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Abstract

We demonstrate the existence of a monetary policy tradeoff between price-
inflation variability and output-gap variability in an optimizing-agent model with
staggered nominal wage and price contracts. This variance tradeoff is absent only
in the special case in which prices are sticky and wages are perfectly flexible. When
the model is calibrated to exhibit an empirically reasonable degree of nominal wage
inertia, strict inflation targeting induces substantial output-gap volatility.



1 Introduction

For at least two decades, economists have investigated the monetary policy tradeoff
between price inflation variability and output gap variability, using a wide variety of
theoretical and empirical models.! However, the existence of a variance tradeoff has
been called into question in recent analysis of dynamic general equilibrium models
with optimizing agents, staggered price setting, and completely flexible wages; in these
models, monetary policy rules that keep the inflation rate constant also minimize
output gap variability.? Thus, it is important to determine whether the absence of an
output-inflation variance tradeoff is a general implication of models with optimizing
agents or a specialized result due to particular assumptions about the form of nominal
inertia.’®

In this paper, we analyze a dynamic general equilibrium model with optimizing
agents, in which both wages and prices are determined by staggered nominal con-
tracts.? When nominal wages are sticky, we demonstrate the existence of a variance
tradeoff between price inflation and the output gap, regardless of the degree of price
stickiness. In fact, the variance tradeoff is absent only in the special case where prices
are sticky and wages are completely flexible. When the model is calibrated to exhibit
an empirically reasonable degree of nominal inertia, strict price inflation targeting
induces substantial output-gap volatility. Furthermore, the variance tradeoff is rela-
tively flat, so that output gap variability can be drastically reduced without inducing
much variation in price inflation.

Even in the absence of nominal wage inertia, a price inflation-output gap variance
tradeoff can be obtained by adding an ad hoc cost shock to the optimal price setting
equation.” In our model, however, the variance tradeoff arises endogenously as a
result of staggered nominal wage contracts, without making any departures from the
optimizing-agent framework. The explanation for this result is straightforward in the
special case where nominal wages are sticky and prices are completely flexible. In
this case, the equilibrium real wage moves in response to preference and technology
shocks, while the nominal wage only moves in response to changes in the output
gap. Thus, if monetary policy maintains a constant price inflation rate, output must

!The seminal papers include Phelps and Taylor (1977), Taylor (1979), and Taylor (1980). Some
recent examples include Bryant, Hooper, and Mann (1993); Henderson and McKibbin (1993); Tetlow
and von zur Muehlen (1996); Williams (1997); Levin, Wieland, and Williams (1998); Rudebusch
and Svensson (1998).

2King and Wolman (1998) and Goodfriend and King (1997) assume that price contracts are of the
Taylor (1980) type, while Rotemberg and Woodford (1997) and Rotemberg and Woodford (1998)
assume that price contracts are of the Calvo (1983) type.

3Levin (1989) formulates and estimates an optimizing agent model with staggered wage contracts
and flexible prices and finds that productivity shocks induce an output-inflation variance tradeoff.
More recently, Blanchard (1997) has outlined a simple static model with predetermined nominal
wages to illustrate conditions under which inflation targeting fails to stabilize the output gap.

4Calvo (1983) suggested the timing features of these contracts, and Yun (1996) used such price
contracts in a stochastic, optimizing-agent model. Kollmann (1997), Erceg (1997), and Kim (1997)
make similar assumptions about about wage and price determination.

’Kiley (1998) shows that adding a shock to an optimal price-setting equation of the form derived
by, e.g. Yun (1996), generates an output-gap/price-inflation tradeoff.



temporarily deviate from potential to induce nominal wage adjustment, so that the
real wage can move toward its new equilibrium value.

In this paper, we focus on a monetary policy frontier defined in terms of the vari-
ances of price inflation, wage inflation, and the output gap.® This policy frontier has
the property that the variance of any particular variable cannot be reduced without
increasing the variance of one or both of the other variables. The remainder of this
paper characterizes the policy frontier under various assumptions about nominal wage
and price inertia. In determining the conditions for existence of a unique stationary
rational expectations equilibrium, we find the novel result that the monetary policy
rule need not include a nominal anchor when wages or prices or both are sticky.”

Section 2 outlines the model. In Section 3, we analyze restrictions on the set of
feasible monetary policy choices that can be derived solely from the aggregate supply
block of the model. In subsequent sections, we characterize features of the mone-
tary policy tradeoff frontier (between output gap, price inflation, and wage inflation
volatility) implied by the fully specified model. We examine a special case of the
model with sticky wages and flexible prices for which the frontier can be computed
analytically (Section 4), and then consider the general case in which both wages and
prices are determined by overlapping nominal contracts (Section 5). In the general
case, we use analytical methods to derive the endpoints of the policy frontier and
numerical methods to characterize the complete frontier. Conclusions are given in
Section 6.

2 The Model

Our model has a neoclassical structure in which households maximize utility subject to
an intertemporal budget constraint, and firms maximize profits subject to given factor
prices. Households are monopolistic competitors in the labor market, while firms are
monopolistic competitors in the product market. We introduce nominal rigidities by
assuming that households set their wages and firms set their prices in Calvo-style
staggered contracts. All households face identical preference shocks, and all firms
face identical productivity shocks. The sole source of heterogeneity among households
and firms is that they adjust their nominal contracts at different times. Households
fully insure against idiosyncratic consumption risk, but they cannot insure against
idiosyncratic variation in leisure (resulting from wage dispersion across households).

6 Monetary policy frontiers defined over the variances of price inflation and the output gap have
been analyzed since at least the late 1970’s. For references, see footnote 1. The specification in
the text can be defended by appealing to the optimization problems of households in our model.
Admittedly, this specification excludes some variables (such as interest rate volatility) that may be of
concern to the monetary authorities. The appropriate specification of the monetary policy objective
function is the subject of ongoing research.

"Recent contributions to the analysis of determinacy in monetary models include Woodford
(1994), Woodford (1995), Clarida, Gali, and Gertler (1997), and Benhabib, Schmitt-Grohe, and
Uribe (1998). Additional contributions which emphasize the implications of the interaction of
monetary and fiscal policy for determinacy are Leeper (1991), Sims (1994) ,Woodford (1996), and
Schmitt-Grohe and Uribe (1998).



2.1 Household Behavior

A continuum of households is distributed on the unit interval, A € [0, 1]. Household
h is a monopolistically competitive seller of its unique labor input. The ratio of the
demand for its labor, L s, to the demand for aggregate labor, Ly, is inversely related
to the ratio of its wage, W}, 5, to the aggregate wage, Wi:

1
Lh,s Wh,s Oy —1
(9

Ly Wy

where 0 < Oy < 1.8

As a way of introducing nominal wage inertia into the model, we assume that
wages are set in Calvo-style staggered contracts. In each period, there is a probability
(1 — &) that household h will be allowed to reset its contract wage. The wages of
households that are not allowed to reset their contract wages grow at the mean rate
of gross inflation II. Thus, if household h has not adjusted its contract wage since
period ¢, then its wage in period s is

Whs = Wh,tHs_t~ (2)

The probability that a household will be allowed to reset its contract wage in period s
does not depend on how long its existing contract has been in effect, and is invariant
to the aggregate state vector. Thus, a constant fraction (1 — &y;,) of households are
allowed to reset their contract wages each period.

The period utility function of household h is separable in three arguments: con-
sumption (Cj ) minus a consumption shock (Us), real money holdings (nominal
money holdings, M, s, divided by the price of consumption, P;) minus a real money
shock (Vj), and leisure (one minus hours worked, Ly, ;) minus a leisure shock (Z;):”

8L is a labor index of the Dixit and Stiglitz (1977) form:

1 ™
Ly = [ / Lh,sg“’dh} :
0

where Ly, is the amount of household A’s labor purchased by all firms. Firms minimize the cost of
“producing” a unit of labor taking the wage of each household, W}, , as given. Firm f’s demand
for the labor of household /& implied by the cost minimization is

) = [ 20

where Lg (f) is the amount of labor purchased by firm f, and the wage index, W,

Oy —1

1 Oy Tow
W, = l:/ Wh,s fw =t dh:l ’
0

is the minimum cost of producing one unit of labor.
9Cy, s is a consumption index of the Dixit and Stiglitz (1977) form:

1 7
Ch,s = {/0 Ch,s ()’ df] ;

3



M, (Chs — U7 (%ﬁ’ﬁ—‘/s)H (1= Lps— Z)' X
u(Ch,s,?S,l—Lh,s>= T e e e )

The three shocks are common to all households and have positive means U, V,
and Z. Increases in the consumption, money, and leisure shocks increase the demands
for consumption, real money, and leisure, respectively, because each shock raises the
marginal utility of a given amount of the corresponding “good .”!"

Household h’s budget constraint in period s states that consumption expenditure
plus asset accumulation must equal disposable income:'!

Psch,s + Mh,s - Mh,sfl + f\IJSJrl 68+1,5 (7/1) Bh,S (17/}) d¢ - Bh,Sfl
(4)
::vvhﬁlﬁus*_Ik +’7%§~

where W, is the state space for period s+1. Asset accumulation consists of increases
in money holdings and the acquisition of state contingent claims, where 8,1 5 (%)
represents the price in period s of a claim to one dollar in state 1 in period s+ 1, and
By, s (v) is the quantity of such claims. A state is defined not only by the realizations
of the common shocks but also by designations of which households are allowed to
adjust their wages.'?> Household h receives labor income, Wi.sLn s; an aliquot share
of aggregate profits, I'y; and a lump sum cash transfer from the government, T}, ;.'*

where Cy, s (f) represents purchases by household h of the differentiated good produced by firm f in
period s. Household h minimizes the cost of “producing” a unit of consumption taking the prices
of the differentiated consumption goods, Py s as given. Household h’s demand for good f implied
by the cost minimization is

P 7T
Ch,s (f) - |:%:| Ch,s;

where the price index, Pk,
Op—1

1 0p Top
Ps_|:/ Pf,sePldf:| )
0

is the minimum cost of producing one unit of consumption.

We follow the usual practice of omitting negative one in the numerator of each of the terms of the
period utility function. As is well known, it is necessary to include negative ones if the limits of the
terms as o, A\, x — 1 are to be the logarithms of the arguments.

10Tt is common to interpret Uy as a government spending shock.

Equation (4) is a reduced form of the full budget constraint. It is obtained by substituting the
product PyC', , for the sum of the products of the prices and quatitities of the individual differentiated
goods consumed.

12The common shocks include not only Uy, Z,, and Vj, but also the productivity shock, X, which
is discussed below.

3 These aliquot shares exhaust aggregate profits:

1 1
/ T,dh = / [Pt,sY}y,s — WsLs (f)]df,
0 0

where Yy, is the output of firm f. Cash transfers are the way the supply of nominal money is
changed.



A wage-setting household h maximizes its utility functional with respect to the
choice of its consumption, its holdings of money, its holdings of contingent claims,
and its nominal wage,

o] Mh

8 S—tu C s _’S 1_L s)s 5
(Cr b, t;(ﬁ) (Ches 5 ha) ®)
Bp,t;Wht}

subject to the demand for its labor, equation (1), and its budget constraint, equation
(4), where & indicates an expectation based on period t information. The discount
factor [ satisfies 0 < B < 1. The first-order conditions for the household’s problem
are't

B
Py

Uine = & [(1 + 1) ﬁul;h,t+1] =& [RfUrp141] (6)

5t+1,t (1/1)U1;h,t B Prob (W 5ul;h,t+1 (W

= , forally e W 7
1+1
U = () U (8)
t
[e%¢) HsftW 0 [e%¢)
gt Z(gwﬂ)s_tul;h,s (%) Lh,s = gt Z(§Wﬂ)s_tu3;h,sLh,87 (9)
s=t S s=t

where Prob(1)) represents the probability of state ¢, and

1

b= e D 40 (10)
Equations (6), (7), and (8) are standard conditions for consumption, state con-
tingent claims, and money holdings. According to equation (6), the marginal utility
of consumption in period ¢ must equal the expectation of the gross real interest rate,
R;, multiplied by the marginal utility of consumption in period t 4+ 1. According to
equation (7), the price of a claim to a “dollar” in state ¢ in period ¢ + 1 multiplied
by the marginal utility of a dollar in period ¢ must equal the discounted marginal
utility of a dollar in period t + 1 in state ¢ multiplied by the probability that state
¥ occurs. According to equation (8), the marginal utility of consumption in period ¢
must equal the product of 1JIr—tIt multiplied by marginal utility of real money holdings

in period ¢, where 12” is inversely related to the nominal interest rate, I;.
The first-order condition for the wage, equation (9), may be unfamiliar to some. A

household sets its wage so that the expected marginal reward (the sum of discounted

14The marginal utilities are

Mh,s

Y
— Vs ) ihys = (1= Lp,s — Zs X
2 V> Usin,s = ( h, )

ul;h,s = (Ch,s - Us)io ) uZ;h,s = <



expected products of marginal utilities of consumption and real wages, divided by the
wage markup, #) equals its expected marginal sacrifice (the sum of discounted ex-
pected marginal utilities of leisure). Expectations are conditioned on the household’s
not being able to reset its wage. In the limiting case in which all households are al-
lowed to set their wages every period (£, — 0), equation (9) reduces to the condition
that the marginal return to work in consumption terms (the household’s real wage
divided by the wage markup) equal the marginal cost of work in consumption terms
(the marginal utility of leisure divided by the marginal utility of consumption):'?

Uy pt— =Us.p s (11)

2.2 Firm Behavior

A continuum of firms is distributed on the unit interval, f € [0,1]. Firm f is a
monopolistically competitive seller of its unique good. The ratio of the demand for
firm f’s output (Y7,) to aggregate output (V) is inversely related to the ratio of firm
f’s price (Pys) to the aggregate price (Fy) :'°

Yf s Pf s 9P1*1
) — ) 12
e (—Ps) , (12)

where 0 < 0p < 1.

As a way of introducing nominal price inertia into the model, we assume that
prices, like wages, are set in Calvo-style staggered contracts. Each period there is a
probability (1 —&p) that firm f will be allowed to reset its contract price. The prices
of firms that are not allowed to reset their contract prices grow at the mean rate of
gross inflation II. Thus, if firm f has not adjusted its contract price since period ¢,
then its price in period s is

Py = Py 1" (13)

The probability that a firm will be allowed to reset its contract price in period s does
not depend on how long its existing contract has been in effect, and is invariant to
the aggregate state vector. Thus, a constant fraction (1 — &) of firms are allowed to
reset their contract prices each period.

All firms have identical Cobb-Douglass production functions in capital and labor
hours (with capital elasticity «), and can purchase all the capital and labor they want
at prevailing factor prices. Furthermore, capital and labor are perfectly mobile across
firms. Therefore, all firms have the same marginal cost (MCs) which can be written
as a function of the fixed supply of capital (I_( ), labor (Ly), the wage (W), and a

5In order to confirm the assertion in the text, note that Elim0 EwpP)’ = 1.
w—

15Demand for firm f’s good is obtained by summing households’ demand for this good which is
derived in a previous footnote.



productivity shock (Xj):!7

W,Le

MCs = —%—~
¢ (1—a)K*X;

(14)
Note that an increase in the productivity shock reduces marginal cost.

A price-setting firm f maximizes its profit functional with respect to its contract
price Py :

s |60 )00t (P = MO V3 (15)
It s=t

The first-order condition for a price-setting firm is

5Py, 1 MC,
Z(gpﬂ)s tést P, Lt Yis= 913 Z(gpﬁ)s t(Sst 2 Yf, (16)

s=t s=t

Each firm sets its price so that the sum of discounted real revenue terms is equal
to the price markup gé) multiplied by the sum of discounted real marginal costs.
Expectations are conditioned on the firm’s not being able to reset its price. In the
limiting case in which all firms are allowed to set their prices every period (£, — 0),
equation (16) reduces to the condition (familiar from standard imperfect competition
analysis) that the real wage equal the marginal value product of labor (the marginal
product of labor divided by the price markup):'®

W
Pr

= 0p(1—a)K°L°X,. (17)

2.3 Approximation of the General Model

Approximations of the basic relationships of the general model appears in Table 1.
Lowercase letters represent deviations of natural logarithms of variables from their
steady state values, except for i, which represents the deviation of the nominal interest
rate from its steady state value.

17The derivation of the marginal cost function is standard. Minimize costs WL (f) + PX K, (f),
where L (f) and K (f) are the amounts of labor and capital, respectively, purchased by firm f,
subject to the constraint that a fixed level of output be equal to the production function l_/f,s =
XK, (f)* L (f)"™*. Solve for the firm’s capital-labor ratio as a function of relative factor prices.
Use this expression to eliminate PX K, (f) from the expression for the firm’s total costs. The
resulting expression depends only wage costs and shocks. Use the firm’s production function to
obtain an expression for its labor input in terms of its capital-labor ratio and its output. Substitute
this expression into the expression for total costs in terms of wage costs and differentiate with
respect to the firm’s output to obtain the expression for the firm’s marginal cost noting that the
firm’s capital-labor ratio does not change because it depends on economy-wide factor prices. Finally,
replace the firm’s capital-labor ratio with the aggregate capital-labor ratio.

1¥Tn order confirm this assertion, note thatglimo (€pB)° =1 and that §;; = 1.

e



Table 1: The General Model

Demand Block

gt = U;C (Zt - 7Tt+1\t) + G+t
i 7 ( utﬂ‘t) (goods demand) (T'1.1)

Supply Block

= Pwiay + Ew (¢ — () (wage setting) (T1.2)
G =Llg + ly; — XéL Ly, — olyug + xlz2 (supply real wage) (T'1.3)
T = By + kp(C — ¢F) (price setting) (T'1.4)
¢4 = —1g — T+ ﬁxt (demand real wage) (T'1.5)
CG=Cq Tw—m (real wage change) (T'1.6)
¢ — ¢4 = kg, (real-wage gap/output gap) (T'1.7)

Monetary Block
it = YTt + VoWt + Vg9t + VTt + Vo, Te—1  (monetary rule) (T'1.8)

Complete Flexibility Equilibrium

yr = (1*2)1"‘7” ug + HAXfL Ty — %zt (potential output) (T'1.9)
(F=— O‘thU gy + O‘X‘ZL z + XZLL"ZC Ty ( complete flexibility real wage) (7'1.10)
Definitions

— * — — —
gt =Yt — Y, Ct—wt_ph Tt =Pt — Pt—1, Wt = Wt — Wi—1

EZM Al =a+xl,+(1—a)ole

-«

hp = ((eedl0te)) g, ((uwm(lsm) w=eol g o7,

£p é‘vv(l*XéLeL,VV




These relationships are expressed in terms of the output gap, ¢; (the difference
between actual output, y;, and “potential” output, y;), because the output gap fea-
tures prominently in our analysis. Potential or “notional” output is the output level
that would obtain in the absence of nominal inertia.'?

The demand block of the model comprises the single equation (7'1.1) which we
refer to as the “goods demand equation.”?’ This equation follows from the standard
approximation of the first order condition (6) governing the path of consumption (with
consumption at each date replaced by output, reflecting equilibrium conditions),

1

. 14
Y= "5 (e = Tesap) + vy + i (e =) (18)

Equation (18) states that aggregate demand depends negatively on the real interest
rate and expected future consumption shocks and depends positively on expected
future output and the current consumption shock.?’ Solving forward equation (18)
yields an equation in which the demand for goods depends negatively on an un-
weighted sum of future short-term real interest rates, naturally interpreted as the
“long-term real interest rate.”??

The supply block comprises equations (7'1.2) through (7'1.7). The wage setting
equation (7'1.2) is a log-linear approximation to the first-order condition (9) with a
number of substitutions.?® Solving equation (7'1.2) forward yields an equation that
states that the deviation of wage inflation from its steady state value depends pos-
itively on the present discounted value of the sum of all expected future deviations
of the supply real wage from the actual real wage. Equation (7°1.3) characterizes
the supply real wage, (;, which is the notional real wage that would prevail if all
households could adjust their wages in the current period (that is, if £;;, = 0 so that
Ky — 00). Equation (7'1.3) follows from two standard relations. The first relation
is the standard approximation for the supply real wage,

¢ = il + oley, + xlzz — olyuy. (19)

9n earlier contributions to the disequilibrium literature, complete flexibility models are referred
to as notional models because they apply in the purely hypothetical case of complete price and wage
flexibility. For references to this literature see Quandt (1987) and the references in Henderson and
Kim (1998).

20Tt is often referred to as the “IS curve.”

2T arrive at (T'1.1), replace y; with g, + y;-

22Here and elsewhere “solving an equation forward” means using expectations of forwarded ver-
sions of the equation based on period ¢ information to rewrite the equation so that the period ¢ value
of a variable depends among other things on the expectation of that variable in period ¢+ &, a quan-
tity that approaches zero as k approaches infinity in a stationary rational expectations equilibrium.

The model also includes a money market equilibrium condition:

Mygyp (my — p) = —ig + Loye — byvg — Ly

This condition is an approximation of the first order condition governing the holding of real bal-
ances, equation (7), with desired nominal money holdings replaced by actual holdings to reflect an
equilibrium condition.

238ee Appendix B.



Thus, the supply real wage rises with the amount of labor supplied, output (which
replaces consumption, reflecting an equilibrium condition ), and a positive leisure
shock, and falls with a positive consumption shock. The second relation is the stan-
dard approximation of the production function,

ye = (1 — a)ly + 4, (20)

which states that output increases with the amount of labor input and positive pro-
ductivity shocks.?*

The price setting equation (7'1.4) is a log-linear approximation to the first-order
condition (16) with a number of substitutions.? Solving equation (7'1.4) forward
yields an equation that states that the deviation of price inflation from its steady state
value depends positively on the sum of the present discounted value of all expected
future deviations of the actual real wage from the demand real wage. Equation (7'1.5)
characterizes the demand real wage, (¢, which is the notional real wage that would
prevail if all firms could adjust their prices in the current period (that is, if £, =0
so that kp — o0). This equation follows from the standard approximation for the
demand real wage,

C? = —al; + x4, (21)

which states that the demand real wage decreases with the amount of labor employed
and increases with positive productivity shocks.?®

Equation (7'1.6) states that the change in the actual real wage, (,, equals the dif-
ference between wage inflation and price inflation. Equation (7'1.7), which is implied
by equations (7'1.3) and (7'1.5), states that the output gap is proportional to the gap
between the supply and demand real wages.

The monetary rule equation (7'1.8) states that the interest rate is increased above
its steady state value if price inflation, wage inflation, or the gap between actual and
potential output are above their steady state values.?”

Equation (7'1.9) expresses potential output in terms of the three shocks (uy, zy,
and 7). Equation (7'1.10) provides a similar expression for the complete flexibility
real wage, (}, the real wage that would prevail in the absence of nominal inertia (i.e. if
¢p =&y = 0).2 Both potential output and the complete flexibility real wage depend

24To arrive at (T'1.3) eliminate l; from equation (11) using equation (20) and replace y; with
gt +y; in the resulting expression. The production function gives y; as a function of [; and x; alone
because the capital stock is assumed to be fixed.

25We do not describe those substitutions in this paper. They are described by Yun (1996) whose
approach we follow closely and are very similar to the substitutions used to derive the wage setting
equation (7'1.2) which are described in Appendix B.

260To arrive at (7'1.5) eliminate [; from (21) using equation (20), and replace y; with g; + y; in the
resulting expression.

2TThroughout this paper we restrict our attention to cases in which all the v, are non-negative. In
some cases, stationary, rational-expectations equilibria exist for negative values of these parameters,
as is apparent from the expressions for roots in Appendix A, but we have not studied these cases in
detail.

2 Bquations (T'1.9) and (T'1.10) are obtained by assuming that ¢ = ¢ = ¢} and using (19), (20),
and (21) to solve for (7, y7, and IF in terms of us, x¢, and z.

10



on the consumption shock, u;, because this shock affects not only goods demand but
also the supply real wage. The three shocks u, x, and 2z are assumed to be mutually
uncorrelated and to follow first order autoregressive processes with serial correlation
coefficients p;, j = u,z, z and innovations ¢;, j =u,, z.

3 Variance Implications of the Supply Block

In this section, we examine key implications of the aggregate supply block of the
model. We examine two special cases of the model: the sticky price version, in which
prices are sticky and wages are flexible, and the sticky wage version, in which wages
are sticky and prices are flexible. The wage-setting equation of the sticky wage ver-
sion is formally similar to the price-setting equation of the sticky price version, but
the implications of price inflation stabilization are very different in the two versions.
Finally, we show that it is impossible to stabilize more than one of the three policy
frontier variables in the general model. We assume the existence of a stationary ratio-
nal expectations equilibrium throughout this section, deferring analysis of existence
and uniqueness conditions until later in the paper.

3.1 Sticky Prices and Flexible Wages

In the sticky price version, wages are completely flexible (i.e., &y, equals zero, so
that ky approaches 00), so households are always on their supply real wage schedule
(the inverse of their labor supply curve). Since the real wage equals the supply
real wage ((, = (;), the price setting equation (7'1.4) implies that price inflation
varies directly with the difference between the supply real wage (the marginal cost
of labor) and the demand real wage (the firm’s marginal product of labor). Figure 1
displays the relations between the output gap and the supply and demand real wages,
respectively. Disequilibrium in the labor market (measured by (¢ — (%) is proportional
to disequilibrium in the goods market (measured by g;). Therefore, the price-setting
relation can be expressed in terms of current and expected future price inflation and
the output gap:

Ty = BT + KpKYs.- (22)

Price inflation varies directly with the output gap because firms must pay their em-
ployees higher real wages to induce them to work additional hours, while the marginal
product of labor declines.

In this special case, we obtain the following results.

Proposition 1: In the version with sticky prices and flexible wages ((p > 0 and
Ew=0 )’

(a) 02 =0if and only if 02 = 0
(b) if 02 = 02 =0, then o2, > 0

11



Proof: See Appendix A.

According to Proposition 1(a), stabilizing price inflation stabilizes the output
gap, and conversely. Proposition 1(a) follows immediately from the form of the
price setting relation (22) in a stationary equilibrium. If the output gap is stabilized,
the real wage must equal the complete flexibility real wage, which is affected by all
shocks from equation (7°1.10). Proposition 1(b) indicates that if price inflation and
the output gap are stabilized, wage inflation must vary to generate the required real
wage adjustment. Proposition 1(c) indicates that if wage inflation is stabilized, then
stabilizing price inflation and the output gap is impossible because the required real
wage adjustment would be precluded.

3.2 Sticky Wages and Flexible Prices

In the sticky wage version, prices are completely flexible (i.e., £ equals zero so that
kp approaches infinity), so firms are always on their demand real wage schedule (the
inverse of their labor demand curve). Since the real wage equals the demand real wage

¢, =¢ f), the wage-setting equation (7'1.2) implies wage inflation varies directly with
the difference between the supply real wage and the demand real wage. Therefore,
the wage-setting relation can be expressed in terms of current and expected future
wage inflation and the output gap:

wi = Bwiri + Kwkgs. (23)

The following proposition establishes the existence of a variance tradeoff between
price inflation and the output gap. As we show later, such a tradeoff exists under
much more general conditions.

Proposition 2 : In the version with sticky wages and flexible prices (£, > 0 and
§P = 0)7

(a) o2 =0 if and only if 62 =0
(b)
(c)

Proof: See Appendix A.

w
if 02 = 02 =0, then 02 > 0
if 02 =0, then 02 > 0 and 02 > 0

The results stated in this proposition reflect the formal similarity of equations
(22) and (23). According to Proposition 2(a), stabilizing wage inflation stabilizes the
output gap, and conversely. Proposition 2(a) follows immediately from the form of
equation (23). Proposition 2(b) indicates that if wage inflation and the output gap are
stabilized, price inflation must vary to generate the required real wage adjustment.
Proposition 2¢) indicates that if price inflation is stabilized, then stabilizing wage
inflation and the output gap is impossible because the required real wage adjustment
would be precluded.

12



Figure 2 illustrates Proposition 2(c) for the case of i.i.d. shocks. It is assumed
that some shock has shifted the supply and demand real wage schedules so that the
complete flexibility equilibrium is at point (g; = 0, (, = (}) instead of at the previous
point (gt =0, =( = O). The m = 0 schedule shows the pairs of (, and g,
that are consistent with complete stabilization of price inflation. If price inflation
is stabilized, then the real wage can rise only if the output gap is positive so that
wages rise. The m = 0 schedule is upward sloping and passes through the previous
point.?Y With sticky wages and flexible prices, the real wage must also be on the
demand real wage schedule (¢?). With complete stabilization of price inflation, the
new equilibrium is at the intersection of the 7 = 0 schedule and the ¢¢ schedule. Real
wages rise less than if prices were fully flexible, and the output gap is positive. If
wage inflation is less sensitive to the output gap, the m = 0 schedule is flatter, so the
output costs of strict inflation targeting are greater.

Propositions 1 and 2 are helpful in reconciling two strands of the literature.
On the one hand, some recent studies have demonstrated that there is no output-
gap/price-inflation variance tradeoff in dynamic general equilibrium models with op-
timizing agents, staggered price setting, and completely flexible wages.?’ The sticky-
price/flexible-wage version of our model is designed to replicate these results. In par-
ticular, our price setting relation (22) is the essentially the same as the price setting
relations implied by the models used to derive the no-tradeoff results (with the minor
difference that some of these price setting relations contain additional leads/lags of
the output gap).

On the other hand, a tradeoff has been shown to exist in sticky price models
that depart from a strict optimizing framework.?! The key to understanding this
divergence is the recognition that in the latter class of models, the tradeoff results
from “tacking on” a shock, ¢,, to an optimization-based price-setting equation like
(22) to obtain a price-setting equation of the form:

Ty = BTy + Kwkge + @y (24)
It is evident from equation (24) that this specification implies an output-inflation
volatility tradeoff.?

In contrast, a tradeoff arises endogenously in the sticky wage/flexible price version
of our model. The price-setting equation implied by this version is*?

29In section 5 we provide a complete analysis of what happens when inflation is completely sta-
bilized (715, = 0,5 = 0,...,00). According to that analysis, the reduced-form expression for
wage inflation is wy = (ag — 1) (4,1 + Coulit + Con®t + Cuz2t, where 0 < ag < 1 is defined in Table
2. Therefore, in the case of i.i.d. shocks, expected wage inflation is w1y = (ag — 1) ¢, so the
wage-setting equation can be rewritten as wy = 3 (ag — 1) {; + kwkge. With m; = 0 and the lagged
real wage at its steady state value of zero (¢, ; = {;_; = 0), the real wage change equation (7'1.6)
implies that w; = ;. Combining the last two equations by eliminating w; and solving for ¢, yields
the equation for the m = 0 schedule in the bottom panel of Figure 1, ¢, = (5% ’Z )9t

30Gee the references in footnote 2.

31Gee the reference in footnote 5.

321f price inflation is completely stabilized (that is, m; = Tip1¢e = 0), then the variance of the
output gap is proportional to the variance of the disturbance ¢,.

$Equation (4) is solved for wy, and the resulting equation and its forwarded version are used to
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T = B + F(L) g + &,

F(L) == (£2) L+ [B22 4 wyn| — (125) L (25)

-«

¢r = — (ﬁ) [ﬁ (ay:+1|t - .Tt+1|t> — (14 0) (ayf —x¢) + (ay?‘_l — ﬁt—l)}

where L is the lag operator. This price-setting equation has essentially the same
form as equation (24), but the residual ¢, is an explicit function of the underlying
preference and technology parameters and the exogenous shocks, rather than an ad
hoc addition.

3.3 Sticky Prices and Sticky Wages

With a sticky wages and sticky prices, households are not on their supply real wage
schedules unless wage inflation is completely stabilized, and firms are not on their
demand real wage schedules unless price inflation is completely stabilized.

Proposition 3: In the version with sticky wages and prices (§y, > 0 and £, > 0),

(a) if 02 =0, then 02 > 0 and 02, > 0
(b) if 02 =0, then 02 > 0 and o2 > 0
(c) if 02 =0, then 02 > 0 and o2 > 0

Proof: See Appendix A.

According to Proposition 3, assuming that it is feasible to set to zero the variance
of any one of the three policy-frontier variables (output gap, price inflation, and wage
inflation), the variance of the remaining two must be strictly positive. As we show
below, if any one of the three policy-frontier variables is stabilized, the real wage must
adjust in response to shocks. If one of the two inflation rates is stabilized, then the
real wage must lie on either the household’s or firm’s real wage schedule (depending
on which inflation rate is stabilized). In this situation the inflation rate that is
not stabilized depends only on the output gap (and its own expected future value).
Thus, stabilizing any two of the three variables is impossible because it precludes any
adjustment in the real wage.

Our analysis has two general implications. First, if either of the nominal variables
is completely stabilized, the adjustment process is the same irrespective of whether
that variable is sticky or not. For example, if price inflation is stabilized, adjustment is
the same when both prices and wages are sticky as when only wages are sticky. Second,
the consequences of stabilizing a nominal variable depend critically on whether the
nominal variable not being stabilized is sticky. For example, strict price inflation

eliminate w; and w4 in equation (23).
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targeting can stabilize both price inflation and the output gap in the special case
in which only prices are sticky because the real wage can change without requiring
output to deviate from potential. However, if wages are sticky, the real wage can
change only if the output gap changes.

4 The Policy Frontier in a Tractable Version

In the previous section, we demonstrated that the supply block of the model im-
poses certain restrictions on the policy frontier, by ruling out the possibility of com-
pletely stabilizing certain combinations of variables. In this section, we provide a
complete characterization of the policy frontier for an analytically tractable version
of the model, including conditions for the existence of a unique stationary rational
expectations equilibrium (henceforth referred to as determinacy ). This exercise also
illustrates the procedure used to calculate policy frontiers in more complicated mod-
els such as the one considered in Section 5. In this version of the model, wages are
sticky but prices are perfectly flexible and the marginal product of labor is constant
(= 0). This version comprises four equations: the wage setting equation (23), the
price setting equation (4), the goods demand equation (7'1.1), and the monetary rule
(T'1.8).

4.1 Conditions for Determinacy of Equilibrium

Sufficient conditions for the determinacy of equilibrium are given in Proposition 4:

Proposition 4: With sticky wages and flexible prices (£, > 0,£p = 0) and a con-
stant marginal product of labor (o =0), assume that v, > 0, v, > 0, and
v, => 0. Then each of the following conditions is sufficient to ensure the exis-
tence of a unique, stationary rational expectations equilibrium:

¥y > (525) (1= v, — )
d) (ﬂ)79+7ﬂ+7w—1>0

RKw kK

Proof: See Appendix A.

The first two conditions are no doubt familiar to many. These conditions imply
determinacy, for example, if a percentage point increase in either price inflation or
wage inflation leads to a larger increase in the nominal interest rate.

The third condition may be somewhat surprising. According to this condition, if
the interest rate response to the output gap (7g) is large enough, then equilibrium

is determinate even if the monetary rule does not include a nominal anchor (that is,
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even if both v, and v, are zero).** It should be emphasized that nominal stickiness
is necessary for this result. If wages and prices are perfectly flexible (that is, if
Ep = &y = 0), determinacy requires that monetary policy pursue a nominal anchor
with a sufficient degree of aggressiveness (that is, v, +, > 1). Given an empirically
plausible degree of nominal inertia, determinacy requires that v, be about 8 in the
absence of a nominal anchor (v, = v, = 0).%

Analogous results can be obtained in all the versions of the general model con-
sidered in this paper. We conjecture that no-need-for-a-nominal-anchor results are
a general feature of staggered contract models and models with other forms of per-
sistent nominal stickiness (for example, convex costs of adjusting wages and prices).
In contrast, with synchronized contracts, it has been shown that a nominal anchor is
required for determinacy.3°

4.2 Characterizing the Policy Frontier

In this subsection we characterize the policy frontier associated with i.i.d. productiv-
ity shocks. The policymaker’s variance loss function, £, is a weighted sum of variances
of the output gap, price inflation, and wage inflation:

L =1 0%+ poo? + po?] . (26)

where 1, + p, + p, = 1.

Each point on the policy frontier is derived by choosing the parameters of the
monetary policy rule to minimize the policymaker’s loss function for a particular set
of weights. The monetary policy rule is of the form:

L= YWt + VTt + Yy Tt1, (27)

The particular form of the monetary policy rule (27) reflects the fact that the state
space of the model includes only the current and lagged productivity shock. In
general, the variables included in the optimal monetary policy rule must span the state
space of the model, so as to allow interest rates to react to any variable that affects
the economy. If the policy instrument is the interest rate, the rule must also include
an appropriate endogenous variable with a coefficient that ensures determinacy. For
this purpose we include wage inflation, w;, with a coefficient, 7, greater than unity.
The variances that appear in the loss function can be expressed as functions of the
parameters of the monetary policy rule and the economic model.?7
Given i.i.d. productivity shocks, the expressions for the variances are

31(Clarida, Gali, and Gertler (1997) call attention to the fact that increasing 7,4 reduces the size
of 7, required for determinacy but do not point out that v, (and in our model ~_) could be zero.
On the basis of their estimate of v, and other parameters, they conclude that the condition for
determinacy cannot be met if v, is very far below unity.

35 This value is calculated using the lower bound in Proposition 4(c) and the parameters displayed
in Table 3.

36Gee, for example, Henderson and Kim (1998).

37The reduced-form solutions for the variables are in Appendix A.

16



0'3 - ﬁ |:O'S} - 2ﬁd27w7w_1 - 2/6d67271 - 2/6df,y:c_1 + /62d2/7i*1} ’
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T =

(28)
0 =d*y2_ |+ A2 4 2dey,y, | +e€*vi o+ 2dfy, + 2efy,_, + [
_ —Kwk _ 1+8)0Z, o (020*1) (a+XEL)
d= e c=—d*[1+ Wc],f_d[ |

where the variance of the productivity shock has been set equal to unity for conve-
nience (02 = 1).

Proposition 5 gives the coefficients Qw, %_1) of the monetary policy rule that
minimizes the variance loss function. hese coefficients are functions of the pa-
rameters of the loss function and the structural parameters of the model (including

P_Yu))'

Proposition 5: In the version with sticky wages and flexible prices (0 < ry <
oo and kKp — 00), a constant marginal product of labor (o =0), and i.i.d.
productivity shocks with a variance of unity (62 =1, 02 =0, 62 =0, p, = 0),
the loss function (26) is minimized by adopting a rule of the form (27) with the
loss-minimizing coefficients given by

HgB
L Ko f KWk e 2
Ve = T he N d T\ — g v )
14+-Hg _ d T—1
d<1+n_ﬂ€_n*#g) +KW~ Hg
1z HgB
) ~Hr <1+~—W9:—Ng—n—fv—n)

Yz 1 = :
' (1+—“9—ug)2+ﬁ-‘ﬁ(1ug)]

KWk KWK

The optimal variances are given by the variance expressions in equation (28)
with v, = ¥, and Yooy = Ve,

Proof: See Appendix A

Proposition 5 shows that the variances of the output gap, price inflation, and wage
inflation implied by minimizing the variance loss function (26) depend on the weights
in the loss function. Varying the weights over all admissable values traces out a three-
dimensional policy frontier.

Two points on the frontier are particularly interesting and are easy to determine
analytically. First, if only the variance of the output gap enters the loss function
(26), that is, if p, = 1, then the variance expressions (28) imply that o2 = o7 = 0
and that 02 = var (z; — ;1) = 202 = 2, so that the variance of inflation simply
equals twice the variance of the technology shock.®® With flexible prices, the real

3¥Recall that we assume for simplicity that 02 = 1.
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wage must equal the demand real wage, and with a@ = 0, the demand real wage must
equal the productivity shock. Therefore, a positive productivity shock raises the real
wage by an equal amount. If the output gap is completely stabilized, then nominal
wage inflation remains constant and all real wage adjustment must be accomplished
through price inflation.

Second, if only the variance of price inflation enters the variance loss function,
that is, if . = 1, then the variance expressions (28) imply that o2 = 0, that
ol = var (z; — x;1) = 202 = 2, and that o> = KQ—;QUCLT (X —xq) = KQ—?KQ The
variance of the output gap with complete inflation Stabilization is inversel‘gf related
to the composite parameter ky -k, the parameter in the wage setting equation that
determines the response of wage inflation to an increase in the output gap. If there
is a positive productivity shock and price inflation is completely stabilized, all the
required upward adjustment must be accomplished through wage inflation. If nom-
inal wages are relatively sticky (that is, if Ky« is small), then inflation stabilization
induces relatively high output volatility, because the required change in wage inflation
must be associated with a large increase in the output gap.

Figure 3 plots two-dimensional representations of the policy frontiers for wage
contracts with average durations of 1.1 quarters (upper panels) and 2 quarters (lower
panels). As shown in the left-hand panels, the amount of output volatility associated
with complete inflation stabilization rises dramatically as wages become more sticky,
that is, as the average duration of wage contracts increases. This version of the
model is admittedly extreme because it forces the deflationary effects of a positive
productivity shock to be offset exclusively through wage adjustment, whereas with a
diminishing marginal product of labor, such a shock puts upward pressure on price
inflation.?® Nevertheless, this diagram highlights the point that inflation stabilization
can generate very large movements in the output gap.

4.3 A Graphical Illustration

In the case of i.i.d. shocks it is possible to illustrate graphically the results of the
version with sticky wages, flexible prices, a = 0, and i.i.d. shocks. A key property
of this version of the sticky wage model is that the price setting relation is not a
one-to-one relationship between price inflation and the output gap. It is shown that
in this version a variance tradeoff exists for productivity shocks but not for the other
shocks.

According to Proposition 5, in this version if either the sum of v, and v, or v, is
large enough, the model has a unique equilibrium. All variables except price inflation
with a productivity shock are expected to return to their steady state values in the
period after any shock, and price inflation with a productivity shock is expected to
return two periods after. That is, we obtain the surprising result that despite the
fact that wages are set in staggered contracts, i.i.d. shocks do not have persistent
effects. The explanation for this result is that with perfectly flexible prices the real
wage can be at the value it would have with complete flexibility in the absence of a

39 A version with decreasing returns is considered in Section 5.
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shock, and households do not care about the relative wages of the differentiated labor
inputs that make up labor as long as they can supply the complete flexibility amount
of labor.

This version of the model comprises equations (23), (4), (7'1.1), and (7'1.8) with
Yo = Vo, = 0. Wegjt, Yeg1pe, and y;“ﬂ‘t, and u; 1, take on are at their steady state
values of zero, and 7y, = ;. Using equation (23) to eliminate w; wherever it
appears yields the version of the model that will be used in the analysis:

T = Kwkgy — Ty + Ty 1, (30)
1 1 Oy
- __ —“Zu, — 31
gt O'ECZt + O'Ecxt + gcut yt? ( )
it = YpTe + (%ﬁw/ﬂ + vg) s, (32)

where y; is defined in Table 1.

This model can be analyzed using three schedules as shown in Figure 4. The
upward sloping AS schedule shows the pairs of price inflation and the output gap
that satisfy the price setting equation (30). It bears repeating that a key property of
this version of the sticky wage model is that the price setting relation is not a one-
to-one relationship between price inflation and the output gap. In graphical terms,
the productivity shock shifts the AS schedule. The vertical G schedule shows the
value of ¢g; which satisfies the goods demand equation (31) for a given interest rate.
Increases in the interest rate shift the G schedule to the left. The downward-sloping
R schedule shows the values of price inflation and the output gap which satisfy the
policy rule, equation (32), for a given inflation rate, and increases in 4; shift the R
schedule to the right.

As an example, consider the effects of a positive productivity shock with v, v,,
and +, all finite so that the gap, wage inflation, and price inflation can deviate from
their steady state values. These effects are shown in Figure 4.

We begin by considering the initial effects. One initial effect of the shock is
familiar. The shock shifts the AS schedule down from ASy to AS;. For a given value
of the gap (and therefore wage inflation), price inflation must be lower so that the real
wage can rise. Another initial effect is less familiar. The shock shifts the G' schedule
to the right from G to G;. An increase in x; raises expected inflation thereby raising
the demand for output, and this effect outweighs the effect of the increase in y; which
tends to lower the gap. In summary, when both initial effects are considered, at an
unchanged interest rate, the shock increases the gap but may lower or raise price
inflation.

Whether the interest rate rises or falls depends on whether the intersection of the
AS; and G schedules lies to the right or to the left of initial R schedule. If it lies to
the right as in Figure 4, the interest rate rises and the G shift to the left and the R
schedule shifts to the right until they meet somewhere on the hatched portion of the
shifted AS schedule. In the new equilibrium, the output gap is definitely higher but
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price inflation may be higher or lower. If it lies to the left (not shown), the interest
rate falls, the output gap is higher, and price inflation is definitely lower.

Now consider the extreme case shown in Figure 5. If approaches v, or v, ap-
proaches infinity but v, does not, the R schedule is vertical and shifts hardly at all
when the interest rate changes.. The initial effects of the productivity shock are the
same. The AS; and G; schedules intersect to the right of the original R schedule so
the interest rate rises. Since changes in the interest rate have hardly any effect on
the R schedule, the interest rate must rise by enough to shift the G schedule back
to Gy, so in this extreme case the positive productivity shock has no effect on the
output gap but lowers inflation.

Next note that the initial effect of a positive consumption shock shifts the G
schedule to the right from Gy to GG; but has no effect on the AS schedule. The rest
of the analysis of consumption shocks is analogous to the analysis of productivity
shocks. When v, 7, and ~, are finite the consumption shock raises both the output
gap and price inflation, and in the extreme case in which v, or v,, approaches infinity
but v, does not, the consumption shock has no effect on either variable.

Finally consider the two extreme cases shown in Figure 6. As in Figure 4, the
vertical I? schedule represents the extreme case in which v, or ,, approaches infinity
but 7, does not. The horizontal R schedule represents the other extreme case in
which ~, approaches infinity but v, and v,, do not. In both extreme cases, the R
schedule shifts hardly at all when the interest rate changes. Productivity shocks
shift the AS schedule, but the other shocks do not. Movements in the interest rate
always shift the G schedule until it passes through the intersection of the virtually
unshifted R schedule and the AS schedule whether it has shifted or not. Therefore,
in this version of the sticky wage model, for productivity shocks stabilizing the output
gap and wage inflation, that is, making R vertical, does not stabilize price inflation
and stabilizing price inflation, that is, making R horizontal, does not stabilize the
output gap and wage inflation. For other shocks stabilizing either the output gap,
wage inflation, or price inflation stabilizes all three. Therefore, in this version there
is a tradeoff between output-gap and price-inflation variances for productivity shocks
but not for other shocks.

5 The Policy Frontier in the General Model

Proposition 3 above establishes that supply block considerations alone imply that
when both wages and prices are sticky, it is not feasible to completely stabilize more
than one of the following three variables: the output gap, price inflation, and wage
inflation. In this section, we find monetary policy rules that generate the points on
the policy frontier at which the variance of one of the variables is equal to zero. We
also employ numerical methods to calculate policy frontiers using reasonably standard
parameter values.
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5.1 Analytical Results

In this subsection, we present three propositions about complete stabilization of the
output gap, price inflation, and wage inflation, respectively. Table 2 contains several
expressions used in formulating these propositions. The solutions for three variables
in the complete flexibility version of the model— the real interest rate (r}), output,
and the real wage— are given in equations (7'2.1) through (72.3). The expressions
for the f; and k; come from (7'1.9) and (7'1.10).

The expressions for the variances of the real wage, the output gap, wage inflation,
and price inflation have the same form no matter which of the latter three variables is
stabilized, but these expressions have different coefficient values depending on which
variable is stabilized. The general expressions for the variances are

2
2 _ v 1taop; i 2
UC - Z]=u,x,z (1agpj lfag Uj

2 2
2 1+a0pj Cio%j Zajcijpjcio 2 .
0; = Zj:u,gc,z (1—aOPj 1,(13 + 1—agp; + Cz’j ) tl=w,g,T
The coefficients ¢, a;j, ¢4, cxj, and c,; are the coefficients of the solutions for
the real wage, the output gap, price inflation and wage inflation that are written in

general terms in Table 2. These coefficients take on different values depending on
which variable is being stabilized.

Proposition 6: (Output-gap) With sticky wages and sticky prices (£, > 0,£p > 0),
for the policy rule

it =Ty + Tep1)e + VG (34)

there is a unique, stationary rational expectations equilibrium in which (rg =0,

and o2 and o2 are given by equation (33), ¢ = %, and the ¢;; are given by
_ Kwag _ Ewkj—(rw—Bcwo)a;
Cwo = 1—Bag’ Cuj = 1-Bp; ’
(35)
__ _kpag __ (kptBero)aj—kpk; .
Cro — 1—Bag ’ T 1*ﬂ,0j 3 ]=u,x,z,

Proof: See Appendix A.

We know from Proposition 3 that in the general model when a?] = 0, the variances
02 and o2 are strictly positive. However, in accord with Proposition 1, if &, = 0 for
fixed p, 02 =0. If &y =0, Ky — 00, ag — 0, ¢z — 0, and a; — k; and ¢y — 0

for j = u, xz, z. Also, in accord with Proposition 2, if £, = 0 for fixed &, then
02 =0.1f&p =0, kp — 00, cpo — 0, and ¢,,; — 0, j =u, z, 2.
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Table 2: Expressions for Analysis of the General Model

Complete Flexibility

rt = olc (y;“ﬂ‘t — y;“) + 0y (ut — ut+1|t) real interest rate (7T2.1)
Yy = fuue + foxe + fo2, output (7T2.2)
fo = (A-—a)aly £, = 1+xly f, = (a-1)xtz

u N ) Jx A 0 JZ Ay ?
(i = kyuy + by + k24, real wage (T2.4)
by = —2lo |k, = dutole
Solutions
¢, = aoply q + ayuy + azxy + a2y, real wage (T2.5)

2
ap (q) =1+ % +q— \/<1 + 164 q) — % real wage coefficient (772.6)

2
k. . .
aj(q) = 1+%+q3§[ao(q)+pj]’ j=u,x, 2, real wage coefficient (72.7)
Gt = Cg0Cy_q1 + Coully + CgaTt + Cgz 21, output gap (7T2.8)
Tt = Cr0Cy_1 + Crullt + Crg®y + Crz2t, price inflation (72.9)
Wi = Cu0Ch1 + Conlly + CozTi + Cuzt. wage inflation (72.10)

Proposition 7: (Price Inflation) In the sticky wage and price version (£, > 0,£p > 0),
for the policy rule

i =1 + ol <9t+1|t - gt> T VuTts (36)

there is a unique stationary rational expectations equilibrium in which o2 = 0,

and o7 and o, are given by (33), ¢ = %%, and the ¢;; are given by

Cwozao_lu Cwj = aj, J]=U,T,%

_ (a=1)ag _ (a=1)ay—afy
cgo - a Y Cgu - a Y (37)
_ la=1az—afs+1 _ (a—l)a—af.
Cgz = ™ Cgz = p
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Proof: See Appendix A.
In accord with Proposition 1, if &, = 0 for fixed £p, 07 = 02 and 02 = 0. If
Ew =0, Kk — 00, a9 — 0, and a; — k;, 7 = u,z,2. It follows that c,o — 0 and

: 2 _ 9 2
cgj — 0,7 =u,x,2. Thus, 67 = o and o, — 0.

Proposition 8: (Wage Inflation) In the sticky wage and price version (£, > 0,£, > 0),
for the policy rule

1 = T;‘ + (TZC (gt+1\t - 9t> + ¢ — Ct+1|t + VoWt (38)

there is a unique stationary rational expectations equilibrium in which 2 = 0,
K pAl

2 2 . _ )
and o7 and o7 are given by (33), ¢ = T Ar—a) and the ¢;; are given by
o =1—ag, cpj=—a; j=u,x,z.
_ (1-a)ag _ (l-—a)ay+af.
Cg0 = Ar—a ? Cgu = Al—a ) (39)
oo = (1-ojag+afs—1 Co = (1-a)ar+af.
gr — Al—a 9 gz — Al—a—

Proof: See Appendix A.

In accord with Propositions 2, if {p = 0 for fixed &y, 07 = 03 and o = 0. If
Ep =0, kp — 00, a9 — 0, and a; — k;, j = u,x,2z. It follows that c,o — 0 and

: 2 _ 2 2
cgi — 0,7 =u,x,2. Thus, 67 = o and o, — 0.

5.2 Numerical Results

While the previous subsection provided analytical expressions for boundary points
of the monetary policy frontier, numerical methods are required to investigate other
properties such as the slope of the policy frontier at intermediate points. Thus, we
calibrate the general model using reasonably standard parameter values, and then we
follow the approach of Williams (1997) and Levin, Wieland, and Williams (1998) to
compute the policy frontier.

Table 3 reports the values of the structural parameters used here. In particular, we
assume that output has a labor elasticity of 0.7 (not the labor elasticity of unity that
was assumed in Section 4). Furthermore, price contracts have an average duration of
two quarters, while wage contracts have an average duration of four quarters. Rather
than making specific assumptions about the contemporaneous correlations between
the disturbances, we calculate a separate policy frontier for each of the three shocks
(ug, z¢, and z;). In computing each frontier, we scale the variance of the shock so that
potential output has unit variance.
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Table 3: The Parameters of the Model of Table 1
Ow =0p = .75 a=.3 Py =D Y =1

Ep=1.5 le =111 Py = .95 C=1

& = .75 ly =0.11 p,=.5 U=.1

8 =.99 l;=0.043  kp=.51 L=.27

o=15 lp, = .37 kw =.027  Z=.03

x=15 Ay =2.02 K =2.89

For each shock, we consider policy rules in which the current interest rate responds
to s, ¢, 1, and the current and lagged values of the shock.*’ The coefficient on 7, is
set equal to 2, while the other three parameters of the interest rate rule are chosen
to minimize the loss function given in equation (26) for given weights s, and p,. For
any interest rate rule in this class, the model yields a determinate solution, and the
reduced-form equation for each endogenous variable (including ;) can be expressed
in terms of ¢, ; and the current and lagged values of the shock.?! Thus, for given
loss function weights p, and p, this class of interest rate rules always encompasses
the optimal policy rule.

For a given set of parameters of the interest rate rule, we confirm the determinacy
conditions and compute the reduced-form solution of the model using the numerical
algorithm of Anderson and Moore (1985), which provides an efficient implementation
of the method proposed by Blanchard and Kahn (1980).*> Given the reduced-form
representation, it is straightforward to calculate the unconditional second moments
of the endogenous variables. Finally, we use the Newton-Raphson method to find the
policy rule parameters that minimize the loss function for given values of i, and p,.
By varying these weights over the unit circle, we trace out the three-dimensional policy
frontier describing the set of efficient outcomes for the variances of price inflation, wage
inflation, and the output gap.

Figure 7 presents three two-dimensional views of the policy frontier corresponding
to productivity shocks, while the upper panels of Figure 8 give two-dimensional views
of the policy frontier associated with consumption demand shocks, and the lower

40Note that this class of interest rate rules is somewhat broader than that given in equation (7'1.8).

41 This result follows from the fact that the general model can be expressed (after various sub-
stitutions) as a fourth-order difference equation in the real wage, with three leads and one lag.
Determinacy is ensured if the interest rate rule yields three roots outside the unit circle and one root
inside the unit circle.

42 A detailed description of the algorithm and recent enhancements may be found in Anderson
(1997). Using Matlab version 5.2 on a 266Mhz Pentium, this algorithm generates the rational
expectations solution within a few seconds for every case considered here.
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panels of Figure 8 give similar views for the policy frontier associated with labor
supply shocks. In response to all three shocks, strict inflation targeting (u, = 1) can
completely stabilize inflation, while generating output gap variance of about 0.5 to
0.9 and wage inflation variance of about 0.005 to 0.03.%3

The cost (in terms of output variability) of stabilizing inflation is lower with
diminishing returns to labor than with a constant marginal product of labor. With
diminishing returns (a > 0), equation (4) indicates that an expansion in the output
gap has a direct effect on price inflation in addition to an indirect effect operating
through increased wage inflation. This direct effect helps to account for the fact
that the variance of output associated with inflation targeting in Figure 7 is much
lower than in the lower panel of Figure 3, even though the average duration of wage
contracts is twice as large.

Nevertheless, Figures 7 and 8 depict very flat variance tradeoffs. Inflation target-
ing is a very costly strategy in the sense that output gap volatility can be drastically
reduced without inducing much variation in price inflation. Furthermore, these fig-
ures exhibit relatively small tradeoffs between output gap volatility and wage inflation
volatility: for a given amount of price inflation variance, policy rules chosen to mini-
mize wage inflation variance (i.e., rules associated with p,, = 1—p.) yield only slightly
higher output gap volatility than rules chosen to minimize output gap variance (i.e.,
rules associated with p, = 1 — p.). Thus, when both wages and prices exhibit an
empirically reasonable degree of nominal inertia, strict price inflation targeting would
be chosen only by policymakers who place a very low relative weight on output-gap
variability.

6 Conclusions

In this paper, we have utilized a simple model with optimizing agents that incor-
porates both wage and price rigidities. We have demonstrated the existence of a
monetary policy tradeoff between price-inflation variability and output-gap variabil-
ity. This variance tradeoff is absent only in the special case in which prices are sticky
and wages are perfectly flexible. In general, it is infeasible to stabilize more than one
of the following three variables: the output gap, price inflation, and wage inflation.

Our results highlight the need for further research on criteria for policy evaluation
and on the empirical relevance of different types of nominal rigidity. We have derived
monetary policy frontiers subject to the weak restriction that policymaker loss is
increasing in the variances of the output gap, price inflation, and wage inflation
volatility. Nevertheless, the variance of nominal interest rates may also be of concern
to policymakers. More can be learned from comparisons of alternative monetary
policy rules using particular parameterizations of the policymaker loss function and,
especially, from extensions of existing research on the relationship between the utility
functions of private agents and policymaker loss functions.

43 All the tradeoff curves are derived conditional on shocks that are scaled so that the variance of
potential output is one percent. Thus, the variance of the output gap conditional on an inflation
targeting strategy and the variance of potential output are of the same order of magnitude.
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We have demonstrated that conclusions about optimal monetary policy are sensi-
tive to assumptions about nominal rigidities. Strict inflation targeting has appealing
welfare implications in models in which only prices are sticky. However, when our
model is calibrated to exhibit an empirically reasonable degree of nominal wage iner-
tia, strict inflation targeting induces substantial output-gap volatility. Accordingly,
our results underline the importance of the ongoing task of quantifying the degrees
of nominal wage and price rigidity.
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Appendix A

This Appendix contains the proofs of Propositions 1 — 6.

Proof of Proposition 1

If £ > 0 and &y, = 0, then the supply block can be reduced to the following two
equations:

Ty = BTyt + KRG, (1)

wy — =4 [(gt —G1) + (y: - yzil)}
] i i (2)
_%% (2 — 1) — oly (up —ugq) + xlz (2t — 221) -
If 02 = 0, then equation (1) implies that o2 = 0 and then equation (2) implies
0% > 0. If 02 = 0 and lim 7,1y — 0, then equation (1) implies that 02 = 0 and then
equation (2) implies o7, > 0. Now assume o> = o = 0 and suppose that 7, = 0, or
assume o, = 0, and suppose 02 = o = 0. Either of these suppositions generates a
contradiction because the variance of the right hand side of equation (2) is positive.
Therefore, it must be that 62 = 62 =0 — ¢2 >0, and 02 = 0 — 02 > 0,02 > 0.
Proof of Proposition 2
If &y > 0 and &, = 0, then the supply block can be reduced to the following two

equations:
wi = Pwisie + KWk, (3)

Ty — Wy = (ﬁ) [(gt —Gi1) + (yt* - yt*—1ﬂ - (ﬁ) (zt — @1) - (4)

If o2 = 0, then equation (3) implies that ¢2 = 0 and then equation (4) implies

02 > 0. If 62 = 0 and lim 7,1 — O, then equation (3) implies that o2 = 0

and then equation (4) implies 62 > 0. Now assume o2 = 0. = 0 and suppose
var (m) = 0, or assume var (7) = 0, and suppose o2 = 0. Either of these suppositions
generates a contradiction because the variance of the right hand side of equation
(4) is positive. Therefore, it must be that o2 = 02 = 0 — war(w) > 0, and
var (r) =0 — 02 > 0,02 > 0. var (7) > 0.

Proof of Proposition 3

According to equation (5),

=0 == 5)
Therefore, if o2 = 0, equations (7'1.2) and (T'1.4) imply that if o2 = 0, then 02 =0
and vice versa. Also, if 02 = 0, equations (7'1.2) , (T'1.4), and (5) imply that if 2 = 0,
then 02 = 0 and vice versa. In addition, if o2 = 0, equations (7'1.2), (T'1.4), and (5)
imply that if 07 = 0, then o2 = 0 and vice versa. That is, if any two of 07, 0%, and o7,
are equal to zero third must also be equal to zero. Suppose that o) = o3 = o2, = 0.
This supposition generates a contradiction because the variance of the right hand side

of equation (6) is positive.



CL/O'ZC CL/XZL

3 —i—(fl7
i (g — 1) + A XtL T otc

Ay

(Zt — Zt—l) -+ (th — $t_1) (6)

w—7=—
Therefore, 02 = 0 — 02 > 0 and 02 > 0,02 =0 — 02 > 0 and 02 > 0,02 =0 —
02 >0 and o7 > 0.

Proof of Proposition 4

The basic difference equations for the sticky wage version with @ = 0 can be
expressed as

yir1= Ay, + Bu, (7)
where
1 _kwk th
Wi B B Zt
V= ( g ) , A= ( ’Yw+’z7r_% 14 ’yg—i-_ﬂﬁﬂ ) , Uy = 2 (8)
alo alo
Te—1

0 0 0 0
B _oluxit(=p,) _ xiz(=p) (olo=1)XL(=p)  ypiy,  FrVe, (9)

glo Ay Ay ololAy olo ol

Ay =xl, + ol (10)

The eigenvalues of A are

2
_ +M —_ +EL’L" K
71,72=1+%+%1J<1+%ﬂ@+@7}) — (4 4 ety (1)
where the + and — of + apply to 71 and 79, respectively. There are no initial
conditions, so there is a unique stationary rational expectations equilibrium if the
real parts of both of the eigenvalues of A exceed one in absolute value. Since § < 1
and the expression under the radical can be written as

kwk 2
1-8 | Yot =5 kwr [(1-8
<ﬁ + 92(7@(? ) - ﬂ;g@c [(kwn) /79 + Yo + Yo — 1 (12)
both roots are real and exceed positive one if real and both exceed positive one if 7,

17
and S_Ff)’yg%—’yﬁ— 1>0.
he solutions for w; and g; can be expressed in matrix form

Yt = Cut (13)

where in this case



aj19bo; a12b20 a12(pybo3+bas)  ajoboy ai2bog

(Tl*pu)(727pu) (Tl*pz)(T27pz) (Tl*pz)(727pz)pz T1T2Py T1T2
C— (14)
(py—a11)bo1 (pr—a11)boo (pz—a11)(pyb23+boa) ajibos  __ajjbog
(T1=pu)(T2—=py)  (T1=p)(T2—p,)  (T1=pu)(T2—py)P, T1T20, T1T2
(7'1 - Pj) (7'2 - Pj) =T1T2 — Py (11 +72) "’P?a J=1,...,3 (15)
1 Yo + kwr (Y, + Vr)
N g \w T 16
T1T2 3 ( + ole (16)
/CVV}'Q
1 TgT 5
—— 4142 b 17
T1 + T2 ﬂ + 1+ O'fc ( )

and b1, bog, bog, and byy make up the bottom row of the matrix B which is defined
in equation (9).
The solution for 7 is

Ty = cipUy + c12ze + (c13 — 1) 2y + (10 + 1) 244 (18)

All the elements of C have denominators of the same form which is given by equation
(15). As can be seen from equations (16) and (17) this denominator rises without
limit as v,, v, or 7, rise without limit. Furthermore, as can be seen from equation
(9) none of the elements of the matrix B depends 7, on or 7y, but b1z and by, rise
without limit as «y, rises. Therefore, complete stabilization of either g; or w; (v, or
7, approaches infinity with v, finite) reduces all the elements of C to zero, so the
solution for 7; reduces to

7Tt| = —Z¢ + Tp_q. (19)

Y@ OTYg—00

In contrast, complete stabilization of 7; (7, approaches infinity with v, and ~,
finite) does not reduce c;3 and ¢4 to zero, and the solutions for w; and g; are

wt‘%_m = Tt — Tt—1, (20)
B(l—p,)+1 1
ol = (B 2= () e 2

Proof of Proposition 5

To evaluate the loss function (26), we use the variance expressions given in equa-
tion (33). The first-order conditions for a minimum of the loss function with respect
to v, and v, , are

B2d2—28de Bd? Bdf
8’;1{1 = M (d N 6) T ug( Ky K2 T_1 lfi%v’# z Z%{z’iQ
By 2 2
- <1 + ug> (@ + €2)v,_, +dev, + ef | (22)

2
L — _pd—"2% 4 (1 + %—iﬂp - %) (dz% +dey, | + df)

2
07, Ky

3



The second-order conditions are

BL = Lo [(8d— o) + ] + (1 piy) (@ +¢2) >0

2 2
87171 Ky K

g%:<1+g‘jﬁ—2—ug>d2>o
(23)

PL_ — Lo (de—ﬂdQ)—l—(l—,ug)de

671_18’” "9\4/"92

>0

2 2
%L _d’L %L — (1 By 2 (1 . ) By
oz 9z | |:87118'yz:| o + K2 12 Hg +5 Hg K2 152

From (23), the conditions for the existence of a unique minimum are fulfilled.
Proof of Proposition 6
Introducing the rule(34) into goods demand equation (7'1.1) results in the first-
order difference equation (24):

i
Jev1)t = (1 + = > 9t (24)
O'KC

Equation (24) implies g; = 0 for v, > 0.

With sticky prices and wages, all versions of the model include equations (7'1.2)
through (7'1.7). With stabilization of the output gap or price inflation or wage infla-
tion, all the remaining variables can be expressed in terms of (, and the three shocks
ug, oy, and z;. In each of these cases, equations (7'1.2) through (7'1.7) can be reduced
to a second-order difference equation in ¢, and the shocks.

With output-gap stabilization, the difference equation is

ﬁCt-H - (1 + B+ kw + KP) G+ G + (’iw + KP) (kuut + kpmy + kzzt) =0 (25)

Expressions for the k; are given in the text. The roots of equation (25) are

2
R I R S LT

where the + and — of + apply to 77 and 79, respectively. Since 0 < # < 1 and

(1_|_1_—§_|_QIMB>2> (1_|_1_—§_|_MB)2_1

28 28 28 28 B
(27)

= (5 + =g >2+1+ ol > (152 + st )2
both roots are real and 0 < 71 < 1 < 75. Since equation (25) contains a lagged value,
this root pattern implies determinacy.

The coefficients of the solutions for (, and 7; are displayed in the text. In deriving
the variances of these variables, it is assumed that the three shocks (u; z;, and z;)are
mutually uncorrelated. Therefore, for u;, £¢,_jur = p,ECi 1ut—1 = pao€EC,_str—1 +



P,0u02, and by stationary £¢, ju; = ’l'“ap"f;“ and ECu; =
ships hold for x; and z.

Proof of Proposition 7

Introducing the rule (??) into goods demand equation (7'1.1) results in the first-
order difference equation (28):

. Analogous relation-

Tt = VaTt (28)
Equation (28) implies m; = 0 for v, > 1. As explained in the proof of Proposition 6,
with inflation stabilization the rest of the model is equations (7'1.2) through (71.7)
which can be reduced to a second-order difference equation in ¢, and the shocks:

B — (

Expressions for the h; are given in the text. The roots of equation (29) are

A
= 1> Co+ ¢y + Bw (hyuy + heme + heze) = 0. (29)

T1,To = 1+1ﬁ+”‘2$1i\/1+1ﬁ+”gg§1) -3 (30)

where the + and — of + apply to 71 and 75, respectively. The demonstration that
both root are real and that 0 < 7; < 1 < 75 is the same as the analogous demon-
stration in the proof of Proposition 6 except that ﬂggﬁ replaces iWQL;B everywhere.
Since equation (29) contains a lagged value, this root pattern implies determinacy.

The statements in the last paragraph of the proof of Proposition 6 apply with
appropriate modification.

Proof of Proposition 8

Introducing the rule (38) into goods demand equation (7'1.1) results in the first-
order difference equation (31):

Wit1lt = YWt (31)
Equation (31) implies w; = 0 for 7y, > 1. As explained in the proof of Proposition 6,
with inflation stabilization the rest of the model is equations (7'1.2) through (71.7)
which can be reduced to a second-order difference equation in ¢, and the shocks:

B = (1404 2=

Expressions for the d; are given in the text. The roots of equation (32) are

)Ct+Ct 1+ ke (dyuy + dyzy + dyz) = 0. (32)

2
71,72—1+—@+—“&i\/1+2ﬂ+2—g§%) -3 (33)

where the + and — of + apply to 71 and 75, respectively. The demonstration that
both root are real and that 0 < 7; < 1 < 75 is the same as the analogous demon-
stration in the proof of Proposition 6 except that ﬂgﬁﬂ replaces ﬂ—('XlA"Tla) everywhere
because Ay —a =l + (1 — a) ole > 0. Since equation (32) contains a lagged value,
this root pattern implies determinacy.

The statements in the last paragraph of the proof of Proposition 6 apply with

appropriate modification.



Appendix B

In this appendix we derive a logarithmic approximation for the first-order condi-
tion for the nominal wage which we call the wage setting equation. We repeat the
first-order condition, equation (9) for convenience:

e Hsft 1 [e ¢}
Wh & Z(ﬁwﬁ)ktbﬁ;h,s?fzh,s = %&s > (EwB)® UspsLi,s. (B.1)
s=t § s=t

Multiplying and dividing the left hand side of equation (B.1) by W; yields

o0 1 o0
815‘4;4/ Z@Wﬁ)S%Z/{l;h,sDXZ’PLh,s = 9_€t Z(ﬁwﬁ)situi;;h,sl;hys, (B.Q)
s=t w s=t
where W WoIT*
AY =24 DI = ——, AV =DV = 1. B.3
T Wt t, PS ( )
The expression for Ly, in equation (7'1.4) can be rewritten as
1 WHS
Lys = (DI%)™ 7 Ly, DY = Mt/ : (B.4)

Substituting the log differentials of U,y s, Usp s, and Ly, s into the log differential of
equation (B.2); recognizing that each term in the resulting equation is multiplied by

. — — WP Uz oL . ) .
either Uy, s D""F' L, or ===t which are equal; and rearranging yields

e}

(1= &wB) (1 — xlrerw)AY ==& (& B)  'DIS”

s=t
00 00

+gt Z(gwﬁ)s_tXZLeL,WﬁZ‘; - gt Z(gwﬁ)s_tzjﬁ;h

s=t s=t
o o

+EY (EwB) XL + & (EwB) X1 Zs (B.5)

s=t s=t

where l¢, l;, 01, and £, are defined in Table 3.

Adding and subtracting &, Bx/ ¢ Lyw&(WtH—W}), noting that 5,:15% = 0, making
use of the definition of /AlfV , recognizing that CA'hyt = C’t because of perfect insurance
markets and that Uh,t = Ut because of identical consumers yields

(1—¢&wB)! (1 - XELGL,W> AY
= &&wh(l — fWﬁ)il (1 - XELEL,W) Aﬁl
+Ew Bl —EwB) ! (1 - XZLGL,W> E(Wer — W)

—(Wt — Pt) + Uét — O'Ut + XgLﬁt + ngzAt. (B6)
It can shown that
- fvzw(m W) = - fvzwwt (B.7)



Letting W, =w, and W, — P, = (; yields the log approximation to the wage setting
equation

(1=&wB)(1 —Ew)
(1 — XELGL,W> Sw

(¢ —¢) = Pwirie + Kkw (¢F — ¢ (B.8)

ws = Pwigre +

where R ) R ) . o
C? = (m—Rg)S :O'Ct—O'Ut‘FXKLLt‘i‘XgZzt. (Bg)

is the (logarithmic deviation of the) supply real wage, the value of (, that would result
if wages were completely flexible (£, — 0).
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Figure 1. Sticky Pricesand Flexible Wages
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