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Devwudfw= Lq wklv sdshu/ zh lqwurgxfh dgrswlrq frvwv lq d fdqrqlfdo ylqwdjh fdslwdo
prgho1 Dgrswlrq frvwv wdnhv wkh irup ri d gluhfw orvv lq surgxfwlrq gxulqj d �{hg
shulrg ri wlph1 Zh h{solflwo| fkdudfwhul}h wkh rswlpdo pdfklqh uhsodfhphqw srolf|
dv d ixqfwlrq ri wkh dgrswlrq shulrg1 Xvlqj dq h{solflw qxphulfdo phwkrg/ zh vwxg|
wkh g|qdplfv ri wkh prgho1 Lq sduwlfxodu/ zh �qg wkdw zkloh dq lqfuhdvh lq wkh
dgrswlrq frvwv orzhuv wkh orqj uxq ohyho ri rxwsxw/ lw dovr ulvhv wkh pdjqlwxgh ri
vkruw uxq  xfwxdwlrqv dqg ghfuhdvhv wkh frqyhujhqfh vshhg wr wkh vwhdg| vwdwhv1
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4 Lqwurgxfwlrq

Wkh uhfhqw uhqhzdo ri wkh vfkxpshwhuldq lghdv/ qrwdeo| lq pdfurhfrqrplf uhvhdufk/
kdv vwlpxodwhg d qxpehu ri dowhuqdwlyh dssurdfkhv wr jurzwk dqg hfrqrplf  xfwx0
dwlrqv vlqfh wkh ehjlqqlqj ri wkh qlqhwlhv1 Lq sduwlfxodu/ d qxpehu ri kljko| hode0
rudwhg fuhdwlyh ghvwuxfwlrq prghov kdyh ehhq sursrvhg1 Dprqj wkhp/ Fdedoohur
dqg Kdpprxu*v vhwwlqj +4<<9, kdv jdlqhg srsxodulw| dprqj hfrqrplvwv ehfdxvh
ri lwv vlpsolflw| dqg wkh vfrsh ri wkh hpslulfdo dqg wkhruhwlfdo lvvxhv wkdw fdq eh
dgguhvvhg zlwklq wklv iudphzrun1 Lqghhg/ wkh ylqwdjh fdslwdo vwuxfwxuh dgrswhg e|
wkhvh dxwkruv doorzv wr wuhdw txlwh qdwxudoo| vhyhudo fuxfldo lvvxhv uhodwhg wr wkh
ghwhuplqdqwv dqg frqvhtxhqfhv ri hfrqrplf revrohvfhqfh15

Ehvlgh wkh idfw wkdw wkhvh prghov surylgh dq lqwhuhvwlqj wkhruhwlfdo ylhz ri hfr0
qrplf  xfwxdwlrqv/ rqh zrxog ohjlwlpdwho| txhvwlrq wkhlu uhdolvp vlqfh wkh| duh
edvhg rq d qxpehu ri h{wuhph dvvxpswlrqv1 Wklv sdshu lv ghvljqhg wr uhod{ rqh
ri wkhvh dvvxpswlrqv/ wkh }hur dgrswlrq frvw dvvxphg lq prvw ri wkh frqwulexwlrqv
iroorzlqj wklv olqh ri uhvhdufk1 Iru h{dpsoh/ lq Fdedoohur dqg Kdpprxu*v prgho
+4<<9,/ revrohwh surgxfwlrq xqlwv duh uhsodfhg zlwkrxw frvw e| wkh surgxfwlrq xqlwv
lqfrusrudwlqj wkh prvw dgydqfhg whfkqrorj|1 Krzhyhu/ wkhuh lv qrz d vxevwdqwldo
hylghqfh vwuhvvlqj wkh vl}h ri wkh frvwv ri whfkqrorj| dgrswlrq +vhh iru h{dpsoh Mr0
ydqrylf/ 4<<9,1 D qxpehu ri wkhruhwlfdo frqwulexwlrqv kdyh douhdg| dqdo|}hg wkh
uroh ri whfkqrorj| dgrswlrq lq wkh jurzwk dqg ghyhorsphqw surfhvvhv/ dprqj wkhp
wkh vhplqdo sdshuv ri Sduhqwh +4<<7,/ dqg Sduhqwh dqg Suhvfrww +4<<7,1 Lq d pruh
uhfhqw frqwulexwlrq/ Sduhqwh +4<<:, dujxhv lq idyru ri wkh ghyhorsphqw wkhrulhv wkdw
kdyh wkh surshuw| wkdw gl�huhqfhv lq srolflhv wudqvodwh lqwr gl�huhqfhv lq vwhdg|
vwdwh lqfrph ohyhov udwkhu wkdq lq jurzwk udwhv1 Dqg wklv pd| eh dfklhyhg/ kh dggv/
e| vwuhvvlqj �upv* ghflvlrqv wr dgrsw ehwwhu whfkqrorjlhv vxemhfw wr wkh frqiurqwhg
lqvwlwxwlrqdo dqg h{whuqdo frqvwudlqwv1 Dgrswlrq frvwv kdyh dovr ehhq sxw iruzdug
wr h{sodlq vrph ri wkh prvw sx}}olqj vw|ol}hg idfwv1 Iru h{dpsoh/ Juhhqzrrg dqg
\rurnrjox +4<<:, �qg wkdw dgrswlrq frvwv +wkurxjk ohduqlqj dqg wudlqlqj, pd| zhoo
kdyh fdxvhg wkh surgxfwlylw| vorzgrzq revhuyhg diwhu wkh �uvw rlo vkrfn1
Lq wklv sdshu/ zh xvh d yhu| vlpsol�hg yhuvlrq ri wkh fuhdwlyh ghvwuxfwlrq prgho gxh

wr Fdedoohur dqg Kdpprxu +4<<9,1 Dgrswlrq frvwv duh prghohg dv d gluhfw rxwsxw
orvv gxulqj d �{hg shulrg ri wlph/ vd| wkh dgrswlrq shulrg1 E| surfhhglqj lq wklv
zd|/ rxu vshfl�fdwlrqv duh udwkhu frqvlvwhqw zlwk wkh lqvwlwxwlrqdo eduulhuv ylhz ri
dgrswlrq dgyrfdwhg e| Sduhqwh dqg Suhvfrww +4<<7,1 Zh ghulyh wkh rswlpdo pdfklqh
uhsodfhphqw srolf| dv d ixqfwlrq ri wkh dgrswlrq frvwv1 Lw lv nqrzq wkdw wkh dyhudjh
djh ri fdslwdo lv pdunhgo| kljkhu lq ghyhorslqj frxqwulhv dqg wkdw dgrswlrq frvwv
pd| zhoo dffrxqw iru wklv1 Rxu vlpsoh prgho lv jrrg dw ghslfwlqj zlwk �qh ghwdlov wkh
uhodwlrqvkls ehwzhhq dgrswlrq frvwv dqg rswlpdo vfudsslqj uxohv1 Iroorzlqj Sduhqwh

5 Ehqkdele dqg Uxvwlfklql/ 4<<4/ Erxfhnnlqh/ Jhupdlq dqg Olfdqgur/ 4<<:/ Erxfhnnlqh/ gho Uðr
dqg Olfdqgur/ 4<<</ dqg Juhhqzrrg dqg \rurnrjox/ 4<<:/ duh irxu rwkhu looxvwudwlrqv ri wklv nlqg
ri vhwwlqjv1
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+4<<:,/ zh dovr vwxg| krz dgrswlrq frvwv d�hfwv wkh orqj uxq ydoxh ri rxwsxw ohyho1
Dowkrxjk wkh odwwhu h�hfwv wxuq rxw wr eh pxfk frpsoh{ wkdq h{shfwhg/ zh �qg wkdw
lq jhqhudo wkhuh h{lvwv d qhjdwlyh fruuhodwlrq ehwzhhq dgrswlrq frvwv dqg orqj uxq
rxwsxw ohyhov1 Ilqdoo|/ xvlqj dq h{solflw qxphulfdo phwkrg ghvfulehg e| Erxfhnnlqh/
Olfdqgur dqg Sdxo +4<<:,/ zh �qg wkdw wkh wudqvlwlrq wr wkh orqj uxq htxloleulxp lv
xqvxusulvlqjo| rvfloodwru| gxh wr wkh zhoo0nqrzq �uhsodfhphqw hfkrhv� phfkdqlvp
lqkhuhqw wr ylqwdjh prghov dv rxwolqhg e| Ehqkdele dqg Uxvwlfklql +4<<4,1 Dgrswlrq
frvwv duh �qdoo| vkrzq wr lqfuhdvh wkh pdjqlwxgh ri  xfwxdwlrqv dqg vr wr orzhu wkh
vshhg ri frqyhujhqfh1
Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv eulh | wkh prgho1 Vhfwlrq 6

fkdudfwhul}hv wkh rswlpdo pdfklqh uhsodfhphqw srolf| dqg wkh orqj uxq rxwsxw ohyho1
Vhfwlrq 7 dqdo|}hv vkruw uxq  xfwxdwlrqv xvlqj dq h{solflw qxphulfdo dojrulwkp1
Vhfwlrq 8 frqfoxghv1

5 Wkh prgho

Zh frqvlghu dq hfrqrp| zlwk ylqwdjh fdslwdo dqg Ohrqwlh� whfkqrorj| dv lq Fd0
edoohur dqg Kdpprxu +4<<9,1 Whfkqrorjlfdo surjuhvv lv h{rjhqrxv dqg zh dvvxph
wkdw lw lv ixoo| hperglhg lq wkh qhzhvw fdslwdo jrrgv1 Jlyhq d frqvwdqw udwh ri whfk0
qlfdo surjuhvv �/ d xqlw ri fdslwdo ri ylqwdjh | uhtxluhv e3�| xqlwv ri oderu1 Khqfh wkh
rog ylqwdjhv ehfrph ohvv dqg ohvv h!flhqw zlwk uhvshfw wr wkh qhzhvw ylqwdjhv1 Zh
dvvxph wkdw rxu hfrqrp| grhv qrw lqqrydwh/ lw vlpso| dgrswv wkh prvw dgydqfhg
whfkqrorjlhv1 Krzhyhu/ dgrswlrq lv frvwo| dv lw lqyroyhv d gluhfw orvv ri surgxfwlrq
gxulqj vd| wkh dgrswlrq shulrg (1 Surgxfwlrq dqg oderu ghpdqg fdq eh zulwwhq
uhvshfwlyho| dv=

t E|� '

] |

|3A E|�

MEr�e�r_r�
] |

|3(

kMEr�e�r_rc +4,

uE|� '

] |

|3A E|�

MEr�_r� +5,

ME|� ghqrwhv wkh klulqj udwh ri wkh hfrqrp| dqg A E|� ghqrwhv wkh roghvw surgxfwlrq
xqlw vwloo rshudwhg dw | +ru vfudsslqj wlph,1 Dgrswlrq frvwv duh lqwurgxfhg wkurxjk
wzr sdudphwhuv/ ( wkh dgrswlrq shulrg dqg k/ f 	 k 	 �/ wkh iudfwlrq ri rxwsxw orvw
gxulqj (1 Lq rxu prgho/ A E|� lv ghwhuplqhg hqgrjhqrxvo| lq wkh prgho lq frqwudvw
wr wkh dgrswlrq shulrg ( zklfk lv wdnhq frqvwdqw1 Wkh dvvxpswlrqv xqghuo|lqj rxu
vshfl�fdwlrqv duh reylrxvo| frqvlvwhqw zlwk A E|� : ( iru hyhu| |1 Wklv whfkqlfdo
lvvxh lv dgguhvvhg odwhu rq1
Wkh uhvw ri wkh prgho lv frpsohwho| vwdqgdug1 Lq sduwlfxodu/ zh dvvxph wkdw

frqvxphuv kdyh olqhdu xwlolw| ixqfwlrqv/ wkdw oderu vxsso| lv lqhodvwlf/ htxdo wr �/
dqg wkdw klulqjv duh ghwhuplqhg e| d jhqhudol}hg Qdvk edujdlqlqj ehwzhhq zrunhuv
dqg hqwuhsuhqhxuv h{dfwo| dv lq Fdedoohur dqg Kdpprxu olnh prghov1 Vlqfh wkh
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lqyhvwphqw uhtxluhg wr fuhdwh d surgxfwlrq xqlw lv vshfl�f wr wklv xqlw/ wkh dvvhw
ydoxhv ri rxwvlgh rswlrqv lv orzhu zlwk uhvshfw wr wkh lqvlgh rswlrq iru erwk zrunhuv
dqg hqwuhsuhqhxuv1 Wklv idfw lqwurgxfhv d uljlglw| lq wkh oderu pdunhw= Zrunhuv dqg
hqwuhsuhqhxuv zloo irup d elodwhudo prqrsro| vlqfh erwk suhihu wr suhvhuyh wkh pdwfk1
Ghqrwh e| LE|� wkh uhvxowlqj xqhpsor|phqw udwh1 Zlwk rxu suhylrxv dvvxpswlrqv
dqg qrwdwlrqv=

LE|� ' ��
] |

|3A E|�

MEr�_r� +6,

W|slfdoo| zrunhuv dqg hqwuhsuhqhxuv zloo edujdlq ryhu dq dssursuldeoh vxusoxv 7E|�1
Wkh vxusoxv lv htxdo wr wkh suhvhqw ydoxh ri surgxfwlrq ryhu wkh pd{lpxp sodqqhg
olihwlph/ vd| aE|�/ plqxv wkh hqwuhsuhqhxuv dqg zrunhuv rxwvlgh rswlrqv1 Dvvxplqj
wkdw wkh hqwuhsuhqhxuv fdqqrw uhfryhu wkh lqyhvwphqw frvwv/ wkhlu rxwvlgh rswlrq lv
}hur1 Dv iru zrunhuv/ wkh rxwvlgh dowhuqdwlyh lv wr wxuq xqhpsor|hg dqg vhdufk iru
dqrwkhu mre1 Xqghu shuihfw iruhvljkw/ zh kdyh qhfhvvdulo|

aE|� ' A E|n aE|��� +7,

Zh dvvxph d jhqhudol}hg Qdvk0edujdlqlqj vroxwlrq/ zlwk d vkduh q 5 Efc �� ri wkh
vxusoxv jrlqj wr wkh zrunhu dqg �� q jrlqj wr wkh �up1 Xqghu wkhvh dvvxpswlrqv/
wkh vxusoxv dvvrfldwhg wr d mre dqg wkh fruuhvsrqglqj Qdvk0edujdlqlqj htxloleulxp
frqglwlrqv duh=

7E|� '

] |naE|�

|

�
e�| ��Er�e�r

�
e3oEr3|�_r� k

] |n(

|

e�|e3oEr3|�_r +8,

�E|�e�| ' q
ME|�

LE|�
7E|�c +9,

e�| ' E�� q�7E|�� +:,

Htxdwlrq +9, vwlsxodwhv wkdw wkh rxwvlgh rswlrq zdjh �E|�e�| lv htxdo wr wkh  rz ri
suredelolw| ri �qglqj d mre wlphv wkh iudfwlrq ri wkh vxusoxv jrlqj wr wkh zrunhu1
Htxdwlrq +:, vwdwhv wkdw rq wkh �up*v vlgh/ wkh frvw ri fuhdwlqj d surgxfwlrq xqlw e�|

pxvw eh htxdo wr wkh �up*v vkduh ri wkh dssursuldeoh vxusoxv1 Ilqdoo|/ wkh h{shfwhg
olihwlph aE|� lv ghwhuplqhg e| wkh h{lw frqglwlrq=

e�| ' �E|n aE|��e�E|naE|���

D mre zloo eh ghvwur|hg zkhq lwv surgxfwlylw| lv orzhu wkdq wkh zrunhu*v rxwvlgh
rswlrq1 Frpelqlqj wkh h{lw frqglwlrq zlwk +:,0+8, dqg zlwk +9,0+8, uhvshfwlyho|/
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|lhogv wkh iroorzlqj frqglwlrqv=

�

�� q
'

] |naE|�

|

�
�� e3�E|3rnA Er��

�
e3oEr3|�_r� k

] |n(

|

e3oEr3|�_rc +;,

e3�A E|� '
q

�� q

ME|�

LE|�
� +<,

Zh duh qrz deoh wr gh�qh dq htxloleulxp iru rxu hfrqrp|1 Jlyhq lqlwldo frqglwlrqv
ME|� � f/ ;| 	 f/ dq htxloleulxp iru wklv hfrqrp| lv d sdwk ~ME|�c t E|�c LE|�c A E|�c
aE|��/ ;| � f/ wkdw vroyhv wkh htxdwlrqv +4,/ +6,/ +7,/ +;,/ dqg +<,/ surylghg A E|� : (
dqg f � LE|� � � iru doo | � f1 Wkh qh{w wzr vhfwlrqv fkdudfwhul}h wkh htxloleulxp
sdwkv ri wkh prgho1

6 Rswlpdo vfudsslqj dqg orqj uxq rxwsxw ohyho

614 Rswlpdo vfudsslqj dqg dgrswlrq frvwv

Dv xvxdo lq wklv w|sh ri ylqwdjh prghov +vhh iru h{dpsoh Erxfhnnlqh/ Jhupdlq dqg
Olfdqgur/ 4<<:,/ rqh kdv wr �uvw vroyh iru wkh wlplqj yduldeohv A E|� dqg aE|� zklfk
dsshdu vhsdudwho| lq wkh sxuho| iruzdug0orrnlqj vxe0eorfn +7,0+;,1 Gl�huhqwldwlqj
+;, dqg uhduudqjlqj whupv/ zh jhw

A E|� ' CEaE|�� ' ��

�
*?

�
�� o � �

�� q
� �

o
E�� e3oaE|��� kE�� e3o(�E�� �

o
�

�
�

IxqfwlrqCE�� lv gh�qhg rq-n dqg uhwxuqv ydoxhv lq-n xqghu wkh iroorzlqj vx!flhqw
dqg qhfhvvdu| frqglwlrqv

Dvvxpswlrq 4 Wkh sdudphwhuv pxvw fkhfn wkh iroorzlqj frqglwlrqv=

f 	 � 	 o

o 	 E�� q�
�
�� kE�� e3o(�

�

Wkh �uvw frqglwlrq lv vwdqgdug lq jurzwk prghov dqg hqvxuhv wkdw xwlolw| lv
erxqghg lq wkh vwhdg| vwdwh1 Wkh vhfrqg frqglwlrq lpsolhv dfwxdoo| dq xsshu erxqg
iru wkh dgrswlrq shulrg (1 Dv dujxhg deryh/ rxu sureohp rqo| pdnhv vhqvh li
A E|� : (1 Wkh vhfrqg dvvxpswlrq lv frqvlvwhqw zlwk wklv uhtxluhphqw exw lw grhv
qrw hqvxuh lwv ixo�oophqw dv zh zloo vhh odwhu1 Qrwh wkdw xqghu Dvvxpswlrq 4/ ixqf0
wlrq CE�� lv lqfuhdvlqj dqg dgplwv d xqltxh vwulfwo| srvlwlyh �{hg0srlqw/ vd| AC1 Zh
duh qrz deoh wr fkdudfwhul}h wkh rswlpdo vfudsslqj srolf|1

Sursrvlwlrq 4 Xqghu Dvvxpswlrq 4= +l, A E|� ' aE|� ' A 
 ' AC/ ;| � f1 +ll,
A 
 ' A 
E(� lv dq lqfuhdvlqj dqg frqfdyh ixqfwlrq ri wkh dgrswlrq shulrg (1
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Surri= Wkh surri ri Surshuw| +l, lv lghqwlfdo wr wkh surri ri Sursrvlwlrq 5 lq
Erxfhnnlqh/ Jhupdlq dqg Olfdqgur +4<<:,1 Vlqfh ixqfwlrq CE�� lv lqfuhdvlqj dqg
vlqfh lw dgplwv d xqltxh srvlwlyh �{hg0srlqw/ wkh rswlpdo vfudsslqj uxoh lv frqvwdqw/
htxdo wr wklv �{hg0srlqw1 Rq wkh rwkhu kdqg/ dv YAW

Y(
' Eo3��ke3o(

�Ee3�AW3e3oAW�
: f/ A 
 lv

dq lqfuhdvlqj ixqfwlrq ri wkh dgrswlrq shulrg16 Diwhu whglrxv frpsxwdwlrqv/ rqh
fdq dovr hvwdeolvk wkdw wkh vhfrqg ghulydwlyh EA 
���E(� kdv wkh uhyhuvh vljq ri wkh
h{suhvvlrq

k2e32o(�e3oA
W

n

�
koe3o(e3�A

W

E�� e3Eo3��A W�

o � �

�
�
�
e3�A

W � e3oA
W

o � �
� ke3o(

o

�
�

Dv e| frqvwuxfwlrq ri ixqfwlrq CE��

e3�A
W � e3oA

W

o � �
� ke3o(

o
'

�� e3o( � k

o
� �

�� q
c

lw wxuqv rxw wkdw A 
 lv d frqfdyh ixqfwlrq ri ( li o 	 E�� q�
�
�� k� e3o(

�
/ zklfk

lv hqvxuhg e| Dvvxpswlrq 41

Lq rxu prgho/ dgrswlrq frvwv lqfuhdvh wkh olihwlph ri surgxfwlrq xqlwv dqg ghod|
wkh uhsodfhphqw ri wkh roghvw pdfklqhv1 Wklv lv d yhu| jrrg surshuw| ri rxu prgho
vlqfh dgrswlrq frvwv kdyh ehhq uhshdwhgo| lqyrnhg wr h{sodlq whfkqrorjlfdo vfohurvlv
dqg wkh +pdunhgo|, kljkhu djh ri fdslwdo lq ghyhorslqj frxqwulhv +vhh Mrydqrylf/
4<<9/ djdlq,1 Dv wkh uhodwlrqvkls lv dovr frqfdyh/ zh fdq hvwdeolvk wkh iroorzlqj
h{lvwhqfh uhvxow1

Sursrvlwlrq 5 Xqghu Dvvxpswlrq 4= +l, Wkhuh h{lvwv (f : f vxfk wkdw A 
 : (
li dqg rqo| li f � ( 	 (f1 +ll, Iru dq| lqlwldo frqglwlrqv ME|�/ | 	 f/ vxfk wkdwU f

3A

ME�� _� 	 �/ wkhq f 	 LE|� 	 � ;| � f1

Wkh suhylrxv sursrvlwlrq surylghv wkh frqglwlrqv rq wkh sdudphwhuv xqghu zklfk
A E|� ' A 
 lv dq htxloleulxp iru doo | � f1 Frqglwlrq +l, lv d gluhfw frqvhtxhqfh
ri wkh frqfdylw| surshuw| suryhg lq Sursrvlwlrq 41 Iru o ' f�fD/ � ' f�f� dqg
q ' f�D/ A 
htxdov wr �e�S� |hduv/ iru ( ' � |hdu dqg k ' 2fIc zkloh (f lv durxqg
2e |hduv1 Zh duh reylrxvo| wklqnlqj ri dgrswlrq shulrgv ri d ihz |hduv dw prvw wr
�w lqvwlwxwlrqdo eduulhuv wr dgrswlrq dv lpsruw olfhqvlqj dqg wkh olnh> dqg lq wklv
frqwh{w/ frqglwlrq +l, zrunv txlwh zhoo1 Frqglwlrq +ll, hqvxuhv wkdw wkh uhtxluhphqw
f � LE|� � � lv phw iru doo | � f zkhq wkh lqwhulru vroxwlrq A 
 lv lpsohphqwhg iurp
| ' f1 Fohduo|/ kxjh klulqj udwhv lq wkh sdvw zrxog |lhog d qhjdwlyh xqhpsor|phqw
udwh dw | ' f e| +6, li A Ef�/ ehlqj �{hg wr A 
/ lv qrw doorzhg wr dgmxvw1 Li wklv
vlwxdwlrq lv suhyhqwhg dw w@ 3 +e| wkh frqglwlrq

U f

3A 

ME�� _� 	 �,/ lw zloo qhyhu

6 Wkh vdph txdolwdwlyh uhvxowv fdq eh hvwdeolvkhg iru wkh rwkhu frvw sdudphwhu �1
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kdsshq lq wkh ixwxuh +Vhh Erxfhnnlqh/ Gho Uðr dqg Olfdqgur/ 4<<</ Sursrvlwlrq 7/
iru d surri ri wkh odwwhu fodlp,1

615 Vrph surshuwlhv ri wkh vwhdg| vwdwh jurzwk sdwkv

Lq wkh vwhdg| vwdwh/ rxwsxw vkrxog lqfuhdvh dw wkh h{rjhqrxv udwh ri whfkqlfdo surjuhvv
�/ t E|� ' t e�|/ t : f1 Zh ghqrwh e| M wkh orqj uxq klulqj udwh1 Vroylqj wkh prgho
lq wkh vwhdg| vwdwh |lhogv=

M '

�3q
q
e3�A

W

� n �3q
q
e3�A WA W

c

t '
M

�

�
�� e3�A

W � kE�� e3�(�
�
�

Lw iroorzv wkdw dq lqfuhdvh lq wkh dgrswlrq shulrg ghfuhdvhv wkh klulqj udwh wkurxjk
d ulvh lq wkh olihwlph ri wkh surgxfwlrq xqlwv1 Lqghhg

YM

YA W
' �

�
�3q
q
e3�A

W

��
� n �3q

q
e3�A

W

�
�
� n �3q

q
e3�AWA W

�2 	 f�

Vlqfh d ulvh lq A 
 ghfuhdvhv erwk wkh suredelolw| ri �qglqj d mre dqg wkh vhsdudwlrq
udwh/ wkh h�hfw rq mre fuhdwlrq lv xqdpeljxrxvo| qhjdwlyh1 Dv dq lqfuhdvh lq wkh
dgrswlrq shulrg ulvhv wkh rswlpdo vfudsslqj wlph e| Sursrvlwlrq 4/ lw wxuqv rxw
wkdw lqyhvwphqw lv ghsuhvvhg li wkh dgrswlrq shulrg lv ohqjwkhqhg1 Wklqjv duh pruh
frpsoh{ iru wkh orqj uxq rxwsxw ohyho1 Lqghhg/ zh kdyh

Yt

Y(
'

t

M

YM

Y(
nMe3�A

W YA W

Y(
� kMe3�( +43,

Htxdwlrq +43, vkrzv fohduo| wkh wkuhh h�hfwv dw zrun lq wkh frpsdudwlyh vwdwlfv ri
orqj uxq rxwsxw ohyho1 Wkh �uvw rqh lv qhjdwlyh dv dujxhg mxvw deryh1 Wkh vhfrqg
rqh lv srvlwlyh= Dq lqfuhdvh lq wkh dgrswlrq shulrg lqfuhdvhv wkh olihwlph ri pd0
fklqhv/ zklfk idyruv surgxfwlrq1 Wkh wklug rqh lv wkh gluhfw qhjdwlyh h�hfw= E| +4,/
li ( lv ohqjwkhqhg/ wkh rxwsxw orvv gxh wr wkh lqvwlwxwlrqdo eduulhuv wr dgrswlrq zloo
lqfuhdvh1 Wkhuhiruh/ wkh wrwdo h�hfw rq wkh rxwsxw ohyho lv lq jhqhudo dpeljxrxv1
Krzhyhu/ iru doo wkh sdudphwhul}dwlrqv zh wu|/ wkh wrwdo h�hfw lv v|vwhpdwlfdoo| qhj0
dwlyh1 Dffruglqj wr Juhhqzrrg0\rurnrjox +4<<:,/ dgrswlrq frvwv pd| dprxqw wr
derxw �fI ri JGS lq ghyhorshg frxqwulhv1 Zh kdyh fkrvhq rxu sdudphwul}dwlrqv vr

wkdw wkh udwlr dgrswlrq frvwv wr surgxfwlrq/
U |
|3(

kMEr�e�r_r

t E|�
/ grhv qrw h{fhhg �fI lq

wkh orqj uxq1
Iljxuh 4 jlyhv wkh rxwsxw ohyho lq whupv ri wkh dgrswlrq shulrg iru ydulrxv ydoxhv

ri k zkloh o ' f�fD/ � ' f�f� dqg q ' f�D1 Wkh vwhdg| ydoxh iru rxwsxw ohyho dsshduv
fohduo| ghfuhdvlqj lq (1 Khqfh/ iru dgplvvleoh sdudphwhul}dwlrqv/ wkh srvlwlyh h�hfw
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Iljxuh 41 �k ' f��/ � � k ' f�2/ � 1 �k ' f��

dulvlqj iurp wkh lqfuhdvh lq wkh olihwlph ri wkh surgxfwlrq xqlwv lv qrw vx!flhqw wr
frpshqvdwh wkh qhjdwlyh h�hfwv lqkhuhqw wr dgrswlrq frvwv1

7 Vkruw uxq  xfwxdwlrqv dqg frqyhujhqfh

Xvlqj +6, dqg +<,/ zh fdq holplqdwh LE|� dqg rewdlq dq lqwhjudo htxdwlrq lqyroylqj
rqo| ME|�1 Gl�huhqwldwlqj wkh rewdlqhg htxdwlrq dqg +4,/ zh jhw

M �E|� ' ��� q

q
e3�A

W

dME|��ME|� A W�o

t �E|� ' e�|
�
E�� k�ME|� n kME|�(�e3�( �ME|� A W�e3�A

W
�

zlwk wkh lqlwldo frqglwlrqv

MEf� '
�� q

q
e3�A

W

�
��

] f

3AW
MEr�_r

�

t Ef� '

] f

3A W
MEr�e�r_r� k

] f

3(

MEr�e�r_r�

Zh jhw d v|vwhp ri wzr gl�huhqwldo htxdwlrqv zlwk wzr ghod|v A 
 dqg( +vhh Ehoopdq
dqg Frrnh +4<96, iru d ghhs lqwurgxfwlrq lqwr ghod| gl�huhqwldo htxdwlrqv,1 Qrwh
wkdw zh nhhs wkh vdph gl�huhqwldo vwuxfwxuh lq wkh devhqfh ri dgrswlrq frvwv/ lq vxfk
d fdvh rqo| ghod|/ A W lv lqyroyhg dv lw fdq eh lqihuuhg iurp wkh suhylrxv v|vwhp rqfh
k ' ( ' f1 Zh vroyh wkh jhqhudo ghod| gl�huhqwldo v|vwhp xvlqj wkh h{solflw phwkrg
ri vwhsv ghyhorshg lq Erxfhnnlqh/ Olfdqgur dqg Sdxo +4<<:,1 Lq doo rxu h{shulphqwv/
zh rewdlq rvfloodwru| frqyhujhqfh wr wkh vwhdg| vwdwh/ uh hfwlqj wkh �hfkr sulqflsoh�
dw zrun lq vxfk ylqwdjh prghov1 Rxu �qglqjv fdq eh vxppdul}hg dv iroorzv1 Iluvw/
d ulvh lq wkh dgrswlrq frvwv wkurxjk ( ru2dqg k lqfuhdvhv wkh pdjqlwxgh dqg wkh

:
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Iljxuh 51 �( ' f/ � �( ' 2

ohqjwk ri wkh vkruw uxq  xfwxdwlrqv1 Fohduo|/ li ( lqfuhdvhv/ wkh rswlpdo vfudsslqj
wlph zloo dovr lqfuhdvh/ dqg wklv d�hfwv gluhfwo| wkh iuhtxhqf| ri wkh hfkr rvfloodwlrqv1
Krzhyhu/ dgrswlrq frvwv duh dovr irxqg wr lqyroyh vwurqjhu uhvsrqvhv ri lqyhvwphqw
dqg rxwsxw wr lqlwldo ghyldwlrqv zlwk uhvshfw wr wkh vwhdg| vwdwh1 Iljxuh 5 surylghv
wkh vkruw uxq  xfwxdwlrqv ri wzr hfrqrplhv/ vwduwlqj �fI ehorz wkhlu uhvshfwlyh
orqj uxq rxwsxw ohyho1 Wkh �uvw hfrqrp| kdv qr lqvwlwxwlrqdo eduulhu wr dgrswlrq
+k ' ( ' f, dqg wkh vhfrqg idfhv vxfk d frqvwudlqw zlwk k ' f�2 dqg ( ' 2 |hduv17

Fohduo|/ wkh ghyldwlrqv zlwk uhvshfw wr wkh uhvshfwlyh vwhdg| vwdwh ydoxhv duh odujhu
lq wkh suhvhqfh ri dgrswlrq frvwv1 Wkh f|fohv duh orqjhu dqg odujhu lq wkh odwwhu fdvh1
Dv d frqvhtxhqfh/ wkh frqyhujhqfh lv gh�qlwho| vorzhu1 Lq rxu h{dpsoh/ wkh ghyldwlrq
zlwk uhvshfw wr wkh vwhdg| vwdwh lv orzhu wkdq f�DI diwhu �2f |hduv iru wkh �uvw
hfrqrp| dqg durxqg �.f |hduv iru wkh hfrqrp| zlwk dgrswlrq frvwv1 Wkh gl�huhqfh
lv kxjh$ Rxu prgho suhglfwv vorzhu frqyhujhqfh vshhgv iru lqfuhdvlqj dgrswlrq frvwv1
Lw dovr lpsolhv wkdw wkh hfrqrplf f|fohv duh vkruwhu dqg vprrwkhu iru wkh hfrqrplhv
zlwk orz dgrswlrq frvwv1

8 Frqfoxvlrq

Lq wklv sdshu/ zh dqdo|}h d vlpsoh h{whqvlrq ri d fdqrqlfdo fuhdwlyh ghvwuxfwlrq prgho
lqfoxglqj dgrswlrq frvwv1 Li zh eholhyh wkdw dgrswlrq frvwv duh kljko| +qhjdwlyho|,
fruuhodwhg zlwk hfrqrplf ghyhorsphqw/ rxu vlpsoh prgho lpsolhv wkdw wkh hfrqrplf
f|fohv vkrxog eh pxfk ohvv vprrwkhu dqg pxfk orqjhu lq ghyhorslqj frxqwulhv1 Lw
dovr suhglfwv pxfk vorzhu frqyhujhqfh vshhg dv frpsduhg zlwk wkh prgho zlwkrxw
dgrswlrq frvw1 Lw zrxog eh kljko| lqwhuhvwlqj wr whvw wkh urexvwqhvv ri rxu suhglfwlrqv
lq pruh vrsklvwlfdwhg prghov/ lqfoxglqj qrwdeo| wkh kxpdq fdslwdo uhtxluhphqw wr
whfkqrorj| dgrswlrq1

7 Iru erwk hfrqrplhv/ zh vhw u @ 3=38/ � @ 3=36 dqg � @ 3=81
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