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Summary- W e rvisit nplyer coodinatian games with P aretoranked || ash e ibria
T he noelty is that we intraduce izzy ply and a matdhing device, where eech plyer
doss not dhoase vhidh pure strategy 1o ply, but insteed dhoosss a nanempty subsst of
his strategy set that he submits 1O the matkching devce. T he matdhing devce is avaery
smpk ae. Italy sebcts a matdh ifpassibEe, ad it sebcts randonly sane stratlegy
belbging 1o the strategy setsait by eedh pler othaewise. T hatis, it does notimpcse
that the best altermatives are matdhad - U sing the anapts of perfect!l ash eguilibrium
and of tramblinghand perfect raticnalizabi iy, we show that players coordinate directly
an the P areto qotimal autcome.- T his implies that they naither use the gotian of Tizzy
ply, normake use of the matching device.-
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1 Irrod ution

T hare is awidespreed interest in coodinatian games wWith multip ke P aretoranked eui-
ibria, sine thexe games have many eqrilibria that are bad Tor all coaamed, but still
are dizault © ruk aut by stendad notias of ratiaalty- T he coadinatian game is of
pariaubrimportance Tormaaceaaanists, who believe thattan econamy may be beaome
mired in a lonvautputequi ibrium, see eg- B nant[27] Cogper[4 ] ad Caperad Jdn
[6F Indesd, vhike all agaits in the econamny undarstand that the autoome is inetdant,
each agenit, adting indepently, is ponerkess 1o coadinate the adtivities of other egaits 1o
reech aP arctopreferrad equi ibrium _ S o, fran this paspective, a degpressian in agprecaie
eaonamic activity arisss When the econamy &l into the trgp ofa bwadtivity el ash
equi ibrium _

Fgure!l A 2 £2 coadination game

Caddera? £2 coadination game betinean o plyars. T he payadPmatrix is gven
in Figure! _T here are two pure stiategy | ash equ ibriaiin this simultzaneass mowe game,
thestrategy pro s @a)ad G ), as well as amixed strategy equi ibrium inwhidh eedch
plher sekcts the adtian a with prdoebihy%- T hese are | ash equilibria because eedh
plyeris acting gotimally gven the dhdce ofthe other- T he equi ibria of this coadinatian
gane are strictl ash equilibria. Caseguatly, the strategy pro E (b)) abo satis es the
arditiasimpased by themaostre ned equi ibrium notias sudh as strategcstabi ity inthe
saseofKdhbergad!l erters[1 2] T he mulipidty ofeopi ibria, and thus the passibi ity
ofaP aretoineriarequ ibrium, darives fram plyarsTinsbi ity 1o coadinate theirdxdass
in this stratsgc aMiament. A s a aasaguence, realized equilibium autoones that are
P aretosubgtimal reltive to other eqi ibria are often termed coordination fillires -

0 reaadLaian ofa i ramauntofepaerimatal evidance is thatcoodinatiaon prdolems
are not a pure theacetical ancity. In partialr, codination BEilures ae routinely



doserved in exparimental ganes, sseeg-Caperetal.[5] and 0 ds [l 3}

CanpkEnaitaxy 10 the acaumulatian ofevidence an coordinatian games hes been the
develpment of theories aanceming ecu ibrium sebecian in these games. H arsavl ad
Selen[9 Jhave prapasaed the risk daminence piindp - T his prindplke macek thatthe ply
of acartain equilibrium strateges is riskier then the ply of atthers gven the udarling
stratlegic unaartainty ofa game .- Carbsaon and ven D anme [3 Jhave prodded an argumant
1o sebction of an equilibrium in acoadinatian game. T hdrideais to eple the equi-
ibria ofF a neaxtoy game of incompete infkamatian- T he equi ibrium Tor the coadinatian
gameis then the imitofthe equi ibrium Tarthe nearby game as the amauntofinaampkte
infomation goes o zero. T hey  d thatin the Emititis the riskedominant eou ibrium
thatis selbecied - A nothergppraadh to equi ibrum selectian involves explaring the dyrem-
ics ofF coodinatian games - T his gppraach requiires the gped  Gatian of a dynamic procsss
desaibing the ply of aganits involead insudh agamne, sseeg- Kandar etal- [1L A -
otherpartofthe Fterature hes Ibded Torpassibke remedies 1 coodiration prdolems ke
preply ammunication ardegp ek G Fanrel [7] [ Jad R abin[L5P-

T his pgper aasidars a noel and simp ke vway 1o resohe coodinatian prdolms, vhidn
axdists of the anmbination of fzzy ply ad the introduction of amatding device- By
Tzzy plhy we meen that eedh plyer doss not dhocse whidh pure strategy 1o ply, but
insteed doosss a noampty subset of his stralegy set that he submits 1 a matding
devc. T he matdhing davice is a vary Smpke ae. I'taly sebcts a matth ifpasibie,
and it sebcts randamly same strategy belnging 1o the strategy setsat by eedh plyer
othernise. T hatis, itdoss notimpae that the best altermatives are matded.- W e fToas
an pure nplyer coadination games with P aretoranked | ash equi ibriac

Farthe 2 £2 coadinatian game represaied in Figure |, players novhae 1o docse
betneen sading 1o the matching device either anly the adtion a, aranly te action b, ar
both actias aand b. T he matching davice selbects amatth ifpassib, itsebeds randonly
samne strategy beloging 1o the strategy set sait by eech plyer atternise. T hatis, if
both plhyers sad both actias a and b o the devce, then the par @;a) is selbcied with
prdoebiity ¥ 2 @ ;1) ad the par @@b) is selbced with prdosbility ! § % - IFae pbher
sk anly the actian a, vhi e the ather plyersads both actias aand b then the device
shbats the par @ a2 with prdoshi ity ae; and soan- P ayaRs of this new game are gven
inFige2 with xX=1 + % .

U sing the aonagpts of perfect!l ash equiibrium and of tramblinghand perfect ratio-
ralizabi kity, we shov that plyars coadinate directly an the best matdh passibe- T hey
do not Lee the ptian offlizzy p y, but submit a singke strategy 1 the matding device.
T his strategy is the ane conrespading to the P areto gotimal autcome.-
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Figure 2 : Fuzzy ply in the 2 £2 coadinatian game

T he aonapt of treamblinghand perfect raticalizabi ity reerts 1 te iterative elimi-
natian oivneskly daminated strateges Tor the diess oftnwoplyernamal-Hom games.L et
us gpply this welHkhonn anapt o aureanpke. 0 bvasly, the strategy whidh aasists
ofserding anly the action btothe davice is weskly dominatied by the strategy Where both
atias aad bae sait_ 4 tte straud of the iterative proedure we eiminate the
strategy Whidh aasists of sanding anly the actiaon b A tthe secod raund, the stratlegy
where bath actias are sentis now weekly daminated by the strategy Whidh aosists of
sading anly the aclion a- So, the unigue tremblinghand perfect ratiaalizeble solutian
is the ae whare both plyers docse 1 sad anly the P areto-gotimal actian a.-

2 Fuzyphyari the matchirgdevre

- - - ®
W e aadider an nplyerpure coadination gamedaoied by G = N ;1A 'gpy s TuOy

whereN =1 ;:::;rgis the sstafplyers, A ' is the  nite setofactias orpure strateges
ofpleri, ad ul is pleri’s paoRndian. 4 gane is a coadination gane ifthe
plhars hae the same numberm of stratleges, whidh are indexed so thatitis alnays a
strictll ash eqri ibrium Torboth plyers topby straleges having the sameindex W ithaut
Iss of grarality, e may assume that the sets of pure strateges of all plyars adndde,
Al = di= A" ; whidh makes itmeaningiill o take intersectias of sudh sets.

A pure coodinatian game is acoadinatian geme Tonahidh the payoRs aRvthe diagoal
arezero. IntegameG wehaetatstrictl essh equi ibriaare anthediagoal, and autsice
the diagoal the paycss are zero Torboth plyers - Finally, we impcaee thatt the strictl ash
equi ibria are P areto ranked, withaut Iss of gernerality deaeesing in the index of the



strategy- Sunmmakizing,

ui(a};:::;al‘)> (¢4 i ui(a} ;iiah D> 05 12N

U@ )=0; K’ & K® frsane i%i®2N :
W e introduce both Tzzy ply ad a matding davice. By Tuzzy ply we mean that a
plyerdoss not necssari ly restrict himselfto play asinge puresualeg/ai(; butinsteed
dhoosss a nanampty subset ofhis strategy setA ' thathe submits 1o the matdhing device.-
H e thereby ks aut that strateges autside A ' are played. | s a aarssopence, the setof
strateges ofeadh plyerbecones

. N — _ o
S'= s'";6s"pA" Ji2N .
T he matdhing davice is assumead 1o perate s Tdllons. 1t randaonly sebects a matdh if
passibke, and itsebdts randaonly same strategy belonging 1o the strategy setsatby eech
plhearothermise. T hatis, the matdiing device does notimpase that the best aliermatives
are maidhed -
Let%(ai)chrleﬂepﬁa’prdod)illytratﬁematdirgcb\ﬁcesebdstesnaleg/

gL2AL i 2N _Itis asumed that . @)> 0 ﬁrallkpali(ZAi%(ai()zl ,ad @)=

Suppce plyer i submits the set of actias s* 2 ST 1O the matdhing davice. Two
s have 1o be distinguished - Either the plyers™ aclian sets hae ae armare actias
in conman, ar they have nothing in camman.- T hat is, ather there is k sudh that for
alli 2N ;g 2sh ateeisnoksuh tatoralli 2N ; g 2s';s0\py s' = 5 IF

\p s'= ;; ten g\ 2 s' is daen with praosbi ity

P—: i2N:

N\ py S'6 ; and a2 \py s', then a. is dasen with praboebi ity

Yac
P
a1i2\py St 4
T hewvay the matching device selbects strateges is assumed tobe comman knonredge amag
allpbers.
W e an eoress the payoRs ofthe inducsd geme as Tolbns:

8 _
] z if\py s'=3,
| PN - [ 1 ¥ p—t

UlG;:::; sH= S bl m=al) o

a2N\eN stk
- - - ®
W edaote teinduead gameby G= N ;B8 'gpy ;T gy  -The aaxaptswewnilluse ©
amalyze G are parfectll ash equilibrium and tremblinghand perfect ratianalizabi kty/-
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3 Perfet Nash equilb rium

T hree ecuinvalant ce nitias of perfect!l ash e ibrium have been pragpcsad in the e
ature. 0 ne of them hes bean introducsd by Selien [L 6 ]ad is the Tolloning- A perfect
' ash equilibrium is a imitpantofassguence afFampEtely mixad strategy pro s with
the property that it is a best reply agairst every elamantt in the sequence.- A s gerneral
notation, wedenoke byt ¢ ) the setofallB arel prdosbi ity messures anX : For niteX ;
wedaotebyt ¢ )thesetofallB ael prdoebi ity messures gving pasitive prabebi ity to
eaech manberofX .6 vend 2¢ G D, we denote by dEY the praoebiity that d assigs
10 the subset of pure strateges s': P erfect)l ash eqpilibrium or the game G is de ned
fomally as ollons.-

Der rﬂlcnl A perfectl ash equilibrium of te gane G is a mi>ed strategy pro B c2
QQN ¢ S' wih the proarty tat tere exdst a saquene (c;.j , of ampEkely m>ed
strateyy piro ks tatanvergs © ¢ such et or eech plyer i te straley Jd is a best
respase © G orallvales ofn.

WV esay thatapbyers strategy is Weekly dominated ifthe plyerhes another strategy
at bsstas good nomatterwhat the ather plyers doand better torat sstsane strategy
pro Eofthe atterpbers. T o daracterize the perfectll ash equi ibriaoftte game G; the
olloning to Enmeas are \vary uselll.

L emmal Ifastakegy pro E is a parfectl ash equilibrium of G; then e strategy of
neither plyer is wealdy dominated -

Lemma?2 The game G possesses att bestane trembling hend perfectequi brium -

T he praok ofl enmal andl enma?2 an be foud invenD anme [1 7, p49 Jad in
Selten [16, p 487 respectinely. B efae davacterizing the perfectll ash eqguilibria, we  1st
edanine the setofalll esh equilibriaoftte game G.-

Thearem ! Thestrategy pro Bs = @';:::;8")2S is apurell ash equililrium of G if
and anly ifforalli 2N ; u'@e;::ige) - U "6 were K = minfk jax 2 \py 6™
andu'@e)=0 iF\py na? = -

P yoof. Casiderastrategy pro Es 2 S: P lheri doss notdeviate ifand anly ifforall

a2\ g’ ithols thetu'@;:::5d)) - U *EX T his doseration eds immediately
ote result. B



Han T heoram | we denive that the | ash egilibria in synmetric pure strateges of
the gane G anddewth thell ash equiibriain pure strateges of the gane G - Symmetry
implies st = aib=9": Il ext, fian aurdarecterization of pure strategy | ash eqpi ibria of
G aemayimmediaiely inerthats'; i 2N ;is asingeton.ll aeo.er; eedh strategy combi-
nation (ALg;:::;fEg)is all ash equilibrium of G: 0 bviasly, each stiategy combinatian
(€ Sl g is all esh equilibrium of G _W e have shonn the Tollloning resulc

Cadlixyl Thesynmetricpurestialeyyl asheguilibriaofte gameG are (fag;:::;fag),
k=1;::;m, and cindce with te pure stiategy | ash equilibria of e game G ; gven by
@ciiaok=1;;mm.

W e twm nextto the dharacterization ofperfect aeh equi ibria-

T heorem 2 ITte stakegy pro B @ ;:::;9")is a perctl ash eqpilibrium of G; ten
\y s'=Tag:

P roof. Casider ay s' suth tatal 2 s*: W e showv that s! is weekly daninated by
s'[ falg .- First, ageirstsi ' such thata, 2\ py Rt e hae
- _ _ X )

V'E'[ falg:s'D = ———
akz\jzwsi/‘ll-'- al2\_i2NSi/4l
Yoy .

P

T+ a|2\_52st1/4|

> T e wiesndd
iebebee

i a\p Sjl/“

ar2\gz\ s I N

= UiEisify

Seaad, agairstsi ' sudh ttetar 2 \ py ag?; Ve hae

VIE g H=UiEhs D= Pl—% &G5O
a2\ si ar2N\gzy s171
Usingl enmal and knoning thaetevery strategy s* whidh daes notaatain &' is weekly
daminated by s'[ 1&g, itllons thatnoperfectll ash equ ibrium puts pasitive weiditan
such astrategy s' - U sing aur desedteizatian ofll ash eguilibriain T heorem 1, itolbns
thatthe strategy G';:::;5")2 S is aperctl ash equilibrium aly if\py s'=Tag: B



4 Tremb Brghari per€ct ratioralkzab ility

In the same way a6 ratiaalizebility @ emmham [} Pearce [ 4 Pis relbted ol ash equi-
brium, the aanaptofFttremblinghand perfect raticalizebi ity due ©H erings and Van-
netelbbosdh [10 Jiis related o perfectl ash equi ibrium - Insteed ofusingbestrespases as in
raticnalizabi ity the plyers are reouiired 1o Lse cautiass best resparsss in tremblinghard
perfect raticalizebi ity

A nothermativation whidh keds o the tremblinghand perfect raticnalizabi ity concept
is dotained by canrying the bbgcbehind cautios raticalizebi ity e toP earce[L 4 pae
step further. T his implies that ae wants to ansider a solution anaptwhere pbhars
eliminate respasss thatare notcautios ineedh round -4 Il pure strateges thathaent
been deleted yet are aasidered as passibke by the plyers, ad therefore they do notuse
anjectures that putprdoebi ity zeyo an sane of these strategies - T reamblinghand perfect
raticnalizebility (H PR )is de ned by the Tolloning iterative procedure.

D e nitian 2 L etT =QizN ¢t S Fork _ 1;Tk=QizN T} is incuctively & ned a5
Blbns: ¢ g ©T! ifd 2T )% | andtereis d 1 2 intch( L} D such tatd is abest
respaonse eginstc! " whin T\, t The setT; = Imu Tk is e setof tlemblinghend
perfect ratianalizabk stiategy pro ks ofte game G

A teadth step ofthe iteration, astrategy A ofplyeri hes 1O be abestrespase agrirst
same anjecture ¢ * 2 intch( YD), the relative interiar of the aonvex hull of the set
T4 - Suth a anjecture is calld a cautios amnjeciure.. 1t ollons that at eedh step of
the iteration at ksst all weekly daninated strategies are debted - T he set of trambling-
hand perfect ratiaalizebk strategy pro ks is shoan o be nonr-empty in H erings and
Vareebod [10 ]

T heoram 3 T he setoftlemblinghand perect raticnalizz2bke strategy pro s of e game
G is non-empty/-

L emma3 deims thatany strategy whidh excdludss the actian ! is neveracautious best
respase, and e therefre notbelog 1 T, - In othervwardk, itis never a best respase
Topbheri tsad asubsstofactias 1o the matching device whidh does notaaitain the
Pacto ar, & . || asoer, ae cn show that submitting any strategy © the matding
device that aritzirs the P areto adtion & is individually ratiaal.

L emma3 Itholks tats' 2T} ifad alyifal 2s'.

P roof.\l eshov 1stttats' 2T} ifal 2 s'.Casiderany s' suh tatal 2 s'. Itolbns
s in the proofof T hearem 2 thatts! is weskdy dominated by s'[ falg.-

-



W eshovrexttats' 2 T ifal 2 s'. W e dosere st thatifs! is the uniqe best
respaee against a anjecture ¢ ' (passibly degeneraie), then itis abo the unigue best
respase ageirstsane cautias anjecture.ll aepredsely, ke any s 2 S 1 I fthere exsts
disch@©c 2¢ GiNad (@Dfralls' 255,586 st U i6hd H> U iEhd D, then,
Lsing a aontinLity argument;, it Hlboas that there exists B 1 such that GiDB 12¢ 0 G 1 H
ad (W Tralls'2si,s'6e s, U i6ho D> U iGho H.

Casider any s' such et al 2 s*: Farj 6 i; Etd be a nondegenerate praosbi ity
distribution an falg; frgl, 2 s'; and fal;alg; for gl 2 s*:W henallplyers j play acoad-
ing o J; then there is anly pasitive praosbi ity an intersectias \ py nRgs? of the om
acrgl 2 s arfasag orac2 st dice that the phy of s' resuls in the higest
payc®passible, inespective of the \ n@i that resuls fram the ply ofi S qopaents.-
T he play oFany propersubsstofs! results in astrictly baer payc®when matdhed aggirst
fag orsane g, 2 s' notin the propersuset. T he ply ofFa sstof actias thatcotairs
an action g notin s resullts in astrictly baer payo®when matdhed egeirst fa ;a.9: It
lbons thats' is the unigLe best respase agpinstthe anjecture & ¥; and by the argument
g\van abowg, itis the unigue best respase agrinst same cautias anjecture. 1'tollons
tats' 27 B

W e anusel enma3 o shonvthe olloning main resulit
T heorem 4 Ithoks tatT, =T, =ffalgg; i 2N :

P roof. Fran | enma3 we knovthatany st 2 T4 antairs the action a¥: T hen, ine-
spective of the ddice of st 2 TH; j 2 N nfig; the ply of s' = falg dves © plyeri
autiity U '@&g;si D= u'@ ;::;d ). Casiderany s' 2 T such thats' 6 fafg. 0 b-
viasky, U 'GsiD - U@ ond ) orallsit 2 szN rﬁngjz Ifs? =s%; j 2 N nfig;
then U iG5si D < U@ ;:sd X 1t Plbns that for any anjecture & ¥ 2 in@ch(@ [ D)
UiEhd H< u'@&;nd X W e have shonn that T, = Flalgg: It Blloas immediately fram
T heorem 3 that T =ffalgg: B

Toilistrate aur resulis we arsider the 3 £3 pure coodinatian game depicted in
Figure 3 .0 neewe inttraduce Tizzy ply and the simp e matching device, we dotain anew
oame Whose matnix paycss are gven by Figure4 where3 > x> 2,2>y> 1,3> z> 1,
3> w> 1 adw> y_0 bvasly, the striateges of plyeri thatdo notindluce the actian
a areweskly daminated, and hence donatbelogtoT | . Indeed, the stratleges fa g, Taeg,
Ta ;a0 are weskly doninated @d are never cautias best respasss) by the strateges
Taag, fa;ag, Ta;a ;a0- A the rstroud we eiminate all the strateges that do
notindluce the adtian g - A the saocod raud, both players know that tha r qopaent
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a | 3:3 050 050

Fguwre3:A 3 £3 coadination gane

will never use sudh strateges - Sinae both plyars are cautiaus, their anjecturss hae 1o
gwe paitive vadit o Ta g, fa;ag, fa;asg ad fa ;a ;asg of their paeit. A sa
aasguee eedh plyerhes aunigLe cautiass best respanse, whidh is the strategy fa g -
Indesd, this strategy will guarantee a payc®of3 whi E any other stratey ghves apaycRof
atmaost3 and apaycRstrictly Ess than 3 agrinstsame strateges within the suppartoftte
anjecture. So, eech plyar hes a unigue ttemblinghand perfect raticnalizebe strateyy,
whidh arsists ofsading anly the action & o the device and whidh alllons the plyers
aoadinate perfectly an the P areto-gotimal autcane.

g d & 438 d;8& &8 d&:d:5

a | 3;3 030 | 050 3;3 | 050 3;3 | 333

030 232 030 232 2:2 030 232

a 050 |00 |15l [0 [ Lo 1st ] oLst

a:a| 3:3 |22 | 050 | xx| 2;2 | 3;3 | xX

a;a 050 | 2;2 |15l 22 [ yzsy | Lt | ysy

a;a 3;3 |00 | 151 |33 (151 | zmz| zz

a;a;ay 3:3 | 2:2 | 15l | xx| vy | zz | ww

Figure 4: Fuzzy ply in the 3 £3 coadinatian game



5 ConbL=on

W e hae rvsited nplyerpure coadinatiaon games with P asretoranked | agh eqrilibria.
T he noelies thatwe have introduaed are Tlizzy ply and amatdhing device. Each plyer
does not dhoase vhidh pure strategy 1o ply, but insteed dhoosss a nanempty subsst of
his strategy set thatt he submits 1 the matdhing device. T he matding device we hane
axddaed is avery simpke ae. Italy sebats amatth ifpassible, and itselbcts randanly
sane strategy beloging 10 the strategy set sant by eedh plyer otherwise. T hatis, it
doss notimpce that the bestaltiermatives are matidhed - W e have gpplied the aonapts of
perfectl ash equilibrium and of ramblinghand perfect raticnalizabi ity 1o the resulting
situatian.- 1'thes been shonn that all plyers coodinate directly an the P areto gotimal
autoome. A s aarsegquae, the plhyars do nather use the passibi ity of fizzy ply, nar
do they wLee the matdhing device. B ath anogpts ked 1o the andilsion that the mere
passibi ity of fizzy ply and the meare ad Bbi ity oFasmpke matdhing device is sut=dent
Tordirect coadination an the P areto gotimal autcome.
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