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ABSTRACT
A new method of Ðtting tridimensional power spectra of solar oscillations is described and compared

with a previous one whose use has been more common. The new method Ðts the parameters of the
Lorentzian proÐles in a bidimensional k [ u diagram constructed from an azimuthal average of the tri-
dimensional one. The horizontal velocities are then determined keeping these parameters Ðxed, greatly
reducing the computation time. Both methods are compared for two radial orders (n \ 3, 4) of a
tridimensional power spectrum obtained for a region of about 15¡ square around solar disk center. The
images used in this work correspond to a 3 day set of 1080] 1080 pixel intensity images obtained at the
Observatorio del Teide on 1994 November 8È10 with the Taiwanese Oscillation Network (TON) instru-
ment. The results of the Ðtted velocities agree within the estimated errors for the two methods. The
reduction of the computing time obtained with the new method makes it convenient for the ring
diagram analysis.
Subject headings : convection È methods : numerical È Sun: oscillations

1. INTRODUCTION

The analysis of three-dimensional power spectra of the
solar oscillations has proven to be an efficient tool for pro-
viding information on the spatial distribution of the hori-
zontal velocity Ñows under the solar surface. For
high-degree modes (l º 190), a local plane-wave approach
for the decomposition of the modes is more appropriate
than the usual spherical harmonic decomposition. In this
way, information about the two components of the horizon-
tal wavenumber k is obtained, and a three-dimensional
power spectrum in and u (the horizontal wavenum-k
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y
,

ber components and the temporal frequency, respectively) is
constructed. Cuts at constant frequency of the distribution
of power appear as individual rings for every radial order n ;
thus, the technique is known as a ring diagram analysis. A
good description of this technique can be found in Hill

and In a model of a(1988, 1994) Patro� n (1994). Figure 1,
tridimensional power spectrum is shown. Here, it can be
seen how the ridges of the two-dimensional spectra become
surfaces reminiscent of ““ trumpets,ÏÏ and the horizontal cuts
of them, at constant frequency, appear as ““ rings ÏÏ of power.
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The presence of horizontal velocity Ñows under the solar
surface advects the acoustic waves, shifting the frequencies
of the oscillation modes. In these three-dimensional power
spectra, the frequency shifts appear as asymmetries in the
position and shape of the rings of power. A ring-Ðtting
procedure is applied to determine these frequency shifts.
Frequency shifts measured for a set of rings can be inverted
to obtain information as a function of depth. The advection
of the waves is proportional to the velocity in modulus and
direction, so that the frequency shift is related to the veloc-
ity Ñow by An estimate of the*u\ U Æ k \ U
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two horizontal components of the velocity and can(U
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be obtained from the estimated frequency shifts in the rings,
and an inversion process can provide the two horizontal
velocity components as a function of depth. Thus, we can
map the horizontal velocity vectors at several depths inside
the solar interior. The local character of this technique
allows us to sample many di†erent positions on the solar
surface, so that a tridimensional view of the horizontal
velocity Ñows can be constructed. This information is useful
for the study of the dynamics of the solar interior, and the
global picture of these local results provides indications on
the appearance of ““ global ÏÏ convection structures.

The major task in this process is the ring-Ðtting pro-
cedure. As shown below, the ring Ðtting is based on a multi-
dimensional Ðt to several Lorentzian proÐles of the
tridimensional power spectrum. A high number (12) of free
parameters must be Ðtted at once, but the method is very
slow and computationally expensive. Here, we compare the
results of this Ðtting method with a variation that combines
two separate Ðtting procedures with smaller numbers of
parameters, substantially reducing the computation time.
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FIG. 1.ÈTridimensional view of a model of the power spectrum of the
oscillations. The parameters in the model have been altered to improve the
contrast between power and background. Radial orders from n \ 0 to
n \ 7 have been computed in the model.

2. DATA REDUCTION AND RING FITTING

The images analyzed in this work are a set of 3 days, 1994
November 8È10, of 1080] 1080 pixel intensity images
taken in the Ca II K line every minute with the TON instru-
ment (Taiwanese Oscillation Network) at the Observatorio
del Teide (Tenerife, Spain). The spatial sampling at disk
center is A description of the TON instrument can be1A.9.
found in et al.Chou (1995).

The reduction process is extensively described in
et al. The construction of the powerGonza� lez (1995).

spectra starts by the selection of a region of the solar disk
followed by the tracking of this subraster at the solar rota-
tion rate evaluated at the center of the subraster for every
image, e.g., for every minute. By tracking the selected
region, the rotation of the Sun is removed ; otherwise, an
extra velocity term would be found in the longitudinal
direction corresponding to the surface rotation rate of the
Sun. This region, is about 15¡ square at disk center, con-
tains 135 ] 135 pixels, and is remapped onto an equally
spaced arc length grid with spatial resolution *x \ 1336.73
km.

A temporal series of tracked and remapped sections is
created after the subtraction of a 21 point running mean to
temporally Ðlter the series. Finally, a fast Fourier transform
in three dimensions, east-west, north-south, and time, is per-
formed. The Ðnal power spectra has a wavenumber
resolution *k \ 0.03482 Mm~1 (in both horizontal wave-
number axes, and and temporal frequency resolutionk
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y
)

*u\ 3.03] 10~5 s~1, or *l\ 4.8225 kHz.
The estimation of the two horizontal components of the

velocity Ñow, and is the result of the Ðtting of aU
x

U
y
,

Lorentzian proÐle to the variation of the power with fre-
quency (see Duvall, & Je†eriesAnderson, 1990) :

P(u)\ A(!/2)
(u[ u0)2] (!/2)2

] B(u) , (1)

where P(u) is the power spectrum as a function of fre-
quency, A is the maximum power of the proÐle, ! is the
full-width at half-maximum, is the unperturbed modeu0frequency (when no subsurface Ñows are present), and B(u)
is a slowly varying function of frequency describing the
solar background. In a general Ðtting process, a model M,
based on the Lorentzian proÐle distribution, is Ðtted to the
observed power spectrum O. All of the Ðtting methods used
in this work (12 parameter method, PEAKFIND routine in
IRAF, and four parameter method, described below) are
based on a maximum likelihood approach that tries to Ðnd
the solution that gives the maximum probability. This
probability has been deÐned for a single point of a power
spectrum of solar oscillations as & Harvey(Duvall 1986)
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Here, we deÐne to be the result of evaluating theM
imodel at a given point i described by the coordinates u, k

x
,

and in the tridimensional power spectrum and to bek
y

O
ithe observed power in the spectrum for this point. The joint

probability density, or likelihood function, L , is given by the
product of the individual probabilities over the entire set of
data (index i) :
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Taking the logarithm, we obtain

[ ln L \ ;
i
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Then we must search for the maximum value of L or the
minimum of the function S for the total set of parameters of
the model.

In order to Ðnd the minimum of S, we used an algorithm
based on the downhill simplex method for nonlinear, multi-
dimensional functions et al. This method is(Press 1986).
simple to apply since it only requires function evaluations.
However, it is sensitive to the initial estimations of the
parameters, which must be very close to the values for the
minimum of the function, and the method is slow.

In the following we describe the two methods compared
in this work : the ““ standard 12 parameter ÏÏ method, or ““ 12
pm, ÏÏ and the ““ combined four parameter ÏÏ method, or ““ 4
pm. ÏÏ

2.1. T he Standard 12 Parameter Method
The model used in this method is a tridimensional

version of the one-dimensional Lorentzian proÐle described
above for solar oscillation power spectra, with two(eq. [1])
main di†erences : (a) the unperturbed frequency term
includes a dependence on the modulus of the horizontal
wavenumber k, describing the dispersion relation ; and
(b) this term also includes an e†ective Doppler shift, *u\

produced by the presence of horizontalk
x
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y
,

velocity Ñows. Three secondary variations are also
included : the square of the maximum of the Lorentzian, A2,
the use of the half-width instead of the full-width of the
Lorentzian, and the dependence of the background as a
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function of the horizontal wavenumber, k, instead of a func-
tion of frequency.

Taking into account the contribution of all the radial
orders n involved in the region considered in the Ðt, the
following function is then Ðtted to the observed tridimen-
sional power spectrum:

P(u, k
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] b1 k~3] b2 k~4 , (5)

where A, !, C, are, respectively, the amplitude andU
x
,U

yhalf-width at half-maximum, a parameter taking account of
the dispersion relation of the unperturbed frequency [u0\
C(k)1@2], and the two components of the horizontal velocity
Ñow. The index j runs for every radial order n considered in
the Ðt, with N being the total number of radial orders under
consideration. The background has been empirically related
to the modulus of the vector wavenumber k by means of the
parameters and The extent in frequency in everyb1 b2.Ðtting step is short enough to ignore any frequency depen-
dence in this empirical relation for the background.

The Ðtting process is applied for the whole set of param-
eters (a total of 12 when N \ 2) in This methodequation (5).

has been successfully applied in previous work et al.(Patro� n
Rhodes, & Korzennik a com-1995 ; Patro� n, 1995) ;

prehensive description of the process can be found in
The Ðt is performed as many times as slices inPatro� n (1994).

frequency are present in the power spectrum and for pairs of
radial orders (several tests have shown the convenience of
Ðtting only two radial orders at a time, instead of the whole
set). For every Ðt, the model is evaluated in a tridimensional
region around the chosen frequency and radial orders ; as
we change the frequency, the region boundary changes. The
result is an estimate of the set of parameters for any given
frequency, so that the frequency dependence of the Ðtted
parameters can be determined.

2.2. T he Combined Four Parameter Method
The second method is performed in two steps. First,

several parameters are obtained by Ðtting the two-
dimensional power spectrum of the data, created from an
azimuthal average of the tridimensional one. The ampli-
tude, full-width at half-maximum, unperturbed peak fre-
quency, and background associated with the peaks are
obtained by Ðtting a Lorentzian proÐle in frequency to
every mode characterized by degree l and order n. This is
motivated by the observation that cuts of the two-
dimensional power spectrum at constant l (or equivalently

FIG. 2.ÈComparison between the velocities obtained from the 12 pm method (white line with black error bars) and the 4 pm method (gray dotted line). The
letters ““ x ÏÏ and ““ y ÏÏ in the upper labels refer to the eastÈwest and northÈsouth directions, respectively, while the numbers ““ 3 ÏÏ and ““ 4 ÏÏ refer to the radial
orders n \ 3 and n \ 4.
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k), and a single ridge, or radial order n, are approximately
Lorentzian. For this step, we used the code PEAKFIND
implemented in IRAF as a task of the package GRASP

et al. this Ðts a function equivalent to(Anderson 1990) ;
These derived parameters are smoothed as aequation (1).

function of k to improve the stability of the Ðt.
Next, we Ðt the model described in but weequation (5),

keep these parameters Ðxed and evaluated appropriately at
every point of the tridimensional spectrum:

P(u, k
x
, k

y
) \ ;

j/1

N a
kj
2

[u[ (u0kj] U
x
j k

x
] U

y
j k

y
)]2 ] c

kj
2 ] b

ku.

(6)

The amplitude, the half-width at half maximum,a
kj
, c

kj
,

and the unperturbed frequency, are considered asu0kj,known parameters in this expression and parameterized by
the index j for every radial order and wavenumber k. The
solar background, is also kept Ðxed and parameterizedb

ku,
in k and u. Thus, we are Ðtting only four parameters : the
two components of the velocity Ñows, and for theU

x
U

y
,

two modes under consideration.
The actual Ðtting process is performed in the same way as

the 12 pm method, with the evaluation of the model in the
same regions described above, but with only four free
parameters. This method is similar to one developed by

et al. where the Ðtting is also performed inHaber (1995),
two steps using both the bidimensional and tridimensional
power spectrum of the data ; however, the model for the
second Ðt is slightly di†erent from the one described here.

3. FITTING RESULTS AND INVERSIONS

The Ðtting procedures described above have been applied
to a pair of radial orders for comparison, n \ 3 and n \ 4,
and for frequencies from u\ 1.885] 10~2 s~1 to
u\ 2.827] 10~2 s~1 (l\ 3000È4500 kHz). The results for
the two horizontal components of the velocity Ñows are
shown in where velocity versus frequency isFigure 2,
plotted for the two methods. The error bars are shown for
only one of the methods since the values are essentially
identical in both cases. The general behavior of the curves is
very similar, with SpearmanÏs rank correlation between 0.61
and 0.74, a signiÐcance of less than 10~10 for all cases, and a
total of 312 points.

Using a least-squares piecewise constant Ðt with a
smoothness constraint applied by minimizing the second
derivative of the velocity distribution, the results have been
inverted to infer horizontal velocity components as a func-
tion of depth in the range of solar surface down to about 0.9

or a depth of 70 Mm. The kernels used in this processR
_

,
have been obtained from a standard solar model developed
by & Ulrich These kernels, developed usingBahcall (1988).
the theory of global modes, have been adapted to the local
character of the present work by interpolation. More details
about this inversion technique can be found in Patro� n
(1994).

A comparison of the results of the inversions for the two
methods is shown in The general behavior of theFigure 3.
curves is very similar, especially for the upper regions, from
the solar surface down to about 0.97 or a depth of 20R

_
,

Mm. The correlation of these comparisons is 0.7336 for U
xand 0.9779 for with a signiÐcance of less than 10~10 inU

y
,

both cases for a total of 51 points in the calculations.

FIG. 3.ÈLongitudinal (upper panel) and latitudinal (lower panel) veloci-
ties as a function of depth for the results of the inversions of two radial
orders, n \ 3, 4, for the two Ðtting methods. The error bars are essentially
identical for both results.

4. APPLICATION OF THE COMBINED FOUR PARAMETER

METHOD TO A COMPLETE SET OF MODES

A very small number of modes has been used for this
inversion of only two radial orders. A larger set of modes,
ranging from n \ 2 to n \ 8, has been Ðtted for the 4 pm
method and inverted to verify the results shown in Figure 3.
The results are shown in These results should beFigure 4.
more reliable than the results obtained from only two radial
orders.

To visualize the velocity vectors of the estimated Ñows, a
tridimensional view of the vectors as a function of depth is
plotted in The length of the vectors is proportionalFigure 5.
to the amplitude of the Ñow, and the orientation is given by
the arrow heads and the gray scale. A projection of the
heads of the arrows is plotted also at the bottom constant
depth plane to show the change of the orientation of the
vectors. The physical interpretation of the apparent revol-
ution of these Ñows with depth is not simple, since these
results estimate the Ñows in a single region. To obtain a
more global picture of the Ñows, we need results for adja-
cent regions or subrasters on the solar surface.

5. DISCUSSION

The purpose of this test is to compare the combined four
parameter Ðtting method with the standard 12 parameter
Ðtting, to verify the new method. The precision of both
methods is equivalent, since the errors obtained for both
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FIG. 4.ÈResults for the longitudinal (upper panel) and latitudinal (lower
panel) velocities for the inversion of modes with n \ 2, . . . , 8, using the 4
pm method.

FIG. 5.ÈTridimensional view of the velocity Ñows as a function of
depth. The length of the arrows is proportional to the amplitude of the
Ñows, and the gray scale gives an idea about the depth where the arrow is
displayed. A projection of the head of the arrows is plotted at a depth of 40
Mm with the same gray scale.

results are of the same order. The downhill simplex method
used in all the Ðtting procedures is equally robust in all the
cases, with the exception of the number of parameters
implied in the Ðt : occasional problems occur more frequent-
ly when working with larger number of parameters. In this
respect, the 4 pm method is more convenient than the 12 pm
method. The required computing time is also greatly
reduced, with the 4 pm method being between 2 and 4 times
faster than the 12 pm method. This time range is due to
individual measurements of the computing time di†erences,
which depend on the region of the spectrum considered in
the Ðt : since the number of points included in the regions
varies because of the dispersion relation of the modes, the
computing time is di†erent for every region and indepen-
dent of the radial orders included in the Ðt. The downhill
simplex method is based on function evaluations, and the
larger the number of points in a region, the larger the
number of function evaluations and the slower the method.

The results of the Ðtting procedure for both the velocity
Ñows and the results of the inversions for orders(Fig. 2)
n \ 3, 4 are very similar for the two methods, and(Fig. 3)
we conclude that the correlation is high enough to consider
the results to be equivalent. Although the results have been
obtained for only two radial orders, Figures and show4 5
the inversions of the results obtained with orders from
n \ 2 to n \ 8 with the four parameter method. These plots
show the same general behavior of at least for theFigure 3,
upper regions, with the biggest di†erences at the lower
depths. Here, we need to remember two things : Ðrst, the
ring diagram analysis procedure is valid only for high l-
modes, and, since the information for the lower depths
arises principally from the low l-modes, the results obtained
for these regions are less robust ; in addition, the results
shown in are more complete than those inFigure 4 Figure 3
since a larger mode set has been used in the inversions. The
large di†erences found at deep depths are probably a conse-
quence of the extrapolation of the rotation curves below the
lowest turning points of the two sets of modes.

We conclude that the 4 pm method is appropriate for
ring diagram Ðtting, equivalent to the 12 pm Ðt, more con-
venient, and computationally time saving. Tests should be
performed to determine the reliability of the Lorentzian
proÐle parameters, amplitude, unperturbed frequency, and
width of the Lorentzian. This information is probably more
reliable for a peak-Ðnding routine applied to the k [ u
diagram than the one obtained from the Ðtting of the tridi-
mensional spectrum, but the results of both methods have
not yet been compared. Most of the information about
these parameters that we have today has been obtained for
low- and medium-degree solar modes, and with studies of
local area helioseismology like the ring diagram analysis,
this information can be completed and extended to high-l
oscillation modes.
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