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Summary.W erevisitn-playercoordinationgameswithPareto-rankedN ashequilibria.

T henovelty is thatwe introducefuzzyplayandamatchingdevice,whereeachplayer

does notchoosewhichpurestrategytoplay,butinsteadchooses anonemptysubsetof

his strategysetthathesubmits tothematchingdevice.T hematchingdeviceis avery

simple one. Itonly selects amatch ifpossible,and itselects randomly some strategy

belongingtothestrategysetsentbyeachplayerotherwise.T hatis,itdoesnotimpose

thatthebestalternatives arematched.U singtheconcepts ofperfectN ashequilibrium

andoftrembling-handperfectrationalizability,weshowthatplayerscoordinatedirectly

ontheParetooptimaloutcome.T his implies thattheyneitherusetheoptionoffuzzy

play,normakeuseofthematchingdevice.
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1 Introd uc tion

T hereis awidespread interestincoordinationgameswithmultiplePareto-rankedequi-

libria,sincethese games havemanyequilibriathatarebad forallconcerned,butstill

aredi±culttoruleoutbystandardnotions ofrationality.T hecoordinationgame is of

particularimportanceformacroeconomists,whobelievethataneconomymaybebecome

miredinalow-outputequilibrium,seee.g.Bryant[2],Cooper[4],andCooperandJohn

[6].Indeed,whileallagents intheeconomyunderstandthattheoutcome is ine±cient,

eachagent,actingindepently,ispowerlesstocoordinatetheactivitiesofotheragentsto

reachaPareto-preferredequilibrium.So,from thisperspective,adepressioninaggregate

economicactivityariseswhentheeconomyfalls intothetrapofalowactivitylevelN ash

equilibrium.
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Figure1 :A 2£2 coordinationgame

Considera2£2 coordinationgamebetweentwoplayers.T hepayo®matrixisgiven

inFigure1.T herearetwopurestrategyN ashequilibriainthissimultaneousmovegame,

thestrategyprō les(a;a)and(b;b),aswellasamixedstrategyequilibrium inwhicheach

playerselects theactionawith probability 1
3.T heseare N ash equilibriabecauseeach

playerisactingoptimallygiventhechoiceoftheother.T heequilibriaofthiscoordination

gamearestrictN ashequilibria.Consequently,thestrategyprō le(b;b)alsosatis̄ esthe

conditionsimposedbythemostrē nedequilibriumnotionssuchasstrategicstabilityinthe

senseofKohlbergandM ertens[1 2].T hemultiplicityofequilibria,andthusthepossibility

ofaPareto-inferiorequilibrium,derivesfrom players'inabilitytocoordinatetheirchoices

inthis strategicenvironment.A saconsequence,realizedequilibrium outcomesthatare

Pareto-suboptimalrelativetootherequilibriaareoftentermedcoordinationfailures.

O neconclusionofafairamountofexperimentalevidenceisthatcoordinationproblems

are nota pure theoreticalcuriosity. In particular, coordination failures are routinely
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observedinexperimentalgames,seee.g.Cooperetal.[5],andO chs [1 3].

Complementarytotheaccumulationofevidenceoncoordinationgameshasbeenthe

developmentoftheories concerningequilibrium selection inthesegames.H arsanyi and

Selten[9]haveproposedtheriskdominanceprinciple.T hisprinciplemodelsthattheplay

ofcertain equilibrium strategies is riskierthantheplayofothers given theunderlying

strategicuncertaintyofagame.CarlssonandvanD amme[3]haveprovidedanargument

forselectionofanequilibrium inacoordinationgame.Theirideaistoexploretheequi-

libriaofanearbygameofincompleteinformation.T heequilibrium forthecoordination

gameisthenthelimitoftheequilibriumforthenearbygameastheamountofincomplete

informationgoestozero.T hey n̄dthatinthelimititistherisk-dominantequilibrium

thatisselected.A notherapproachtoequilibrium selectioninvolvesexploringthedynam-

icsofcoordinationgames.T hisapproachrequiresthespecī cationofadynamicprocess

describingtheplayofagents involved insuchagame,seee.g.Kandori etal.[1 1 ].A n-

otherpartoftheliteraturehaslookedforpossibleremediestocoordinationproblemslike

preplaycommunicationorcheap talk(seeFarrel[7],[8]andR abin[1 5]).

T hispaperconsidersanovelandsimplewaytoresolvecoordinationproblems,which

consistsofthecombinationoffuzzyplayandtheintroductionofamatchingdevice.B y

fuzzyplaywemeanthateachplayerdoes notchoosewhich purestrategytoplay,but

instead chooses a nonempty subsetofhis strategy setthathe submits toamatching

device.T hematchingdevice is avery simpleone. Itonlyselects amatch ifpossible,

and itselectsrandomlysomestrategybelongingtothestrategysetsentbyeachplayer

otherwise.Thatis,itdoesnotimposethatthebestalternativesarematched.W efocus

onpuren-playercoordinationgameswithPareto-rankedN ashequilibria.

Forthe2£2 coordinationgamerepresentedinFigure1 ,playersnowhavetochoose

betweensendingtothematchingdeviceeitheronlytheactiona,oronlytheactionb,or

bothactionsaandb.T hematchingdeviceselectsamatchifpossible,itselectsrandomly

some strategybelongingtothe strategysetsentbyeach playerotherwise. T hatis, if

bothplayerssendbothactionsaandbtothedevice,thenthepair(a;a)is selectedwith

probability¼ 2(0 ;1 )andthepair(b;b)is selectedwithprobability1 ¡¼.Ifoneplayer

sendsonlytheactiona,whiletheotherplayersendsbothactionsaandb,thenthedevice

selectsthepair(a;a)withprobabilityone;andsoon.Payo®softhisnewgamearegiven

inFigure2 withx=1 + ¼.

U singtheconceptsofperfectN ashequilibrium andoftrembling-handperfectratio-

nalizability,weshowthatplayers coordinatedirectlyonthebestmatchpossible.T hey

donotusetheoptionoffuzzyplay,butsubmitasinglestrategytothematchingdevice.

T hisstrategyistheonecorrespondingtotheParetooptimaloutcome.
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Figure2:Fuzzyplayinthe2£2 coordinationgame

T heconceptoftrembling-handperfectrationalizabilityrevertstotheiterativeelimi-

nationofweaklydominatedstrategiesfortheclassoftwo-playernormal-formgames.L et

usapplythiswell-knownconcepttoourexample.O bviously,thestrategywhichconsists

ofsendingonlytheactionbtothedeviceisweaklydominatedbythestrategywhereboth

actionsaandbaresent.A tthe r̄stroundoftheiterativeprocedureweeliminatethe

strategywhichconsists ofsendingonlytheactionb.A tthesecondround,thestrategy

wherebothactions aresentis nowweaklydominatedbythestrategywhichconsists of

sendingonlytheactiona.So,theuniquetrembling-handperfectrationalizablesolution

istheonewherebothplayerschoosetosendonlythePareto-optimalactiona.

2 Fuzzyplayand the matchingd evic e

W econsiderann-playerpurecoordinationgamedenotedbyG =
­
N ;fAigi2N ;fuigi2N

®
;

whereN =f1 ;:::;ng isthesetofplayers,Aiisthe n̄itesetofactionsorpurestrategies

ofplayeri,and ui is playeri's payo®function. A game is acoordinationgame ifthe

players havethesamenumberm ofstrategies,whichareindexed sothatitis always a

strictN ashequilibriumforbothplayerstoplaystrategieshavingthesameindex.W ithout

lossofgenerality,wemayassumethatthesetsofpurestrategiesofallplayerscoincide,

A1 =¢¢¢=An;whichmakes itmeaningfultotakeintersectionsofsuchsets.

A purecoordinationgameisacoordinationgameforwhichthepayo®so®thediagonal

arezero.InthegameG wehavethatstrictN ashequilibriaareonthediagonal,andoutside

thediagonalthepayo®sarezeroforbothplayers.Finally,weimposethatthestrictN ash

equilibriaare Paretoranked,withoutloss ofgenerality decreasing in the indexofthe
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strategy.Summarizing,

ui(a11;:::;an1)> ¢¢¢> ui(a1m ;:::;anm )> 0 ; i2 N ;
ui(a1k1;:::;a

n
kn)=0 ; ki06=ki00forsomei0;i002 N :

W e introduce both fuzzyplayand amatchingdevice. By fuzzy playwemean thata

playerdoesnotnecessarilyrestricthimselftoplayasinglepurestrategyaik;butinstead

choosesanonemptysubsetofhisstrategysetAithathesubmitstothematchingdevice.

H etherebyrulesoutthatstrategiesoutsideAiareplayed.A saconsequence,thesetof

strategiesofeachplayerbecomes

S i=
n
sī̄̄ ;6=siµAi

o
,i2 N .

T hematchingdevice is assumedtooperateas follows. Itrandomlyselects amatch if

possible,anditselectsrandomlysomestrategybelongingtothestrategysetsentbyeach

playerotherwise.T hatis,thematchingdevicedoesnotimposethatthebestalternatives

arematched.

L et¼(aik)denotethepriorprobabilitythatthematchingdeviceselects thestrategy

aik2 Ai,i 2 N .Itis assumedthat¼(aik)> 0 forallk,
P

aik2Ai¼(a
i
k)= 1 ,and ¼(a1k)=

¢¢¢=¼(ank)=¼k;k=1 ;:::;m.

Suppose playeri submits the setofactions si 2 Si tothematchingdevice. Two

caseshavetobedistinguished.Eithertheplayers'actionsets haveoneormoreactions

in common,ortheyhavenothingin common.Thatis,eitherthere isksuch thatfor

alli 2 N ;aik 2 si;orthere is noksuchthatforalli 2 N ;aik 2 si;so\i2N si= ;: If
\i2N si=;;thenaik2siischosenwithprobability

¼kP
ail2si¼l

; i2 N :

If\i2N si6=;andak2\i2N si,thenak ischosenwithprobability
¼kP

al2\i2N si¼l
:

T hewaythematchingdeviceselectsstrategiesisassumedtobecommonknowledgeamong

allplayers.

W ecanexpressthepayo®softheinducedgameasfollows:

U i(s1;:::;sn)=

8
><
>:

0 if \i2N si=;,P
ak2\i2N si¼k¢u

i(a1k;:::;a
n
k)P

ak2\i2N si¼k
otherwise.

W edenotetheinducedgamebyG=­
N ;fSigi2N ;fU igi2N

®
.T heconceptswewilluseto

analyzeGareperfectN ashequilibrium andtrembling-handperfectrationalizability.
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3 P erfec t Nash equilib rium

T hreeequivalentdē nitionsofperfectN ashequilibrium havebeenproposedintheliter-

ature.O neofthem has been introducedbySelten [1 6]and is thefollowing.A perfect

N ashequilibrium isalimitpointofasequenceofcompletelymixedstrategyprō leswith

thepropertythatitis abestreplyagainsteveryelementin the sequence. A s general

notation,wedenoteby¢ (X )thesetofallBorelprobabilitymeasuresonX :For n̄iteX ;

wedenoteby¢ 0(X )thesetofallB orelprobabilitymeasuresgivingpositiveprobabilityto

eachmemberofX .G ivenci2 ¢ (Si),wedenotebyci(si)theprobabilitythatciassigns
tothe subsetofpure strategies si: PerfectN ash equilibrium forthegameG is dē ned

formallyasfollows.

D ē nition1 A perfectN ash equilibrium ofthegameG is amixedstrategyprō lec2
Q
i2N ¢

¡
S i

¢
with the propertythatthere exists a sequence (cn)1n= 0 ofcompletelymixed

strategyprō les thatconverges tocsuch thatforeach playeri the strategyci is a best

responsetoc¡in forallvaluesofn.

W esaythataplayer'sstrategyisweaklydominatediftheplayerhasanotherstrategy

atleastasgoodnomatterwhattheotherplayersdoandbetterforatleastsomestrategy

prō leoftheotherplayers.TocharacterizetheperfectN ashequilibriaofthegameG;the
followingtwolemmasareveryuseful.

L emma1 Ifa strategyprō le is a perfectN ash equilibrium ofG;then the strategyof

neitherplayerisweaklydominated.

L emma2 T hegameG possessesatleastonetremblinghandperfectequilibrium.

T heproofsofL emma1 and L emma2 canbefoundinvanD amme[17,p.49]andin

Selten [1 6,p.48],respectively.BeforecharacterizingtheperfectN ashequilibria,we r̄st

examinethesetofallN ashequilibriaofthegameG.

Theorem 1 Thestrategyprō les=(s1;:::;sn)2 S is apure N ashequilibrium ofG if

andonlyifforalli 2 N ;ui(a1k¤;:::;a
n
k¤)·U i(s);wherek¤=minfkjak2\j2N nfigsjg

andui(ak¤)=0 if\j2N nfigsj=;:

P roof.Considerastrategyprō les2 S:P layeri doesnotdeviateifandonlyifforall

ak2\j2N nfigsjitholdsthatui(a1k;:::;ank)·U i(s):T hisobservationleads immediately

totheresult.
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From T heorem 1 wederivethatthe N ashequilibriain symmetricpurestrategies of

thegameGcoincidewiththeN ashequilibriainpurestrategiesofthegameG.Symmetry
impliess1 =¢¢¢=sn: N ext,fromourcharacterizationofpurestrategyN ashequilibriaof

Gonemayimmediatelyinferthatsi;i2 N ;isasingleton.M oreover,eachstrategycombi-
nation(fa1kg;:::;fankg)isaN ashequilibrium ofG:O bviously,eachstrategycombination
(a1k;:::;a

n
k)isaN ashequilibrium ofG.W ehaveshownthefollowingresult.

Corollary1 T hesymmetricpurestrategyN ashequilibriaofthegameGare(fakg;:::;fakg),
k= 1 ;::;m,andcoincidewiththepurestrategyN ashequilibriaofthegame G;given by

(ak;:::;ak),k=1 ;::;m.

W eturnnexttothecharacterizationofperfectN ashequilibria.

Theorem 2 Ifthe strategyprō le (s1;:::;sn)is a perfectN ash equilibrium ofG;then
\i2N si=fa1g:

P roof. Considerany si such thatai1 =2 si: W e showthatsi is weaklydominated by

si[ fai1g.First,againsts¡isuchthata1 2\j2N nfigsj;wehave

U i(si[ fai1g;s¡i) =
X

ak2\j2N sj

¼k
¼1 +

P
al2\j2N sj¼l

¢ui(a1k;:::;ank)+

¼1
¼1 +

P
al2\j2N sj¼l

¢ui(a11;:::;an1)

>
X

ak2\j2N sj

¼kP
al2\j2N sj¼l

¢ui(a1k;:::;ank)

= U i(si;s¡i):

Second,againsts¡isuchthata1 =2\j2N nfigsj;wehave

U i(si[ fai1g;s¡i)=U i(si;s¡i)=
X

ak2\j2N sj

¼kP
al2\j2N sj¼l

¢ui(a1k;:::;ank).

U singL emma1 andknowingthateverystrategysiwhichdoesnotcontainai1 isweakly

dominatedbysi[ fai1g,itfollowsthatnoperfectN ashequilibriumputspositiveweighton

suchastrategysi.U singourcharacterizationofN ashequilibriainT heorem 1 ,itfollows

thatthestrategy(s1;:::;sn)2 S isaperfectN ashequilibrium onlyif\i2N si=fa1g:

Corollary2 T heuniquesymmetricperfectN ashequilibrium ofG is(fa11g;:::;fan1g).
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4 Trembling-hand perfec t rationalizab ility

Inthesamewayasrationalizability(B ernheim [1],Pearce [1 4])is relatedtoN ashequi-

librium,theconceptoftrembling-handperfectrationalizabilityduetoH eringsandVan-

netelbosch[1 0 ]isrelatedtoperfectN ashequilibrium.Insteadofusingbestresponsesasin

rationalizability,theplayersarerequiredtousecautiousbestresponsesintrembling-hand

perfectrationalizability.

A nothermotivationwhichleadstothetrembling-handperfectrationalizabilityconcept

isobtainedbycarryingthelogicbehindcautiousrationalizability(duetoPearce[1 4])one

step further.T his implies thatonewants toconsiderasolutionconceptwhereplayers

eliminateresponsesthatarenotcautious ineachround.A llpurestrategiesthathaven't

beendeletedyetareconsideredaspossiblebytheplayers,andthereforetheydonotuse

conjecturesthatputprobabilityzeroonsomeofthesestrategies.Trembling-handperfect

rationalizability(T H P R )isdē nedbythefollowingiterativeprocedure.

D ē nition2 L etT0 =
Q
i2N ¢ (S i):Fork¸ 1 ;Tk=

Q
i2N T i

k is inductivelydē nedas

follows:cibelongstoT i
k ifc

i2 T i
k¡1 andthereisc

¡i2 int(ch(T ¡ik¡1))suchthatc
iisabest

responseagainstc¡iwithin T i
k¡1:T hesetT1 = limk!1 Tk is the setoftrembling-hand

perfectrationalizablestrategyprō lesofthegameG.

A teachstepoftheiteration,astrategyciofplayerihastobeabestresponseagainst

someconjecturec¡i 2 int(ch(T ¡ik¡1));therelative interiorofthe convexhullofthe set

T ¡ik¡1: Suchaconjecture is calledacautious conjecture.Itfollows thatateach step of

theiterationatleastallweaklydominatedstrategiesaredeleted.Thesetoftrembling-

hand perfectrationalizable strategy prō les is shown tobe non-empty in H erings and

Vannetelbosch[1 0 ].

Theorem 3 Thesetoftrembling-handperfectrationalizablestrategyprō lesofthegame

G is non-empty.

L emma3 claimsthatanystrategywhichexcludestheactionai1 isneveracautiousbest

response,andcanthereforenotbelongtoT i
1.Inotherwords,itisneverabestresponse

forplayeri tosendasubsetofactionstothematchingdevicewhichdoesnotcontainthe

Paretoone,ai1.M oreover,onecanshowthatsubmittinganystrategytothematching

devicethatcontainstheParetoactionai1 is individuallyrational.

L emma3 Itholdsthatsi =2 T i
1 ifandonlyifai1 =2si.

P roof.W eshow r̄stthatsi=2 T i
1 ifai1 =2si.Consideranysisuchthatai1 =2si.Itfollows

asintheproofofTheorem 2 thatsi isweaklydominatedbysi[ fai1g.
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W eshownextthatsi2 T i
1 ifai1 2 si.W eobserve r̄stthatifsi is theuniquebest

responseagainstaconjecturec¡i (possiblydegenerate),then itis alsotheuniquebest

responseagainstsomecautiousconjecture.M oreprecisely,takeanysi2 Si.Ifthereexists
c¡isuch(i)c¡i2 ¢ (S¡i)and(ii)forallsi2 Si,si6=si,U i(si;c¡i)> U i(si;c¡i),then,

usingacontinuityargument,itfollowsthatthereexistsbc¡isuchthat(iii)bc¡i2 ¢ 0(S¡i)
and(iv)forallsi2 S i,si6=si,U i(si;bc¡i)> U i(si;bc¡i).

Consideranysi suchthatai1 2 si:Forj 6= i;letcjbeanon-degenerateprobability

distributiononfajkg;foraik2si;andfa
j
1;a

j
kg;foraik =2si:W henallplayersjplayaccord-

ingtocj;thenthereis onlypositiveprobabilityon intersections \j2N nfigsjoftheform
;;ak foraik2 si;orfa1;akg forak =2 si: N oticethattheplayofsiresults inthehighest

payo®possible,irrespectiveofthe\j2N nfigsjthatresultsfrom theplayofi'sopponents.

T heplayofanypropersubsetofsiresultsinastrictlylowerpayo®whenmatchedagainst

fakg forsomeaik2sinotinthepropersubset.T heplayofasetofactionsthatcontains
anactionaknotinsiresults inastrictlylowerpayo®whenmatchedagainstfa1;akg:It
followsthatsiistheuniquebestresponseagainsttheconjecturec¡i;andbytheargument

givenabove,itis theuniquebestresponseagainstsomecautious conjecture.Itfollows

thatsi2 T i
1:

W ecanuseL emma3 toshowthefollowingmainresult.

Theorem 4 ItholdsthatT i
2 =T i

1 =ffai1gg;i2 N :

P roof.From L emma3 weknowthatanysj2 T j
1 contains theactionaj1: T hen, irre-

spectiveofthechoiceofsj2 T j
1;j 2 N nfig;theplayofsi= fai1g gives toplayeri

autility U i(fai1g;s¡i)= ui(a11;:::;an1).Consideranysi2 T i
1 suchthatsi6= fai1g.O b-

viously, U i(si;s¡i)· ui(a11;:::;a
n
1);foralls

¡i 2 Q
j2N nfigT

j
1: Ifs

j= si;j 2 N nfig;
then U i(si;s¡i)< ui(a11;:::;an1): Itfollows thatforanyconjecture c¡i 2 int(ch(T ¡i1 ));

U i(si;c¡i)< ui(a11;:::;an1):W ehaveshownthatT i
2 =ffai1gg:Itfollowsimmediatelyfrom

T heorem 3 thatT i
1 =ffai1gg:

To illustrateourresults weconsiderthe 3 £3 pure coordinationgamedepicted in

Figure3.O nceweintroducefuzzyplayandthesimplematchingdevice,weobtainanew

gamewhosematrixpayo®saregivenbyFigure4 where3 > x> 2,2 > y > 1 ,3 > z> 1 ,

3 > w> 1 andw> y.O bviously,thestrategiesofplayeri thatdonotincludetheaction

a1 areweaklydominated,andhencedonotbelongtoT i
1.Indeed,thestrategiesfa2 g,fa3g,

fa2 ;a3g areweaklydominated(andarenevercautiousbestresponses)bythestrategies
fa1;a2 g,fa1;a3g,fa1;a2 ;a3g.A tthe r̄stroundweeliminateallthestrategies thatdo

notincludetheactiona1.A tthesecondround,bothplayersknowthattheiropponent
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Figure3:A 3£3 coordinationgame

willneverusesuchstrategies.Sincebothplayersarecautious,theirconjectureshaveto

givepositiveweighttofa1g,fa1;a2 g,fa1;a3g andfa1;a2 ;a3g oftheiropponent.A s a

consequenceeachplayerhasauniquecautiousbestresponse,whichisthestrategyfa1g.
Indeed,thisstrategywillguaranteeapayo®of3 whileanyotherstrategygivesapayo®of

atmost3 andapayo®strictlylessthan3 againstsomestrategieswithinthesupportofthe

conjecture.So,eachplayerhasauniquetrembling-handperfectrationalizablestrategy,

whichconsistsofsendingonlytheactiona1 tothedeviceandwhichallowstheplayersto

coordinateperfectlyonthePareto-optimaloutcome.

3;3

0 ;0

0 ;0

3;3

0 ;0

3;3

3;3

0 ;0

2;2

0 ;0

2;2

2;2

0 ;0

2;2

0 ;0

0 ;0

1 ;1

0 ;0

1 ;1

1 ;1

1 ;1

3;3

2;2

0 ;0

x;x

2;2

3;3

x;x

0 ;0

2;2

1 ;1

2;2

y;y

1 ;1

y;y

3;3

0 ;0

1 ;1

3;3

1 ;1

z;z

z;z

3;3

2;2

1 ;1

x;x

y;y

z;z

w;w

a11

a12

a13

a11;a12

a12 ;a13

a11;a13

a11;a12 ;a13

a21 a22 a23 a21;a22 a22 ;a23 a21;a23 a21;a22 ;a23

Figure4:Fuzzyplayinthe3£3 coordinationgame

9



5 Conclusion

W ehaverevisitedn-playerpurecoordinationgameswithPareto-rankedN ashequilibria.

T henoveltiesthatwehaveintroducedarefuzzyplayandamatchingdevice.Eachplayer

does notchoosewhichpurestrategytoplay,butinsteadchooses anonemptysubsetof

his strategysetthathesubmits tothematchingdevice.T hematchingdevicewehave

consideredisaverysimpleone.Itonlyselectsamatchifpossible,anditselectsrandomly

some strategybelongingtothe strategysetsentbyeach playerotherwise. Thatis, it

doesnotimposethatthebestalternativesarematched.W ehaveappliedtheconceptsof

perfectN ashequilibrium andoftrembling-handperfectrationalizabilitytotheresulting

situation.Ithas beenshownthatallplayers coordinatedirectlyontheParetooptimal

outcome.A saconsequence,theplayersdoneitherusethepossibilityoffuzzyplay,nor

dotheyusethematchingdevice. B oth concepts lead tothe conclusion thatthemere

possibilityoffuzzyplayandthemereavailabilityofasimplematchingdeviceissu±cient

fordirectcoordinationontheParetooptimaloutcome.
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