented as:
dWyg
ds = Isudt+ls[ Yy XL ] [ AW, ],
dWg
dL = ILOzLdt+IL[ AZS’ A/L } [ AW, ] +IL77/dP,

in this way the vector of Wiener differentials has been divided into two sets: the
asset set and the inflation set. Thus, the matrix ¥ contains the coefficients
linking the asset prices to the inflation risk set, while the elements in the matrix
A s measure the correlation between inflation and the risk sources of asset prices.

Accordingly, the preference-free component of optimal portfolio can be writ-
ten as follows:

wy) = (XsTs + S8 (ShAs + S5 AL)

If the risk sets of asset prices and inflation are not correlated (i.e. X5 =
Ag = 0), then w(yy vanishes. So, we can state:



Proposition 2 The preference-free component (wzkl)) of optimal portfolio (solv-
ing problem (6)) hedges the investor’s portfolio against the diffusion part of in-
faltion process correlated with asset price risk sources.

The sign of this portfolio component depends on the elements of matrices
Y1, and Ag because we suppose that both matrices ¥g and Ay contain only
positive elements. In particular, if we consider the case in which the ifnlation
risk can affect the asset prices but the opposite relation is not true, then we
have Ag = 0 and we can write:

sign (wz‘l)> = sign (X7),

because the matrix (X4¥g + X} X;) is positive definite. The hypothesis of
having As = 0 is not very restrictive because the movements in the inflation
risk generally affect the asset prices on the stock exchange while the opposite
relation is less likely.

Accordingly, we can state:

Proposition 3 If the price level L does not contain any asset price risk source
(As = 0), then, under structure (4), the preference-free component (wz‘l)) of
optimal portfolio (solving problem (6)) is directly correlated with the elements
of matrix Xy,.

Furthermore, if we consider the analogous case in which X5 = 0, then we
obtain the following condition:

sign (wzkl)) = sign (A%) .

In this case the asset prices are not affected by the risk sources of the inflation
process and we can write:

Proposition 4 If variables S do not contain any inflation risk source (X1 =
0), then, under structure (4), the preference-free component (wz"l)) of optimal

portfolio (solving problem (6)) is directly correlated with the elements of matriz
As.

The preference free portfolio component has another important characteris-
tic: it minimizes the instantaneous variance of investor’s wealth. In fact, from
Equation (5) we can see that the wealth variance depending on the control
vector w is given by:

R? (W'Y/Sw — 20'S/A + A'A)



from which we immediately see that?:

Proposition 5 The preference-free component (wzkl)) of optimal portfolio (solv-
ing problem (6)) minimizes the instantaneous variance of investor’s wealth.

3.2 The value function

For studying the role of the portfolio components we have called w?‘2) and w2‘3)

(see Equation (8)), we need to compute the value function J (R, z,t). By sub-
stituting the optimal value of w into the Hamiltonian (7) we have:

W = Ju. + JrR [(r —ap)+ M ()T E’A} +
—RA/ [I —ynEy)T 2/} QJn +

+%R2JRRA’ [1 —nEe)t z’} A+

+iy (VQJ.,) — ELEYY (2'S) T SO+
2 JRR
1 JIQ% / v 1 11 / ’ ettt R e /A
o LR (ST M - T, | (2S) T Q| J.g,
P M ('5) 57 |2 (0E) 7 0] g

from which we can formulate the PDE whose solution is the value function.
This PDE is called the Hamilton-Jacobi-Bellman equation (hereafter HJB) and
can be written as follows:

Jt+H*+2:p:¢z—E (62 + ELR(L—{n/},) - J] =0, o)
),

- J(H,R,z) = K (R (H)

where {1}, is the i element of the vector #’ and E/ € RE+n+Dx1 jg the jth
column of the matrix B’ € R(stn+1)xp,

Solving this PDE is the most difficult task of the stochastic optimal control
approach. There are no general analytic methods available for solving the HJB
equation, so the number of optimal control problems with an analytic solution
is very small indeed. In the following subsection we propose a system for solving
analytically the equation (9). Our method is based on a particular specification
of both the investor’s utility function and the value function.

4The first derivative of this term with respect to w is:
2R? (2'Sw + X' Au),

while the second derivative is:
2R3,

which is always positive definite because X'Y is a variance-covariance matrix.

10



3.2.1 The case of separability by sum

Here, we study which form of the utility function allows us to obtain a value func-
tion separable by sum in wealth and in the other state variables: J(z, R,t) =
U(R)+ F (z,t).

If we substitute this functional form into the HJB equation (9), we obtain:

Fy+ Flu, +UgR [(7’ —ap)+ M () E’A} +

1R URRA [I _n(n)t 2/} A+

+itr (VQF.,) — 1 M (2/s) 7 M+

+ 3 OBIU(R(L—{1/),)) ~ U (R)+ F (s + EL0) — F (5] =0,

The value function is separable by sum if and only if the terms Ur R, R?Ugg,

%, and U (R(1—{n'},)) — U (R) are constant with respect to R. The only
function satisfying these conditions is the log function: U (R) = «ln R under
the hypothesis that the vector parameter 7, as we have supposed, is independent
of wealth: g—’LR = 0. Without loss of generality we can put @ = 1 because this
parameter does not affect the maximization problem.

After substituting for U (R) = In R we can write (9) as:

i=1 (10)

P
Fy+ Flu, + $tr (YQF..) + c(z,t) + > OE[F (2 + Ej,t) - F] =0,
R+ F (2, H) = K (R(H))

where:
c(zt) = (r—ap)+M (%) SA+

—%A/ [I _y(y)Tt 2’} At %M’ (2t

M +
+D_ GBI (1—{n'})].

The boundary condition in system (10) holds if and only if the utility function
K has the form K (R(H)) =In R. So, we can write the boundary condition as:
F (z,H) =0, and we can argue that:

Proposition 6 The value function solving the HJB equation (9) is separable
by sum in wealth and in the other state variables if and only if the investor has
a log-utility function.

The same result is derived in Merton (1990, Chapter 5.9) but without con-
sidering any background risk, thus, this proposition can be considered as a
generalization of Merton’s result.

11



In this case, because the cross derivative of the value function with respect
to investor’s wealth and to the other state variables is zero, then the optimal
portfolio is just given by its first two parts: the preference free component and
the speculative component. Any hedging part vanishes because of the log utility
function. In fact, the log-investor is said to be ”myopic” because he does not
care about hedging his portfolio against the state variable risks.

Thus, we can write:

-1

w* = ('8) T A+ (2'8) ML (11)

This solution allows us to state:

Proposition 7 The optimal portfolio composition for an investor with log-
utility function is preference-free and depends on the inflation process only through
the coefficient of its diffusion component.

Thanks to this result the optimal composition (11) can be used as the base
for whatever kind of investor, this base needing to be adjusted for investors with
different degree of risk aversion.

3.2.2 The case of separability by product
Now, we study which form must have the value function J (z, R, t) for obtaining
the following separability result: J (z, R,t) = U (R) F (z,t). After substituting
functions U and F' into the HJB equation (9) we obtain:

Fy+ plF, + Y8 [(r —ap)+ M (2E) E’A} +

— Ught p/ [I eyt 2'} OF, +

+1UngR pps [I S (2'2)*1 2’} A+

+1 tr(QQFzz)f (/%) LR, +
U
1 Ui pap () ! Uar o S FL s ()7 o) Pt

+Z¢E{ (E0Av})) p (2+Ez’-,t)—F]:O.

Because the model is consistent the ratios: UrR/U, UrrR?*/U, U%/ (UrrU),
and U (R (1 —{n'};)) /U must be constant with respect to R. The only function
satisfying these properties has the form: U (R) = aR” (a and 3 different from
zero) under the hypothesm that the vector parameter 7, as we have supposed,
is independent of wealth: 317% =0.

Because we want that U (R) is an increasing and concave function, then the
coefficients o and 3 must be such that: a8 > 0, and 3 < 1.

12



If we substitute for the function U (R) = aR® into the HJB equation, we
have:

R P4 B(a.0) F o ir (V0F) ~ L APIC () Pt
i i@E (=) Fe+ Bt - F| =0, (12)
_ ORIF (2, H) = K (R(H)).

where:
— r / / ettt R eld 5 / vy
a(zt) = |u—pBA (172(22) E)Qme(zz) 20l
b(zt) = [ﬂ(r—aLH—ﬁM’(Z’E)1E’A—%%M’(E’E)1M
1 / s — 1§
+58(8-1)A (1—2(22) E)A},
C(zt) = [Q’z (2’2)‘12’9}.

The boundary condition in the system (12) holds if and only if the investor’s
utility function has the form K (R (H)) = aR”. Thus, we can state:

Proposition 8 The value function solving the HJB equation (9) is separable
by product in wealth and in the other state variables if and only if the investor
has a power-utility function.

A similar result is derived in Merton (1990) but under the hypotheses that
(i) the riskless interest rate is constant and (ii) the only state variables are the
asset prices. The author claims that when the utility function is a member of
the HARA family,” then the value function is separable into a product of two
functions, the first one depending on R and t and the second one on ¢ and the
other state variables.’

Thus, the choice of a power utility function implies that the optimal portfolio
has the following composition:

_ 1 . 1 1
= (EE)TIYA —— (YD) M+ —— (X)) O F..
W= () EA+ = (57 M+ 5 (ED) 7 Tagh
5 All members of the Hyperbolic Absolute Risk Aversion (HARA) family can be expressed
as:
_ ¥
K(C)= V(t)l_'y (ﬂ +5> )
¥ \l-n

6Under the hypotheses of Merton (1990) the value function can be written as follows:

J (R, 2,t) = I_TVF(z,t) V(#) (% + % <1 _ eﬂ-(Hft)))”.

13



Furthermore, for simplifying the computations, we can consider the following
equivalence:
F (2,t) = "),

We underline that this transformation is just a tool for rewriting the system
(12) and eliminating the highly non linear component %F "CF,. In fact, after
this transformation, we can write (12) as:

he +@(2,t) hs +b(2,t) + 2tr [(Q/Q — 520 (2, t)) h.h!, + Q/thz} +
p ’
+ ;¢1E [(1 _ {n/}i)ﬁ eh(erEi,t)fh(z,t) . 1} -0,

h(z,H) =0,
(13)
and, accordingly, the optimal portfolio composition can be written as:

w* = (2'8) T TA + e (D) M+ S (2'2) " 2'Qh,.
1-p 1-p
In order to find a closed form solution we have to specify the functional
form of h (z,t) for computing the derivative with respect to the state variables
in vector z. In the following subsections we will show how to find such a solu-
tion thanks to an approximation but now we study how to simplify the jump
component in system (13).

3.2.3 The jump component

The jump component of the inflation risk makes the solution of system (13) very
hard to compute in a closed form. Nevertheless, we can simplify the computa-
tions if we consider a Taylor series for the jump coefficients 7 tending to zero.
This approximation can be justified because even a jump close to zero can have
a great economic effect (we can imagine an inflation rate jumping from a value
of 0.03 to a value of 0.13!). Furthermore inflation is supposed to be affected by
more than one jump component (p > 1) and so we can consider that two or
more jumps occur at the same time.
We consider the following approximation around the value E; — O:

AP RED =1 4 BB 4 B (el + i) B+ O (1B,
and, after substituting the first three terms in system (13) we obtain:
Bt a(z,t) b +b(2,t) + btr (20 = 2250 (2,0)) bl + Q'Oh..] +
+hor | £ 08 [0 - (1) EIB] (it + )] =0,

h(z, H) =0,
(14)
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where:
a(zt) = a(znt) +> B [(1 — )’ E} ,
i=1

b(zt) = Blzt)+ Y 6B |1 {n})’ 1],

i=1

After this simplification, we show in the next subsection how to find an
approximated algebraic solution for the system (14).

3.3 An analytic solution: the exact and the approximated
cases

In the previous subsection we have shown that if the investor has a log-utility
function, then we are able to compute the optimal portfolio composition in
closed form. Instead, when the investor has a power utility function then the
HJB equation does not depend on the investor’s wealth but, nevertheless, it still
depends on all the other state variables (in vector z).

Here, we consider system (14). Unfortunately, we cannot apply the Feynman-
Kac theorem’ because of the term h,h/,. In order to apply the theorem we should
have only the term h,, inside the trace operator. If we impose h, to be zero,
then also h,, must be zero and we have a trivial solution. Instead, we can search
for a function satisfying h,, = h,h),. After solving this differential equation, we
find that & (z,t) must have the following form:

h(z,t)=At)—In(B(t) z+D(t)), (15)

where A(t),D(t) € R, and B (t) € R+ +Dx1 guch that B (¢)' 2z + D (t) > 0.
In this case, in fact, we have:
B(t)B(t)

h.. =
[B(t) 2+ D(t)]

= h.h.

Thus, if the function h (z,t) has the form (15), then the HJB equation can
be simplified as follows:

he+a(z,t) ha+b(zt) + Ltr [Q/ (21 - Any) z/) thz] +

o 2508 [0 010" BB e =0
. h(H,z) =0.

"For a complete exposition of the Feynman-Kac theorem the reader is referred to Duffie
(1996), Bjork (1998) and @ksendal (2000).
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Now, it is possible to use the Feynman-Kac representation theorem. Because
I - Z(Z'Z)_l Y’ is a symmetric, idempotent matrix, then, for applying the
Feynman-Kac theorem, we have to find two real numbers z; and x5 such that:

(331] e ()t 2’)2 =9 - %2 (2'8)”

from which we have 1 = /2 and x5 = V2 + / % Thus, by putting:

!

1
¥,

Q=

)

V2I - (ﬁi %) S ()Y

we can write the HJB equation in the following way:

hi+a(z,t) he +b(2,t) + tr (ﬁ/ﬁhn) + Ltr (N'Nh..) =0,
h(H,z) =0,

where, after defining N/ € R(stnt)x(stn+1) ;=19 psuch that:®
8 .
NIN; =268 (1~ {n'},)’ B, Vi=1,2,..p

we can define:

N’ =| N N, .. N |.
(s+n+1)x(s+n+1)p [ 1 2 p }

Now, we are able to apply the Feynman-Kac theorem, and the solution of
the HJB equation is given by:

H
h(zt) = / By [b(Zs, )] ds,
t
where the variables Z, follow:
dZ, = a(Zst)ds+Q(Zs,s) dW + N (Zs,s) dW,,
Zt = Z,

and dW), is the differential of a (s + n + 1) —dimensional Wiener process inde-
pendent of dW.
Finally, the optimal portfolio can be written as:

wh = (E’E>*IE’A+ﬁ(E’E)’1M+ (16)
1 v 1 " 0
13 (E'%E) ¥aQ /t 55 B [0 (Zs, 5)] ds.

8The following decomposition is based on the hypothesis that the matrices:
$B[(1+ {un'})’ BIE], Vi=12,..p

are positive semi-definite.
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We can see that the only component of optimal portfolio explicitly depending
on the investor’s horizon H is the third one which hedges the portfolio against
the state variable risks and the background risks.

Thus, our result, can be summarized as follows:

Proposition 9 Under market structure (4), the portfolio composition mazimiz-
ing the investor’s terminal power utility function (K (R) = aRP) is as follows:

wt o= (YY) YA+ ﬁ (2's) M+
T (2'2)12'9/H O g, b(2.,5)d
1— ﬁ ] 825 t 558 S,

if and only if there exist functions A (t), D (t) € R, and B (t) € RETnTUXL gycp
that:

/tHEt [b(Zs,s))ds=A(t)—In(B(t) 2+ D(t)),

where:
dZ, = a(Zst)ds+Q(Zs,s) dW + N (Z,s) dW,,
Zt = Z,
a(zt) = [u; — BN (I —nEy) 2’) Q- %M’ o)ty +
p
+> B[ - {0} B
=1
b(z,t) = [5 (r—ap) + M (2') 7 2/A+
+%ﬁ (B—1)A (I —yn ey 2’) A+
1 p S RN | - "B
—§mM (X'%) MJF;%E {(1 —{n'})" - 1” ;
Q = o [\/5]— (ﬁi %) 2(2'2)12’] ,
p
N'N = 2} oE[(1-{n}) BB
1=1

We underline that when we take the limit for 8 tending to zero we obtain
the result of the log-utility case analyzed in the previous subsections.

We have shown that, if the investor has a power utility function, then the
value function can be written as: J (R, z,t) = aR%e"*Y. The closed form
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solution (16) is valid if and only if the function h (z,t) has the form: h(z,t) =
A(t)—In (B t) z+D (t)). If the function h cannot be written in this way, then
our previous result is incorrect.

Nevertheless, we can state that the result (16) is still valid as an approxima-
tion of the true result. If we develop in Taylor series the function h (z,t) around
a given value of z (called zg), then we obtain:

hiz,t) = A@t)—In(B{t)z+D(@1)+
1 /
1

— 2 / ! PR ¥ — 3 .
+2(B(t)/z0+D(t))2(Z 0) B(t) B(t)( o)+0(|| oH)

Thus, if the function h (z,t) can be expressed in the form (17), that is as a
polynomial in z, then our result can approximate the real solution.

We will show in the next section that the exact solutions available in the
literature find that the function h (z,t) is a polynomial in z of degree one or two
and, accordingly, our solution stays valid as an approximation.

3.4 The third component of optimal portfolio and the ef-
fect of crises

As we have already underlined, the Poisson component of the background risk is
able to describe the economic crises. This component appears only in the third
part of optimal portfolio (wf;,). From Proposition 9 it can be seen that if the
parameters ¥, A, M, and 1 do not depend on state variables but depend only on
time, then the derivative term %Et [b(Zs, s)] vanishes (because %b (Zs,8) =
0).

Thus, we can state:

Proposition 10 If the coefficients of the growth rate of the asset prices and
price level depend only on time, then the third component of the optimal portfolio
(16) vanishes.

It is evident that this proposition contains the case of geometric Brownian
motion as a special case. Furthermore, as a corollary, we can state:

Corollary 3 If the coefficients of the Poisson component of the growth rate of
price level depend only on time, then this jump part does not affect the optimal
portfolio composition.
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This means that the investor does not need to hedge against jumps in the
growth rate of price level if these jumps do not depend at least on one of the
other state variables.

This hypothesis is very restrictive indeed because, from an empirical point
of view, it is quite difficult to suppose that there are no links between the state
variables contained in the vector X and the jump component of the inflation
rate.

Here, we outline that the result stated in Corollary 3 is valid when the
investor has a power utility function in both exact and approximated solutions of
optimal stochastic control problem. In fact, we recall that the third component
of optimal portfolio can be obtained as follows:

* 1 s —1 5
from which we can see that if the coefficients of growth rates in the state variables
depend only on time, then these variables do not enter the optimal problem. In
fact, their growth rate can be substituted into the wealth growth equation and
we can forget about them in the passages which follow. Thus, in this case, the
function h (z,t) does not depend on z but only on ¢ and h, = 0.

In the work by Lioui and Poncet (2000) it is shown that the third component
of the optimal portfolio is formed only by two parts, even though the number of
state variables is arbitrarily large. In particular, the first part is associated with
interest rate risk and the second one with the market price of risk. Even if Lioui
and Poncet use the martingale approach, here we underline that we obtain the
same result. Because the authors do not introduce any inflation risk,” then we
have to put in our framework oy, = 0, A = 0 and 7 = 0. Under this hypothesis
we can see from Proposition 9 that the function h (z,t) is formed only by two
terms and, more precisely, we have:

— 1 g 1 sy —1
b(z,t)=POr 55— 1M (X'%) " M,
from which we can see that, independently of the number of state variables, if
there are no inflation risk, then, as in Lioui and Poncet, the third component
of optimal portfolio is formed by two parts. The first one is associated with
interest rate risk and the second one with the market price of risk. In fact, the
matrix M’ (3'S) "' M is the square of the Sharpe ratio.

4 Some special cases

In this section we compare our approximated result with some exact solutions
which are available in the literature. In particular, we use the models of: (i)

9We outline that they define an investor who is endowed with a portfolio of discount bonds
that he chooses not to trade until his investment horizon (H). This hypothesis allows the
authors to have a non-zero first portfolio component wa).
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Boulier, Huang and Taillard (2001) who find the optimal portfolio composition
for an investor with power utility function under the Vasicek structure of interest
rates, (ii) Deelstra, Grasselli and Koehl (2001) in which, instead, the interest
rate structure has the Cox, Ingersoll and Ross (1985) form, and (iii) Kim and
Omberg (1996) who use a mean reversion process for describing the price of
risk.

Finally, we investigate how our approximated solution performs with respect
to another approximated solution computed by Kogan and Uppal (1999) on the
model presented in Chacko and Viceira (1999).

In the following subsections we analyze each of these models.

4.1 The comparison with Boulier, Huang and Taillard (2001)

Boulier, Huang and Taillard (2001) consider a market structure in which there
are one stock and one bond. The only state variable is the interest rate following
a Vasicek structure (Vasicek, 1977). The bond value depends only on the interest
rate risk while the stock value depends on both its own risk and the interest rate
risk. There are no background variables, thus in this model w’(“l) = 0 because
we have af, =0, A=0 and n = 0.

The market structure can be represented in the following way:

dr = a, (b, — r)dt — o,.dW,,
45 — (7‘+01)\1 —‘rO'Q/\T) dt + 01dWg + oodW,.,

% =(r+X\g(H—t)o,)dt + g (H —t)op,dW,, (18)
?G = rdt,
where: 1— o
— earT
9(r)=——

The authors solve the problem for an investor having a power utility function

of the form K (R) = %RB . By applying our solution we obtain the following

optimal portfolio:

i} 1
W= —

1-p

Lo | -5 5]
arnees | 1-0L8 ]

This solution, detailed in Appendix A.1, is exactly the solution obtained by
the authors.

We underline that in this case the function & (z,t) is linear in z and thus,
our solution should be valid only as an approximation. Actually, our result is
identical to the result of Boulier, Huang and Taillard because their solution does
not involve any state variable but only the preference parameter 3.

Thus, in this case, we have lost nothing with respect to the exact solution.
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4.2 The comparison with Deelstra, Grasselli and Koehl
(2001)

Deelstra, Grasselli and Koehl (2001) consider a market structure which is the
same as that one after Boulier, Huang and Taillard (2001) but in which the
interest rate (the only state variable) follows a Cox, Ingersoll and Ross (1985)
structure (so-called CIR). Their market structure is as follows:

dr = a, (by — 1) dt — op\/TdW,.,
s — (7’+O’1>\1 +02>\7«T) dt +o1dWg +02\/7TdWr7

% =(r+rXg(H—t)o.)dt +g(H —t)op/rdW,, (19)
G — rdt
G )
where:
657' _
g(r) = 27 1)

26+ (%7 — 1) (6 + by — op )’
6 = b —A) + 202

The authors solve the problem for an investor having a power utility function

of the form K (R) = %Rﬂ. As we show in Appendix A.2, the optimal portfolio
composition given by our approximated solution is:

1 A
w* = 1 — ﬁ )\zola—lag)\l

g(H—t)o,o1

: l : ]
+— | 5 2 1o |
=5 [ (0 i) S

where l;; =b, — %Arar, while the exact result obtained by Deelstra, Grasselli
and Koehl is the following one:

AL

* _ 1 o1
Wpak = 1 — 6 Aro1—02M
g(H—t)o,01

where:

2(5+750) (0 )

200+ (ex(H=1) — 1) (a +b, + %)\TUT) ,

8 1.5 1
— 2 _ 9,2 A2 -
o = \/br 2UT1—[3 1+2/\T bT/\TUT .

Now, our aim is to study the difference between our solution and the correct
one for seeing when the difference can be considered negligible. Here, we do not
matter about the initial time ¢t and we care only about the distance between
the present date and the time horizon: H; = H —t. In particular, we study
the behaviour of the ratio between the approximated and the exact value of

K(H—1) =
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the portfolio hedging component (previously called wy; ) because the two first
components are identical for the two solutions. If we call this ratio ¢ we obtain:

1 a1+ et i
Spax (B, Ar, 00, br, Hy) = 5 <1 - bfrm) (1 —e bTHf) :

The simulation of index ¢ is based on the following starting values and
ranges for parameters:

Variables Jé] A oy b, H;
Starting values -9 0.0017 | 0.0189 | 0.0226 10
Simulation ranges | [-30,0] | [0,0.5] | [0,0.5] | [0,0.5] | [0,100]

The starting values are consistently chosen with Campbell and Viceira (1999).
The simulations are shown in Figures 1, 2 and 3.

Figure 1: Approximation index ¢pqx as function of 8 and H,

In Figure 1 the behaviour of index ¢, ; with respect to both the preference
parameter 3 and the time horizon H; is shown. We can see that the approxima-
tion error increases when the time horizon increases even if this error seems to
be negligible for values of H; lower than 40. Because a period length between
30 and 40 years corresponds to the work life of a worker, then this model should
be able to be applied to the case of pension funds or life insurances.

If we exclude the lower values of the preference parameter 3, we can see that
B does not affect the approximation in a determinant way. Thus, for instance,
the approximation made by Kogan and Uppal (1999) and based on a Taylor
expansion around the value § = 0, in this case could not be able to capture
some particular behaviours of the optimal solution that our model considers.

In Figure 2 we analyze the behaviour of index ¢ ) with respect to A, and
o, which are respectively the constant part of the bond market price of risk and
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Figure 2: Approximation index ¢ as function of A, and o,

the constant part of the riskless interest rate volatility. We can see that these
parameters deeply affect the approximation but it is sufficient that only one of
them is very small in order to have a value of ¢pq close to 1.

Figure 3: Approximation index ¢pqx as function of b and o,

In Figure 3, the behaviour of index ¢p,x With respect to parameters b
and o, is represented. Another time o, seems to have a great importance in
determining the goodness of the approximated result. We recall that b is the
coefficient measuring the strength of the mean reversion effect in the differential
equation describing the behaviour of interest rate. From Figure 3 we see that it
is sufficient that o, has a very low value or b has a very high value for having
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a good approximation. In fact, if b is high enough, the mean reversion effect is
dominant and the interest rate follows its deterministic path very closely. The
same behaviour is reached when o, approaches zero.

All the results we have shown confirm the idea that closer the state variables
to their deterministic path, better the approximation.

4.3 The comparison with Kim and Omberg (1996)

The case analyzed by Kim and Omberg (1996) presents only one stock and one
state variable representing the risk premium. Thus, the market structure is as
follows:

de = —X(x —T)dt + 0, dW,,
Zg—s =(r+osx)dt+osdWg, (20)
?G = rdt,

where the Wiener differentials of stock and risk premium are correlated:
E [dW,dWs]| = p,g-

In the Appendix A.3 we show how to transform this setting into a frame-
work where the Wiener processes are independent and we compute the following
optimal portfolio:

1 =z 1 p.502
* el h
e e @
where:
1 8 1 — e—(H=t)a\? 1 _ e—2(H-t)a
hy = —= AT+ —m8Mmx |, 21
216(( a T o . (21)
g
a = AJFmeSUx-

In their model, Kim and Omberg, find the same solution w* but the function

hy has the following exact form:'°

8 2 (1)
ha:(KO) = =2 —~ — AT +
B—1r[2m—(7m—2a)(1—e H-1)]
ﬁ 1— e—ﬂ'(H—t)

-2

B—12r— (7 —2a) (1 —emH-1) “

7r :2\/(—a)2+ ﬁff 10% (1 - %Pfcs)

10 Actually, they use a HARA utility function of the form U (R) = (R— R*)" 7 . Thus,
here, we put R* =0 and 8 = :’;—1 The quality of result is unaffected.

where:
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We underline that, while in the other cases our function h(z,t) was an
approximation of the exact function around the value zg = 0, in this case the
approximation is made around a different value of zy. In particular, in this case,
it is necessary to solve the following system, in order to find the functions A (),
B (t) and D (t) equating h, in (21) to the derivative of (17):

2 2
_e—(H-t)a —
_%E&I e YV \g= —=B 1 B
— @ Bxo+D Bxo+D ’
1
2

3 1_672(H7t)a o B 2
B—1 a — \ Bzo+D

We can see that it is not possible to put ¢y = 0. Instead, this system can be
solved for xg and D/B which are uniquely determined. We obtain:

Y e Lo B 20
T a 14 e-alH-D - B 11— e 2a(H-1)’

Sy e

N1 — e “H-D) —1 2
vo = T e n 76 Q

T 14 e—a(H-) B 1—e 20"

It is easy to see that our solution converges to the exact one when 7 — —2a.
In this case, in fact we have:

6 ((1 _ ea(H—t))2 _ 1— 6204(H7t) )

he(ko) = _25 1 | Treem M T ooem ¥

The condition under which our function converges to the exact one can be

written as follows: 3 5
2 1 = 2 O
/B 1 Oy ( /B 1 xS | — Y,

and this condition holds in three cases:

1. 8 — 0, actually this case is not interesting because if 3 tends to zero, then
the investor can be described with a log-utility function and the third
component wz‘g) of the optimal portfolio vanishes. Accordingly, in this
case, the function h (z,t) does not matter;

2. 02 — 0, in this case the state variable x follows a deterministic trajectory
and the component wz‘3) of optimal portfolio vanishes another time;

3. p2g — %7 this case is the most interesting one because we see that,
under this hypothesis, the third component w;, of optimal portfolio does
not vanish. This condition is equivalent to create a relation between the
investor’s preference parameter 8 and the asset correlation with the state
variable. We outline that higher the value of 3, closer the value of p g to
1. This means that our solution converges to the exact one if we consider
a highly risk averse investor and a high correlation between stock price
and risk premium.

25



As in the previous section we analyze the behaviour of our solution with
respect to the exact one through the approximation index:

hy
ho(koy’

¢KO (ﬂv Aa Urvpa:57Hta JI,E) =

where, as before, H; = H — t. The numerical simulations show that the values
of x and T affect the result in a negligible way. Thus, the simulation we present
here only concerns the five other parameters.

The simulation of index ¢y is based on the following starting values and
ranges for parameters:

Variables I} A Ou Pzs H;
Starting values -9 0.0017 | 0.0189 | -0.000203 10
Simulation ranges | [-30,0] | [0,0.5] | [0,0.5] [-1,1] [0,100]

The starting values are consistently chosen with Campbell and Viceira (1999).
The simulations are shown in Figures 4, 5 and 6.

Figure 4: Approximation index ¢ as function of 8 and H;

In Figure 4 we can observe the same behaviour shown, for the same para-
meters, in the case analyzed by Deelstra, Grasselli and Koehl. Thus, we refer
to the previous subsection for the comments.

In Figure 5 the values of approximation index ¢, with respect to A and
o, are shown. These two parameters measure, respectively, the strength of the
mean reversion effect and the volatility of the state variable. As in the previous
section, stronger the mean reversion effect better the approximation because the
state variable tends to become closer to its deterministic path. Furthermore,
for the same reason, higher the volatility worst the approximation.

Finally, Figure 6 shows the approximation with respect to the volatility of
the state variable (0,) and the correlation between the state variable risk and
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Figure 5: Approximation index ¢ as function of A and o,

Figure 6: Approximation index ¢, as a function of p_ g and o,
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the asset price risk (p,g). We can see that the most important problems arise
when the volatility o, is high and the correlation index p, ¢ is very low (close
to —1). A lot of empirical investigations (see for instance Barberis, 2000, and
Campbell and Viceira, 1999) show that this correlation index is negative and,
thus, our solution stays valid as a good approximation only if the volatility of
the risk premium is low enough.

4.4 The comparison with Kogan and Uppal (1999)

Here, we consider the case analyzed by Kogan and Uppal (1999) who follow
our same approach of finding an approximated solution with respect to the log-
linearization technique developed in Chacko and Viceira (1999). Nevertheless,
the authors linearize the function h (z,t) with respect to the preference para-
meter . We outline that they take the Taylor series of h (z,t) around the value
(3 = 0. Nevertheless, in this case the third component of the optimal portfolio
composition (w2‘3)) tends to vanish and thus, their analysis stays valid only for
very few cases.

As in Kim and Omberg (1996) there are one stock and one state variable
whose volatility is not constant but proportional to the square root of the state
variable. The model studied by these two authors is as follows:

dz = =\ (z —T) dt + o/TdW,,
& = pdt + —=dWs, (22)
dG = Grdt,

where the riskless interest rate is a positive constant. Because Kogan and Uppal
consider the case of correlated Wiener processes, in Appendix A.4 we show how
to transform their framework in a framework with two independent Wiener
processes.

The authors solve the problem for an investor having a power utility func-
tion of the form K (R) = %Rﬁ . Our approximated solution is as follows (see

Appendix A.4):

w = _l—ﬁ (N*’I")l‘ﬁ* 1 _ﬁ(fswxhx’
where:
1 3 ( )2 1-— e_(/\_%(u—f)asz)(H—t)
h = = ,U*T

Kogan and Uppal consider an investment horizon tending to infinity, thus
the exponential term vanishes under the hypothesis that og, is positive, or, if
negative, with an absolute value low enough for having A+ glj 7 (u—71)ose > 0.

Finally, we can write the following optimal portfolio composition:

* 1 B 2 085zT 1

T T L N ) b ey s Py

28



while Kogan and Uppal obtain:

1 z
Wiy = g (= )+ s () T

> =

This result is consistent with the hypothesis of 8 small enough for being able
to approximate the function h through a Taylor polynomial around the value
(G = 0. Here, we want to outline that this kind of procedure would imply that the
whole third portfolio component vanishes while our model is able to describe
the optimal portfolio composition for each degree of risk aversion, under the
hypothesis that the state variables stay around a given value.

The behaviour of the optimal portfolio with respect to the parameters og,
and A is qualitatively the same between w* and w¥ ;. In fact, in both models it
is true that 3‘9%51 > 0 and ‘93—“j\* < 0. With respect to the risk premium (u — r),
Kogan and Uppal’s model presents a derivative of wj,;, with respect to (1 —r)
whose sign corresponds to the sign of o, independently of (1 — 7). Our model,
instead, presents a richer range of possibilities because we have the following
result (with § < 0):

ow? _

(B > > B-1 A
O e ()22 2
8(u—r)<0 (1 T)< B o5

If the asset price and the state variable are positively correlated (og, > 0)
then, because p must be greater than r for trivial arbitrage considerations, the
third optimal portfolio component increases when the risk premium increases (as
in Kogan and Uppal). Instead, when og, < 0 we can distinguish two different
cases:

1. if the absolute value of o, is very high, then the optimal portfolio hedging
component (w&)) is positively correlated with the risk premium. In fact,
if the correlation between the stock price and the state variable is high,
then the investor needs a stronger hedging. We underline that this case
must be rejected because if og, is negative and its absolute value is high,
then the value of wé) diverges when H tends to infinity;

2. if the absolute value of og, is very low, then the optimal portfolio hedging
component (w(y)) is negatively correlated with the risk premium. In fact,
when the state variable is not strongly correlated with the stock price,
then, in order to hedge the portfolio, it is better to invest more money
in the riskless asset rather than in wz‘3) which is not able to cover the
non-correlated risk.

In Kogan and Uppal the derivative of wj;; with respect to 3 has the following
sign:
Wiy - - A
—_— Z0<=o0g5, = 2 .
B 8=0 < v< H—=r
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In our framework, we obtain an identical result and, nevertheless, our model
is richer in describing the behaviour of optimal portfolio hedging component w(*3)
with respect to the preference parameter 3 because we obtain, with § < —1:
2_
05z € 1_5521 #irao[v

—1 )\
0= 4 o5, = 22,

2_
08z ¢ |:7ﬂ_5rlui7«a0:| .

8w2*3) >

op

OSx = 07

A

This result means that when the absolute value of og, is high, then the
hedging component of optimal portfolio increases if the risk aversion (1 — )
increases. In fact, the portfolio part w;, can effectively hedge the investor from
the risk represented by the state variable z only if the asset price is strongly
correlated with this state variable. If not, it is better to decrease the hedging
portfolio component in order to increase the percentage of wealth invested in
the riskless asset.

5 Conclusion

In this paper we have analyzed the asset allocation problem for an investor max-
imizing the expected value of his terminal power utility function. The investor
faces an economic environment with stochastic investment opportunities and
incomplete financial markets. Furthermore, he must cope with an inflation risk
following a jump-diffusion proces.

The optimal portfolio is formed by three components: (i) a preference free
part depending only on the diffusion terms of assets and inlfation process, (ii) a
part proportional to both the portfolio Sharpe ratio and the inverse of Arrow-
Pratt relative risk aversion index, and (iii) a part depending on the state variable
parameters.

We show that the preference-free component hedges the portfolio against the
diffusion part of infaltion process correlated with asset prices risk sources. Fur-
thermore, this preference-free component minimizes the instantaneous variance
of investor’s wealth.

The third component of optimal portfolio vanishes when the investor has a
log-utility function or when, investor having a power utility function, the drift
and diffusion components of state variables and inflation depend only on time.
In particular, we find that the jump component of the price process affects
the optimal portfolio composition if and only if the coefficient of this jump
component depends at least on one of the state variables.

For understanding the role of the third component it is necessary to explic-
itly compute the value function. This computation is the most difficult part of
the stochastic dynamic programming technique. In this work we propose an ap-
proximated method for solving the PDE giving the value function. Our method
is based on the Feynman-Kac representation theorem. We compare our approx-
imated solution with some exact solutions available in the literature. We are
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able to find that all the qualitative results are maintained and the computations
are simplified.

A Derivation of the approximated solutions

A.1 The comparison with Boulier, Huang and Taillard
(2001)

Boulier, Huang and Taillard (2001) take the market structure (18). Thus, the
only state variable is the interest rate (r), and there are two assets: a stock (S)
and a bond (B). In their model there are no inflation risk and so we can put
ar =0, A=0and n=0.

We underline that the changes in prices of bond and stock are Itd processes
whose evolution does not depend on their own values. Thus, we can forget about
the state variables S and B. Accordingly, we can transform this problem in a
form suitable to compute the optimal portfolio composition in our framework:

w = [ wg Wg ]/,
z =
By = ap(bp—1),

- |
M=

° - [t 3]
aw = | :

The authors solve the problem for an investor having power utility function
of the form K (R) = L R®. By applying Formula (16) we have:

- B
L1 = L1 [ 0 ]
w = Apo1—0a) - 1 .
1-6 g(H—t)or01 1-p _g(Hft)hT

Now, we have to compute the function h that in our case is:

h(st) = L[ E[b(Z., )] ds,

dZ, = a(Zs,s)ds+ %Q’dW.
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In this special case we have:

a(z,t) = p,— %Q’ElflM =a, (b, —r)+ %)\ror,
b(z,t) = pr— %%M’ (E/Z)flM = fr — %% ()\? +)\72n) ,

h(rt) = /H]E Brs—li()?—i-/\?) ds
’ t 251 Ve
drs = a, (b:—rs) ds + o,.dW,.,
Tt = T
where:
~ 1 /6
br - r - TY TS
b Jrar_ﬁ—l)\g

We can see that a component of h (r,t) does not depend on time and so we
can write:

h(nt):ﬁ/t E[rs]ds—%%(ﬁm‘f)(ﬂ—t).

If we compute the solution for the differential stochastic equation of ry we
obtain:!!

. t
=m0 (B ) 7 [ e, ()

and, given 1, = r, we have E[ry] = l; — e~ar(s—) (l;; — r). Thus, we can find
the function h (r,t):

hirt) = ﬁ[{ b = e (B = )] s = G (8 2) (2 ),

11Given the equation:
drs = ar (br - 'rs> ds — ardWy,

we apply the Ito’s lemma to Y (s) = e®rs (b: — 1"5) and we have:
dy (s) = {aTe“TS <b~T — rs) — aqe?r® (b; — rs)} dt + e °o.dW,,
dy (s) = e °or.dW,,
from which, by integrating between t and s we have:
ears (l;« — rs) — eart (l; — rt) =or fts e TdWy (1),
rs = by — ear(t=s) (l;; — rt) —or j: ear(T=9) dW, (1) .
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from which we obtain:

H
h, = ﬁ/ e~ s =3
t

ar(H—t)

We recall that g (H —t) = 1—e’a

—a,(H-t)

Qp

and so:

o L 2 1 [o]
1=3 | serss | 1-818 ]

which is exactly the solution obtained by Boulier, Huang and Taillard (2001).

A.2 The comparison with Deelstra, Grasselli and Koehl
(2001)

Deelstra, Grasselli and Koehl (2001) consider the market structure (19) where
the changes in prices of bond and stock are Ito6 processes whose evolution does
not depend on the values themselves. Thus, we can forget about the state
variables S and B. Furthermore, there are no liabilities and so we have ay, = 0,
A=0andn=0.

Accordingly, we can transform this problem in a form suitable to compute
the optimal portfolio composition in our framework:

w = [ wg WA ]/,

z = 7

/U’z = (aT

@ - | W}

M = [01)\1+02)\7" g(H—t))\TJTT :I/,
s o2y/T o1

H—-t)o./r 0 |’

aw = [aw, daws ]

The authors solve the problem for an investor having power utility function
of the form K (R) = %Rﬁ . By applying Formula (16) we have:

e 1 A L1 [ 0 ]
=T 4 01—0 PR 1 .
1-p —gA(};it)fr?l 1-8| —sm=—hr

Now, we have to compute the function h that in our case is:

A

h(nt) = [ E[b(Z,, )] ds,

Qadw.

2 _
dZs, = a(Zs,8)ds+ 1—ﬂ

-p
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In this special case we have:

a(z,t) = p,— %Q’E’—lM = (a, — b,r) + %)\,ﬂﬂ“,
b(z,t) = pPBr— %%M' (E’Z)_l M = Br — %% (/\f + )\fr) ,

and, finally, we can write:

" 1 B8 2 1 B8 s
= ]E _— - -_— =
h(r,t) [ [(ﬁ 2[3—1/\T> Ty 25—1/\1} ds,
dry = (aT - l;;rs) ds + op\/TsdW,.,
Tt = 7
where:

~ g
b, = b, 5—1 ArOpy
—~ 2-3
Y 5

We can see that a component of h (r,t) does not depend on time and so we
can write:

1 H 1
h(r,t) = <g—§%xz>/t E[rs]ds—§%)\%(H—t).

From Cox, Ingersoll and Ross (1985) we obtain the following solution for the
expected value of the stochastic differential equation:

Bfr) = 5 - e e (Cb; - ) |

By substituting this expected value into h (r,t) we have:

_ 1 8 o) (7o _
h, = (ﬂ—gm/\r>/t EE[TS]_

1 1— —br(H—t)
- ()
20—-1 b,

Thus, the optimal portfolio composition is given by the following approxi-
mated formula:

1 M

* o1
w = 1-3 [ Aro1 =02

0
+— 1 B 2 1me o |
g(H—t)oroy 1-5 l B (6 B 55—1>\r> brg(H—t) ]
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A.3 The comparison with Kim and Omberg (1996)

Kim and Omberg (1996) consider the market structure (20) where there are two
correlated Wiener processes: E [dW,dWs| = p,g. Thus, we can write:

2
Cov <dx, §) = [ Oz JSU@”IS ] .
S 080xPrs Js

We can lead this case back to our approach by using the Cholesky decom-
position. Because the variance and covariance matrix is always positive semi-
definite, we can write:

Ox 0 } [ O TSP ] _ [ o2 0S502Prg }

o0spes Os\/1—pig 0 osy/1—p3g 080 2Pps 0%

Thus, the market structure (20) can be written in the following way:

dv = —X(z —T)dt + o,dW,,

ddg_s =(r+ogx)dt+ O'SszdW; +osy/1— piSde’
G
&= rdt,

where /V[\/g and /I/I\/; are two independent Wiener processes.'?> For leading this
kind of problem back to our approach we put:

w = ws,

z =

By = _)‘(‘/E_f)7
O

@ = [T

M = zog,

¥ o= [ 0SPss US\/l—Pis ]v
. N I

AW = [dWx dWs} .

12We underline that this transformation is equivalent to the following one:

|: Uz\/lfpis OzPrs :| [ Uz,/lfpis 0 :| :{ a2 asagpzs
0

os OxPys os 080zPxs s

from which we obtain the system:

dr = -z —T)dt +ogy/1 — piSdec + o2prgdWs,
:S,—S = (r+osx)dt+ ocgdWg,
?G = rdt.

Here, we have decided to maintain a single risk source for the state variable x because this
representation is more intuitive from an economic point of view. In fact, the state variable
affects the stock price which also has its own risk source.

However, we outline another time that the final result is identical for both transformations.
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The authors use a HARA utility function of the form U (R) = (R — R*):t;_1
Thus, here, we put R* =0 and § = 1%1 for having our form K (R) = R®. From
Formula (16), the optimal portfolio composition is:

1 =z 1 p.502
Y= — = hy.
v 1—ﬂ0’s 1—ﬁ gs v

After computing the following functions:

a(z,t) = —)\(x—f)—%pmsomx,

b(z,t) = PBr—=

the problem to solve is:

H 1 H
h(z,t) = /t {5 —5%)@}&9—57‘( t) — %/t E [X?] ds,

[m— </\ + %pmsam) X} ds + o4 [2 — %pgsdﬁfg,

Xt = X.

N =

dX,

From the stochastic differential equation we can compute the behaviour of
X as in the previous appendix (see also Cox, Ingersoll and Ross, 1985) and we
obtain:

_ — 2 t
st = [ oo (22 )] vt (o 12 z) [ e,

g
a—)\+ 250z
ﬁps

Thus, we can complete the solution:

- —]E (X2]d
i 21—5/

_ B [T at-s) _ 209 (AT | gs =
1-p t « «

1 ﬂ l_e—a(H—t) 2 _ 1_6—2a(H—t)
e )
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A.4 The comparison with Kogan and Uppal (1999)

Kogan and Uppal (1999) consider the market structure (22) of Chacko and
Viceira (1999) where there are two correlated Wiener processes such that:

dS 2z .
Cov <dw,§> = { st Jf ] .

x

We can lead this case back to our approach by using the Cholesky decom-

position. Because the variance and covariance matrix is always positive semi-
definite, we can write:

oV 0 Ve N { o’r osg }

2 2 == 1
oSz 1 _ O%5e 1 _ %%e o =
oV = \/ 1 P 0 \/5\/ 1 2 Sz x

Thus, the previous problem can be written in the following way:

do = —\(z — %) dt + o/TdW,,

ds _ oSz AT 1 02¢
< _u;ltwL;SﬁdWx + 5\ 1 - FdWs,
F:T t,

where Wg and ﬁ/: are two independent Wiener processes.'?

Because the change in the stock price is an [t6 process whose evolution does
not depend on the value itself, then we can forget about the state variable S.
Furthermore, there are no inflation risk and so we have ay = 0, A = 0 and
n=0.

Accordingly, we can transform this problem in a form suitable to compute

13We underline that this transformation is equivalent to the following one:

VT o2 =0k oga\/T Voo —o% 0 _ { o3z 05a }
1 1 = ’
0 7 —= OSx p

from which we obtain the system:

dz = —X(z —7Z)dt + /02 — J%wd/ﬂ\/; + 050\/TdWs,
48 = pdt + %dVV\g,
% = rdt.

Here, we have decided to maintain a single risk source for the state variable x because this
representation is more intuitive from an economic point of view. In fact, the state variable
affects the stock price which has also its own risk source.

However, we outline another time that the final result is identical for both transformations.
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the optimal portfolio composition in our framework:

w = wgs,

z = u,

My = 7)\(1‘75)5
[ oz

@ - | % y

M = p—r

2 o= |z Hyvi-Ze ],
r o P /

aw = | dw, dws | .

The authors solve the problem for an investor having power utility function
of the form K (R) = L RA. By applying Formula (16) we have:

]
L1 1
w* = 175@ r)x+ 17605133@’.
Given the following values of functions a (z,t), b(x,t), and C (z,t):
_ - g
a(z,t) = —Az—7)+ T35 (b —71)0osez,
1
b(z,t) = Pr+ 5% (=),

we have to solve the problem:

dXs

Xt = .

By using the solution already exposed for the CIR model (see Cox, Ingersoll
and Ross, 1985), we have:

o
E[X,] = S +
A= 15 (—7)0ss

_e*()\ff%(#*ﬂasz)(sft) \T ),
A= % (/L - ’I") 0Sx

and, accordingly, we can write:

hzt) = AHEFT+

I
)
3
=
\
+



Because we are interested in the derivative of h with respect to z, then:

o

2l—e (/\ 25 (n—r)osa ) (H—t)

he =

Q

1
21
1
2

T =)

Q

)\—%(u—r)asm
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