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Devwudfw

Wzr ihdwxuhv glvwlqjxlvk Hxurshdq dqg XV oderu pdunhwv1 Iluvw/ prvw Hxurshdq

frxqwulhv kdyh vxevwdqwldoo| pruh jhqhurxv xqhpsor|phqw lqvxudqfh1 Vhfrqg/ wkh

gxudwlrq ri xqhpsor|phqw dqg hpsor|phqw vshoov duh vxevwdqwldoo| kljkhu lq Hxursh 0

hpsor|phqw wxuqryhu lv orzhu1 Zh vkrz wkdw vhoi0lqvxudqfh/ l1h1/ vdylqj dqg eruurzlqj/

lv d jrrg vxevwlwxwh iru xqhpsor|phqw lqvxudqfh zkhq wxuqryhu lv kljk dv lq XV1 Li
wkh lqvxudqfh v|vwhp lv ohvv wkdq shuihfwo| dfwxduldoo| idlu/ wkh hpsor|hg phgldq yrwhu

kh zloo wkhq suhihu wr vhoi0lqvxuh lqvwhdg ri kdylqj xqhpsor|phqw lqvxudqfh li wxuqryhu

lv kljk1 Zh dovr vkrz kljk xqhpsor|phqw lqvxudqfh pdnh xqhpsor|hg pruh zloolqj

wr zdlw iru d mre zlwk orz vhsdudwlrq udwhv1 Wklv frxog pdnh erwk kljk wxuqryhu2orz

lqvxudqfh +XV, dqg orz wxuqryhu2kljk lqvxudqfh +Hxursh, vwdeoh htxloleuld1 Orz

wxuqryhu dovr ohdgv wr d vwurqj glyhujhqfh ehwzhhq wkh orqj dqg vkruw uxq lqwhuhvw ri

wkh hpsor|hg1 Lq devhqfh ri ghylfhv vxfk wkdw wkh phgldq yrwhu fdq elqg ixwxuh yrwhuv
wr vrph ohyho ri lqvxudqfh/ wkh yrwlqj f|foh pxvw wkxv eh orqj lq rughu wr vxssruw d

kljk ohyho ri lqvxudqfh1

W Lqvwlwxwh iru Lqwhuqdwlrqdo Hfrqrplf Vwxglhv/ Vwrfnkrop Xqlyhuvlw|/ V0439 <4 Vwrfnkrop/ Vzhghq1
Hpdlo= Mrkq1KdvvohuCllhv1vx1vh1 Whohskrqh= .790;04953:31 Mrkq Kdvvohu wkdqnv wkh shrsoh dw wkh Plq0
qhdsrolv Ihghudo Uhvhuyh Edqn iru wkhlu krvslwdolw|1

_ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwdw Srpshx Ideud/ Udprq Wuldv Idujdv 5805:/ 3;338 Edufhorqd/
Vsdlq1 Hpdlo= vhylprudCjrel1xsi1hv1 Whohskrqh= .670608754:881 MYUP wkdqnv wkh shrsoh dw wkh Lqvwlwxwh
iru Lqwhuqdwlrqdo Hfrqrplf Vwxglhv iru wkhlu krvslwdolw|1
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- Dv ( shu prqwk ri vrxufh srsxodwlrq1

Vrxufh= RHFG Hpsor|phqw Rxworrn/ Mxo| 4<<81

Wdeoh 4= Iorzv Lq dqg Rxw ri Xqhpsor|phqw 4<;8

4 Lqwurgxfwlrq

D frpsdulvrq ehwzhhq wkh oderu pdunhwv lq XV dqg Hxursh uhyhdov wzr glvwlqfw gl�huhqfhv1

Iluvw/ xqhpsor|phqw lqvxudqfh lv pxfk pruh jhqhurxv lq prvw Hxurshdq frxqwulhv wkdq lq

XV1 Wkh jhqhurvlw| lv uh hfwhg erwk lq whupv ri uhsodfhphqw udwlrv dqg wkh ohqjwk ri wlph

dq xqhpsor|hg lv hqwlwohg wr wkh ehqh�wv14 Vhfrqg/ wkh  rzv lq dqg rxw ri xqhpsor|phqw

duh pxfk kljkhu lq wkh XV wkdq lq Hxursh1 Lq Wdeoh 4 zh vkrz �jxuhv ri wkh  rz

iurp hpsor|phqw dqg iurp xqhpsor|phqw gxulqj 4<;81 Wkh  rzv duh h{suhvvhg dv wkh

shufhqwdjh ri hpsor|hg2xqhpsor|hg wkdw orvw2irxqg d mre lq dq dyhudjh prqwk lq 4<;81

Lq Jhupdq|/ iru h{dpsoh/ rqo| 158( ri wkh hpsor|hg orvw wkhlu mrev lq dq dyhudjh 4<;8

prqwk1 Wkh �jxuh iru XV zdv derxw 43 wlphv kljkhu1 Vlploduo|/ 914( ri wkh xqhpsor|hg

irxqg d mre lq Jhupdq|5 hdfk prqwk zkloh wkh shufhqwdjh lq XV zdv doprvw vhyhq wlphv

kljkhu16 Wkh orz  rz rxw ri hpsor|phqw phdqv wkdw wkh dyhudjh ulvn ri orrvlqj d mre

lv orz lq Hxursh zkloh kljk lq XV1 Exw wkhq/ zk| gr zh revhuyh yhu| frpsuhkhqvlyh

xqhpsor|phqw lqvxudqfh v|vwhpv lq Hxursh zkloh qrw lq XVB

Lq wklv sdshu zh wu| wr dqvzhu wkuhh txhvwlrqv1 Iluvw/ grhv d orz hpsor|phqw wxuqryhu7

4Wkh RHFG Mre Vwxg| ^:` frpsxwhv dq lqgh{ ri wkh jhqhurvlw| ri wkh xqhpsor|phqw ehqh�wv iru 53
RHFG frxqwulhv1 Dffruglqj wr wklv lqgh{/ Ghqpdun dqg Qhwkhuodqgv kdyh wkh prvw jhqhurxv v|vwhpv
zkloh XV dqg Mdsdq kdyh wkh ohdvw jhqhurxv1 Gxh wr pxowlglphqvlrqdo gl�huhuhqfhv lq wkh vwuxfwxuh ri
wkh v|vwhpv/ dq| udqnlqj fdq/ ri frxuvh/ eh dpeljrxv1 Krzhyhu/ lw vhhpv udwkhu fohdu wkdw prvw Hxurshdq
frxqwulhv kdyh pruh jhqhurxv xqhpsor|phqw lqvxudqfh wkdq XV kdv1

5Qrwh/ krzhyhu/ wkh kljk  rzv rxw ri xqhpsor|phqw lq Ilqodqg dqg Vzhghq1 Wklv pd| uh hfw wkh
+xqvxvwdlqdeo|, orz xqhpsor|phqw udwhv wkhvh frxqwulhv kdg lq 4<;81 Iru Vzhghq/ d orw ri wkh  rz
lv olnho| wr eh wr gl�huhqw xqhpsor|phqw surjudpv lq zklfk wkh lqglylgxdov duh qrw frxqwhg dv rshqo|
xqhpsor|hg1 E| 4<<6/ wkh rxw rz lq Ilqodqg kdg idoohq wr 461< dqg lq Vzhghq wr 44191

6Wkhuh lv/ ri frxuvh/ vxevwdqwldo yduldwlrq lq wkh  rz udwhv ryhu djh jurxsv dqg lqgxvwulhv1 Glvdjjuh0
jdwlqj ryhu djh jurxsv dqg lqgxvwulhv/ wkh kljkhu urwdwlrq lq XV vhhpv wr suhydlo/ krzhyhu1 Vhh RHFG
Hpsor|phqw Rxworrn ^;`1

7Zh xvh wkh zrug wxuqryhu wr ghqrwh wkh  rz udwhv wr dqg iurp xqhpsor|phqw1 Wklv vkrxog eh
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phdq wkdw hpsor|hg zrxog suhihu d kljk xqhpsor|phqw lqvxudqfh wkdw lv sd|hg e| wd{0

lqj hpsor|hgB Wklv lv wkh grzqzdug srlqwlqj duurz lq Iljxuh 41 Vhfrqg/ li zh doorz

hpsor|phqw wxuqryhu wr eh d fkrlfh yduldeoh/ krz lv wkdw fkrlfh d�hfwhg e| wkh ohyho ri

xqhpsor|phqw ehqh�wv +wkh xszdug srlqwlqj duurz,B Wklug/ li shrsoh fdq yrwh vhtxhq0

wldoo| rq wkh ohyho ri xqhpsor|phqw ehqh�wv/ lv wkh ohqjwk ri wkh yrwlqj f|foh lpsruwdqw

iru yrwlqj rxwfrphvB

Observation 1
• Flows between employment and unemployment is

much larger in US than in Europe. I.e. duration of
employment/unemployment spells much shorter in US.

Observation 2
• Unemployment benefits “better” in Europe with higher

replacement ratios and longer duration.

Iljxuh 4= Lvvxhv

Wr dqvzhu wkh �uvw txhvwlrq zh �uvw vkrz wkdw lw lv lpsruwdqw wr uhfrjql}h wkdw lq0

glylgxdov lq uhdo olih fdq vhoi0lqvxuh/ l1h1/ xvh vdylqj dqg eruurzlqj dv d vxevwlwxwh iru

xqhpsor|phqw lqvxudqfh1 Wr looxvwudwh wkh lpsruwdqfh ri wklv zh vwduw rxu dqdo|vlv zlwk

d vlpsoh vhdufk prgho zlwkrxw vdylqj1 Zh vkrz wkdw vxfk d prgho lpsolhv wkdw wkh zloo0

lqjqhvv ri dq hpsor|hg shuvrq wr sd| iru xqhpsor|phqw lqvxudqfh lqfuhdvhv lq  rz udwhv

wr dqg iurp xqhpsor|phqw1 Wkdw lv/ odujh  rzv ehwzhhq xqhpsor|phqw dqg hpsor|phqw/

dv lq wkh XV/ zrxog whqg wr lqfuhdvh wkh ohyho ri lqvxudqfh wkdw hpsor|hg shrsoh zrxog

suhihu1

Zh zloo vhh wkdw wklv uhvxow fuxfldoo| ghshqgv rq wkh dvvxpswlrq wkdw lqglylgxdov

frqvxph wkhlu zdjh zkhq hpsor|hg dqg fdqqrw eruurz zkhq xqhpsor|hg1 Wkh xqhp0

sor|phqw lqvxudqfh wkxv kdv wr ixqfwlrq erwk dv d phdqv wr vprrwk lqfrph dqg dv wuxh

lqvxudqfh1 Doorzlqj iru d fuhglw pdunhw zkhuh wkh lqglylgxdov fdq vdyh ru eruurz wxuqv

wklv uhvxow xsvlgh grzq1 Orz wxuqryhu phdqv wkdw lqfrph vkrfnv dvvrfldwhg zlwk xqhp0

sor|phqw duh pruh shuvlvwhqw wkdq zkhq wxuqryhu lv kljk1 Kljko| shuvlvwhqw vkrfnv lpso|

wkdw xqfhuwdlqw| ryhu orqj shulrgv ri wlph lv kljk/ zklfk fuhdwhv dq lqvxudqfh prwlyh1 Rq

glvwlqjxlvkhg iurp mre urwdwlrq zklfk w|slfdoo| lv xvhg iru wkh  rzv rq wkh oderu pdunhw lqfoxvlyh ri  rzv
ri hpsor|hg iurp rqh mre wr dqrwkhu1 Wkh ohyho ri mre urwdwlrq gh�qhg lq wklv zd| lv qrw yhu| gl�huhqw
ehwzhhq XV dqg Hxursh1 +Vhh/ iru h{dpsoh/ Ehuwrod dqg Urjhuvvrq ^5` iru d prgho ri mre0wr0mre urwdwlrq,1
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wkh rwkhu kdqg zlwk orz shuvlvwhqfh wkh sureohp lv pruh wr vprrwk lqfrph ehwzhhq vkruw

exw iuhtxhqw xqhpsor|phqw dqg hpsor|phqw shulrgv> vrphwklqj wkdw fdq eh grqh h�hf0

wlyho| e| vdylqj dqg eruurzlqj1 Frqvhtxhqwo| vdylqj lv d jrrg vxevwlwxwh wr lqvxudqfh

zkhq vshoov vkruw/ exw pxfk zruvh zkhq vshoov duh orqj18

Zh dvvxph wkdw d phgldq yrwhu +zkr lv hpsor|hg, fdq fkrrvh dq xqhpsor|phqw

lqvxudqfh wkdw lv �{hg iruhyhu +dq dvvxpswlrq odwhu wr eh gursshg,1 Zh vkrz wkdw wkh

phgldq yrwhu zloo fkrrvh d orz +kljk, uhsodfhphqw udwlr li kh olyhv lq d kljk +orz, wxuqryhu

hfrqrp|1 Zh dovr vkrz wkdw doo frplqj jhqhudwlrqv ri phgldq yrwhuv zloo �qg wkdw wkh

fkrlfh ri wkh �uvw lv rswlpdo dovr wr wkhp1 Zh kdyh wkxv hvwdeolvkhg d prwlyh iru wkh

hpsor|hg wr lqwurgxfh jhqhurxv xqhpsor|phqw ehqh�wv zkhq hpsor|phqw wxuqryhu lv

orz1

Qrz wxuq wr wkh vhfrqg txhvwlrq1 Vxssrvh wkdw xqhpsor|hg lqglylgxdov fdq fkrrvh

ehwzhhq wzr vwudwhjlhv1 Hlwkhu/ wr orrn iru d vdih mre wkdw lv h{shfwhg wr odvw orqj exw lw lv

gl!fxow wr �qg/ ru wr orrn iru mrev wkdw duh xqvdih exw hdvlhu wr �qg1 Zh wklqn ri wklv dv

d fkrlfh ehwzhhq ehlqj vshfldol}hg lq grlqj d vshfl�f wdvn ru ehlqj pruh ri d jhqhudolvw/

dowkrxjk pdq| frpsohphqwdu| lqwhusuhwdwlrqv duh srvvleoh1 Wkh uhodwlyh dwwudfwlyhqhvv

ri ehlqj vshfldol}hg ru qrq0vshfldol}hg/ lv d�hfwhg e| wkh jhqhurvlw| ri wkh xqhpsor|phqw

ehqh�wv1 Fhwhulv sdulexv/ kljkhu xqhpsor|phqw ehqh�wv pdnh ohvv frvwo| wr wdnh wkh

orqjhu vhdufk shulrg dvvrfldwhg zlwk ehlqj vshfldol}hg1 Wklv fuhdwhv dq lpsolfdwlrq iurp

wkh ohyho ri xqhpsor|phqw ehqh�wv wr wkh ghjuhh ri wxuqryhu1

Wkh fdxvdo uhodwlrqv ehwzhhq xqhpsor|phqw ehqh�wv dqg hpsor|phqw wxuqryhu fdq

qrz eh ghvfulehg e| wkh wzr duurzv lq Iljxuh 41 Wkh| fuhdwh d flufoh zklfk doorzv iru wkh

h{lvwhqfh ri pxowlsoh htxloleuld1 Xqhpsor|hg fkrrvh wr eh vshfldol}hg +qrq0vshfldol}hg,

ehfdxvh xqhpsor|phqw lqvxudqfh lv kljk +orz,/ wkh hpsor|hg fkrrvh kljk +orz, xqhp0

sor|phqw lqvxudqfh ehfdxvh wkh| h{shfw wr kdyh orqj +vkruw, vshoov ri xqhpsor|phqw dqg

hpsor|phqw1

Lq rughu wr dgguhvv wkh odvw ri rxu wkuhh txhvwlrqv zh gurs wkh dvvxpswlrq wkdw wkh

phgldq yrwhu fdq �{ lqvxudqfh ohyho iru hyhu1 Lqvwhdg zh dvvxph wkdw d yrwh lv wdnhq zlwk

uhjxodu lqwhuydov1 Wkh phgldq yrwhu fdq wkhq rqo| fkrrvh wkh ohyho ri lqvxudqfh xqwlo qh{w

yrwh wdnhv sodfh/ qrw iruhyhu1 Zlwk orz wxuqryhu/ lqvxudqfh lv lpsruwdqw prvwo| lq wkh

orqj uxq/ ehfdxvh lq wkh vkruw uxq wkh hpsor|hg lv uhodwlyho| vxuh ri nhhslqj klv mre1 Exw

li wkh yrwlqj f|foh kdv vkruw shulrgv ehwzhhq yrwhv/ wkh phgldq yrwhu fdq rqo| lq xhqfh

wkh lqvxudqfh ohyho gxulqj wkh qhdu ixwxuh/ zkhq kh grhv qrw fduh pxfk derxw lqvxudqfh1

Vlqfh wkh phgldq yrwhu kdv wr ehdu wkh frvw ri wkh lqvxudqfh kh zloo wkxv yrwh iru orz ru

qr lqvxudqfh1 Zh vkrz wkdw wkh yrwlqj f|foh pd| kdyh wr eh yhu| orqj iru wkh vhtxhqwldo

yrwlqj rxwfrph wr eh forvh wr wkh shupdqhqw lqvxudqfh fdvh1

Lq d orz wxuqryhu hfrqrp| hyhu|erg| zrxog ehqh�w iurp kdylqj d kljk lqvxudqfh ohyho1

Krzhyhu/ wkh whqvlrq ehwzhhq wkh vkruw uxq jrrg dqg wkh orqj uxq ehvw ehfrphv pruh

8Juxehu ^6` dqdo|}hv wklv frqvxpswlrq vprrwklqj h�hfw ri xqhpsor|phqw lqvxudqfh1
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vhyhuh/ vr wkh orqj uxq ehvw ehfrphv pruh gl!fxow wr dfklhyh1 Eurdgzd| dqg Zlogdvlq ^4`

glvfxvv shqvlrq v|vwhpv dqg qrwh wkdw/ li yrwhuv gr qrw dqwlflsdwh dq| h�hfwv ri wkhlu rzq

yrwhv/ |rxqj qrq0dowuxlvwlf yrwhuv zrxog qrw yrwh iru kljk shqvlrqv sdlg e| kljk wd{hv rq

oderu li wkh shulrg xqwlo qh{w yrwh lv vkruw uhodwlyh wr wkh wlph uhpdlqlqj wr klv uhwluhphqw1

Khuh d vlplodu phfkdqlvp lv dw zrun1

Wkh sdshu lv rujdql}hg lq wkh iroorzlqj zd|1 Lq vhfwlrq 5 zh frqvwuxfw wkh edvlf prgho

zh zloo xvh lq wkh sdshu1 Lq vhfwlrq 514 wkh lqglylgxdov duh qrw doorzhg wr vdyh dqg eruurz/

dq dvvxpswlrq wkdw lv uhod{hg lq vhfwlrq 5151 Lq vhfwlrq 516 zh doorz wkh xqhpsor|hg wr

fkrrvh gl�huhqw wxuqryhu ohyhov dqg hvwdeolvk wkh srvvlelolw| ri pxowlsoh htxloleuld1 Lq

vhfwlrq 6 zh dqdo|}h wkh h�hfwv ri lqwurgxflqj vhtxhqwldo yrwlqj dqg vhfwlrq 7 frqfoxghv

wkh sdshu1

5 Suhihuhqfhv iru Xqhpsor|phqw Lqvxudqfh

514 D  rz Prgho Zlwkrxw Vdylqjv

Frqvlghu wkh iroorzlqj glvfuhwh wlph vhdufk prgho1 Wkh lqglylgxdov uhfhlyh d qhw lqfrph

ri z
e

zkhq zrunlqj1 Zkhq qrw zrunlqj/ wkh lqglylgxdo uhfhlyhv xqhpsor|phqw ehqh�wv

ghqrwhg z
�

1 Li dq lqglylgxdo lv hpsor|hg wkhuh lv dq h{rjhqrxv suredelolw| t wkdw kh zloo

orrvh klv mre ehwzhhq wkh fxuuhqw dqg qh{w shulrg1 Vlploduo|/ dq| xqhpsor|hg pd| jhw d

mre wkh qh{w shulrg zlwk suredelolw| k1 Wkh rqo| vwdwh yduldeoh iru wkh lqglylgxdo lv wkh

hpsor|phqw vwdwxv o wkdw fdq wdnh wkh ydoxhv h dqg x/ ghqrwlqj hpsor|hg dqg xqhpsor|hg1

Wkh ydoxh ixqfwlrq Y +o,/ l1h1/ wkh vxp ri h{shfwhg ixwxuh glvfrxqwhg xwlolw| pxvw vdwlvi|

Y +h, @ X+z
e

, . �

�no
++4� t,Y +h, . tY +x,,

Y +x, @ X+z
e

, . �

�no
++4� k,Y +x, . kY +h,,

+4,

zkhuh X+�, lv wkh shu shulrg xwlolw| ixqfwlrq dqg u lv wkh vxemhfwlyh glvfrxqw udwh1 Lw lv

wkhq vwudljkw iruzdug wr yhuli| wkdw wkh h{shfwhg xwlolw| lq wkh wzr vwdwhv lv jlyhq e|

Y +h, @ E�no�Eon��LE�
e

�n^LE�
�

�

oEon�n^�

Y +x, @ E�no�Eon^�LE�
�

�n�LE�
e

�

oEon�n^�

+5,

Diwhu vxevwlwxwlqj X+�, iru wkh FDUD xwlolw| ixqfwlrq �h3�S/ zh fdq xvh wkh ydoxh

ixqfwlrq wr vwxg| lqglylgxdo suhihuhqfhv ryhu gl�huhqw xqhpsor|phqw lqvxudqfh vfkhphv1

Zh zloo/ lq sduwlfxodu/ orrn dw xqhpsor|phqw lqvxudqfh wkdw lv �qdqfhg e| d sd|0uroo wd{

� / zklfk lv uhtxluhg wr eh qrq0qhjdwlyh1 Wkh dprxqw sdlg lq wd{hv/ plqxv sursruwlrqdo

dgplqlvwudwlrq frvwv d � 3 lv glvwulexwhg wr wkh xqhpsor|hg19 Zh zloo irfxv rq vwhdg|

9Zh pdnh wkh uhdolvwlf dvvxpswlrq wkdw wkh lqvxudqfh v|vwhp gr qrw glvwulexwh h{dfwo| dv pxfk dv
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vwdwhv vr wkdw wkh vkduh ri xqhpsor|phqw lv frqvwdqw1 Lq wklv prgho wkh rqo| vwdwh yduldeoh

iru wkh lqglylgxdov lv wkh hpsor|phqw vwdwxv1 Wkhuh zloo wkxv rqo| eh frq lfwlqj lqwhuhvwv

zlwk uhvshfw wr wkh ohyho ri � ehwzhhq hpsor|hg dqg xqhpsor|hg1 Zh zloo dvvxph wkdw

wkh hpsor|hg duh ghflvlyh dqg zh zloo wkxv frqfhqwudwh rq wkhlu suhihuhqfhv ryhu �:1

Ohw g eh wkh ghshqghqf| udwlr/ l1h1/ wkh udwlr ri xqhpsor|hg wr hpsor|hg1 Lq d vwhdg|

vwdwh wkh  rz ri lqglylgxdov wr dqg iurp xqhpsor|phqw srro shu xqlw ri wlph pxvw eh

htxdo1 Wklv lpsolhv wkdw g @ t@k1 Wkh qhw zdjh dqg wkh xqhpsor|phqw ehqh�wv vdwlvi|

z
e

� z+4� �,

z
�

� ��E�3@�

_

+6,

zkhuh z lv wkh jurvv zdjh1 Qrz zh fdq pd{lpl}h Y +h, zlwk uhvshfw wr � 1 Wkh �uvw rughu

frqglwlrq iru d pd{lpxp lv

� @
g

4� d� g

�
4 .

4

�z
oq

�
t+4� d,

gu. t

��
+7,

Khuh zh vkrxog qrwh wkdw zlwk qr dgplqlvwudwlrq frvwv wkh rswlpdo wd{ udwh lv � @
_

�3_

k
4 . �

��

oq
�

^

_on^

�l
1 Wkh �uvw whup/ _

�3_
/ fruuhvsrqgv wr ixoo lqvxudqfh1 Wklv lv ghyl0

dwhg iurp e| wkh vhfrqg whup lq eudfnhwv/ zklfk lv qhjdwlyh surylghg wkdw wkh glvfrxqw

udwh lv vwulfwo| srvlwlyh1

Uhvxow 4 Wkh rswlpdo lqvxudqfh ohyho +vwulfwo|, lqfuhdvhv lq wxuqryhu zkhq lqglylgxdov

kdyh qr dffhvv wr fdslwdo pdunhwv iru eruurzlqj dqg vdylqj dqg glvfrxqwlqj lv +vwulfwo|,

srvlwlyh1

Surri= Wkh ghulydwlyh ri +7, zlwk uhvshfw wr wkh vhsdudwlrq udwh/ kroglqj t@k frqvwdqw

dw g fdq eh zulwwhq

ug2

�tz+4 . g� d,+t . ug,
A 3= +8,

Zlwk vwulfwo| srvlwlyh glvfrxqwlqj ixoo lqvxudqfh lv vxerswlpdo ehfdxvh zkhq prylqj

iurp shuihfw lqvxudqfh wkh lqfuhdvhg ulvn kdv rqo| vhfrqg rughu qhjdwlyh h�hfwv1 Rq wkh

lw uhfhlyhv1 Rxu suhihuhg lqwhusuhwdwlrq ri @ lv dgplqlvwudwlrq frvwv exw zh frxog dovr lqwhusuhw lw dv
uhsuhvhqwlqj d wudqvihu hohphqw ehwzhhq gl�huhqw fdwhjrulhv ri oderu1 Zh fdq/ iru h{dpsoh/ dvvxph wkdw
wkh phgldq yrwhu idfhv d orzhu ulvn ri orrvlqj klv mre wkdq wkh dyhudjh suredelolw|1 Lq wkh iroorzlqj zh zloo
vhh wkdw @ lv lpsruwdqw iru wkh dqdo|vlv1

:Iru qrz/ zh duh dqdo|}lqj wkhlu zhoiduh iru gl�huhqw � jlyhq wkdw lw lv khog frqvwdqw iru hyhu1 Wkh
ydoxh ri � wkdw pd{lpl}hv wkh zhoiduh ri wkh fxuuhqwo| hpsor|hg li khog frqvwdqw pd|/ krzhyhu/ qrw eh
dwwdlqdeoh lq d srolwlfdo htxloleulxp zlwk vkruw yrwlqj f|fohv1Zh zloo uhwxuq wr wklv lvvxh ehorz1
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Wdeoh 5= Sdudphwhuv

rwkhu kdqg/ wkh uhgxfhg wd{ jlyhv pruh prqh| wr vshqg wrgd| zkloh wkh orvv frphv lq

wkh ixwxuh zkhq lw lv ydoxhg orzhu1 Wklv kdv srvlwlyh �uvw rughu h�hfwv rq wkh ydoxh

ixqfwlrq ri wkh hpsor|hg1 Zlwk orzhu vhsdudwlrq udwhv/ wklv odwwhu h�hfw lv vwurqjhu vlqfh

wkh xqhpsor|phqw shulrg lv h{shfwhg wr frph ixuwkhu dzd| lq wkh ixwxuh1

515 Doorzlqj Vdylqjv

Qrz dvvxph wkdw wkh lqglylgxdov fdq vdyh dqg eruurz exw qrw sulydwho| lqvxuh wkh xqhp0

sor|phqw ulvn1 Rq wkhlu �qdqfldo dvvhwv/ ghqrwhg D
|

/ wkh| uhfhlyh dq lqwhuhvw udwh zklfk/

iru vlpsolflw|/ frlqflghv zlwk wkhlu vxemhfwlyh glvfrxqw udwh u= Lq dgglwlrq wr wkh hpsor|0

phqw vwdwxv o/ dovr wkh dprxqw ri �qdqfldo dvvhwv qrz hqwhu dv dq dujxphqwv ri wkh ydoxh

ixqfwlrq1 Wkh �qlwh krul}rq ydoxh ixqfwlrqv duh jlyhq e|
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Lq wkh dsshqgl{ zh vkrz wkdw dv wkh krul}rq W jrhv wr lq�qlw| wkh ydoxh ixqfwlrqv

frqyhujh wr

Y +D
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dqg f
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duh frqvwdqwv wkdw duh ghwhuplqhg iurp wkh �uvw rughu frqglwlrq ri wkh

Ehoopdq htxdwlrq1 Zh dovr vkrz wkdw frqvxpswlrq htxdov wkh dqqxlw| ydoxh ri �qdqfldo

dvvhwv soxv d frqvwdqw wkdw ghshqgv rq wkh fxuuhqw hpsor|phqw vwdwxv/ l1h1/
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> li xqhpsor|hg
+<,

Lq dsshqgl{ D15 zh vkrz wkdw wkhuh dozd|v h{lvwv dq xqltxh vroxwlrq wr wkh pd{lpl}d0

wlrq sureohp1 Dgglwlrqdoo| zh vkrz lq wkdw wkh frqvwdqwv lq < vdwlvi|

z+4� �, A f
e

A f
�

A
z�+4� d,

g

zklfk lpsolhv wkdw wkh lqglylgxdo vdyhv zkhq hpsor|hg dqg glvvdyhv zkhq xqhpsor|hg1

Dq lpsruwdqw ihdwxuh ri wkh ydoxh ixqfwlrqv lv wkdw zhdowk rqo| hqwhuv wkh ydoxh ixqf0

wlrqv wkurxjk wkh pxowlsolfdwlyh whup h3�
o

�no

�
| 1 Zh fdq wkhq gh�qh

Y +o, � Y +D
|

> o,h�
o

�no
�
| +43,

Fohduo|/ zh fdq wkhq xvh Y +o, wr �qg lqglylgxdo suhihuhqfhv ryhu gl�huhqw ydoxhv ri � 1

Vlqfh Y +o, lv lqghshqghqw ri D
|

suhihuhqfhv ryhu gl�huhqw ydoxhv ri � duh dovr lqghshqghqw

ri D
|

1;

Wr looxvwudwh wkh dqdo|vlv ohw xv frqvlghu d qxphulfdo h{dpsoh1 Zh kdyh xvhg wkh

sdudphwhu ydoxhv lq Wdeoh 51 Lq wkh xsshu sdqho ri Iljxuh 51 Zh kdyh sorwwhg wkh

h{shfwhg xwlolw| ri dq hpsor|hg iru gl�huhqw ydoxhv ri wkh uhsodfhphqw udwlr/ l1h1/ wkh udwlr

ri qhw zdjhv wr xqhpsor|phqw ehqh�wv/ zkhq wkh dgplqlvwudwlyh orvv d lv }hur1< Lq wkh

kljk wxuqryhu fdvh/ wkh klulqj udwh k lv vhw wr jlyh dq h{shfwhg gxudwlrq ri xqhpsor|phqw

ri 9 prqwkv143 Lq wkh orz wxuqryhu fdvh wkh gxudwlrq lv 4; prqwkv1 Wkh vhsdudwlrq

;Wklv/ ri frxuvh/ uhvxowv iurp wkh xvh ri wkh frqvwdqw devroxwh ulvn dyhuvlrq ixqfwlrq lq frqmxqfwlrq
zlwk d ulvn ohyho wkdw lv frqvwdqw lq devroxwh vl}h1

<Dv vhhq iurp wkh h{suhvvlrq iru wkh ydoxh ixqfwlrqv/ T Ee� dqg T E�� duh prqrwrqh wudqvirupdwlrqv ri
S
e

dqg S
�

vr zh sorw wkh odwwhu dv ixqfwlrqv ri wkh uhsodfhphqw udwlr1
43Zh xvh frqwlqxrxv wlph iru frqyhqlhqfh zkhq zh fdofxodwh wkh h{shfwhg ydoxh dqg yduldqfh ri wkh

gxudwlrq1

;



udwhv duh sursruwlrqdo wr wkh klulqj udwhv vr wkdw wkh ghshqghqf| udwlr/ gh�qhg dv wkh

udwlr ri xqhpsor|hg wr hpsor|hg/ lv 43( lq erwk fdvhv1 Zh vhh wkdw wkh ydoxh ri wkh

uhsodfhphqw udwlrv wkdw pd{lpl}hv xwlolw| ri wkh hpsor|hg dssur{lpdwho| frlqflgh1 Wkh

pd{lpxp lv vxfk wkdw wkh xqhpsor|phqw frpshqvdwlrq lv 9<( dqg 99( ri wkh qhw zdjh

zkloh hpsor|hg1

Replacement Ratio

Replacement Ratio

Expected Future Utility if Employed
- no adminstration cost

Low Rotation High Rotation

Low Rotation

High Rotation

Expected Future Utility if Employed
- 3% adminstration cost

Iljxuh 5= Ydoxh ixqfwlrqv ri hpsor|hg

Wkhuh lv/ krzhyhu/ dq lpsruwdqw gl�huhqfh ehwzhhq wkh wzr fxuyhv 0 wkh fxuyh lq wkh

kljk wxuqryhu fdvh lv pxfk  dwwhu1 Wklv lpsolhv wkdw wkh ydoxh ri wkh lqvxudqfh/ l1h1/

xwlolw| orvv ri qrw kdylqj dq xqhpsor|phqw lqvxudqfh/ lv vpdoohu lq wkh kljk wxuqryhu

fdvh1 Htxlydohqwo|/ d vpdoo dgplqlvwudwlyh orvv lq wkh v|vwhp zloo fkdqjh wkh suhihuuhg

lqvxudqfh ohyho pruh zkhq wxuqryhu lv kljk1 Wklv lv looxvwudwhg lq wkh vhfrqg sdqho lq

wkh �jxuh1 Wkhuh zh kdyh fdofxodwhg wkh h{shfwhg xwlolw| iru wkh wzr fdvhv/ qrz vhwwlqj

d htxdo wr 6(1 Lq wkh kljk wxuqryhu fdvh/ zh jhw d gudpdwlf uhgxfwlrq lq wkh rswlpdo

xqhpsor|phqw frpshqvdwlrq/ zklfk qrz idoov wr dv orz dv 6(1 Zlwk mxvw voljkwo| kljkhu

dgplqlvwudwlrq frvwv/ wkh rswlpdo ohyho idoov wr }hur1 Zlwk orz wxuqryhu wkh h�hfw lv pxfk

vpdoohu1 Rswlpdo xqhpsor|phqw frpshqvdwlrq idoov wr 7;(1

<



Zk| lv lw wkhq/ wkdw lqvxudqfh lv pruh lpsruwdqw lq wkh orz wxuqryhu fdvhB Dq lqwxlwlyh

h{sodqdwlrq lv wkdw orz wxuqryhu phdqv wkdw dq lqfrph vkrfn dvvrfldwhg zlwk d mre orvv

lv pruh shuvlvwhqw wkdq zlwk kljk wxuqryhu1 Lw lv zhoo nqrzq wkdw vdylqj dqg eruurzlqj

lv d jrrg vxevwlwxwh wr lqvxudqfh zkhq vkrfnv kdyh orz shuvlvwhqfh1 Qrwh dovr wkdw wkh

yduldqfh ri wkh ohqjwk ri wkh xqhpsor|phqw vshoov htxdov 4@k2 dqg wkxv lqfuhdvhv zlwk wkh

h{shfwhg ohqjwk ri wkh xqhpsor|phqw shulrg1 Gxh wr wkh odz ri odujh qxpehu dq lqglylgxdo

wkdw h{shfwv wr vhh pdq| vshoov ri xqhpsor|phqw2hpsor|phqw gxulqj vrph jlyhq krul}rq

idfhv ohvv xqfhuwdlqw| wkdq klv ihoorz zlwk ihz exw orqjhu vshoov ri xqhpsor|phqw1 Zlwk

kljk wxuqryhu wkh lqglylgxdo*v sureohp lv odujho| wr wudqvodwh klv yduldeoh lqfrph lqwr d

vprrwk frqvxpswlrq vwuhdp1 Wklv fdq eh grqh e| wkh lqvxudqfh v|vwhp exw htxdoo| zhoo

e| vdylqj dqg xvlqj wkh fuhglw pdunhw1 D vpdoo lqh!flhqf| lq wkh lqvxudqfh v|vwhp/ olnh

wkh dgplqlvwudwlyh frvwv/ pdnhv wkh fdslwdo pdunhw suhihudeoh1 Zlwk orz wxuqryhu rq wkh

oderu pdunhw wkh rssrvlwh lv wuxh/ qrz lqvxudqfh lv lpsruwdqw vlqfh rqh xqxvxdoo| orqj

xqhpsor|phqw vshoo/ zlwk odujh h�hfwv rq olihwlph xwlolw|/ lv pxfk pruh olnho|1 Iru h{dpsoh/

wkh suredelolw| wkdw d fxuuhqwo| xqhpsor|hg kdv wr zdlw pruh wkdq wkuhh |hduv ehiruh

�qglqj d mre lv 4618( lq wkh orz wxuqryhu fdvh exw rqo| 315( lq wkh kljk wxuqryhu1 Wkh

suredelolwlhv ri pruh wkdq �yh |hduv ri xqhpsor|phqw duh 619( dqg 31338( uhvshfwlyho|1

Qrz ohw xv frqvlghu krz wkh rswlpdo wd{ dqg lqvxudqfh udwhv ydu| zlwk hpsor|phqw

wxuqryhu1 Wkh iroorzlqj wzr uhvxowv vkrz wkdw wklv fdqqrw eh d prqrwrqlf uhodwlrq1

Uhvxow 5 Li wxuqryhu lv }hur wkh ydoxh ri xqhpsor|phqw lqvxudqfh wkdw pd{lpl}hv wkh

xwlolw| ri wkh hpsor|hg zrunhuv lv }hur1

Surri= Lq dsshqgl{ D17

Wkh lqwxlwlrq ri wklv lv vwudljkwiruzdug> li dq lqglylgxdo lv zrunlqj dqg hpsor|phqw

wxuqryhu lv }hur/ wd{hv dqg xqhpsor|phqw lqvxudqfh lv d sxuh wudqvihu wr wkh xqhpsor|hg1

Wkh hpsor|hg wkxv suhihu wkh orzhvw srvvleoh wd{ udwh/ zklfk lv dvvxphg wr eh }hur1

Uhvxow 6 Dv wxuqryhu zlwk d jlyhq ohyho ri xqhpsor|phqw lqfuhdvhv wr lq�qlw| wkh ydoxh ri

wkh xqhpsor|phqw lqvxudqfh wkdw pd{lpl}hv wkh xwlolw| ri xqhpsor|hg zrunhuv frqyhujhv

wr }hur zkhq vdylqjv duh doorzhg1

Surri= Lq dsshqgl{ D161

Wkh odvw uhvxowv krogv dovr zkhq dgplqlvwudwlrq frvwv duh }hur/ dowkrxjk wkhq wkh

hpsor|hg +dqg xqhpsor|hg, duh lqgl�huhqw wr wkh ohyho ri lqvxudqfh1

Wkh lpsolfdwlrq ri wkhvh uhvxowv lv wkdw lqwhuphgldwh ghjuhhv ri hpsor|phqw wxuqryhu

lv uhtxluhg iru wkh hpsor|hg wr vxssruw xqhpsor|phqw lqvxudqfh1 Wkh lqwxlwlrq lv khuh dv

iroorzv1 Dv urwdwlrq jrhv wr lq�qlw|/ wkh ydoxh ixqfwlrqv lq wkh wzr vwdwhv frqyhujh/ l1h1/ wkh

fxuuhqw hpsor|phqw vwdwh kdv }hur lpsdfw rq wkh ydoxh ri h{shfwhg ixwxuh xwlolw|1 Wkhq/

zkhq frqvxphuv kdyh dffhvv wr d fdslwdo pdunhw iru frqvxpswlrq vprrwklqj/ frqvxpswlrq

zloo eh lqghshqghqw ri hpsor|phqw vwdwxv1 Lqvxudqfh lv wkhq ri qr ydoxh1 Wklv lv fhuwdlqo|
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qrw wkh fdvh zkhq qr fdslwdo pdunhw h{lvwv/ vlqfh lq wklv fdvh frqvxpswlrq lq wkh wzr

vwdwhv e| dvvxpswlrq gl�huv zkhq xqhpsor|phqw lqvxudqfh lv lpshuihfw1

Zh qrz nqrz wkdw wkh rswlpdo +iru wkh hpsor|hg, wd{ ohyho lv }hur erwk zkhq wkh

wxuqryhu lv }hur dqg zkhq lw lv yhu| kljk1 Erwk frpprq vhqvh dqg rxu suhylrxv vlpxodwlrqv

lqglfdwh wkdw wkhuh duh sdudphwhu ohyhov iru zklfk wkh rswlpdo wd{ udwh lv srvlwlyh1 Wkh

iroorzlqj uhvxow/ dqg vrph qxphulfdo vlpxodwlrqv zloo vkhg oljkw rq wkh uhodwlrq ehwzhhq

wkh rswlpdo wd{ udwh dqg lqwhuphgldwh udwhv ri wxuqryhu1

Uhvxow 7 Ohw � ghqrwh wkh wd{ ohyho fruuhvsrqglqj wr ixoo lqvxudqfh/ dqg G wkh uhodwlyh

xwlolw| lq wkh wzr vwdwhv/ l1h1/ ohw � � �
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dqg li � +4 . u, A 4 wkh qrq0qhjdwlylw| frqvwudlqw rq � zloo elqg vr wkh rswlpdo wd{ dqg

lqvxudqfh udwh duh }hur1

Surri= Lq dsshqgl{ D17

Xqiruwxqdwho| +44, gh�qhv d yhu| qrqolqhdu ixqfwlrq dqg zh fdq rqo| hvwdeolvk dqdo|w0

lfdoo| wkdw iru vrph sdudphwhuv udqjhv lw lqfuhdvhv dqg iru rwkhuv lw ghfuhdvhv1 Wr dqdo|}h

wkh fkdudfwhulvwlfv ri wkh uhodwlrq ehwzhhq wxuqryhu/ dgplqlvwudwlrq frvwv dqg rswlpdo wd{

udwhv zh wkxv kdyh wr uhvruw wr qxphulfdo h{dpsohv1 Lq wkh xsshu sdqho ri Iljxuh 6 zh

sorw wkh rswlpdo uhsodfhphqw udwlr iru hpsor|hg zrunhuv djdlqvw wxuqryhu/ dv phdvxuhg

e| wkh klulqj udwh/ iru gl�huhqw ydoxhv ri wkh dgplqlvwudwlrq frvwv1 Wkh rwkhu sdudphwhuv

duh jlyhq lq Wdeoh 5 dqg wkh vhsdudwlrq udwh t lv vhw wr k@43 vr wkdw wkh ghshqghqf| udwlr

dqg wkxv xqhpsor|phqw lv nhsw frqvwdqw uhjdugohvv ri wkh udwh ri wxuqryhu1 Wkh orzhu

sdqho vkrzv wkh vdph uhodwlrq exw qrz zlwk wxuqryhu phdvxuhg e| wkh h{shfwhg gxudwlrq

ri wkh xqhpsor|phqw shulrg1

Lq Iljxuh 6 zh vhh wkdw iru doo ohyhov ri dgplqlvwudwlyh frvwv/ wkh rswlpdo wd{ ohyho

lv yhu| vwhhs dqg lqfuhdvlqj iru orz udwhv ri wxuqryhu1 Wkh kljkhvw rswlpdo wd{ udwhv

duh dfklhyhg iru orz udwhv ri wxuqryhu/ dqg wkdw wkhvh pd{lpd duh dfklhyhg dw d orzhu

udwhv ri wxuqryhu wkh kljkhu wkh dgplqlvwudwlyh frvwv duh1 Iru wkh irxu h{dplqhg ydoxhv ri

wkh dgplqlvwudwlrq frvw +3/ 136/ 143/ dqg 3163,/ wkh pd{lpxp uhsodfhphqw udwlr rffxuv dw

wxuqryhu udwhv fruuhvsrqglqj wr dq xqhpsor|phqw gxudwlrq ri 4;/ ;3/ 476 dqg 583 prqwkv1
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Iurp wkdw srlqw rq wkh rswlpdo wd{ ohyho lv prqrwrqlfdoo| ghfuhdvlqj zlwk wxuqryhu144 Zh

vkrxog dovr qrwh wkdw wkh ghfuhdvlqj sruwlrq ri wkh vfkhgxohv lq wkh xsshu sdqho ri �jxuh 6

lv  dwwhu wkh orzhu lv wkh dgplqlvwudwlrq frvw1 Wklv uh hfwv/ dv zdv suhylrxvo| vwdwhg/ wkdw

dv wkh wxuqryhu udwh lqfuhdvhv/ vdylqj/ l1h1/ vhoi0lqvxudqfh/ ehfrphv d ehwwhu vxevwlwxwh iru

xqhpsor|phqw lqvxudqfh1 Vr/ wkh kljkhu wkh udwh ri wxuqryhu/ wkh odujhu lv wkh vxevwlwxwlrq

wrzdugv vhoi0lqvxudqfh/ l1h1/ wkh idoo lq wkh rswlpdo uhsodfhphqw udwlr/ iru d jlyhq lqfuhdvh

lq dgplqlvwudwlrq frvwv1
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Iljxuh 6= Suhihuhg uhsodfhphqw udwlr ri hpsor|hg iru gl�huhqw dgplqlvwudwlrq frvwv dqg
wxuqryhu udwhv1

Wr xqghuvwdqg rxu uhvxowv lw lv xvhixo wr wklqn ri wzr dvshfwv ri xqhpsor|phqw lq0

vxudqfh= lqvxudqfh dqg uhglvwulexwlrq145 Wkh lqvxudqfh dvshfw fuhdwhv d srvlwlyh prwlyh

iru xqhpsor|phqw lqvxudqfh1 Wkh uhglvwulexwlrq dvshfw ri wkh lqvxudqfh/ rq wkh rwkhu

kdqg/ fuhdwhv d qhjdwlyh prwlyh iru +wkh hjrlvwlf, hpsor|hg1 Dw }hur wxuqryhu xqhpsor|0

phqw lqvxudqfh lv d sxuh uhglvwulexwlyh vfkhph1 Wkh uhglvwulexwlrq dvshfw wkhq ehfrphv

44Zh kdyh qrw ehhq deoh wr suryh wkdw wkh uhodwlrq ehwzhhq wxuqryhu dqg rswlpdo wd{hv lv vlqjoh0shdnhg/
qru kdyh zh irxqg dq| frpelqdwlrqv ri sdudphwhuv vxfk wkdw wklv lv qrw wkh fdvh1

45Wklv lv fohduo| h{srvhg lq Zuljkw ^9`
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prqrwrqlfdoo| ohvv lpsruwdqw dv wxuqryhu lqfuhdvhv1 Wkh lqvxudqfh prwlyh iru xqhpsor|0

phqw lqvxudqfh/ rq wkh rwkhu kdqg/ lv }hur zkhq wxuqryhu lv }hur1 Iru orz wxuqryhu udwhv lw

ehfrphv kljk vlqfh lqfrph vkrfnv lq wklv fdvh duh yhu| shuvlvwhqw1 Wkh lqvxudqfh prwlyh

wkhq idoov dv wxuqryhu lqfuhdvhv1 Dv qrwhg suhylrxvo|/ wklv lv vr ehfdxvh dw kljkhu wxuqryhu

udwhv vhoi0lqvxudqfh yld vdylqj dqg eruurzlqj ehfrphv ehwwhu dv d vxevwlwxwh iru froohfwlyh

lqvxudqfh1

516 Pxowlsoh Htxloleuld

Lq wkh suhylrxv vhfwlrq zh wrrn wkh klulqj dqg vhsdudwlrq udwhv dv h{rjhqrxv1 Khuh zh zloo

pdnh wkhp fkrlfh yduldeohv ri wkh hqwudqwv wr wkh oderu pdunhw1 Wkh dlp lv wr frqvwuxfw

d vw|ol}hg prgho zkhuh wkh fxuuhqw ohyho ri wxuqryhu lv ghwhuplqhg e| fkrlfhv pdgh e|

rswlpl}lqj djhqwv146 Iru vlpsolflw| zh dvvxph wkdw wkh oderu pdunhw hqwudqwv fdq fkrrvh

ehwzhhq d orz dqg d kljk wxuqryhu vwudwhj|1 Zh wklqn ri wklv dv d fkrlfh ri zklfk w|sh ri

kxpdq fdslwdo wr dftxluh/ vshfldol}hg ru jhqhudo1 Vshfldol}hg kxpdq fdslwdo lv ghpdqghg

lq d wudglwlrqdo vhfwru zkhuh wkh pdwfklqj surfhvv lv pruh frpsolfdwhg vr erwk klulqj dqg

vhsdudwlrq udwhv duh orz dqg zdjhv duh kljkhu1 Jhqhudo kxpdq fdslwdo lv ghpdqghg lq

d kljk wxuqryhu vhfwru1 Li d shuvrq fkrrvh wkh orz wxuqryhu vwudwhj| wkh suredelolw| ri

�qglqj d mre lv orz +k
,J�

shu shulrg, exw wkh mrev duh uhodwlyho| vdih zlwk d orz vhsdudwlrq

udwh +t
,

shu shulrg,1 Zlwk wkh kljk wxuqryhu vwudwhj| wkh suredelolw| shu shulrg ri �qglqj

d mre lv kljkhu + k
��}�

, exw wkh vhsdudwlrq udwhv +t
��}�

, duh dovr kljkhu1 Li rqh jhwv d mre/

wkh zdjhv duh z
,

dqg z
�

zlwk z
,J�

� z
�

=

Hdfk shulrg qhz zrunhuv hqwhu wkh oderu irufh1 Ehiruh hqwhulqj wkh oderu pdunhw wkh

lqglylgxdov kdyh wr pdnh d shupdqhqw fkrlfh ehwzhhq wkh wzr wxuqryhu vwudwhjlhv1 Fohduo|/

wkh ohyho ri xqhpsor|phqw ehqh�wv lv rqh ri wkh fuxfldo sdudphwhuv ghwhuplqlqj zklfk ri

wkhvh wzr vwudwhjlhv lv rswlpdo1 Wkh kljkhu lv wkh xqhpsor|phqw lqvxudqfh/ wkh ohvv frvwo|

lv lw wr zdlw iru wkh vhfxuh mre lq wkh wudglwlrqdo vhfwru1

Wkh ohyho ri xqhpsor|phqw ehqh�wv/ lq wxuq/ lv ghwhuplqhg e| wkh hpsor|hg1 Dv

glvfxvvhg deryh/ lqglylgxdo suhihuhqfhv ryhu � zloo rqo| gl�hu ghshqglqj rq zkhwkhu wkh|

duh xqhpsor|hg ru qrw1 Zh dvvxph wkdw wkh hpsor|hg duh srolwlfdoo| ghflvlyh dqg wkdw

wkh| fkrrvh d � N 3 wkdw lv �{hg iruhyhu wkhuhdiwhu wr pd{lpl}h wkhlu h{shfwhg xwlolw|= Rq

wkh djhqgd lv wkxv qrw dq| sursrvdov wr vhw xqhpsor|phqw lqvxudqfh wr gl�huhqw ohyhov

frqglwlrqlqj rq gl�huhqw hyhqwv ru gdwhv1 Jlyhq wklv wkh fkrvhq wd{ udwh lv wkh rqh wkdw

pd{lpl}hv Y +h> �, ryhu � 1 Wkh dvvxpswlrq wkdw wd{hv dqg lqvxudqfh ohyhov duh vhw iruhyhu

dqg wkdw wkh wxuqryhu fkrlfh ri dq lqglylgxdo fdqqrw eh uhyhuvhg pd| e| fulwlfdo iru wkh

uhvxowv dqg zh zloo glvfxvv wklv lq wkh frqfoxglqj vhfwlrq1

Wkh lvvxh lv qrz zkhwkhu zh lq wklv vhwxs fdq jhqhudwh wzr htxloleuld/ hdfk vxssruwlqj

wkh fxuuhqw ohyho ri wxuqryhu1 Zh zloo orrn iru klvwru| ghshqghqw htxloleuld zlwk wkh

46Kdoo ^7` qrwhv wkdw wkh gxudwlrq ri xqhpsor|phqw shulrgv ghshqgv srvlwlyho| rq wkh gxudwlrq ri wkh
suhylrxv mre zklfk jlyhv vrph vxssruw iru wkh dvvxpswlrq ri d shupdqhqw fkrlfh ri urwdwlrq1
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iroorzlqj surshuw|1

� Jlyhq wkh lqvxudqfh lpsolhg e| wkh yrwh pdgh e| wkh fxuuhqw phgldq yrwhu/ wkh

fxuuhqw oderu pdunhw hqwudqwv zloo pdnh wkh vdph wxuqryhu fkrlfh dv wkh fxuuhqw

phgldq yrwhu glg1

Zlwk d voljkw dexvh ri qrwdwlrq zh zloo fdoo vxfk dq htxloleulxp vwdeoh li odwhu jhqhud0

wlrqv ri phgldq yrwhu zrxog qrw zdqw wr fkdqjh wkh ohyho ri lqvxudqfh li wkh| zkhuh jlyhq

d fkdqfh wr gr vr1

Frqvlghu �uvw wkh hpsor|hg lq d orz wxuqryhu htxloleulxp zkhuh wkh hpsor|hg kdyh

mrev zlwk orz od|0r� suredelolwlhv1 Lq wkh suhylrxv vhfwlrq zh irxqg wkdw wkh| zrxog vhw

wkh wd{ udwh lv 71;8( jlylqj d uhsodfhphqw udwlr ri mxvw ehorz 83( jlyhq wkh sdudphwhuv lq

Wdeoh 5 zlwk d vhw wr 6(1 Lq wkh xsshu sdqho ri Iljxuh 7 wklv uhsodfhphqw udwlr lv pdunhg

e| d yhuwlfdo olqh1

Qrz wxuq wr wkh xqhpsor|hg1 Wkh| fdq fkrrvh ehwzhhq zrunlqj lq dq| ri wkh wzr

vhfwruv1 Wkh h{shfwhg xwlolw| ri wkh wzr vwudwhjlhv lv ghslfwhg zlwk vrolg fxuyhv lq wkh

xsshu sdqho ri Iljxuh 71 Zh dvvxph wkdw wkh xqhpsor|phqw lqvxudqfh djhqf| fdqqrw glv0

fulplqdwh ehwzhhq lqglylgxdov edvhg rq wkhlu urwdwlrq fkrlfh1 Wkh xqhpsor|phqw ehqh�wv

lv wkxv �z+4� d,@g zkhuh z lv wkh +dyhudjh47, zdjh dprqj hpsor|hg1 Zh xvh wkh vdph

sdudphwhu ydoxhv dv ehiruh h{fhsw wkdw zh vhw wkh zdjh iru orz urwdwlrq zrunhuv +z
,J�

, wr

41351

Zh vhh wkdw wkh vfkhgxoh iru wkh xwlolw| ri fkrrvlqj wkh orz wxuqryhu vhfwru lv vwhhshu

wkdq wkh rwkhu vfkhgxoh1 Vr iru kljk hqrxjk ydoxhv ri � dqg fruuhvsrqglqjo| kljk xqhp0

sor|phqw ehqh�wv/ fkrrvlqj wkh wudglwlrqdo orz hpsor|phqw wxuqryhu vwudwhj| lv grplqdqw1

Dv zh vhh wkh uhsodfhphqw udwlr fkrvhq e| wkh hpsor|hg lv deryh wkh srlqw dw zklfk wkh

fxuyhv ri wkh wzr vwudwhjlhv furvv/ zklfk rffxuv dw d uhsodfhphqw udwlr ri 68(1 Dw wkh uh0

sodfhphqw udwlr fkrvhq e| wkh hpsor|hg/ orz wxuqryhu |lhogv kljkhu xwlolw|1 Orz wxuqryhu

lv wkxv dq htxloleulxp1 Ixuwkhupruh/ zh vkrxog qrwh wkdw d ghfuhdvh lq wkh zdjh lq wkh

wudglwlrqdo orz wxuqryhu vhfwru vkliwv wkh zkroh vfkhgxoh iru wkdw fkrlfh grzqzdugv1 Vr/

orz wxuqryhu lv dq htxloleulxp li zdjhv lq wkh orz wxuqryhu vhfwru duh kljkhu wkdq z zklfk

zrxog surgxfh dq h{shfwhg xwlolw| ri wkh orz wxuqryhu vwudwhj| ghslfwhg e| wkh grwwhg

fxuyh1 Odwhu jhqhudwlrqv ri hpsor|hg idfh dq lghqwlfdo sureohp wkdw wkh fxuuhqw jhqhud0

wlrq vr wkh| zrxog qrw olnh wr pdnh d rqfh dqg iru doo fkdqjh lq wkh ehqh�w ohyho1 Wkh

htxloleulxp lv wkxv vwdeoh lq wkdw vhqvh1

Qrz wxuq wr wkh rwkhu srwhqwldo htxloleulxp/ zkhuh wkh fxuuhqwo| hpsor|hg duh lq wkh

kljk wxuqryhu vhfwru1 Dv vkrzq lq wkh suhylrxv vhfwlrq/ wkh| fkrrvh d wd{ udwh wr 31:(

fruuhvsrqglqj wr xqhpsor|phqw ehqh�wv ri mxvw ehorz :( ri wkh zdjh udwh zkhq wkh

47 Lq wkh htxloleuld zh frqvlghu doo lqglylgxdov gr wkh vdph dqg gr frqvhtxhqwo| kdyh wkh vdph zdjh
zkhq hpsor|hg1
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Replacement ratio

W

W

Iljxuh 7= Ydoxhixqfwlrqv ri xqhpsor|hg

dgplqlvwudwlyh frvw lv 6(148 Wklv ohyho ri ehqh�wv lv pdunhg e| d yhuwlfdo olqh lq wkh orzhu

sdqho ri Iljxuh 71 Wkh wzr vrolg fxuyhv lq wkh �jxuh ghqrwhv wkh h{shfwhg xwlolw| iru wkh

wzr wxuqryhu fkrlfhv iru gl�huhqw uhsodfhphqw udwlrv zkhq wkh zdjh suhplxp lv 5( lq

wkh orz wxuqryhu vhfwru1 Zh vhh wkh uhsodfhphqw udwh lv ehorz wkh ohyho dw zklfk wkh wzr

vrolg fxuyhv furvv/ zklfk rffxuv zkhq xqhpsor|phqw ehqh�wv duh 68(1 Jlyhq wkh fkrlfh

ri xqhpsor|phqw ehqh�wv wkdw wkh hpsor|hg pdnh/ wkh hqwudqwv wr wkh oderu pdunhw wkxv

fkrrvh wkh kljk wxuqryhu vwudwhj|1 Wkh kljk wxuqryhu htxloleulxp lv wkxv dq htxloleulxp

dqg lw lv vwdeoh lq wkh vhqvh wkdw frplqj jhqhudwlrqv ri hpsor|hg gr qrw zlvk wr pdnh

d rqfh dqg iru doo fkdqjh lq lqvxudqfh1 Wkh kljkhvw zdjh suhplxp lq wkh orz wxuqryhu

vhfwru vxfk wkdw wkh kljk wxuqryhu htxloleulxp lv vxssruwhg lv z1

Wkh uhvxow ri wklv vhfwlrqv fdq eh vxppdul}hg1

Uhvxow 8 Li wkh zdjh lq wkh orz wxuqryhu vhfwru lv kljkhu wkdq z orz wxuqryhu lv d vwdeoh

htxloleulxp1 Li wkh zdjh lq wkh orz wxuqryhu vhfwru lv orzhu wkdq z kljk wxuqryhu lv dovr d
48Wkh fduhixo uhdghu pljkw uhfdoo wkdw zh kdyh lqfuhdvhg wkh zdjh wr 4135 zklfk/ jlyhq frqvwdqw uhodwlyh

ulvn dyhuvlrq/ fkdqjhv wkh rswlpdo wd{ udwh1 Wkh fkdqjh lv/ krzhyhu/ qhjoleoh1
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vwdeoh htxloleulxp1 Wkhuh h{lvwv d vhw ri sdudphwhu ydoxhv vxfk wkdw z A z lq zklfk fdvh

erwk orz dqg kljk wxuqryhu duh klvwru| ghshqghqw htxloleuld1

6 Vhtxhqwldo Yrwlqj

614 Yrwlqj ryhu rqh shulrg

Ohw xv qrz frqvlghu wkh fdvh zkhq wkh phgldq yrwhu fkrrvhv wkh wd{ udwh � N 3 dqg

wkh fruuhvsrqglqj xqhpsor|phqw ehqh�wv hdfk shulrg1 Zh dvvxph wkdw wkh phgldq yrwhu

ghflghv zkdw wd{ udwh dqg xqhpsor|phqw ehqh�wv duh jrlqj wr dsso| qh{w shulrg/ l1h1/

ehiruh kh nqrzv zkhwkhu kh kdv ehfrph xqhpsor|hg ru qrw1 Zh dovr dvvxph wkdw yrwlqj

wdnhv sodfh hdfk shulrg dqg wkdw ixwxuh phgldq yrwhuv fdq qrw eh frqvwudlqhg e| dq|

elqglqj duudqjhphqwv exw duh iuhh wr yrwh krzhyhu wkh| suhihu1 Lq wklv vhfwlrq zh wuhdw

wkh ohyho ri wxuqryhu dv h{rjhqrxv1

Lq dgglwlrq wr dvvhwv dqg hpsor|phqw vwdwxv/ wkh ydoxh ixqfwlrqv qrz fohduo| ghshqgv

rq erwk wkh wd{ udwh wkdw lv ghwhuplqhg lq wkh fxuuhqw shulrgv dqg dssolhv lq wkh qh{w dqg

rq wkh wd{ udwhv wkdw zloo dsso| wkhuhdiwhu1 Ohw Y +D
|

> h> �> �e, ghqrwh wkh ydoxh ixqfwlrq

iru wkh hpsor|hg phgldq yrwhu zkr dw wlph w h{shfwv wd{hv wr eh vhw wr � e iurp w.5 dqg

klpvhoi vhwv wkh wd{ udwh wr � iru w. 4=49 Lq wkh dsshqgl{ zh vkrz wkdw zh fdq zulwh

Y +D
|

> h> �> �e, @ �h3� o

�no
�
| �no

o

h3�Sec�

Y +D
|

> x> �> �e, @ �h3� o

�no

�
| �no

o

h3�S�c�
+45,

zkhuh f
ec�

dqg f
�c�

duh ixqfwlrqv ri wkh sdudphwhuv ri wkh sureohp dqg � dqg � e1 Frq0

vxpswlrq lv jlyhq e|

f
|

@

+
o

�no
D
|

. f
ec�

o

�no
D
|

. f
�c�

li hpsor|hg

li xqhpsor|hg
+46,

Iurp +45, zh vhh wkdw h{shfwhg xwlolw| lv sursruwlrqdo wr h3�
o

�no
�
| vr suhihuhqfhv ryhu

� duh lqghshqghqw ri zhdowk1 Dv ehiruh/ wklv pdnhv lw hdv| wr lghqwli| wkh phgldq yrwhu dv

dq| ri wkh hpsor|hg1 Ixuwkhupruh/ wklv lpsolhv wkdw wkhuh lv qr vwudwhjlf prwlyh lqyroyhg

lq yrwlqj1 Fkdqjlqj wkh wd{ udwh iru w.4 rqo| d�hfwv wkh dvvhw glvwulexwlrq lq wkh ixwxuh1

Vlqfh dvvhwv duh luuhohydqw iru suhihuhqfhv ryhu wd{ udwhv/ wkh fxuuhqw phgldq yrwhu fdqqrw

d�hfw ixwxuh yrwhv li zh uhvwulfw wkh dwwhqwlrq wr Pdunry vwudwhjlhv1 Kh wkxv rqo| kdyh wr

frqvlghu zkdw lv klv suhihuuhg wd{ udwh xqwlo qh{w yrwh1 Wklv lpsolhv wkdw wkh phgldq yrwhu

vroyhv
49Wkh wd{ udwh lq wkh fxuuhqw shulrg lv dovr vhw wr �e/ dowkrxjk lw lv wulyldo wr fkdqjh wkdw dvvxpswlrq1

Zlwk vrph whglrxv zrun zh frxog frpsxwh wkh ydoxh ixqfwlrq iru doo srvvleoh vhtxhqfhv ri wd{ udwhv1 Wklv
lv/ krzhyhu/ qrw qhfhvvdu| iru rxu sxusrvh1
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pd{ �Y +D
|

> h> �> �e,= +47,

D wlph frqvlvwhqw g|qdplf yrwlqj htxloleulxp pxvw wkhq kdyh wkh surshuw| wkdw li wkh

fxuuhqw hpsor|hg phgldq yrwhu eholhyhv wkdw wkh ghflvlrq rq wkh wd{ udwh lv jrlqj wr eh

� e iurp wkh qh{w shulrg dqg rqzdugv kh yrwhv iru � e wrgd|1 Zh wkxv uhtxluh wkdw wkh

vroxwlrq wr +47, htxdov � e 1

Wkh �uvw lvvxh lv qrz zkhwkhu wkh wd{ udwh wkdw lv rswlpdo iru wkh fxuuhqwo| hpsor|hg

li zdv �{hg iruhyhu/ gh�qhg dv �W> fdq eh vxvwdlqhg lq d vhtxhqwldo yrwlqj htxloleulxp1

Wkh iroorzlqj uhvxow vwdwhv wkdw wklv lv qrw wkh fdvh1

Uhvxow 9 Wkh whpswdwlrq wr ghyldwh iurp d vwulfwo| srvlwlyh orqj uxq rswlpdo lqvxudqfh

ohyho e| uhgxflqj lw iru wkh qh{w shulrg lv vwulfwo| srvlwlyh1 D srvlwlyh orqj uxq rswlpdo

lqvxudqfh fdq wkxv qhyhu eh vxvwdlqhg zkhq wkh phgldq yrwhu vhwv wkh wd{ udwh iru rqh

shulrg dw d wlph1

Surri= Lq dsshqgl{ D191

Wklv uhvxow lpsolhv wkdw wkhuh lv d whqvlrq ehwzhhq wkh orqj dqg vkruw uxq lqwhuhvw ri

wkh hpsor|hg1 Lw wxuqv rxw wkdw wklv whqvlrq pd| eh txlwh vwurqj1 Iru wkh udqjhv ri wkh

sdudphwhu ydoxhv zh kdyh frqvlghuhg/ wkh phgldq yrwhu suhihuv wkh fruqhu vroxwlrq � @ 3

iru doo h{shfwdwlrq derxw ixwxuh � = Zkhq wklv lv wuxh/ zh kdyh d pxfk vwurqjhu yhuvlrq ri

wkh suhylrxv uhvxow/ qdpho| wkh rqo| srvvleoh wlph frqvlvwhqw g|qdplf yrwlqj htxloleulxp

lv wkxv }hur xqhpsor|phqw lqvxudqfh1

Lw pd| dovr eh ri lqwhuhvw wr txdqwli| wkh whpswdwlrq wr ghyldwh iurp wkh orqj uxq

rswlpdo lqvxudqfh dqg vhw lw wr }hur gxulqj wkh qh{w shulrg1 Zh duh lq sduwlfxodu lqwhu0

hvwhg lq krz wklv whpswdwlrq ydulhv zlwk wkh ghjuhh ri wxuqryhu1 Wr gr wklv zh frpsxwh

wkh rswlpdo orqj uxq wd{ udwh �W iru gl�huhqw ydoxhv ri wkh wxuqryhu/ kroglqj xqhpsor|0

phqw frqvwdqw dv ehiruh1 Zh wkhq fdofxodwh wkh fdofxodwh Y +D
|

> h> 3> � W,> l1h1/ zh fdofxodwh

f
ec�zkhq qh{w shulrg*v wd{ dqg lqvxudqfh duh }hur exw duh vhw wr wkh orqj uxq rswlpxp

wkhuhdiwhu1

Nqrzlqj f
ec�lw lv vwudljkwiruzdug wr fdofxodwh wkh htxlydohqw yduldwlrq ri d rqh sh0

ulrg ghyldwlrq wr }hur lqvxudqfh1 Iurp 45 dqg 46 zh vhh wkdw d fdvk wudqvihu ri +f
ec� �

f
e

,�no
o

|lhogv wkh vdph frqvxpswlrq dqg xwlolw| lqfuhdvh dv +f
ec� � f

e

,1 Wkh iruphu ydoxh

fdq wkxv eh lqwhusuhwhg dv wkh htxlydohqw yduldwlrq/ HY 1 Zh wkhq fdofxodwh wkh frvw ri

wkh qh{w shulrgv lqvxudqfh/ l1h1/ lwv h{shfwhg glvfrxqwhg sulfh +4� t, �

W

�no
/ ghqrwhg S=

Lq Iljxuh 8 zh sorw +S � HY ,@S djdlqvw wkh h{shfwhg ohqjwkv ri wkh xqhpsor|phqw

shulrg +4@k,1 Wkh vhsdudwlrq udwh/ t lv dv ehiruh dgmxvwhg wr nhhs xqhpsor|phqw frqvwdqw1

Li wkh ghslfwhg udwlr lv xqlw|/ wkh htxlydohqw yduldwlrq ri uhprylqj wkh lqvxudqfh iru rqh

shulrg lv }hur/ l1h1/ wkh lqvxudqfh lv zruwk lwv sulfh1 Li wkh udwlr lv }hur/ rq wkh rwkhu

kdqg wkh hpsor|hg ylhz wkh lqvxudqfh gxulqj wkh frplqj shulrg dv d sxuh wudqvihu wr
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wkh xqhpsor|hg/ l1h1/ wkh| gr qrw ydoxh wkh lqvxudqfh frpsrqhqw dw doo1 Iru lqwhuphgldwh

ydoxhv wkh| dvvljq vrph ydoxh wr wkh lqvxudqfh frpsrqhqw1 Zh vd| wkdw wkh whpswdwlrq

wr ghyldwh lv odujhu wkh orzhu lv +S �HY ,@S =
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Iljxuh 8= Rqh shulrg whpswdwlrq wr ghyldwh

Lq wkh �jxuh zh vhh wkdw wkh whpswdwlrq wr ghyldwh lqfuhdvhv dv wxuqryhu ghfuhdvhv1

Iru wkh kljkhvw ghjuhhv ri wxuqryhu/ wkh ydoxh ri wkh lqvxudqfh lv durxqg kdoi lwv sulfh1

Iru orqjhu gxudwlrqv prvw ri wkh sulfh ri xqhpsor|phqw lqvxudqfh lv d sxuh wudqvihu wr

wkh xqhpsor|hg/ jhqhudwlqj d vxevwdqwldo whpswdwlrq wr ghyldwh1

Uhvxow : Wkh whpswdwlrq wr ghyldwh iurp wkh orqj uxq rswlpdo lqvxudqfh ohyho dqg vhw lw

wr }hur iru wkh qh{w shulrg lqfuhdvhv dv wkh wxuqryhu ghfuhdvhv14:

615 Yrwlqj ryhu vhyhudo shulrgv

Qrz ohw xv frqvlghu wkh lqwhuphgldwh fdvh zkhq wd{hv fdq eh �{hg iru vrph �qlwh qxpehu

v A 4 ri shulrgv1 Dv deryh/ zh dvvxph wkdw wkh wd{ udwh lv vhw rqh shulrg ehiruh lw vwduwv

wr dsso|/ vr wkh yrwhu grhv qrw nqrz klv hpsor|phqw vwdwxv kh kdv zkhq wkh wd{ udwh kh

yrwhv iru vwduwv wr dsso|1 Wkh wd{ udwh wkdw lv ghwhuplqhg dw w wkxv dssolhv wr w.4 = = = w.v

1 Lq wkh dsshqgl{ zh ghulyh wkh ydoxh ixqfwlrqv iru wkh fdvh zkhq wkh wd{ udwh lv vhw wr �

iru v shulrgv dqg wkhuhdiwhu vhw wr � e / zkhuh � dqg � e duh doorzhg wr wdnh dq| ydoxh N 3=

Lq dgglwlrq wr dvvhwv dqg hpsor|phqw vwdwxv/ wkh ydoxh ixqfwlrqv fohduo| ghshqgv rq v> �

dqg �W 1 Zh vkrz lq wkh dsshqgl{ wkdw wkh ydoxh ixqfwlrqv kdyh wkh iroorzlqj irup

4:Zh kdyh qrw ehhq deoh wr suryh wklv dqdo|wlfdoo| vr wkh jhqhudolw| ri wklv uhvxow uhpdlqv wr eh
hvwdeolvkhg1
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ghshqg rq sdudphwhuv/ v/ � dqg � e1 Frqvxpswlrq dw wkh ehjlqqlqj ri
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Wr dqdo|}h suhihuhqfhv ryhu wd{ udwhv � iru jlyhq ohyhov ri v dqg � e zh fdq wkxv glvuhjdug

zhdowk dqg yrwlqj lv qrq0vwudwhjlf1 Lq wkh suhylrxv vhfwlrq zh irxqg wkdw zlwk d rqh shulrg

yrwlqj f|foh wkh phgldq yrwhu dozd|v suhihuuhg }hur wd{hv dqg xqhpsor|phqw lqvxudqfh1

Lqfuhdvlqj wkh yrwlqj f|foh lqfuhdvhv wkh lqvxudqfh prwlyh e| lqfuhdvlqj wkh ulvn ri ehlqj

xqhpsor|hg iru d orqjhu dqg orqjhu shulrg gxulqj zklfk wkh xqhpsor|phqw ehqh�w lq

txhvwlrq lv wr dsso|1 Zlwk d orqjhu yrwlqj f|foh zh zrxog wkxv h{shfw wkh phgldq yrwhu wr

ehfrph pruh idyrudeoh wr kljk wd{hv dqg xqhpsor|phqw lqvxudqfh gxulqj wkh qh{w yrwlqj

f|foh1 Krz wkh ohqjwk ri wkh yrwlqj f|foh d�hfwv lqvxudqfh suhihuhqfhv pd| dovr ghshqg

rq wkh wxuqryhu udwh/ vlqfh wkh gl�huhqfh ehwzhhq wkh orqj dqg vkruw uxq lqwhuhvwv ri wkh

hpsor|hg ghshqgv rq wxuqryhu1

Wr vwxg| frqvlghu wkh iroorzlqj h{shulphqw1 Vhw � e wr wkh ydoxh suhihuuhg e| dq

hpsor|hg djhqw lq wkh orz dqg kljk wxuqryhu hfrqrplhv li lw zdv wr eh �{hg iruhyhu1 Dv

zh vdz lq suhylrxv vhfwlrqv/ zlwkrxw dgplqlvwudwlyh orvvhv lq wkh v|vwhp wklv wd{ udwh

fruuhvsrqghg wr d uhsodfhphqw udwlrv ri 9<( dqg 99(1 Ohw xv qrz frqvlghu zkhwkhu dq

hpsor|hg zrxog suhihu wd{hv wr eh vhw wr }hur gxulqj wkh frplqj v shulrgv +prqwkv, udwkhu

wkdq ehlqj nhsw dw � e doo shulrgv1 Fohduo|/ wklv zloo ghshqg lq wkh krul}rq/ dqg zh h{shfw

wkdw iru d orqj hqrxjk krul}rq/ � e pd| eh suhihuuhg wr }hur1 Lq wkh suhylrxv vhfwlrq zh

irxqg wkdw li v lv 4/ }hur wd{hv lv suhihuuhg zkloh li v zdv lq�qlw| � e +dv zhoo dv doo rwkhu

orzhu wd{hv, zdv vwulfwo| suhihuuhg wr }hur1

Lq Iljxuh 9 zh sorw wkh whpswdwlrq wr ghyldwh iurp wkh orqj uxq rswlpdo lqvxudqfh/

uhsuhvhqwhg e| wkh frqvxpswlrq lqfuhdvh lw zrxog jhqhudwh +f
ecr

� f
e

, dw wkh wlph ri wkh

ghyldwlrq djdlqvw v/ h{suhvvhg lq |hduv iru wkh wzr fdvhv1 Zh vkrxog qrwh wzr wklqjv khuh=

� Iluvw/ lq erwk wxuqryhu fdvhv wkh phgldq yrwhuv suhihu }hur lqvxudqfh gxulqj wkh

frplqj yrwlqj shulrg dovr li wkh yrwlqj f|foh lv txlwh orqj1 Zh dfwxdoo| qhhg yrwlqj

f|fohv lq h{fhvv ri 53 |hduv iru wkh phgldq yrwhu wr suhihu wkh orqj uxq rswlpdo

lqvxudqfh ryhu }hur1

� Vhfrqg/ wkh ydoxh wkh hpsor|hg zrxog dwwdfk wr d ghyldwlrq wr }hur lqvxudqfh iru

rqh yrwlqj shulrg iru vkruwhu yrwlqj f|fohv lv vxevwdqwldoo| kljkhu zkhq wxuqryhu lv

4<
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Iljxuh 9= Whpswdwlrq wr ghyldwh

orz1 Zkhq wkh yrwlqj f|foh lv durxqg 8 |hduv/ wkh ydoxh ri ghyldwlqj iurp wkh orqj

uxq kljk lqvxudqfh rswlpxp/ dv phdvxuhg e| wkh lqfuhdvh lq frqvxpswlrq/ lv vhyhudo

wlphv kljkhu lq wkh orz wxuqryhu fdvh1 Wkh hpsor|hhv* whpswdwlrq wr ghyldwh iurp

d kljk lqvxudqfh lv wkxv sduwlfxoduo| vwurqj zkhq wxuqryhu lv orz1

Zh pd| qrz orrn iru d wlph frqvlvwhqw g|qdplf yrwlqj htxloleulxp1 Khuh wklv phdqv

wkdw li wkh phgldq yrwhu/ zkr lv hpsor|hg/ h{shfwv d wd{ udwh ri �W iurp wkh qh{w yrwlqj

shulrg dqg rqzdugv/ kh yrwhv iru wkh vdph wd{ udwh qrz dqg wkxv vhwv � @ � e iru wkh

frplqj v shulrgv1 Zh wkxv uhxluh wkdw d wlph frqvlvwhqw g|qdplf yrwlqj htxloleulxp iru

wkh wd{ udwh � e vdwlv�hv

� e @ dujpd{�Y +D
|

> h> �> �e> v, +4:,

Iurp wkh suhylrxv uhvxowv zh h{shfw wkdw wkh yrwlqj f|foh kdv wr eh udwkhu orqj wr

jhqhudwh qrq0wulyldo wd{ udwhv dqg xqhpsor|phqw ehqh�wv1 Zh wkxv xvh d 48 |hdu yrwlqj

f|foh1 Lq wkh wzr sdqhov ri Iljxuh :/ zh sorw wkh ydoxh ixqfwlrqv uhsuhvhqwhg e| f
ecr

iru

wkh wzr wxuqryhu fdvhv/ zklfk zh/ dv deryh/ wdnh wr eh fruuhvsrqglqj wr dq h{shfwhg

xqhpsor|phqw gxudwlrq ri 4; dqg 9 prqwkv1Wkh vwudljkw olqhv uhsuhvhqw wkh h{shfwhg

xwlolw| ri � e fruuhvsrqglqj wr d uhsodfhphqw udwlr ri 4;16 dqg 5:1;( iruhyhu1 Wkh fxuyhg

olqhv duh wkh h{shfwhg xwlolw| iru gl�huhqw ydoxhv ri � uhsuhvhqwhg e| wkhlu fruuhvsrqglqj

uhsodfhphqw udwlrv zkhq wkh uhsodfhphqw udwlr diwhu wkh fxuuhqw yrwlqj f|foh ri 48 |hdu

duh 4;16 dqg 5:1;( uhvshfwlyho|1 Li 4;16 dqg 5:1;( vdwlv�hv +4:, lw pxvw eh wkdw wkh

pd{lpxp ri wkh fxuyhg olqhv lv dfklhyhg dw wkhvh uhsodfhphqw udwlrv dqg wkdw wkh fxuyhg

olqhv* pd{lpd duh wdqjhqwv wr wkh vwudljkw olqhv1 Zh vhh wkdw wklv lv wuxh lq judskv1 Wzr
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wklqjv vkrxog eh qrwhg1 Iluvw/ 48 |hduv yrwlqj f|fohv lv qrw hqrxjk wr vxssruw sduwlfxoduo|

kljk uhsodfhphqw udwlrv1 Vhfrqg/ wkh kljkhu whpswdwlrq wr ghyldwh lq wkh orz wxuqryhu

fdvh wkdw zdv ghslfwhg lq �jxuhv 8 dqg 9 wudqvodwhv lqwr d orzhu vxssruwdeoh uhsodfhphqw

udwlr lq wkh orz wxuqryhu fdvh1

Replacement ratio during first voting period

Replacement ratio during first voting period

ce,s

ce,s

Low Rotation Dynamic Voting

High Rotation Dynamic Voting

Iljxuh := G|qdplf yrwlqj htxloleulxp zlwk 48 |hdu yrwlqj f|foh1

Iru vkruw yrwlqj f|fohv qr srvlwlyh xqhpsor|phqw lqvxudqfh fdq eh vxvwdlqhg lq d

g|qdplf yrwlqj htxloleulxp zlwk Pdunry vwudwhjlhv14; Zlwk d irxu |hdu yrwlqj f|foh/ wkh

phgldq yrwhu dozd|v suhihuv }hur lqvxudqfh gxulqj wkh frplqj yrwlqj shulrg1 Zlwk kljkhu

lqvxudqfh lq wkh ixwxuh/ wkh h{shfwhg xwlolw| ri dq hpsor|hg lqfuhdvhv/ dqg sduwlfxoduo| vr

lq wkh orz wxuqryhu fdvh/ exw kh vwloo suhihuv }hur lqvxudqfh gxulqj wkh frplqj irxu |hduv1

Dv lq wkh suhylrxv vhfwlrq/ zh fdq hydoxdwh wkh whpswdwlrq wr ghyldwh wr }hur lqvxudqfh

iru wkh frplqj yrwlqj f|foh iurp wkh orqj uxq rswlpdo �W e| vwxg|lqj wkh frqvxpswlrq

lqfuhdvh vxfk d ghyldwlrq zrxog jhqhudwh1 Zh wkxv xvh 49 dqg h{suhvv wkh whpswdwlrq wr

ghyldwh dv wkh frqvxpswlrq lqfuhdvh lw zrxog jhqhudwh dv d ixqfwlrq ri wkh ohyho wxuqryhu1

Lq Iljxuh ; zh uhsruw wklv iru gl�huhqw ohqjwkv ri wkh yrwlqj f|foh1 Zh vhh wkdw wkh
4; Li zh uhod{ wkh Pdunry dvvxpswlrq wklv pd|/ ri frxuvh/ qrw eh wuxh1
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Iljxuh ;= Whpswdwlrq wr ghyldwh dqg xqhpsor|phqw gxudwlrq

whpswdwlrq wr ghyldwh lqfuhdvhv zkhq wxuqryhu ghfuhdvhv1 Zh dovr vhh wkdw wkh whpswdwlrq

wr ghyldwh whqgv wr lqfuhdvh zlwk wkh ohqjwk ri wkh yrwlqj f|foh zkhq wxuqryhu lv orz

hqrxjk1 Rxu lqwhusuhwdwlrq ri wklv lv wkh iroorzlqj1 Il{ wkh yrwlqj f|foh1 Dv wxuqryhu

wkhq ghfuhdvhv/ wkh ydoxh ri wkh lqvxudqfh gxulqj wkh qh{w yrwlqj f|foh ghfuhdvhv dqg wkh

whpswdwlrq wr ghyldwh wkxv lqfuhdvhv1 Wkh whpswdwlrq wr ghyldwh fdq/ krzhyhu/ qhyhu eh

odujhu wkdq wkh fdvk ydoxh ri wkh lqvxudqfh suhplxpv sd|hg gxulqj wkh yrwlqj f|foh1 Wklv

sxwv dq xsshu olplw rq wkh whpswdwlrq wr ghyldwh1 Wklv olplw lqfuhdvhv sursruwlrqdoo| dv

wkh yrwlqj f|foh lqfuhdvhv1 Dv wxuqryhu ghfuhdvhv wklv xsshu olplw lv dssurdfkhg1 Zkhq

wxuqryhu lv vkruw uhodwlyh wkh yrwlqj f|foh wkh lqvxudqfh frpsrqhqw lv pruh lpsruwdqw

zklfk pd| surgxfh d qrq0prqrwrqlflw| ri wkh whpswdwlrq wr ghyldwh zlwk uhvshfw wr wkh

yrwlqj f|foh dv fdq eh vhhq lq Iljxuh ;1
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7 Frqfoxglqj Glvfxvvlrq

Ehiruh pdnlqj vrph frqfoxglqj uhpdunv ohw xv vxppdul}h zkdw zh eholhyh duh wkh pdlq

uhvxowv ri rxu dqdo|vlv1

Iluvw/ wkh ghjuhh ri  rz lq dqg rxw ri xqhpsor|phqw lv lpsruwdqw iru suhihuhqfhv ryhu

gl�huhqw ohyhov ri xqhpsor|phqw lqvxudqfh1 Orz wxuqryhu phdqv wkdw wkh lqfrph vkrfn

dvvrfldwhg zlwk d mre orvv lv kljko| shuvlvwhqw1 Lq wklv fdvh vhoi0lqvxudqfh yld d fdslwdo

pdunhw lv d edg vxevwlwxwh iru xqhpsor|phqw lqvxudqfh1 Lw lv wkhq lq wkh orqj uxq lqwhuhvw

ri wkh hpsor|hg +dv zhoo dv/ ri frxuvh/ ri wkh xqhpsor|hg, wr kdyh dq xqhpsor|phqw

lqvxudqfh zlwk kljk uhsodfhphqw udwlrv/ dovr zkhq wkh v|vwhp lv lqh!flhqw ru dfwxduldoo|

xqidlu iru rwkhu uhdvrqv1

Vhfrqg/ jlyhq wkdw wkh ghjuhh ri wxuqryhu gluhfwo| ru lqgluhfwo| lv d fkrlfh yduldeoh/

lw zloo eh d�hfwhg e| wkh xqhpsor|phqw lqvxudqfh1 Kljk xqhpsor|phqw lqvxudqfh zrxog

whqg wr pdnh wkh xqhpsor|hg vhdufk orqjhu1 Xqghu vrph flufxpvwdqfhv wklv frxog fuhdwh

pxowlsoh htxloleuld/ rqh zlwk kljk lqvxudqfh dqg orz wxuqryhu dqg rqh zlwk orz lqvxudqfh

dqg kljk wxuqryhu1

Wklug/ zlwk vhtxhqwldo yrwlqj dqg qr srvvlelolw| wr �{ wkh lqvxudqfh v|vwhp iruhyhu/

wkh whqvlrq ehwzhhq wkh orqj dqg vkruw uxq lqwhuhvw ri wkh hpsor|hg lv vwurqjhu zlwk

orz wxuqryhu udwhv1 Wkh h{shfwhg xwlolw| lqfuhdvhv pruh iru wkh hpsor|hg li xqhpsor|0

phqw lqvxudqfh lv lqwurgxfhg wkh orzhu lv wxuqryhu1 Krzhyhu/ wkh orzhu wkh wxuqryhu wkh

vwurqjhu lv wkh lpphgldwh whpswdwlrq wr uhgxfh wkh lqvxudqfh dqg wkh wd{hv wkdw �qdqfh

lw gxulqj wkh qhdu ixwxuh1 Orz wxuqryhu dovr lqfuhdvhv wkh whqvlrq ehwzhhq hpsor|hg dqg

xqhpsor|hg e| lqfuhdvh wkh gl�huhqfh lq uhodwlyh h{shfwhg xwlolw|1

Zh kdyh vkrzq wkdw wkh �uvw uhvxow deryh fulwlfdoo| ghshqghg rq wkh dvvxpswlrq wkdw

shrsoh fdq vdyh dqg eruurz1 Lq rxu prgho zh pdgh wkh udwkhu xquhdolvwlf dvvxpswlrq

wkdw hyhu|erg| kdv dffhvv wr d shuihfw fdslwdo pdunhw1 Zh wkxv qhhg wr frqvlghu wkh

srwhqwldo frqvhtxhqfhv ri eruurzlqj olplwv dqg rwkhu fdslwdo pdunhw lpshuihfwlrqv1 Vxfk

dvvxpswlrqv zrxog frpsolfdwh wkh prgho vxevwdqwldoo|/ lq sduwlfxodu/ suhihuhqfhv ryhu wkh

lqvxudqfh ohyho zrxog ghshqg rq fxuuhqw dvvhwv/ wkxv pdnlqj lw pruh gl!fxow wr �qg

wkh phgldq yrwhu1 Suredeo| pruh lpsruwdqw lv wkdw li suhihuhqfhv ghshqg rq dvvhwv wkh

fxuuhqw phgldq yrwhu fdq fkdqjh wkh ehkdylru ri ixwxuh phgldq yrwhu e| d�hfwlqj wkh

zhdowk glvwulexwlrq yld wkh lqvxudqfh v|vwhp1 Ilqglqj d g|qdplf yrwlqj htxloleulxp lv

wkhq gl!fxow dw ehvw +vhh Nuxvhoo hw do1 ^8`,1

Zh gr/ krzhyhu/ eholhyh wkdw vxfk prgl�fdwlrqv ri wkh prgho zrxog qrw fkdqjh wkh

�uvw uhvxow txdolwdwlyho|1 Zkhq eruurzlqj olplwv h{lvw wkh shuvlvwhqfh lq wkh vkrfnv eh0

frphv hyhq pruh lpsruwdqw1 Zlwk orz shuvlvwhqfh/ eruurzlqj frqvwudlqwv duh ohvv olnho| wr

eh elqglqj dqg zrxog qrw d�hfw vxevwdqwldoo| suhfdxwlrqdu| vdylqjv1 Rq wkh rwkhu kdqg/

zlwk kljk shuvlvwhqfh/ d eruurzlqj frqvwudlqw pd| kdyh d vxevwdqwldo h�hfw rq suhfdx0

wlrqdu| vdylqjv dqg h{shfwhg xwlolw| li qr lqvxudqfh h{lvwv1 Rxu frqmhfwxuh lv wkxv wkdw

eruurzlqj frqvwudlqwv zrxog whqg wr hqirufh wkh phfkdqlvp glvfxvvhg lq wklv sdshu e|
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pdnlqj vhoi0lqvxudqfh dq hyhq zruvh vxevwlwxwh iru xqhpsor|phqw lqvxudqfh zkhq hp0

sor|phqw wxuqryhu lv orz1 Rwkhu fdslwdo pdunhw lpshuihfwlrqv vkrxog kdyh vlplodu h�hfwv

vlqfh dowhuqdwlyhv wr wkh fdslwdo pdunhw/ olnh eruurzlqj iurp iulhqgv dqg idplo| ru gulylqj

grzq krxvhkrog gxudeohv/ zrun dv d uhdvrqdeoh vxevwlwxwh iru wkh fdslwdo pdunhw xqohvv

vkrfnv duh wrr shuvlvwhqw1

Iru frqyhqlhqfh zh kdyh uholhg rq wkh h{srqhqwldo +frqvwdqw devroxwh ulvn dyhuvlrq,

xwlolw| ixqfwlrq/ zklfk/ wrjhwkhu zlwk wkh dvvxpswlrqv ri frqvwdqw zdjhv dqg lq�qlwh

krul}rqv surgxfhv ydoxh ixqfwlrqv ri uhodwlyho| vlpsoh irup1 Wkdw zh xvh wklv ixqfwlrq lv

rqh uhdvrq iru xv wr vwuhvv wkdw wkh txdqwlwdwlyh uhvxowv kdyh wr eh wdnhq dw idfh ydoxh1 Zh

gr qrw wklqn wkdw rxu prgho lv sduwlfxoduo| jrrg dw slqsrlqwlqj txdqwlwdwlyh uhvxowv1 Iru

wklv/ vlpxodwlrq/ lq/ iru h{dpsoh/ d vwrfkdvwlf jurzwk prgho lv pruh vxlwdeoh1 Fhuwdlqo|/

txdqwlwlhv duh lpsruwdqw iru wkh lvvxhv zh dgguhvv1 Zh kdyh/ krzhyhu/ lq wklv sdshu wulhg

wr looxvwudwh phfkdqlvpv wkdw srwhqwldoo| pd| eh lpsruwdqw txdqwlwdwlyho|/ udwkhu wkdq

surylglqj dq| gluhfw txdqwlwdwlyh uhvxowv1

Rxu vhfrqg frqfoxvlrq zdv wkdw kljk xqhpsor|phqw lqvxudqfh frxog frqwulexwh wr d

orzhu ghjuhh ri wxuqryhu1 Lq wkh prgho zh ohw wkh fkrlfh ri wxuqryhu eh pdgh e| wkh oderu

pdunhw hqwudqwv1 Zlwk kljkhu xqhpsor|phqw lqvxudqfh wkh xqhpsor|hg fdq �d�rug� wr

zdlw orqjhu ehiruh dffhswlqj d mre r�hu/ wkxv uhgxflqj wkh klulqj udwh1 Wklv frxog kdyh d

srvlwlyh h�hfw rq wkh surgxfwlylw| ri wkh pdwfk vr wkdw zdjhv dv zhoo dv wkh gxudwlrq ri wkh

pdwfk lqfuhdvhv1 Wkh dvvxpswlrq wkdw wkh wxuqryhu fkrlfh lv pdgh e| wkh hqwudqwv ehiruh

wkh| �qg d mre lv pdgh prvwo| iru frqyhqlhqfh1 Zh gr qrw eholhyh wkdw wkh phfkdqlvp

zh srlqw wr lv wkh rqo| ru hyhq wkh prvw lpsruwdqw phfkdqlvp1 Fhuwdlqo| wkh orz �ulqj

udwhv lq Hxursh pd| wr d odujh h{whqw eh gxh wr mre vhfxulw| ohjlvodwlrq oreelhg iru e|

lqfxpehqw hpsor|hhv1 Lqwurgxflqj wklv lqwr wkh prgho frpsolfdwhv wkh dqdo|vlv vlqfh wkh

yrwhu wkhq zrxog kdyh d wzr glphqvlrqdo fkrlfh wr pdnh1 Zh gr/ krzhyhu/ wklqn wkdw li

wkh hpsor|hhv frxog d�hfw mre wxuqryhu wkhlu fkrlfh ri wxuqryhu zrxog eh d�hfwhg e| wkh

lqvxudqfh ohyho lq wkh vdph gluhfwlrq dv lq rxu prgho1

Zh kdyh dvvxphg wkdw wkh fkrlfh ri wxuqryhu lv pdgh rqfh1 Zh eholhyh wkdw wkh pdlq

uhvxowv zrxog eh xqfkdqjhg li wklv fkrlfh frxog eh uhyhuvhg dv orqj dv wkhuh lv d vx!flhqwo|

kljk frvw dvvrfldwhg zlwk wklv1 Lw pd|/ ri frxuvh/ eh wkh fdvh wkdw wklv frvw kdv wr eh kljk

wr vxssruw wkh orz wxuqryhu htxloleuld1 Zlwk d orz frvw ri fkdqjlqj/ dq rswlpdo vwudwhj|

ri wkh hpsor|hg lq d orz wxuqryhu hfrqrp| frxog eh wr vhw d orz lqvxudqfh ohyho dqg li

wkh| ehfrph xqhpsor|hg wkh| vzlwfk wr d kljk wxuqryhu vwudwhj|1

Zh kdyh qrw dqdo|}hg wkh lvvxh ri pxowlsoh htxloleuld lq wkh fdvh ri vhtxhqwldo yrwlqj1

Lq sulqflsoh wklv vkrxog eh srvvleoh/ exw wkh pdlq frpsolfdwlrq lv wkdw wkh wxuqryhu fkrlfh

ri wkh xqhpsor|hg fuhdwhv d olqn ehwzhhq wkh yrwhv ri gl�huhqw jhqhudwlrqv ri hpsor|hg1

E| fkdqjlqj wkh lqvxudqfh udwh wrgd|/ wkh wxuqryhu fkrlfh zloo eh dowhuhg zklfk pd| d�hfw

ixwxuh yrwhv1 Wklv lqgluhfw h�hfw ri wkh yrwh kdv wr eh wdnhq lqwr dffrxqw zkhq frpsxwlqj

wkh rswlpdo fkrlfh ri wkh wd{ udwh lq wkh vhtxhqwldo yrwlqj fdvh1
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Wkh wklug �qglqj zdv wkdw wkh vkruw uxq dqg orqj uxq lqwhuhvw ri wkh hpsor|hg whqg wr

glyhujh dv hpsor|phqw wxuqryhu lv uhgxfhg1 Wklv lpsolhv wkdw lw pd| eh gl!fxow wr vxvwdlq

dq lqvxudqfh v|vwhp zlwk kljk uhsodfhphqw udwlrv zkhq wxuqryhu lv orz hyhq wkrxjk wklv

lv lq wkh orqj uxq lqwhuhvw ri wkh hpsor|hg +dqg/ ri frxuvh/ wkh xqhpsor|hg,1 Wkh vwduwlqj

srlqw ri wklv sdshu zdv wkh revhuydwlrq wkdw xqhpsor|phqw lqvxudqfh lv jhqhurxv dqg

wxuqryhu lv orz lq Hxursh1 Rxu wklug �qglqj lpsolhv wkdw rxu prgho lv qrw ixoo| fdsdeoh ri

h{sodlqlqj wklv1 Wkh �uvw wzr �qglqjv surylgh zlwk d prwlyh exw wkh wklug vkrzv wkdw wkh

prwlyh pd| qrw eh hqrxjk zkhq elqglqj orqj uxq duudqjhphqwv fdqqrw eh frpplwwhg1

Zh gr wklqn/ krzhyhu/ wkdw rxu wklug �qglqj srlqwv lq dq lqwhuhvwlqj gluhfwlrq1 Lw vkrzv

wkdw lq Hxursh wkh hpsor|hg kdyh pruh wr jdlq wkdq wkhlu Dphulfdq ihoorzv e| exloglqj

lqvwlwxwlrqv wkdw idflolwdwh orqj uxq duudqjhphqwv1 Vlploduo|/ wkh vwurqjhu whqvlrq ehwzhhq

wkh vkruw uxq lqwhuhvw ri hpsor|hg dqg xqhpsor|hg pd| dovr pdnh lw pruh lpsruwdqw iru

wkh hpsor|hg wr wu| wr exlog lqvwlwxwlrqv zkhuh wkh xqhpsor|hg kdyh lpsruwdqw zhljkw1 Zh

wklqn wkdw xqlyhuvdo xqhpsor|phqw lqvxudqfh fryhudjh/ xqlrqv dqg srolwlfdo oderu sduwlhv

doo duh phdqv wkdw fdq khos dfklhyh vxfk orqj uxq vrfldo frqwudfwv1 Vxfk lqvwlwxwlrqv pd|

wkxv eh pruh olnho| wr ghyhors lq orz wxuqryhu hfrqrplhv1

D Dsshqgl{

D14 Frqvxpswlrq dqg Ydoxh Ixqfwlrqv zlwk Lq�qlwh Yrwlqj F|foh

Wr ghulyh wkh lq�qlwh krul}rq vroxwlrq zh vwduw zlwk wkh �qlwh krul}rq sureohp dqg ohw wkh

krul}rq jr wr lq�qlw|1 Dw W � 4 wkh ydoxh ixqfwlrq iru dq hpsor|hg lqglylgxdo lv jlyhq e|

Y +D
A3�

> h, @ pd{
S

A3�

i � h3�SA3�

� 4

4 . u
^+4� t,h3�EE�no�E�A3�n�e

3S
A3��n�e

� +4;,

.th3�EE�no�E�A3�n�e

3S
A3��n��

�`j

zlwk �uvw rughu frqglwlrq

h3�SecA3� @ +4� t,h3�EE�no�E�A3�n�e

3S
ecA3��n�e

� +4<,

.th3�EE�no�E�A3�n�e

3S
ecA3��n��

�

Qrz gh�qh/ U
r

� +4 . u,r
�S

w @ 3r+4 . u,|
�
3�1 Wklv lv wkh dqqxlw| idfwru> U

r

D
|

lv

wkh pd{lpxp frqvwdqw frqvxpswlrq ohyho wkdw fdq eh vxssruwhg zlwk �qdqfldo dvvhwv D
|

dqg v shulrgv ohiw xqwlo wkh odvw shulrg1 Wkh vroxwlrq wr wkh �uvw rughu frqglwlrq +4<, fdq

eh zulwwhq dv U
�
D
A3�

. f
ecA3�

= Vxevwlwxwlqj lqwr wkh �uvw rughu frqglwlrq dqg vlpsoli|lqj
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|lhogv

h3�-��A3�nSecA3� @ +4� t,h3�E-��A3�nE�no�E�e

3S
ecA3��n�e

�

.th3�E-��A3�nE�no�E�e

3S
ecA3��n��

� +53,

h3�SecA3� @ +4� t,h3�EE�no�E�e

3S
ecA3��n�e

�

.th3�EE�no�E�e

3S
ecA3��n��

�

Xvlqj wklv lq wkh ydoxh ixqfwlrq |lhogv

Y +D
A3�

> h, @ �h3�E-��A3�nSecA3�� � 4

4 . u
h3�E-��A3�nSecA3�� +54,

@ �U3�
�
h3�E-��A3�nSecA3��

dqg uhshdwlqj wklv iru sureohp ri dq xqhpsor|hg djhqw dw W � 4 |lhogv Y +D
A3�

> x, @

�U3�
�
h3�E-��A3�nS�cA3�� 1

Lwhudwlqj edfnzdugv dqg xvlqj f
A3r

@ U
r

D
A3r

. f
ecA3r

iru hpsor|hg dqg f
A3r

@

U
r

D
A3r

. f
�cA3r

iru xqhpsor|hg/ lw lv hdv| wr yhuli| wkdw

Y +D
A3r

> h, @ �U3�
r

h3�+-r

�

A3r

nS
ecA3r

, +55,

Y +D
A3r

> x, @ �U3�
r

h3�+-r

�

A3r

nS
�cA3r

,

zlwk f
ecA3r

dqg f
�cA3r

vdwlvi|lqj

h3�SecA3r @ +4� t,h3�+-r3�E�no�E�e

3S
ecA3r

�nS
ecA3rn�,

.th3�+-r3�E�no�E�e

3S
ecA3r

�nS
�cA3rn�, +56,

h3�S�cA3r @ +4� k,h3�+-r3�E�no�E��

3S
�cA3r

�nS
�cA3rn�,

.kh3�+-r3�E�no�E��

3S
�cA3r

�nS
ecA3rn�,=

Wkh olplwlqj ydoxh ixqfwlrqv zkhq v$4 lv

Y +D
|

> h, @ �4 . u

u
h3�+

o

�no
�
|

nS
e, � h3�

o

�no

�
|Y +h, +57,

Y +D
|

> x, @ �4 . u

u
h3�+

o

�no
�
|

nS
�, � h3�

o

�no
�
|Y +x,

zlwk f
e

dqg f
�

vdwlvi|lqj
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h3�Se @ +4� t,h3�EoE�e

3S
e

�nS
e

� . th3�EoE�e

3S
e

�nS
�

�

h3�S� @ +4� k,h3�EoE��

3S
�

�nS
�

� . kh3�EoE��

3S
�

�nS
e

�

+58,

zklfk/ dv vkrzq lq wkh qh{w vhfwlrq/ dozd|v kdv d xqltxh vroxwlrq iru f
e

dqg f
�

1 Frq0

vxpswlrq lv jlyhq e|

f
|

@

+
o

�no
D
|

. f
e

li o
|

@ h +hpsor|hg,
o

�no
D
|

. f
�

li o
|

@ x +xqhpsor|hg,
+59,

Iurp +59, zh vhh wkdw doo lqglylgxdov frqvxph wkh dqqxlw| ydoxh ri D
|

soxv d frqvwdqw

zklfk rqo| ghshqgv rq hpsor|phqw vwdwxv1 Doo lqglylgxdov zlwk htxdo hpsor|phqw vwdwxv

zloo wkxv vdyh +ru eruurz, htxdo vkduhv ri wkhlu zdjh/ uhjdugohvv ri zhdowk1

D15 H{lvwhqfh dqg Xqltxhqhvv ri wkh Ydoxh Ixqfwlrq

Ohw xv qrz vkrz wkdw wkhuh dozd|v h{lvwv d xqltxh vroxwlrq wr +58,1 Gh�qh =

{ @ h{si�� f
e

j
| @ h{si�� f

�

j
G @ +

%

@ h{s i� +f
e

� f
�

,j
+5:,

dqg

Z @ h{s i� uz
e

j
E @ h{s i�uz

�

j

G lv wkh udwlr ri wkh xwlolw| ri dq xqhpsor|hg wr wkh xwlolw| ri dq hpsor|hg li wkh|

kdyh wkh vdph dvvhwv1 Zh fdq wkhq uhzulwh +58, dv

Z {o @ +4� t, . t G +5;,

E |o @ +4� k, . kG3�

Jlylqj

Z

E
@ Go

+4� t, . t G

+4� k, . kG3�

+5<,

5:



Qrwh wkdw +5;, dqg +5<, rqo| kdyh rqh xqnqrzq/ G= Li zh �qg d vroxwlrq iru wklv

htxdwlrq zh kdyh dovr irxqg { dqg | +jlyhq +5;,,/ dqg frqvhtxhqwo| f
e

dqg f
�

/ dv zhoo dv

Y +O, dqg Y +X,1 Qrz ohw wkh ixqfwlrq D+G,eh gh�qhg e| wkh UKV ri +5<,1 Lw lv hdv| wr

vhh wkdw Y�E(�

Y(

A 3 dqg

D+4, @ 4

olp
(<f

D +G, @ 3 +63,

olp
(<"

D +G, @ 4

Jlyhq wkdw wkh ohiw kdqg vlgh ri +5<, lv frqvwdqw/ dqg wkh uljkw kdqg vlgh prqrwrqlfdoo|

lqfuhdvlqj dqg zlwk d udqjh wkdw jrhv irup 3 wr 4/ wkh vroxwlrq wr +5<, kdv wr h{lvw dqg

eh xqltxh1 Dgglwlrqdoo| wkh vroxwlrq wr +5<, uhtxluhv wkdw

`

�

A 4/ GW A 4
`

�

@ 4/ GW @ 4
`

�

? 4/ GW ? 4

+64,

Li wkh hpsor|hg duh srolwlfdoo| ghflvlyh/ wkh xwlolw| zloo eh kljkhu iru hpsor|hg wkdq

iru xqhpsor|hg1 Wklv lpsolhv wkdw wkh qhw zdjhv duh kljkhu wkdq xqhpsor|phqw ehqh�wv

vr `

�

A 41 Jlyhq wklv/ lw lv hdv| wr revhuyh wkdw z
e

A f
e

A f
�

A z
�

=Wklv iroorzv iurp/

G A 4 dqg +5;,

z
e

� f
e

@
orj ++4� t, . t G,

� u
A 3 +65,

z
�

� f
�

@
orj

�
4� k. k G3�

�
� u

? 3=

D16 Rswlpdo wd{hv zlwk lq�qlwh wxuqryhu

Frqvlghu wkh frqwlqxrxv wlph yhuvlrq ri wkh prgho zkhuh k uhsuhvhqwv wkh lqvwdqwdqhrxv

klulqj udwh/ zklfk lv doorzhg wr wdnh dq| srvlwlyh ydoxh1 Wdnh d fxuuhqwo| xqhpsor|hg

shuvrq1 Ghqrwh wkh wlph xqwlo kh �qgv d mre e| � zklfk lv d vwrfkdvwlf yduldeoh zlwk d

ghqvlw| ixqfwlrq i+�, @ kh3�� 1 Ohw xv frqvlghu dq xqhpsor|hg lqglylgxdo zkr gxulqj

klv fxuuhqw xqhpsor|phqw shulrg iroorzv wkh +srwhqwldoo|, vxerswlpdo sodq ri frqvxplqj

z
�

. uD
|

1 Zkhq kh �qgv klv qh{w mre kh uhyhuwv wr wkh rswlpdo ehkdylru1 Ghqrwh wkh

frqglwlrqdo ydoxh ixqfwlrq ri wklv lqglylgxdo Z +D
|

> x> �, zkhuh � ghqrwhv klv h{shfwhg

xwlolw| li kh �qgv d mre h{dfwo| � xqlwv iurp qrz1 Zh wkhq kdyh

5;



Z +D
|

> x> w, @ �
]
f

�h3orh3�Eo�|

n�
�

�gv. h3o�Y +D
|

> h, +66,

@ h3�Eo�|

n�
�

�
4� h3o�

u
. h3o�Y +D

|

> h,

Fohduo| wkh xqfrqglwlrqdo ydoxh ixqfwlrq/ ghqrwhg Z +D
|

> x, vdwlv�hv

Y +D
|

> x, �Z +D
|

> x, �
]
"

f

Z +D
|

> x> �,i+�,g�

Vr=

Z +D
|

> x, @ �
]
"

f

�
h3�Eo�|

n�
�

�
4� h3o�

u
. h3o�Y +D

|

> h,

�
kh3��g�

@
�h3�Eo�|

n�
�

�

u

]
"

f

�
4� h3o�

�
kh3��g� . Y +D

|

> h,

]
"

f

h3o�kh3��g�+67,

@
�h3�Eo�|

n�
�

�

u

�
4� k

u . k

�
. Y +D

|

> h,
k

u . k

Qrz wdnh wkh olplw ri erwk vlghv dv k$41 Zh wkhq vhh wkdw

olp
�<"

Z +D
|

> x, @ olp
�<"

Y +D
|

> h, +68,

Qrz zh kdyh wkdw Y +D
|

> h, � Y +D
|

> x, � Z +D
|

> x, vlqfh Z ghqrwhv d vxe0rswlpdo

sodq dqg zdjh lv dvvxphg wr eh kljkhu zkhq hpsor|hg wkdq zkhq xqhpsor|hg1 Vr

olp
�<"

Y +D
|

> x, @ Y +D
|

> h, +69,

Wklv phdqv wkdw xqfhuwdlqw| glvdsshduv dqg frqvxpswlrq lq wkh wzr vwdwhv frqyhujhv

wr wkh vdph ohyho1 Wkh frqfoxvlrq lv wkxv wkdw wkh uroh iru lqvxudqfh glvdsshduv dv wxuqryhu

lqfuhdvhv wr lq�qlw|1 Li vdylqj dqg eruurzlqj duh qrw doorzhg/ wkh ydoxh ixqfwlrqv lq wkh

wzr vwdwhv pd| dovr frqyhujh dv wxuqryhu jrhv wr lq�qlw|1 Frqvxpswlrq lq wkh wzr vwdwhv

fdqqrw frqyhujh lq wklv fdvh/ krzhyhu/ vr wkh uroh iru lqvxudqfh dv d phdqv ri vprrwklqj

frqvxpswlrq uhpdlqv1

D17 Wd{ ohyho wkdw pd{lpl}hv wkh Xwlolw| ri wkh hpsor|hg Zrunhuv1

Wr pd{lpl}h wkh xwlolw| ri wkh hpsor|hg zrunhuv ryhu � lv htxlydohqw wr pd{lpl}h f
e

1 Iurp

+5;,/ zh kdyh

5<



f
e

@ +4� �, z � oq +4� t . t G,

� u
= +6:,

Qrz qrwh wkdw z
e

�z
�

@ z+4� �,�z� �3@
_

@ z+4� �

B

, zkhuh � lv wkh wd{ udwh wkdw

fruuhvsrqgv wr ixoo lqvxudqfh1 Xvlqj wklv lq +5<, dqg wdnlqj orjv zh rewdlq

� @ � � �
oq
�
G�no

�
. oq +4� t . t G,� oq ++4� k, G . k,

� u z
= +6;,

Wklv hvwdeolvkhv d prqrwrqlf uhodwlrq ehwzhhq � dqg G1 Fhuwdlqo|/ wkh hpsor|hg zloo

qhyhu zdqw wr kdyh � kljkhu wkdq � +ixoo lqvxudqfh,/ dqg qrq qhjdwlylw| ri � lpsolhv wkdw

G fdq qrw eh kljkhu wkdq vrph ydoxh �G A 4> zklfk lv wkh xqltxh ydoxh wkdw vdwlv�hv

oq
�
�G�no

�
. oq

�
4� t . t �G

�� oq
�
+4� k, �G . k

�
@ � u z=

Vxevwlwxwlqj � iurp +6;, lq +6:, zh fdq h{suhvv wkh xwlolw| ri wkh hpsor|hg djhqwv dv

d ixqfwlrq ri/ G> wkh uhodwlyh xwlolw| lq wkh wzr vwdwhv1

f
e

@ z +4� �, .

�
� oq

�
G�no

�� ^ � oq ++4� k, G . k, . +4� �, oq +4� t . t G,`
�

� u
+6<,

Frqvhtxhqwo| wkh sureohp lv uhgxfhg wr pd{lpl}h htxdwlrq +6<, iru ydoxhv ri G eh0

orqjlqj wr wkh lqwhuydo
�
4> �G

�
1 Wkh �uvw dqg vhfrqg ghulydwlyhv ri +6<, duh

Cf
e

CG
@

4

G

�
� +4 . u,�

�
�

+4� k, G

+4� k, G . k
. +4� �,

t G

4� t . t G

��
+73,

dqg

C2f
e

CG2

@ �
YS

e

Y(

G
� 4

G

�
�

+4� k, k

^+4� k, G . k`2
. +4� �,

+4� t, t

^4� t . t G`2

�
+74,

Qrz ohw

M +G, @ �
+4� k, G

+4� k, G . k
. +4� �,

t G

4� t . t G
+75,

Lw lv fohdu wkdw M +G, lv prqrwrqlfdoo| lqfuhdvlqj zlwk M +3, @ 3 dqg olp
(<"

M +G, @ 4=

Frqvhtxhqwo|=

� Li � +4 . u, A 4 wkhuh lv qr lqwhulru pd{lpxp iru f
e

/ vlqfh lwv �uvw ghulydwlyh lv dozd|v

srvlwlyh1 Wkh qrq qhjdwlylw| ri wd{hv lpsolhv wkdw wkh wd{ ohyho wkdw hpsor|hg djhqwv
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zrxog suhihu zrxog eh }hur +dqg G @ �G,1

� Li � +4 . u, ? dqg wkh wxuqryhu lv }hur +wkdw lv wkh suredelolwlhv t dqg k duh erwk

}hur,/ wkhq M +G, @ � ? � +4 . u, iru doo ydoxhv ri G1 Vr djdlq wkh wd{ ohyho wkdw

hpsor|hg djhqwv zrxog suhihu zrxog eh }hur +dqg G @ �G,1

� Li � +4 . u, ? 4 dqg wkh wxuqryhu lv srvlwlyh +wkdw lv wkh suredelolwlhv t dqg k duh

erwk vwulfwo| srvlwlyh, wkhuh lv dozd|v dq xqltxh ydoxh ri G wkdw pdnhv wkh �uvw

ghulydwlyh ri f
e

htxdo wr }hur/ dqg lq wklv srlqw wkh vhfrqg ghulydwlyh lv qhjdwlyh1

Ohw*v fdoo wklv ydoxh �G +M
�
�G
�

@ � +4 . u,,1 Qrwh wkdw �G A 4/ ehfdxvh M +4, @

� +4� k, . +4� �, t ? �+4 . u,1

� Li �G ? �G +wklv lv= �+4. u, A M
�
�G
�
,/ wkhq f

e

lv lqfuhdvlqj lq wkh zkroh lqwhuydo�
4> �G

�
/ frqvhtxhqwo| wkh hpsor|hg djhqwv zrxog pd{lpl}h wkhlu xwlolw| zlwk

G @ �G dqg � @ 31

� Li �G A �G +wklv lv= �+4 . u, A M
�
�G
�
,/ wkhq f

e

dfklhyhv lwv joredo pd{lpxp dw

wkh ihdvleoh srlqw �G/ dqg wkh wd{ ohyho wkdw pd{lpl}hv wkh xwlolw| ixqfwlrq ri

wkh hpsor|hg djhqwv lv=

� @ � � �
oq
�
�G�no

�
. oq

�
4� t . t �G

�
� oq

�
+4� k, �G . k

�
� u z

? � +76,

E| vroylqj M +G, @ � +4 . u,/ zh fdq rewdlq d forvhg irup ydoxh iru �G=

�G @
4

5

�s
e2 � 7f� e

�
+77,

Zkhuh +ghqrwlqj T @ �3^

^

dqg K @ �

�3�
,

e @
� � � +4 . u,

4� � +4 . u,
T.

4� � � � +4 . u,

4� � +4 . u,
K +78,

dqg

f @ � � +4 . u,

4� � +4 . u,
K T= +79,

D18 Frqvxpswlrq dqg Ydoxh Ixqfwlrqv Zlwk Ilqlwh Yrwlqj F|fohv

Dvvxph wkhuh lv d yrwlqj f|foh vr wkdw wkh wd{ udwh fdq eh �{hg iru v shulrg1 Wkh ghflvlrq

derxw wkh wd{ udwh lv vhw dw ohdvw rqh shulrg lq dgydqfh ri zkhq lw ehfrphv lq h�hfw1

64



Wkh wd{ udwh wkdw lv ghwhuplqhg dw w wkxv dssolhv wr w . 4 = = = w . v 1 Zh ghulyh wkh ydoxh

ixqfwlrqv zkhq wkh wd{ udwh lv vhw wr � iru v shulrgv dqg wkhuhdiwhu vhw wr �W / zkhuh �

dqg �W duh doorzhg wr wdnh qrq0qhjdwlyh ydoxh1 Wkh wd{ udwh lq wkh fxuuhqw shulrg lv dovr

vhw wr �W/ dowkrxjk lw lv wulyldo wr fkdqjh wkdw dvvxpswlrq1 Wkh dlp ri wklv vhfwlrq lv wr

vkrz krz suhihuhqfhv ryhu � ydu| zlwk v= Wr gr wklv zh qhhg wr �qg wkh ydoxh ixqfwlrqv lq

wkh wzr hpsor|phqw vwdwhv dv ixqfwlrqv ri v> � > �W dqg D
|

1 Zh ghulyh wkh ydoxh ixqfwlrqv

Y +D
|

> o> �> �W> v, uhfxuvlyho| iru v @ i4> 5> = = = j 1
Qrz uhgh�qh

z
e

� z+4� �W, +7:,

z
�

� z�W+4� d,@g

Zlwk wklv qrwdwlrq/ zh fdq ylhz z+�W � �, dv dq h{wud fdvk wudqvihu wr wkh hpsor|hg

wkh qh{w shulrg1 Iru wkh xqhpsor|hg/ wkh fruuhvsrqglqj h{wud wudqvihu lv z E�3�
W

�E�3@�

_

1

Zkhq v @ 4 wkh ydoxh ixqfwlrqv duh wkhq jlyhq e|

Y +D
|

> h> �> �W> 4, @ pd{
S
|

i � h3�S|

� �

�no
^+4� t,Y +D

|n� .z+�W � �, > h,

.tY +D
|n� .z E�3�

W

�E�3@�

_

> x,`j
v=w= D

|n� @ +4 . u,+D
|

.z
e

� f
|

,

+7;,

Y +D
|

> x> �> �W> 4, @ pd{
S
|

i � h3�S|

� �

�no
^+4� k,Y +D

|n� .z E�3�
W

�E�3@�

_

> x,

.kY +D
|n� . z+�W � �, > x,`j

v=w= D
|n� @ +4 . u,+D

|

.z
�

� f
|

,

+7<,

zkhuh Y +�> �, duh wkh lq�qlwh yrwlqj f|foh ydoxh ixqfwlrqv suhylrxvo| ghulyhg1 Qrz ohw xv

jxhvv wkdw wkh iroorzlqj vroxwlrq wr wkh frqvxpswlrq sureohp dw wlph w/ jlyhq �> �W dqg v

kdv wkh iroorzlqj irup

f
|

@

+
o

�no
D
|

. hf
ecr

o

�no
D
|

. hf
�cr

li hpsor|hg

li xqhpsor|hg
+83,

Vlpsoli|lqj/ xvlqj wkh h{solflw irup ri Y +�> �, dqg xvlqj wkh exgjhw frqvwudlqw zh jhw

65



Y +D
|

> h> �> �W> 4, @ h3�
o

�no

�
|pd{

hS

ec�
i � h3�hSec�

��

o

^+4� t,h3�E
o

�no
�E�

W

3��noE�
e

3hS
ec��nSe�

.th3�E
o

�no

�E�3�W�E�3@�

_

noE�
e

3hS
ec��nS��`j

Y +D
|

> x> �> �W> 4, @ h3�
o

�no

�
|pd{

hS
ec�
i � h3�hS�c�

��

o

^+4� k,h3�E
o

�no

�E�3�W�E�3@�

_

noE�
�

3hS
�c��nS��

.kh3�E
o

�no
�E�

W

3��noE�
�

3hS
�c��nSe�`j

+84,

Ohw wkh fkrlfh yduldeohv zlwkrxw wloghv ghqrwh wkhlu rswlpl}hg ydoxhv1 Wkh �uvw rughu

frqglwlrqv duh wkhq

h3�Sec� @ +4� t,h3�E
o

�no
�E�

W

3��noE�
e

3S
ec��nSe�

.th3�E
o

�no

�E�3�W�E�3@�

_

noE�
e

3S
ec��nS��

h3�S�c� @ +4� k,h3�E
o

�no

�E�3�W�E�3@�

_

noE�
�

3S
�c��nS��

.kh3�E
o

�no
�E�

W

3��noE�
�

3S
�c��nSe�=

zklfk duh vdwlv�hg iru doo D
|

iru wkh surshu fkrlfh ri f
ec�

dqg f
�c�

wkxv frq�uplqj +83,1

Xvlqj wkh �uvw rughu frqglwlrqv/ wkh ydoxh ixqfwlrqv duh

Y +D
|

> h> �> � W> 4, @ �h3� o

�no

�
| �no

o

h3�Sec�

Y +D
|

> x> �> �W> 4, @ �h3� o

�no

�
| �no

o

h3�S�c�
+85,

Qrz frqwlqxlqj uhfxuvlyho| zh �qg wkdw iru v A 4 shulrgv wkh ydoxh ixqfwlrqv duh

Y +D
|

> h> �> �W> v, @ h3�
o

�no

�
| pd{

hS
ecrn�

i � h3�hSecr

��

o

^+4� t,h3�E
o

�no

E�
|

n�E�
W

3���noE�
e

3hS
ecrn��nSecr3��

.th3�E
o

�no

�E�3�W�E�3@�

_

noE�
e

3hS
ecrn��nS�cr3��`j

Y +D
|

> x> �> �W> v, @ h3�
o

�no

�
|pd{

hS
�crn�

i � h3�hS�cr

��

o

^+4� k,h3�E
o

�no

�E�3�W�E�3@�

_

noE�
�

3hS
�cr

�nS
�cr3��

.kh3�E
o

�no
�E�

W

3��noE�
�

3hS
�cr

�nS
ecr3��`j

+86,

zlwk ydoxh ixqfwlrqv

Y +D
|

> h> �> �W> v, @ �h3� o

�no

�
| �no

o

h3�Secr

Y +D
|

> x> �> �W> v, @ �h3� o

�no

�
| �no

o

h3�S�cr
+87,

66



Zh vhh wkdw wkh ydoxh ixqfwlrqv lq +87, duh olqhdu lq wkh whup h3�
o

�no
�
| 1 Suhihuhqfhv

ryhu wd{ udwhv iru wkh frplqj v shulrgv duh wkxv lqghshqghqw ri zhdowk/ mxvw dv lq wkh fdvh

ri frqvwdqw wd{ udwhv1

D19 Whpswdwlrq wr Ghyldwh

Ohw Y +D
|

> => ��> �2 , ghqrwh wkh ydoxh ixqfwlrq li qh{w shulrgv wd{ lv vhw wr �� dqg wkhuhdiwhu

wr �
2 iruhyhu1 Dovr ohw Y +D

|

> => � , � Y +D
|

> h> �> � ,1 Qrz gh�qh �W dv wkh wd{ udwh wkdw

pd{lpl}hv Y +D
|

> h> � ,= Zh wkhq kdyh wkdw

CY +D
|

> h> � W> � W,

C��
@

4

4 . u
^+4� t,+�z,X �+f+D

|n�
> h, . tz

4� d

g
X �+f+D

|n�
> x,`= +88,

Qrz zh zdqw wr vkrz wkdw +88, lv vwulfwo| qhjdwlyh vr wkdw wkh whpswdwlrq wr ghyldwh

lv vwulfwo| srvlwlyh1 Iluvw dvvxph wkdw wkh rswlpdo wd{ udwh lv srvlwlyh vr wkdw zh kdyh dq

lqwhulru rswlpxp1 Vlqfh � W pd{lpl}hv Y +D
|

> h> � , lw vdwlv�hv

3 @
CY +D

|

> h> �W,

C�

@
4

4 . u
^+4� t,

�
+�z,X �+f+D

|n�
> h, .

CY +D
|n�

> h> �W,

C�

�
+89,

.t

�
z
4� d

g
X �+f+D

|n�> x, .
CY +D

|n�
> x> �W,

C�

�
`=

zkhuh zh xvh wkdw dovr YT E�
|n�cec�

W

�

Y�

@ 31 Iurp wklv iroorzv wkdw

CY +D
|

> h> � W> � W,

C�
�

@ 3� t
CY +D

|n�
> x> �W,

C�
+8:,

zkhuh wkh sduwldo ghulydwlyh lv zlwk uhvshfw wr wkh �uvw � / l1h1/ wkh wd{ udwh qh{w shulrg1

Vr zkdw uhpdlqv lv wr vkrz wkdw YT E�
|n�c�c�

W

�

Y�

lv vwulfwo| srvlwlyh1 Wr gr wklv zh �uvw qrwh

wkdw iurp +89, iroorzv wkdw

X �+f+D
|n�

> h, @
t

+4� t,z

�
z
4� d

g
X �+f+D

|n�
> x, .

CY +D
|n�

> x> �W,

C�

�
= +8;,

Iru dq xqhpsor|hg zh kdyh

67



CY +D
|

> x> �W,

C�
@

4

4 . u
^k

�
+�z,X �+f+D

|n�> h, .
CY +D

|n�
> h> �,

C�

�
+8<,

.+4� k,

�
z
4� d

g
X �+f+D

|n�
> x, .

CY +D
|n�

> x> � ,

C�

�
`=

Xvlqj +8;, zh jhw

CY +D
|

> x> �W,

C�

@
4

4 . u
^k

�
t

t � 4

�
z
4� d

g
X �+f+D

|n�> x, .
CY +D

|n�
> x> �W,

C�

��
.+4� k,

�
z
4� d

g
X �+f+D

|n�
> x, .

CY +D
|n�> x> �W,

C�

�
`

@
4� t � k

+4 . u, +4� t,

�
z
4� d

g
X �+f+D

|n�
> x, .

CY +D
|n�

> x> �W,

C�

�
=

Iurp zklfk zh �qg wkdw

CY +D
|

> x> �W,

C�
@ z

4� d

g

"[
r'�

nrX �+f+D
|nr

> x, A 3

zkhuh n � �3^3�

E�no�E�3^�
dqg X �+f+D

|nr> x, lv frqglwlrqdo rq wkh phgldq yrwhu ehlqj xqhp0

sor|hg iurp w. 4 wr dw ohdvw w. v =

Uhihuhqfhv

^4` Eurdgzd|/ U1 dqg G1 Zlogdvlq/ +4<;<,/ �Yrwlqj Prghov ri Vrfldo Vhfxulw| Ghwhupl0

qdwlrq�/ lq Jxvwdyvvrq/ E1D1 dqg Q1D1 Nohypdunhq +hgv,/ Wkh Srolwlfdo Hfrqrp| ri

Vrfldo Vhfxulw|/ Qruwk0Kroodqg1

^5` Ehuwrod/ J1/ dqg U1 Urjhuvrq/ +4<<9,/ �Lqvwlwxwlrqv dqg Oderu Uhdoorfdwlrq�/ plphr1

^6` Juxehu/ Mrqdwkdq/ +4<<7,/ �Wkh Frqvxpswlrq Vprrwklqj Ehqh�wv ri Xqhpsor|phqw

Lqvxudqfh�/ QEHU Zrunlqj Sdshu Qr1 7:831

^7` Kdoo1 U1 H1/ +4<<8,/ �Orvw Mrev�/ Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|/ 4=<81

^8` Nuxvhoo/ Shu/ Ylqfhq}r Txdgulql dqg Mrvì Yðfwru Uðrv Uxoo/ +4<<9,/ �Srolwlfr0Hfrqrplf

Htxloleulxp dqg Hfrqrplf Jurzwk�/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/

iruwkfrplqj1

68



^9` Zuljkw/ Udqgdoo/ +4<;9, �Wkh uhglvwulexwlyh Urohv ri Xqhpsor|phqw Lqvxudqfh dqg

wkh G|qdplfv ri Yrwlqj�1 Mrxuqdo ri Sxeolf Hfrqrplfv 641

^:` RHFG/ +4<<7,/ �Wkh RHFG Mrev Vwxg|/ Idfwv Dqdo|vlv Vwudwhjlhv�/ RHFG1

^;` RHFG/ +4<<8,/ �Hpsor|phqw Rxworrn/ Mxo| 4<<8�/ RHFG1

69


