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Abstract

Consider a fuzzy relation equation xoA=b where x and b
are input and output vectors and A is a state matrix with
max—min operator "o". This study is an extension of our
previous work by relaxing the condition that the elements
in vector b are strictly distinct and allows us to have same
values of membership in b. In this paper we propose a
solution procedure from the defined quasi—characteristic
matrix that not only determines the solution set but also
defines the types of solution set before the solution set is
determined. Therefore, it provides an insight of the
structure of fuzzy relation equations. Also by means of the
quasi—characteristic matrix, we do sensitivity analysis on
the state matrix A to determine the set of state—matrices
which has the same solution set with respect to the given
output—vector.

Introduction
If m,n,c €N, and I={1,..,i,..,m}, J={1,..,j,..,n}, K={1,..k,
.,¢} and assume that an n—dimensional vector b=[blj<]

called output—vector of which each k—class contains the
same b values and 12b1>...>bk>...>bC20, c<n, and a

. k - RN &
matrix A:[aij]mxn called state—matrix, with aije[(),l],

blj(e[o,l} for all i€l and jeJ are given, the problem of the

resolution of a fuzzy relation equation is to determine an

m—dimensional vector xeX of solution space such that
xo0A=b

where "o" denotes max—min composition with

M
)

|x;€[0,1]}. Tke solution set of (1) is

max min(x.Aali(.):bl.( for VjeJ,
i€l R

and X={x=[x],
defined by X(A,b).

Due to our previous studies [4,5], we know that the
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proposed quasi—characteristic matrix C of A represents the
possible positions in determining the solutions. Thus, the
solution set are characterized and the tolerance intervals of
elements in A matrix with respect to the known solution
set and output—vector are determined by this C—matrix.
But in our previous studies, the elements in vector b are
strictly distinct, it restricts the capability of applications.
Therefore, in this paper, we relax this constraint. Then the
extension allows us to have same values of membership in
output—vector b so that the proposed method can be
generalized.

Section 2 of this paper describes basic definitions and
properties of a fuzzy relation equation. Then in Section 3
defines the quasi—characteristic matrix from a state—
matrix and derives its relationship with the types of
solution sets. In Section 4, the methodology of sensitivity
analysis on matrix A is proposed. Finally, in Section 5 we
conclude the study and point out the relevant issues for
further studies.

Basic definitions and properties

of a fuzzy relation equation

The basic definitions below will be used through out the
paper until otherwise stated. Also the supporting theorems
are stated without proofs.
Definition 2-1 [1]. For xl,XQEx, let x1$x2, then < is
partially ordering on X, (X,<) is a lattice with min and
max as its meet, "A", and join, "V", respectively. If
X(A,b)={x|xcA=b}, i.e., X(A,b) denotes the set of all
solutions of equation (1), when A and b are given, then
(X(A,b),<) is a subposet of (X,<).
Definition 2-2 [1]. We call xeX(A,b) the maximum
solution of X(A,b), if for all xeX(A,b) we have x<x.
Definition 23 [1]. We call xeX(A,b) a minimal solution of

X(A,b), if for all xeX(A,b), x<x implies x=x. The set of all



minimal solutions of X(A,b) is denoted by X(A,b).
Definition 24 [2]. We define @ composition as

n
A@b = A (aX o b (3)
j=1 J )
o 1 ifali‘.gblj(
where ai.ab-= K kJ i’
I b; ifaij>bJ

and ! denotes transpose.

Lemma 2-1 [2]. If X(Ab)#0, then X=[A @ b™']™ is the
maximum solution of X(A,b§72Xb

Theorem 2-1 [1]. If X(Ab)#) then X(Ab)#) and

=U x| x<x<x}.
XAD )_cez(A,b){ Lxxx)

Lemma 2-2 [4]. X(A,b)# iff for each column jeJ in
kth—class of A there exisf(s at lxleast an i€l suo]c(h thzlx(t
3x,€[0,1] satisfies (i) (XiAa‘ij)zbj and (ii) (xiAaij,)gbj,
Vj'#i. .

From Lemma 2—2, we know that for each element a; i of A

two cases follow : (i) if ali(.<b1j(7 then no xiE[O,l] can satisfy

J
(xiAali{j)=b}j(;(ii) if ali(ijlj( and at row i there exists an
1

1 1
element ali(j. k'>k such that ali(j.>blj(, then there is no

x,€[0,1] that can satisfy (xiAa,li(j):blj( and (xiAali(;.)Sbl;:
Yj'#j, simultaneously.

Quasi—characteristic matrix for solution
In this section, we defined a quasi—characteristic matrix
from a state—matrix to identify the corresponding position
and properties of a solution. Then by quasi—characteristic
matrix the properties of each type of solution sets are
investigated.
Definition 3—1. Given A and b, a quasi—characteristic
matrix C, [cli(j mxn’ of a matrix A in a fuzzy relation
equation (1) is called C—matrix and defined as follows:
for each row i€l,

1 if k=k(i) and ali‘j>blj(,

ST E iszk(i)andakj=blj(, Vied, ()

0 otherwise.

i

where

max{k}, if {klal.(.>bl.( for a given i}#9,
k(i)= . (5)
0 otherwise.

From Definition 3—1, we know that each row of matrix C
has at most one class that contains "1" elements and has
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zero values if k<k(i). The different of the "class" from the
"column" of our previous study [4] is resultant from the
relaxation of different b values and allow b elements
having same values in the same class. This can be done
easily by grouping b elements into ¢ strictly different b
values with 12b1>b2>--->bk>--->b020 and swapping
the corresponding column of A (or C ) matrix. In this way,
our previous results [4,5] can be extended to specify the
between—class relationship directly. Then the remaining
problem is to identify the relation of elements within the
same class that has the same b values. In other words, we
need to prove that the results of our previous studies still
hold within the class.

Lemma 3—1. At each column j in class k of C—matrix if

Jiel such that Cli(j is E or 1 then for the column j the

possible position for determining the solution X is at row i.
That is, for column j, xie[bljf,bk(i)] satisfies conditions (i)

and (ii) of Lemma 2-2 when b0=1b1>- . >b¥> - . >1%0.
Proof. Suppose at column j in class k, cli(jzl or E then

(a)if cli(jzl, from the definition of the C—matrix we have

k=k(i) and the corresponding ali(j>b1j{=bk(i), then if

k k k
Xi=bj’ (xil\aij)=bj holds.
k
i"
(b)if cli‘j=E from the definition of the C—matrix, we have

At row i, Vj'eclass k, we have (xiAali(j,)Sbk=b

k2k(i) and the corresponding ali(j=b}_i{- If xie[b]j(,bk(i)] then
(xiAali‘j)=b1j‘. At row i, Vj'eclass k, if k>k(i) then a‘i‘j,sblj‘.,

we have (xiAali(‘.)Sali(j.gblj(,; if k=k(i) then we have
(xiAa,li{j,)Sxi=bk($=blj{.. o

Theorem 3~1. X(A,b)=¢
c‘i‘j=o Viel.

iff 3jeJ in class k such that

Proof. It is trivial.

Now according to Theorem 3—1, we can detect whether
there exist solutions. If there is a column with zero values
in C—matrix we call the matrix "degenerate" and the
corresponding solution set is empty. If C—matrix is not
degenerate, from Theorem 3—1 there is at least a solution
and this leads us to investigate the solution set. First, we
discuss the maximum solution.

Corollary 3—1. If C is not degenerate, then the maximum
solution x=[x;] where ii=bk(l).

Therefore, from Corollary 3—1, the value of maximum



solution can be identified by checking the position of

element with value 1 at each row of C—matrix and given

the proper values.

Corollary 3—2. Let xoA=b and x'oA'=b, if’ZIkA(i):kA'(i)
i

then iA=)_(A..

Now we proceed to investigate the minimal solution set

X(A,b). First we -,cl.(,---,cg] as

J
column matrices with c<n and define |c]j(| as index set of

decompose c:[ci, =z

non—zero elements at column j in class k of C—matrix.
That is, for a given column j in class k,

|c1J? |={i] if cli(jzl or E Viel} VjeJ and keK. (6)

If C is not degenerate, then [clj‘l#q) VjeJ and keK. From

our previous studies, we know that there are columns that
have no influence on determining the minimal solution. So
we classify the columns into critical columns and
non—critical column.

Definition 3—2. Column clj( in C—matrix is called a

non—critical column in class k, if there exists a column jp
in class ko such that any of the following cases holds: (i) if
Ko<k, then |c1j‘g| c :c'j‘|; (ii) if ko=k and jo<j then
k
Koy 1.k
e f ol# e i [

For both simplicity of computation and consistency with

|c‘j‘g|gc |. (i) if ko=k and jo>j, then |cljfg|c|clj(| and

our previous studies [4,5], we rearrange the columns of
C—matrix by setting the critical column of each class as
the leading column. Then column 1 of C—matrix is always
a critical column.

Now if we define the set of path as

P={p|p=(i},...,ilj‘,...,i§) Viﬁ.(e|c1j(|, jeJ and keK}, 1

then its subset Py is defined as follows:

Definition 3—-3. For any j, 2<j<n, if there is a path peP of
'

which {i%,..ilj(_l}nlclj(l#d,) and assume that ig is the first

'
element of {i%,...,ilj(_l} to appear in |clj{| then we set i?:ig;
otherwise ilj(elclj(l. We call the set of these path Py and
P()EP.

Now, we intend to derive a subset P* of P and to prove
that P* is one to one corresponding to X(A,b). Before the

definition of P*, we first define pk and plj( as follows:
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for a given keK,

pk={ik|p=(i},..,ili(,..,ircl),ik:ilj( V jeclass k} )
and for a given j in class k the subset plj( of pk is
plj‘= {i |p:(i%,..,iljf,..,ifl),ijzi];( Vj'<j and j'eclass k}.  (9)

Definition 3—4. A subset P* of Py is defined as follows:

P*={p| p=(i},..,ilj{,..,i§)EP0 there is no other
p':(i'i,..,i'l}:,..,i'g)ePg such that there exist a jo in class ko

satisfied (i) ilj(=i'1j( Vk<ko and jeclass k,and (ii) p'lj‘ng‘j‘g 1.

From the definition of P, Py and P* we know that
P*CPocP. Now we shall prove that P* is one to one
corresponding to X(A,b).

Definition 3-5. For each path p:(i%,...,ilj(,...

define a corresponding i:[)él,...,iéi,...,iém] such that

Max (b5}, if {k: i¥=i}#0,
%= J (10)
0, otherwise .

iC
i JEPT we

and )‘&(P*) is the set of X.

Lemma 3-2. If p, p'eP* with p#p', p and p' correspond to
X and ¥', respectively, then X #X'.

Proof. Let p and p'eP*, p:(i%,.‘.,ilj(,...,iﬁ) and

ol Lk
P (11,...,11,...

X‘:[X',...,X{,...,Xﬁl], respectively. If there exists a joeJ in

,i'g) correspond to Xz[il,...,ii,...,im] and

class ko that is the first element with iﬂg#i'f{g , then we

ko-1 k ko-1 Kk
have U p = U p'. By Definition 3—4 we know that
k=1 k=1

pkodp'ko and pk%p'ko. So there exists an i€l such that

Ko ko .y KoLy .

iep °, igp"" and ig U p . By Definition 3-5, we have
k=1

%=b*0 and X, <b¥0, then X X. o

Lemma 3-3. Each Xe€X(P*) is a minimal solution of
X(Ab).

Proof. Let X:[Xl,...,ii,...,im], by Lemma 3-1 and

Definitions 3—4 and 3-5, we know that ¥eX(A,b). We sha_ll
prove that ¥eX(A,b). Suppose x=[x1,..,xi,...,xm]EX(A,b)
where xi.<Xi. and xi=3£i Vi#i'. Then by Definition 3—5 we
{k|ilj(=i'}#¢ (otherwise,x, <¥,=0.).

have Define

kO:min{k|ilj(=i'}, then Xi,zbk°>xi.. Because  of

(xi.Aa.li(?j)Sxi&bko Vieclass ko, if i'epk°, by Definitions 3—4



and 3-5, then 3jeclass ko with ilj(°=i' such that
(xiAal.l(oj)<bk° Viel. Hence x¢X(A,b), it contradicts
x€X(A,b). Therefore ¥cX(A,b). a]
Lemma 3—4. For each xeX(A,b) there exists a peP*

corresponding to it.

Proof. Let g:BI,..,ggi,...,gm]EK(A,b), we know that there

exist some pePy corresponding to x [4]. From Definition

34, we know that each pePy corresponds to a path of P*.
Then by Lemma 3-3, we obtain that there is a peP*
corresponding to x o

From Definitions 3—4,3—5 and Lemmas 3—2, 3—3, 34 we
can conclude that each path in P* is one to one
corresponding to X(A,b), and we can obtain X(A,b) by

means of P*.
Example 3—1. Let us consider equation (1) with

A= and b=[0.9 0.9 0.7 0.7 0.7 0.6]

——mooo
oo
o-ooo
OO ~I00
coooe
oo~

o cooeo
Nowk N
coooo
N oo

0.
0.
0.
0.
0.

Qooooxlazco

Then we have =1 plo =0.9; b%=0.7; b3=0.6. By the

definition of C—matrix, we get

EOEOEO
001E00
C=|EEO0E00
00001E
000001].

From Corollary 3-1, we get the maximum solution
x=[X1,....x5] as follows: k(1)=0 then Xx;=1; k(2)=2 then
%2=0.7; k(3)=0 then x3=1; k(4)=2 then x4=0.7; k(5)=3
then x5=0.6, that is, x=[1,0.7,1,0.7,0.6].

By Definition 3—2, we know that column j=2,3,5,6 are
critical columns. We rearrange the columns of C—matrix
by setting the critical column of each class as the leading
column. Then we have

OEEEO00O0
0010E0O0
C={EE0O0EDQO
00010E
000001
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By Definition 3—4, we get P*={(3,3,1,1,3,4); (3,3,1,1,3,5);
(3,3,2,4,3,4)}. The procedure to obtain P* is shown as tree
graph as follows:

k=1, j=1 i3

=2 £
k=2, =3 N

j=4 II 1

s 393

— e — —o——
k=3,  j=6 N 14

Then by Lemmas 3—2, 3—3 and 3—4, we get
X(A,b)={[0.7,0,0.9,0.6,0}; [0.7,0,0.9,0,0.6]; [0,0.7,0.9,0.7,0]}

Lemma 3-5. If C is not degenerate and card lclj(|=1 VjeCs
in class k then card(X(A,b))=1.
Lemma 3-6. If card(X(A,b))=1 and k(i)=1 Vi€l then

card(X(A,b))=1
Sensitivity Analysis on a state—matrix A.

The state matrix in a system represented by a relation
equation plays an important role, the pre—estimated values
given to A matrix strongly affect the resulting solution.
Therefore, for the purpose of control and management, it
would be beneficial to know the tolerance intervals of the
elements in A matrix with respect to the known solution
set and output—vector. If the intervals are wide, then there
is a great flexibility in defining the corresponding relations.
If, on the contrary, the intervals are narrow, then one
should pay more attention on controlling those elements,
otherwise the original solution set can not be insured.

From our previous studies, we know that a solution set is
characterized by the C—matrix of a state—matrix. So if we
define a set of C—matrix of a state—matrix , denoted by
C(A,b), which has the same characteristics with respect to
X(A,b) then, by Corollary 3-2, each C—matrix has the
same k(i) Viel and the same P* for determining the same
maximum and minimal solutions respectively. From the
Definition 3—4, we know that P* is completely determined
by Cf and the order of column within a class has no
influence on P*. So we shall consider only the pattern of
each column regardless the effect from their permutations.

From the discussions above and our previous study [5], we
can derive the following algorithm for construction of



3 o oo .3 1,1 .2
Crp=1 1 €(0.6,1] and
S(A)={A*|xoA*=b, ¥xeX(A,b)}. % Q’mp fes a56€(0.6,1] and ag), ag, a3,
Step 1. Determine the tolerance intervals of A for agy, age€[0,1].
maximum solution. Step 2. C f:{2’3’5’6}
For each C*eC(A,b) the k(i) must be correspondingly For i=2
equal to that of current C—matrix of A in order to have = 0 0,0.9)
the same maximum solution. el }9;* implics [a! 875]*
e im S sol= .
(i) cli‘j=1 implies ali{je[bk,l]. But if at row i of class k 3j'#j i2 0* pe a12] 0.1)*
S K ko . 0* [0,1}*
with a:.,>b", then a:.€(b",1] is defined for consistency.
' kIJ' A ( 1] ! v *: as defined in Step 1.
(i) Cij=0 and k<k(i) then ai(jE[O,l]. For j=3
"
Step 2. Determine the tolerance intervals for the minimal 9 1* 5 8;’1 *
solutions. [cf5]= 8 implies [a}q]= 8’8$}
In order to retain the same minimal solution set, each 0* | 0.1]*
C*eC(A,b) must have the same C; that can be identified For j=5
[E ] 0.7
by applying Definition 3-2. Except those have been 5 0 . 0,0.7
defined in Step 1, The value alfj corresponding to the [¢5)= ‘1) , | implies [a;o]= g,gﬁ*
element Cli(j of critical column j can be determine as L 0% ) 0,1]*
For j=6
follows: 0 0,0.6
ok . . k k e
i) ¢..=0 implies a..€[0,b"). 0 0,0.6
® llg P 1 [0, Kok [0?6]= 0 | implies [a?6]= [0,0.65
(ii) ¢i'.=E and k(i)=k then a:.€[b",1]. E 0.6
1]2 ll(J I 1* (0.6,1]*
(iii) cij=E and k(i)#k then a‘ij=b . Step 3. J\Ct:{l,‘l}'
Step 3. Determine the alternatives for non—critical For j=1 then we have céECf with jo=2 and k<1.
columns. o 0
From Definition 3—2, we can derive all alternatives of a 1 0 . 1 0*
" . . . [cjol= | E | determines [c;,]= | E | that implies
non—critical column j of C—matrix by selecting a column 1 0 il 0*
leg with joeC; and kock and setting lclj‘glglcljﬂ. L O 0*
For each alternative of column jo, the tolerance interval of [ [0,0.9]
each element other than those elements defined in Step 1 [al = 3,;]*
can be determined as follows: 2 [0;1 *
@) c‘i‘j=E and k(i)=k implies ali(je[bk,l]. [ [0,1]*
ok N i oK 1K
(i) cij:E and k(i)<k implies aij“_'b : For j=4 then we have jo=2,3,5¢C; with the corresponding
Lok AL s liae oK
(iit) c.lj=0 and k(i)>k implies a.lje{(],l]. class ko< 2.
(iv) cli(jzo and k(i) <k implies a,]i(je[o,bk]. Then for jo=2,
Example 4-1. For A and b as given in Example 3-1. g 8*
By Definition 3—2, we have C;={2,3,5,6} where column [c! ]= | E | determines [c-2 ]=| E | that implies
- i2 0 i4 0*
number is named before rearrangement in order to 0 0*
consistent with our original matrix A.
The step below follow the proposed algorithm to obtain g’g]z]
54 2 2 1.1 = 33 *
Step 1. cpg=1 implies a23€[0.7,1] and aq,, 9y €[0,1]. L [0:1]*

2 . . 1
C44=1 implies az4e[0.7,1] and a,lln, 349 €[0,1].
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for jo=3,

E E

2. |1 2. | B

[¢f4l= 8 determines [a],]= 8 that implies
0 0*
[ 0.7

) 0.7,1]

= oo
| [0,1]*

for jo=5,
E E

2 0 9 0

[cf5)= (l) determines [c],]= g that implies
K 0%
0.7]
0,1

[2)=| [0.0.7
0.7,1
0,1]*

Note that we must keep at least one of a§3 , ag 4 greater

than b%=0.7 and at least one of ai4 , aZ5 greater than

b2=0.7.

Discussions and conclusions.
This study solves a generalized fuzzy relation equation and
analyzes its sensitivities on its state matrix A. Since this
study is an extension of our previous work [4,5] by relaxing
the condition that the entries in vector b are strictly
distinct, so the proposed method is generalized.
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The proposed method can also be applied to
interval—valued fuzzy relation equations. By means of the
quasi—characteristic matrix, we can improve the method
proposed by Wang & Chang [3] and we shall present it in
the near future.
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