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A b s t r a c t 

M i c r o a r r a y s t a t i s t i c a l a n a l y s i s i n vo l ves t h o u s a n d s o f h y p o t h e s i s tes ts t o c o n 
s ide r a t t h e s a m e t i m e . E m p i r i c a l Bayes m e t h o d s w h i c h a re w e l l - s u i t e d f o r 
l a rge scale i n f e r e n c e p r o b l e m s seem t o be t h e m o s t a p p r o p r i a t e a p p r o a c h f o r 
m i c r o a r r a y d a t a . I n t h i s t hes i s w e d e s c r i b e a n d c o m p a r e E f r o n ' s ( [3 ] , [1 ] , [4 ] ) 
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Chapte r 1 

I n t r o d u c t i o n 

1 Л Techn ica l f ounda t i ons for D N A m i c r o a r -

ray t echno logy 

M e d i c a l researchers h a v e a l w a y s s o u g h t n e w t e c h n o l o g i e s a n d t o o l s i n o r d e r 

t o be as p rec ise as poss i b l e i n d i a g n o s i s a n d t o p e r s o n a l i z e m e d i c a l care . T h i s 

a p p e a r e d l i k e l y t o h a p p e n a f t e r t h e d i s c o v e r y o f a vas t a m o u n t o f i n f o r m a t i o n 

a b o u t t h e D N A sequence o f t h e h u m a n g e n o m e a n d t h e e m e r g e n c e o f D N A 

m i c r o a r r a y t e c h n o l o g y . 

T h e s e t w o advances b o t h i n k n o w l e d g e a n d t e c h n o l o g y e n c o u r a g e d b i o m e d 

i c a l research c o n c e r n i n g t h e s t u d y o f gene e x p r e s s i o n a n d also h e l p e d t o d i s 

cover t h e c o n n e c t i o n b e t w e e n p a r t i c u l a r genes a n d spec i f i c d iseases. T h r o u g h 

t h e c o m p i l a t i o n o f k n o w l e d g e a b o u t t h e D N A sequence n o v e l genes c o u l d be 

i d e n t i f i e d a n d s t u d i e d . 

H o w e v e r , t h e g r e a t i m p o r t a n c e o f t h e r e v e l a t i o n o f t h e D N A sequence, 

c o u l d n o t h a v e b e e n r e a l i z e d w i t h o u t t h e c o r r e s p o n d i n g t e c h n o l o g i c a l d e v e l 

o p m e n t . T h e g r e a t a m o u n t o f i n f o r m a t i o n a b o u t t h e D N A sequence s h o u l d 

b e o r g a n i z e d i n s u c h a w a y t h a t t h e genes w o u l d b e as q u i c k l y as poss i b l e 

c lass i f i ed a n d i d e n t i f i e d . D N A m i c r o a r r a y t e c h n o l o g y m e a s u r e s t h e a m o u n t 

o f t r a n s c r i p t i o n o f a l a r g e n u m b e r o f genes a n d c o n s e q u e n t l y h e l p s t o t h i s 

p rocess o f c l a s s i f i c a t i o n a n d i d e n t i f i c a t i o n o f h u n d r e d s o r t h o u s a n d s genes. 

1.2 W h a t is D N A 

A l l t h e i n s t r u c t i o n s fo r m a k i n g t h e s t r u c t u r e s a n d m a t e r i a l s t h e b o d y needs 

t o f u n c t i o n a re i n c l u d e d i n D N A . M o s t l i v i n g cel ls e n c o d e i n t h e i r nuc l eus 

D N A . 



S c i e n t i f i c a l l y D N A is a m o l e c u l e w h i c h cons is ts o f t w o l o n g s t r a n d s o f 

n u c l e o t i d e s . T h e r e a re f o u r k i n d s o f n u c l e o t i d e s w h i c h m a k e u p D N A : a d e n i n e 

( A ) , t h y m i n e ( T ) , g u a n i n e ( G ) a n d c y t o s i n e ( C ) . E a c h s t r a n d o f D N A is 

m a d e u p f r o m these n u c l e o t i d e s , l i n k e d t o g e t h e r e n d t o e n d ; fo r e x a m p l e , a 

f r a g m e n t o f a s ing le s t r a n d o f DNA c o u l d b e : A т с с т G. W h e n a s i ng le 

s t r a n d finds i t s c o m p l e m e n t t h e y h y b r i d i z e ; f o r e x a m p l e , t h e c o m p l e m e n t o f 

t h e a b o v e D N A f r a g m e n t is : т A G G A с. 

A n i m p o r t a n t p rocess t h a t revea ls u n i q u e p r o p e r t i e s o f a ce l l is t h e t r a n 

s c r i p t i o n o f D N A i n f o r m a t i o n i n t o messenger R N A ( m R N A ) . m R N A is a 

c h e m i c a l f o u n d i n t h e c y t o p l a s m o f a ce l l a n d m o r e r a r e l y i n i t s n u c l e u s , 

s i m i l a r t o D N A , w h i c h is r e s p o n s i b l e f o r t h e t r a n s m i s s i o n o f D N A i n f o r m a 

t i o n i n t h e ce l l a n d f o r p r o t e i n s y n t h e s i s . T h e s c i e n t i f i c n a m e f o r t h e p rocess 

o f t h e t r a n s m i s s i o n o f i n f o r m a t i o n c o n t a i n e d i n D N A i n t o m R N A is " gene 

e x p r e s s i o n " . I n o t h e r w o r d s , t h e a b u n d a n c e a n d t h e k i n d o f m R N A i n a ce l l 

revea ls w h i c h genes are exp ressed . 

1,3 W h a t is a D N A m i c r o a r r a y ? 

D N A m i c r o a r r a y t e c h n o l o g y w a s i n t r o d u c e d i n 1996 [9] . I t w a s r e v o l u t i o n a r y 

because i t a l l o w e d sc ien t i s t s t o ana l yse e x p r e s s i o n o f m a n y genes i n a s i ng le 

e x p e r i m e n t a n d c o u l d be e f f i c i en t w h e n t h e s a m p l e o f l i v i n g cel ls t o b e s t u d i e d 

w a s s m a l l . A m i c r o a r r a y e x p e r i m e n t is used t o m e a s u r e gene e x p r e s s i o n 

w i t h i n a s i ng le s a m p l e or t o c o m p a r e gene e x p r e s s i o n a m o n g s a m p l e s . 

A D N A m i c r o a r r a y c o u l d b e e i t h e r a p l a s t i c o r a g lass s l i de , o f t e n one b y 

t h r e e i nches l o n g , o n w h i c h s ing le s t r a n d e d m o l e c u l e s o f D N A a re a r r a n g e d 

a t d i f f e r e n t l o c a t i o n s a n d e v e r y s p o t i n c l u d e s t h o u s a n d s o f cop ies o f a D N A 

s t r a n d . A m i c r o a r r a y m e a s u r e s gene e x p r e s s i o n b y e x p l o i t i n g t h e a b i l i t y o f 

messenger R N A ( m R N A ) t o h y b r i d i z e , ie t o find i t s c o m p l e m e n t a r y s i ng le 

s t r a n d e d D N A o n t h e c h i p . 

S u p p o s e t h a t a d r u g c o m p a n y w a n t s t o d e t e r m i n e w h e t h e r t h e p a i n k i l l e r , 

w h i c h is a b o u t t o b e i n t r o d u c e d t o t h e m a r k e t , is h a r m f u l f o r t h e s t o m a c h . 

T h i s issue c o u l d b e e x a m i n e d b y c o m p a r i n g gene e x p r e s s i o n a c t i v i t y i n s t o m 

ach cel ls o n w h i c h t h e d r u g has b e e n a p p l i e d a n d s t o m a c h cel ls o n w h i c h i t 

h a s n ' t , u s i n g D N A m i c r o a r r a y ร . 

Necessa ry f o r t h e e x p e r i m e n t is t o c o n s t r u c t o r b u y a m i c r o a r r a y (o r c h i p ) 
a n d t o o b t a i n t w o s a m p l e s o f s t o m a c h ce l ls . T h e d r u g s h o u l d b e a p p l i e d t o 
one o f t h e t w o s a m p l e s o f s t o m a c h cel ls a n d n o t a p p l i e d t o t h e o t h e r s a m p l e . 
I n w h a t f o l l o w s w e w i l l c a l l t h e f o r m e r t r e a t e d cel ls a n d t h e l a t t e r u n t r e a t e d . 

FiOm b o t h s a m p l e s , t r e a t e d a n d u n t r e a t e d , messenger R N A ( m R N A ) is 
e x t r a c t e d , w h i c h is t h e s u b s t a n c e t h a t m a k e s u p gene e x p r e s s i o n . 



m R N A f r o m t h e t w o s a m p l e s is t r a n s c r i b e d i n t o c D N A . m R N A is used 

as a t e m p l a t e t o g e n e r a t e m o r e s t a b l e c o m p l e m e n t a r y c D N A . F l u o r e s c e n t 

l abe l s a re a d d e d t o c D N A f r o m t r e a t e d a n d c D N A f r o m u n t r e a t e d ce l ls . 

c D N A f r o m t r e a t e d cel ls is l a b e l l e d , say w i t h r e d , a n d c D N A f r o m u n t r e a t e d 

ce l ls is l a b e l l e d , say w i t h g r e e n . 

T h e m i x t u r e o f t h e r e d a n d g reen l a b e l l e d c D N A is a p p l i e d t o t h e D N A 

m i c r o a r r a y . W h e n c D N A f r o m t h e s a m p l e finds i t s c o m p l e m e n t a r y sequence 

o f bases o n t h e c h i p , t h e r e is h y b r i d i z a t i o n . O f cou rse n o t a l l genes a re 

a l w a y s exp ressed . T h e D N A m i c r o a r r a y is s c a n n e d a n d a s p e c i a l c o m p u t e r 

p r o g r a m m e is used t o c a l c u l a t e t h e r e d t o g r e e n fluorescent r a t i o a t each 

s p o t a n d t o a n a l y s e r e s u l t s . T h i s r a t i o e s t i m a t e s a n y p o s s i b l e changes i n 

gene a c t i v i t y c a u s e d b y t h e d r u g . 

1.4 A p p l i c a t i o n o f m i c r o a r r a y analys is 

M i c r o a r r a y a n a l y s i s , a l t h o u g h r e v o l u t i o n a r y f o r m i c r o b i o l o g y a n d m e d i c a l d i 

agnos is , p r o d u c e s e n o r m o u s a m o u n t s o f d a t a , t h a t m a k e s t a t i s t i c a l a n a l y s i s 

c o m p l i c a t e d u s i n g t r a d i t i o n a l t e c h n i q u e s . E m p i r i c a l B a y e s m e t h o d s seem t o 

b e v e r y e f f ec t i ve i n h i g h d i m e n s i o n a l i n f e rence p r o b l e m s a n d f o r t h i s r eason 

t h e y a re l i k e l y t o b e a n e f f e c t i v e a p p r o a c h f o r s t a t i s t i c a l a n a l y s i s o f m i c r o a r -

r a y s . 

E m p i r i c a l Bayes m e t h o d s , i n c o n t r a s t t o o t h e r s t a t i s t i c a l t e c h n i q u e s , d o 

n o t a p p l y s t a t i s t i c a l i n fe rences f o r e v e r y gene s e p a r a t e l y b u t t a k e a d v a n t a g e 

o f a k i n d o f i n f o r m a t i o n s h a r i n g a m o n g genes. I n f e r e n c e f o r each c o m p o n e n t 

is i n f l u e n c e d b y d a t a f r o m o t h e r c o m p o n e n t s . T h i s is w h a t R o b b i n s m e a n t 

b y t h e t e r m " b o r r o w i n g i n f o r m a t i o n " [10 . 

1.5 E m p i r i c a l Bayes m e t h o d s 

I n m i c r o a r r a y a n a l y s i s , researchers i n t e n d t o m e a s u r e gene e x p r e s s i o n o f a 

v a s t a m o u n t o f genes s i m u l t a n e o u s l y . T h i s c a n b e d o n e b y u s i n g e m p i r i c a l 

B a y e s m e t h o d o l o g y . E m p i r i c a l Bayes m e t h o d s t a k e i n t o a c c o u n t t h e c o m m o n 

p a r a m e t e r s a n d i n f o r m a t i o n s h a r e d b y genes t o m a k e in fe rences a b o u t each 

gene i n t e r m s o f t h i s s h a r e d i n f o r m a t i o n . 

F o r e x a m p l e , l e t ' s p r e s u m e t h a t y = ( у ь . . . , y j ) a re m e a s u r e d e x p r e s s i o n 

leve ls f o r e v e r y gene j , w h e r e j = 1 , . , . , J a n d μ =ะ { μ ι , , , . , ß j ) is a v e c t o r 

o f t h e c o r r e s p o n d i n g m e a n e x p r e s s i o n leve ls f o r e v e r y gene j， ie a h y p o t h e t 

i c a l p r o f i l e . S u p p o s e t h a t m e a n e x p r e s s i o n l e v e l ßj d e p e n d s o n a n u n k n o w n 

p a r a m e t e r A. I n a c lass ica l B a y e s i a n f o r m u l a t i o n μ w i l l be t r e a t e d as r a n -



d o m w i t h p r i o r d i s t r i b u t i o n π ( μ | λ ) , w h e r e t h e p a r a m e t e r λ is a s s u m e d t o 

b e s p e c i f i e d o r e l i c i t e d w i t h o u t re fe rence t o t h e d a t a y. W e w r i t e / ( у і / і ) f o r 
d i s t r i b u t i o n o f у g i v e n μ. T h u s , i n t h e B a y e s i a n m e t h o d , A w o u l d b e a s s u m e d 

k n o w n a n d p o s t e r i o r i n f e r e n c e a b o u t μ w o u l d b e b a s e d o n : 

^ И . ^ ) ^ 7 Ж ^ ^ ( 1 . り 

I n c o n t r a s t w i t h t h e a b o v e a n a l y s i s , E m p i r i c a l в ayes m e t h o d s r e g a r d λ 

as u n k n o w n a n d e s t i m a t e i t u s i n g t h e w h o l e d a t a s e t у. T o b e m o r e spec i f i c 

λ is e s t i m a t e d b y m a x i m i z i n g t h e m a r g i n a l l i k e l i h o o d 

m{y\X) = j ί{ν\μΜμ\Χ)άμ (1 .2 ) 

I n t h i s case i n f e rence a b o u t μ is b a s e d o n t h e e s t i m a t e d p o s t e r i o r d i s t r i b u t i o n 

Л ) . / М ^ ( 1 . 3 ) 

w h e r e λ is t h e m a x i m u m m a r g i n a l l i k e l i h o o d e s t i m a t e o f A. 

E m p i r i c a l Bayes m e t h o d s c a n be e i t h e r p a r a m e t r i c [8] o r n o n p a r a m e t 

r i c [10] . I n t h e p a r a m e t r i c case, i t is s u p p o s e d t h a t t h e p r i o r π ( μ | λ ) has a 

k n o w n p a r a m e t r i c f o r m , w h i c h m e a n s t h a t t h e p o s t e r i o r d i s t r i b u t i o n o f μ 

c a n b e eas i l y c a l c u l a t e d h a v i n g e s t i m a t e d λ . O n t h e o t h e r h a n d , i n t h e n o n 

p a r a m e t r i c case t h e p r i o r is n o t s p e c i f i e d . T h e n , f o r e x a m p i e , t h e p o s t e r i o r 

m e a n is exp ressed i n t e r m s o f t h e u n k n o w n p r i o r a n d t h e d a t a a re u s e d t o 

e s t i m a t e t h e p o s t e r i o r m e a n d i r e c t l y . W e w i l l see i n c h a p t e r t h r e e re fe rence 

t o E f r o n ' s w o r k i n w h i c h essen t i a l l y he e s t i m a t e s t h e n u m e r a t o r a n d d e n o m i 

n a t o r o f ( 1 . 1 ) n o n p a r a m e t r i c a l l y w h e n e a c h μ^， c o r r e s p o n d s t o e x p r e s s e d a n d 

n o n - e x p r e s s e d genes. 
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Chapte r 2 

Paramet r i c emp i r i ca l Bayes 
methods 

I n s t a t i s t i c a l a n a l y s i s o f m i c r o a r r a y s , i t is i n t e n d e d t o d e s c r i b e gene e x p r e s s i o n 

leve ls u s i n g a p r o b a b i l i t y d i s t r i b u t i o n f o r m e a s u r e m e n t s . W e w i l l see t h a t t h i s 

d i s t r i b u t i o n desc r i bes each gene 's b e h a v i o u r , d e p e n d i n g o n i n f o r m a t i o n g i v e n 

f r o m t h e o t h e r genes. T h i s c o u l d i n v o l v e t h e c o m p a r i s o n b e t w e e n genes f r o m 

t w o poss i b l e c o n d i t i o n s or a m o r e c o m p l i c a t e d s i t u a t i o n f o r m o r e t h a n t w o 

c e l l u l a r c o n d i t i o n s . I n w h a t f o l l o w s , w e b o r r o w t h e n o t a t i o n a n d m e t h o d 

u s e d b y N e w t o n a n d K e n d z i o r s k i [12 . 

2.1 T w o cond i t i ons 

L e t Xj = ( x j i , X j 2 , . . . , X j i ) d e n o t e ƒ e x p r e s s i o n m e a s u r e m e n t s t a k e n o n gene 
j , o n e i t h e r t h e o r i g i n a l o r o n l o g a r i t h m i c scale. T h e y are c o n s i d e r e d t o b e 
i n d e p e n d e n t r a n d o m d e v i a t i o n s f r o m a gene m e a n v a l u e ß j , a r i s i n g f r o m a n 
o b s e r v a t i o n d i s t r i b u t i o n 

քօետ{-խյ) 

I n t h e case w h e r e t h e gene e x p r e s s i o n m e a s u r e m e n t s d e s c r i b e t w o d i f f e r e n t 

c o n d i t i o n s , t h e v e c t o r o f o b s e r v e d e x p r e s s i o n va lues is p a r t i t i o n e d i n t o t w o 

subse ts 5 i ， Տշ w h e r e Sk c o n t a i n s t h e i nd i ces f r o m g r o u p k. I f t h e d i s t r i b u t i o n o f 

m e a n e x p r e s s i o n m e a s u r e m e n t s is n o t a f f e c t e d b y t h i s g r o u p i n g , t h e n t h e r e is 

e q u i v a l e n t e x p r e s s i o n EEj for gene j . I n t h e o p p o s i t e case t h e r e is d i f f e r e n t i a l 

e x p r e s s i o n DEj f o r gene J . 

R e g a r d l e s s o f w h e t h e r w e a re c o m p a r i n g t w o o r m o r e c o n d i t i o n s , t h e n u l l 

h y p o t h e s i s a l w a y s re fe rs t o e q u i v a l e n t e x p r e s s i o n w i t h i n genes. 

C o n c e n t r a t i n g o n t h e s i m p l e case o f t w o c o n d i t i o n s , t h e m e a s u r e m e n t 
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d i s t r i b u t i o n f o r e q u i v a l e n t l y exp ressed genes is g i v e n b y 

/ o ( ^ j ) = í ( [ [ f o b s { x j i \ ß ) M ß ) d ß 

w h e r e π ( μ ) is t h e p r o b a b i l i t y d i s t r i b u t i o n o f t h e t r u e e x p r e s s i o n leve l ßj o f 

a n y gene j . T h e c o r r e s p o n d i n g d i s t r i b u t i o n f o r d i f f e r e n t i a l l y exp ressed genes 

c a n be w r i t t e n 

һ{^з) = f o { X j , i ) f o { X b 2 ) 

w h e r e Xj^k a re t h e m e a s u r e m e n t s f o r g r o u p к 二 1 , շ . T h e p r o p o r t i o n o f 
d i f f e r e n t i a l l y exp ressed genes is g i v e n b y t h e u n k n o w n f r a c t i o n р a n d t h e 

r e m a i n d e r , 1 ֊ p, desc r i bes t h e p r o p o r t i o n o f e q u i v a l e n t l y exp ressed genes. 

I t is c l ea r t h a t t h e m a r g i n a l d i s t r i b u t i o n o f t h e d a t a is a m i x t u r e o f e q u i v 
a l e n t l y a n d d i f f e r e n t i a l l y exp ressed genes g i v e n b y 

P f i ( ^ j ) + ( l - p ) f o ( ^ j ) 

I n f e r e n c e a b o u t t h e p r o p o r t i o n o f d i f f e r e n t i a l l y exp ressed genes is b a s e d o n 
t h e p o s t e r i o r p r o b a b i l i t y t h a t gene j is d i f f e r e n t i a l l y exp ressed : 

p f , { x j ) + { l - p ) f o { x j ) 

N o t i c e t h a t t h i s p o s t e r i o r d i s t r i b u t i o n w i l l d e p e n d o n t h e o t h e r genes because 

t h e i r m e a s u r e m e n t s w i l l be used t o e s t i m a t e u n k n o w n p a r a m e t e r s i n π{μ) a n d 

P. 

2.2 M u l t i p l e cond i t i ons 

U s u a l l y resea rch conce rns c o m p a r i s o n a m o n g m u l t i p l e p a t t e r n s o f m e a n ex

p r e s s i o n . A l t h o u g h i t is m o r e d i f f i c u l t t o d e a l w i t h , t h e p rocess o f d e p i c t i n g 

d a t a t h r o u g h a m a r g i n a l d i s t r i b u t i o n is q u i t e s i m i l a r w i t h t h e s i m p l e case 

o f t w o c e l l u l a r c o n d i t i o n s . T h e gene p a t t e r n s w i l l n o t b e j u s t t w o , E E a n d 

D E , b u t c o u l d b e m d i s t i n c t p a t t e r n s . T h e n u l l h y p o t h e s i s i n e v e r y s i t u a t i o n 

re fe rs t o t h e e q u i v a l e n t e x p r e s s i o n o f genes. W h e n t h e a n a l y s i s conce rns m 

d i s t i n c t p a t t e r n s , m a r g i n a l d i s t r i b u t i o n is exp ressed b y 

m 

J 2 p k f k { x j ) 

k=0 
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w h e r e Pk is t h e p r o p o r t i o n o f p a t t e r n к i n t h e d a t a a n d f k { x j ) is t h e p r o b 

a b i l i t y d i s t r i b u t i o n o f m e a s u r e m e n t s f o r each p a t t e r n o f e x p r e s s i o n . I n f e r e n c e 

a b o u t e x p r e s s i o n p a t t e r n к is based o n t h e p o s t e r i o r o f к p a t t e r n g i v e n b y 

T,k'=oPkfk{Xj) 

2.3 G a m m a - G a m m a m o d e l 

O n e p a r a m e t r i c a p p l i c a t i o n o f t h e g e n e r a l m i x t u r e m o d e l is t h e G a m m a 

G a m m a m o d e l . T h e o b s e r v a t i o n c o m p o n e n t is a G a m m a d i s t r i b u t i o n h a v i n g 

s h a p e p a r a m e t e r ひ > 0 a n d a m e a n v a l u e ß j , w i t h scale p a r a m e t e r A = ^ 

fobs{x\ßj) = ֊щ 

f o r m e a s u r e m e n t s X > 0. T h e coe f f i c i en t o f v a r i a t i o n i n t h i s case is -Ų^ t a k e n 
t o be c o n s t a n t across genes. T h e m e a n e f fec t o f gene j is d i s t r i b u t e d a c c o r d i n g 
t o ҡ { μ j ) w h i c h i n t h i s case is a n inverse G a m m a . T h i s m e a n s t h a t w i t h a 

t a k e n as fixed, λ has G a m m a d i s t r i b u t i o n w i t h s h a p e p a r a m e t e r ひ0 a n d 

scale p a r a m e t e r V. T h e r e f o r e t h e u n k n o w n p a r a m e t e r s w i l l be Ö = ( a , ひ0， ^ ) . 

T h e d i s t r i b u t i o n f o r a n e q u i v a l e n t l y exp ressed gene j i n t h e G a m m a - G a m m a 

m o d e l , o f t h e m e a s u r e m e n t s Xj = ( X j i , X j 2 , . . . ， X j i ) is: 

/o(xi , X 2 , . . . , X / ) - к ֊ 

= (Г(а ) )^гы 

w h i c h is a s p e c i f i c a t i o n o f t h e gene ra l f o r m 

f o i ^ j ) = ί ( \ 1 ί Μ μ ) Μ μ ) ά μ 

( T h e p r o o f f o r t h e a b o v e exp ress i on is g i v e n i n t h e A p p e n d i x . ) 

2.4 L o g - n o r m a l - N o r m a l m o d e l 

I n t h i s m o d e l t h e o b s e r v a t i o n c o m p o n e n t is d i s t r i b u t e d a c c o r d i n g t o t h e l o g -

n o r m a l m o d e l a n d t h e m e a n exp ress i on o f gene j , め ， is n o r m a l l y d i s t r i b u t e d 
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w i t h m e a n μο a n d v a r i a n c e TQ. T h e c o e f f i c i e n t o f v a r i a t i o n w i l l b e c o n s t a n t 

a n d e q u a l t o ү / е х р ( σ ^ ) ֊ 1 о ท t h e r a w scale. 
T h e d e n s i t y f o r / о ( ^ і ї 3；2,..., x j ) w i l l b e c o m e G a u s s i a n w i t h m e a n v e c t o r 

{μο, μο ί • • · , ßoY a n d c o v a r i a n c e m a t r i x e q u a l t o 

w h e r e 1} i s t h e ƒ X ƒ i d e n t i t y m a t r i x a n d Jj is t h e I X J m a t r i x o f ones . 
( T h e p r o o f fo r t h e a b o v e e x p r e s s i o n , r e s t r i c t e d t o o n e - d i m e n s i o n is g i v e n i n 
t h e A p p e n d i x ) . 

2.5 E M a l g o r i t h m 

I n o r d e r t o o b t a i n e s t i m a t e s o f t h e p r o p o r t i o n p a n d t h e p a r a m e t e r s θ = 

( α , αο , ν) f o r t h e G a m m a - G a m m a m o d e l a n d θ = (μο ί <̂ î̂ ՚^օ) i n case o f L o g -
n o r m a l - N o r m a l m o d e l , w e use a n E M a l g o r i t h m . 

T h e E M a l g o r i t h m is u s e d t o c a l c u l a t e m a x i m u m l i k e l i h o o d e s t i m a t e s , 
' i g n o r i n g ' m i s s i n g o r u n k n o w n d a t a . T h i s a l g o r i t h m i n v o l v e s t w o s teps , t h e 
E - s t e p a n d t h e M - s t e p . 

I n t h e E - s t e p t h e c o n d i t i o n a l e x p e c t a t i o n o f m i s s i n g d a t a , i n o u r case 
Φ = ( Φ ι , Փ շ , . . . , Φ J), İS c a l c u l a t e d g i v e n t h e o b s e r v e d c o m p o n e n t s X = 
{x\,X2,... ， XJ) a n d c u r r e n t e s t i m a t e s o f θ a n d p、 w h e r e Փյ = 1 w h e n gene j 
is d i f f e r e n t i a l l y exp ressed o r 0 w h e n gene j is e q u i v a l e n t l y exp ressed . 

I n t h e M - s t e p a n e w v a l u e o f θ is e s t i m a t e d u s i n g m a x i m u m l i k e l i h o o d 

based o n t h e e s t i m a t e o f φ i n t h e E - s t e p . T h i s p rocess is i t e r a t e d u n t i l 

c o n v e r g e n c e . 

M o r e spec i f i ca l l y , i n m i c r o a r r a y a n a l y s i s t h e n u l l h y p o t h e s i s re fe rs t o 

e q u i v a l e n t e x p r e s s i o n . T h e p r o p o r t i o n ρ o f e q u i v a l e n t l y exp ressed genes is 

u n k n o w n . I n o r d e r t o e s t i m a t e t h i s p r o p o r t i o n a n d t h e p a r a m e t e r Θ, a n E M 

a l g o r i t h m is u s e d . 

I n i t i a l l y , a p a t t e r n i n d i c a t o r φ j is d e f i n e d . Փ յ = 1 w h e n gene j is d i f f e r e n 
t i a l l y exp ressed a n d բ(փ = = p a n d φ j = о, w h e n gene j is e q u i v a l e n t l y 

exp ressed w i t h Р ( ф ^ =^ oļp) ะ= 1 — p. 
T h e j o i n t d i s t r i b u t i o n o f ( x j , Փ յ ) f o r gene j w i l l b e 

Р{х^.ь\ө,р) = Р{х,\Ь^Ө,р)Р{Ф^\Ө,р) 

W r i t i n g f i { x j \ e ) f o r t h e p r o b a b i l i t y d i s t r i b u t i o n o f m e a s u r e m e n t s fo r a d i f f e r 

e n t i a l l y exp ressed gene g i v e n Ө, a n d c o r r e s p o n d i n g l y / o (X j ļ 0 ) t h e p r o b a b i l i t y 
d i s t r i b u t i o n f o r a n e q u i v a l e n t l y exp ressed gene g i v e n Ө, t h e j o i n t d i s t r i b u t i o n 
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is g i v e n b y 

՚̂̂ ՛̂ ^'^'^^ I ( l֊p)/o(a:, |ö), for Ф, = О 

w h i c h c a n be w r i t t e n P { x j , ^ j \ e , p ) = [ (1 ֊p)/o(a;j|ö)]i-*^-. T h e 
l o g - l i k e l i h o o d o f Ө, р g i v e n X a n d ф is 

\og{P{x,Φ\θ,p)) = ¿ [ φ , • ( l o g ƒ ı ( x , • | ö ) + l o g p ) + ( l ֊ φ , ) ( l o g ƒ o ( x j | ö ) + l o g ( l ֊ p ) ) ] 

T h e E - s t e p is p e r f o r m e d t o e s t i m a t e Ө, р as f o l l o w s . T h e c o n d i t i o n a l 

e x p e c t a t i o n o f l o g {P{x, ф\ө,р)) g i v e n X is: 

E{๒gP{x,Φ\θ,p)\x) = 

^ E{φյ\x,,θ,ρ)(logΛ{xj\9) + logp) + ( 1 ֊ E{φյ\x^,θ,p)){๒g f o { x j \ e ) + iog{l ֊ p)) 

(2-1) 

w h e r e 

E{Φյ\x,,θ,p) = P { Φ յ ^ l \ x յ , θ ) = 

G i v e n c u r r e n t e s t i m a t e s がり, ρ(り f o r θ a n d ρ w e e s t i m a t e £ľ(#j1xj, b y 

φ « 三 да ь. がり „ W ) = Բ^-.1^Պ 

I n t h e M - s t e p w e r e p l a c e E{φj\xj,θ^p) w i t h り i n (2 .1 ) a n d find t h e 

n e x t e s t i m a t e o f w h i c h m a x i m i z e s 

E{๒gP{x,Φ = Φ ^ Ι ^ , ρ - p W ) | x ) 

M a x i m i z i n g (2 .1 ) w i t h r espec t t o ρ leads t o t h e n e x t e s t i m a t e o f ρ 

(í) 

T h i s p rocess is r e p e a t e d u n t i l conve rgence . 
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Chapte r З 

Nonpa rame t r i c emp i r i ca l Bayes 

methods 

Nonparametr ic Emp i r i ca l Bayes methods are very effective for s tat is t ica l 

analysis of microarray data. I n th is chapter i t is intended to describe the 

appl icat ion of nonparametr ic methods using an example of microarray ex

per iment . 

3.1 E x a m p l e o f n o n p a r a m e t r i c analys is 

I n order to demonstrate nonparametr ic s tat is t ica l analysis, an example of a 

microarray exper iment w i l l be presented. The fo l lowing example is f rom [2 . 

The s tudy concerns the comparison of gene expression levels between 24 

pat ients w i t h more aggressive stomach cancer (Type 2) and 24 pat ients w i t h 

less aggressive stomach cancer (Type 1). The a im of the s tudy is to ident i fy 

those genes tha t were more act ive or less act ive across the two condit ions.48 

microarrays were used, one for every pat ient and 2640 genes were measured 

for every microarray. A smal l pa r t of those da ta is given in Table 5 .1 . 

Assuming t ha t the under ly ing da ta are approx imate ly norma l ly d is t r ibu ted , 

the most appropr ia te way of tes t ing gene expression levels for every gene і be
tween the two condi t ions, Type 1, T y p e 2 wou ld be by using the two sample 
t -s tat is t ic . Tak ing tha t i n to account, i t can be presumed t ha t for every gene г 

there w i l l be a corresponding two sample t"Stat ist ic, Уі. As in the parametr ic 
Emp i r i ca l Bayes analysis, in the nonparametr ic case the stat is t ica l analysis 
is based on a simple hypothesis. Genes are d iv ided i n two categories: genes 
t h a t are interest ing (di f ferent ia l ly expressed) and genes tha t are uninterest
ing (equivalent ly expressed). The former sometimes w i l l be cal led non-nu l l 
and the la t ter called ทน11. The p ropor t i on of "non-nu l l " genes is Pi and 
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the p ropor t i on of " nu l l " is Po — 1 — Pi w i t h pr ior densities f i ( y ) and fo{y) 

respectively. T h e m i x t u r e densi ty of y is ； 

fiy)=^Pifi{y)+PoMy) 

I t is impo r tan t t o determine the posterior p robab i l i t y of "non-nu l l " genes 

given the data, wh ich is given by: 

P ( W n . ท , = ^ - ^ = ： 

I n contrast w i t h the parametr ic mode l where the densities / o ( y ) , f { y ) and 

the p ropor t i on of "non-nu l l " and "nu l l " genes Pi,Po can be easily est imated 

using m a x i m u m l ike l ihood, in the nonparametr ic model P i , Po, fo{y)ì f (y) are 

unknown and have to be est imated using more compl icated methods. 

I n the example, t o est imate the d i s t r i bu t i on ƒ ( y ) , a smooth curve is fitted 
t o the h is togram of the 2640 Уі values using a Poisson G L M fit (Figure 6.1). 
Th is process is explained in sections 3.2 and 3.3. 

The pr ior densi ty of " nu l l " genes, fo{y) is assumed to be a Student 's 
t -d i s t r i bu t ion w i t h 46 degrees of freedom. T h e appropriateness of the t֊ 
d is t r i bu t ion for fo{y) can be checked by using pe rmu ta t i on methods (see 
[2]). 

F ina l ly , impo r tan t for the est imat ion of the p ropor t i on of ՈՕՈ֊ทน11 genes 
given the y values, is to est imate the p ropor t i on of "non-nu l l " and "nu l l " 
genes Ρι,ρο- Pl,Po are d i f f icu l t t o est imate w i t h o u t parametr ic assumptions 

about the densities /o(ž/), / ( y ) - However, t ak ing in to account t ha t the pos

ter ior p robab i l i t y of a non-nul l gene should be above or equal t o zero, Pi can 

be restr ic ted to : 

fo{y) 

for al l y， or equivalent ly 

Po < —7-τ 
/о (y) 

I n conclusion, hav ing est imated the densities / ( y ) , /o (y ) and the pro

po r t i on of "non-nu l l " and "nu l l " genes Pi,Po, the posterior p robab i l i t y of a 

"non-nu l l " gene can be est imated f rom: 

P ( ' W n u l l " | y ) = l ֊ ^ 
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3.2 Poisson regress ion for dens i t y e s t i m a t i o n 

Est imates of p robab i l i t y densities such as f { y ) can be constructed using max
i m u m l ike l ihood when the parametr ic fami ly is specified or by nonparametr ic 
methods such as the kernel density est imat ion. These two methods can be 
combined by p u t t i n g an exponent ia l fami ly t h rough a kernel est imator. To 
be exact, in order to ob ta in the est imator of a p robab i l i t y densi ty ƒ ( y ) , ex
ponent ia l famil ies are used and the p robab i l i t y densi ty est imate w i l l be of 

* fß{y) = fo{y)exp{ßo + 0it{y)) 

Th is fo rmula includes two parts; an exponent ia l t e r m exp {ßo + ß\t{y)) and 
/ о (y ) a carrier density. The est imated p robab i l i t y densi ty w i l l be equal to : 

Î M - Խ ) exp i k + ßiKy) 

where /о (y ) is a norma l kernel density est imator , t{y) is the suff icient stat is t ic 

and /3o，À are est imated by max im iz ing the l ike l ihood n r = i Ιβ(νύ· Calcula
t ions concerning these specially constructed exponent ia l ramilies are usually 
based to Poisson regression models in t roduced by Lindsey, (1974a, b ) . I n 
other words, Poisson regression is an effective way of fitting specially de
signed exponent ia l famil ies by using generalized l inear model software, such 
as the g lm func t ion i n R. 

3.3 E x a m p l e o f Poisson regress ion e s t i m a t i o n 

T h e fo l lowing example is f rom E f ron and T ibsh i ran i , 1996 [5]. Suppose tha t 
y = ( у і , . . . , Уб?) is а vector of 67 pa in scores obta ined f r om a quest ionnaire 

administered to 67 women after an operat ion. Уі w i t h г = 1, 2 , . . . , 67 runs 

f rom 0 to 4 ie y¿ Є [о, 4] where о = no pa in and 4 = worst pa in . 

To est imate the p robab i l i t y density / ( y ) , Poisson regression methods are 

appl ied. Par t icu lar fitted densities fo(y) and f ( y ) are demonst ra ted i n Figure 

6.2. 

The sample space [0,4] is par t i t ioned in to 40 cells and every cell's length is 

0.1. The respective counts in each cell represented in Table 4.2 are 5 i , ճ շ , . . . , 540-
For example 5 i is the number of counts in [0， 0.1], Տշ is the number of counts 
in [0.1,0.2], etc. 

I t can be observed, t ha t the sum of al l counts is the to ta l number of pa in 
scores ie ΣΤ=Ι Si = 67. I f ：̂̂ - [0,4] , ；V 二 [ j t , yj and {Ш.ӨеӨ} is a 
fami ly of p robab i l i t y densities on シ then the p robab i l i t y of observing Уі on j 
cell ւտՈյ{6) = fy^ My)dy. 
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I n other words, the number of counts at every cell Sj can be thought as 
Sj ~ Բօ{բյ{դ, θ)), where / i j ( 7 , θ) is the expected number of counts at cell j 

ie 샤j (7 , θ) = 7 ᅲ w h e r e 7 is a posit ive parameter. 
Tak ing into considerat ion t ha t Sj 〜 and using the specially 

designea exponent ia l fo rmula fß{y) ^ fo{y) exp [ßo + ß\t{y)), {ๆ, θ) can be 

w r i t t e n as 

μյ{ß) = μիχıp ißo+ßitj) 

where f i j is p ropor t iona l t o π J = f y f o { y ) d y and t j = is the value of 

the suff icient s tat is t ic at the centre po in t y(j) of in terva l j and 7 = exp (ßo) 

is a free parameter. 

I f ßj{ß) is expressed in the log-scale, log ßj{ß) = ß{)+ßitj+\ogß^j wh ich is 

a fo rmula for the general l inear model . I t can be observed t ha t log μβ = Χβ 

( ignor ing the t e r m log μ^), where X is the 40 X 2 ma t r i x . 

The parameter vector is 

X = 

β 

1 Կ 

1 ¿40 

ßo 
ßl 

I n order to est imate fo{y) and f { y ) i t is necessary to est imate ßj{ß) = 
μお^^ and β = ( β ο , β ι ) , wh ich are calculated using m a x i m u m 

l ike l ihood equations for every parameter. I n th is case these equations w i l l be 

summarised in : 

X'[ร ― μφ)] = О 

where 

「 S l 

ร40 

and μ{β) is the vector w i t h j - t h component equal to exp (Xjß) (The proof 

of the above statement can be seen in the Append i x ) 

To complete the est imat ion we calculate wh ich is equal to : 

where ร is the 40 X 1 vector 

ร40 
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and M ( A ) is a 40 X 40 smooth ing ma t r i x . The ki element of M ( A ) is 

MUX) = ՚յ-փ ( պ ա \ 

where = ^ ļ ֊ ^ is the m idpo in t of cell and ф is the s tandard gaussian 

density. Note t h a t the larger λ is the smoother w i l l be the kernel est imate of 

/о . I n th is par t icu lar case, A = 1 and Cfc is a posi t ive constant, corresponding 

to m idpo in t chosen to make Ms^, the norma l kernel smoother M for 

the t o t a l 5 + = 67 counts, equal to 1. Hav ing est imated թյ and β, i t is very 

simple to est imate /о (у ) and f { y ) . /о(у) is no th ing else b u t p lo t ted as a 

func t ion of and f { y ) is ßj p lo t ted as a func t ion of յ/(յ) calculated f rom 

ßj = พ{ßo + ß i t j } 

when tj ― (？/(յ),2/(յ)), Χ is a 40 х З m a t r i x for f (у), because in th is case β 

has three components. 

3.4 T h e loca l false d iscovery ra te 

A n interest ing aoproach to large scale inference problems is E f ron 'ร approach 
th rough local false discovery rate ([3], [1], [6]). In i t ia l l y , i t is presumed t ha t 
the N genes in a microarray experiment are d iv ided in two categories: "non-
nu l l " genes and " n u l l " genes. As we discussed before, Po is the pr ior for the 
"nu l l " genes and Pi is the pr ior for the "non-nu l l " genes. fo{y) and f i { y ) 
are the densities for the ทนน and non-nu l l genes, respectively. The m i x t u r e 
density is: 

f { y ) =Pofo{y)+Pifi{y) 

and the local false discovery rate is defined to be the poster ior p robab i l i t y of 
being "nu l l " given data у 

fd r (y ) = P { n u l % } = ^ . 

The local false discovery rate is a useful too l for ident i f y ing non-nul l genes 

or more general ly interest ing cases. Normal ly , the m a j o r i t y of genes in a 

microarray exper iment are ทน11 genes and the non-nul l genes are a smal l 
p ropor t i on of the t o ta l cases. Th is means t ha t Po is near 1 (usual ly Po > 0.90), 
so t ha t 

- ^ ^ ^ ^ ^ 
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T h e n i t can be concluded, t ha t cases w i t h smal l fdr, usual ly are repor ted as 

interest ing. E f ron chooses the cutof f po in t to be 0.2; ie f d r ( y ) < 0.2. 

W h e n fd r (y ) < 0.2， we can bound the posterior odds ra t io as fol lows: 

բչքչե) 1 ― î d r j y ) ^ 1 - 0 . 2 1 - f d r ( ^ ) ^ 

Pofoiy) " պ^ճւ = f d r ( y ) - 0.2 f d r ( y ) -

Tak ing in to account t ha t Po > 0.90 the pr ior odds ra t io w i l l be 

Po ՜ 9 

From the above, the densi ty ra t io 

Ш 
ш > 36 

i n favor of the "non֊nuH" cases. O n the contrary, i f we take 

fd r (y ) < 0.6 

、, 2 

Po/о Ы З 

and the pr ior ra t io s t i l l 

the Bayes factor w i l l be on ly 

Po - 9 

Ш 

Му) 

> 6 

i n favour of "non-nu l l " cases. I n appl icat ions, we w i l l need to est imate 

/ о ( у ) , / (y) and Po to est imate f d r ( y ) . Poisson regression w i l l be used to 

est imate f { y ) , bu t (as we w i l l see in chapter 4) es t imat ion of fo{y) and Po is 

more subt le and depends in i t i a l l y on the pr ior assumpt ion t ha t Po is close to 

1 and t ha t the number of genes N is large. 
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Chap te r 4 

Nonpa rame t r i c versus 

paramet r i c s ta t is t ica l analysis 

A l t h o u g h parametr ic and nonparametr ic empir ica l Bayes methods are dif

ferent, the i r app l ica t ion to microarray analysis depends on the same simple 

assumpt ion: genes are either d i f ferent ia l ly expressed or they are equivalent ly 

expressed. 

I n th is chapter, i t is intended to c lar i fy the differences between the two 

methods and also t o make t h e m more comprehendable t h rough the i r appl i 

cat ion t o da ta f rom a par t icu lar microarray exper iment . 

4.1 A p p l i c a t i o n o f n o n p a r a m e t r i c m e t h o d s t o 

a m i c r o a r r a y e x p e r i m e n t 

T h e fo l lowing example is taken f r om E f ron [1], T h e methodology used is 

called a "nonparametr ic Empi r i ca l Bayes m e t h o d " . 

I n th is microarray exper iment, using the simple m ix tu re model , genes 

are d iv ided in two categories, genes t ha t appear to be interest ing (differ

ent ia l ly expressed) and genes t h a t appeal' t o be uninterest ing (equivalent ly 

expressed). The former sometimes w i l l be called non-nu l l and the la t ter 

called nu l l . The p ropor t i on of nu l l genes w i l l be Po and the p ropor t i on of 

non-nul l genes w i l l be Pi = 1 — Po. The nu l l densi ty and non-nu l l densi ty w i l l 

be respectively fo{z) and f i { z ) . The m ix tu re density f rom (3.1) is 

f { z ) = P o f o { z ) + P l f l { z ) 

w i t h subdensit ies Pofo{z) and w r i t t e n as /о " ( г ) and îl {z). As i t has 

been stressed previously, th is research focuses on est imat ing the p robab i l i t y 
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of genes being nu l l given the data. E f ron ([3], [1]， [6]) refers t o th is posterior 

p robab i l i t y as the local false discovery ra te , fdr , 

Mv(z) = ֊ P o ん ( 끼 = 戦 น 1) 

I n the example studied and discussed by Ef ron , 8 microarrays are used, 
4 f rom H I V infected cells and 4 f rom uninfected cells. T h e t o ta l number 
of genes being measured is 7680. For the comparison of H I V infected and 
uninfected cells, every gene yields a two sample t֊statistic ¿i, г = 1 , . . . , 7680， 

each w i t h б degrees of freedom. Let ՐՀկ ) denote the cumulat ive d i s t r i bu t ion 
func t ion of ti. T h e t w o sample t -s ta t is t ic и can be t ransformed to a г score 

г, = ф-\Ғе{и)) (4.2) 

where ф is the cumulat ive d i s t r i bu t i on func t ion of a s tandard norma l variable. 

T h e h is togram of the 7680 z-values of the microarray exper iment is depicted 

i n F igure 6.3. T w o curves have been fitted to the h is togram. T h e beaded 

curve estimates the nu l l density fo{z) and the sol id curve the m i x t u r e density 

f { z ) . The nu l l densi ty fo{z) should be N(0,1) i f и has a t -d i s t r i bu t i on w i t h 

б degrees of freedom under the ทน11 hypothesis. Un fo r tuna te ly th is is not 
always the case. I n some microarray exper iments, as in the H I V exper iment, 
the theoret ical ทน11 does not sat isfactor i ly represent the density for the nu l l 
genes. I n such cases an empir ica l nu l l d i s t r i bu t i on should be fitted instead. 
I n the H I V exper iment the empir ica l d i s t r i bu t i on for the nu l l genes is taken 
t o be Λ/ ' (μ,σ^) , where μ and σ is est imated f r om E f ron [1] t o be 0.10 and 

0.74 respectively. 

The est imat ion of an empir ica l nu l l d i s t r i bu t ion is based on the "zero" 

assumpt ion, t ha t nu l l genes are concentrated ma in l y at the centra l peak of 

the h is togram where the ζ values are approx imate ly zero. Normal ly , nu l l 

genes are the vast m a j o r i t y of the to ta l of genes in a microarray exper iment; 

t ha t is, we expect Po to be large, usual ly above 0.9. Thus , nu l l genes usual ly 

concentrate at the central peak of the h is togram of г-values, whereas the 

non-nu l l genes are at the extremes. Under-expressed genes appear on the 

lef t of zero, whi le over-expressed appear t o the r ight . 

As i t has been noted before, i t is impo r tan t to est imate the posterior 

p robab i l i t y of nu l l genes, the local false discovery rate, fdr. T h e process of 

es t imat ing fdr involves the est imat ion of the m ix tu re density f [ z ) and the 

es t imat ion of the subdensi ty f ^ { z ) . As discussed i n sections 3.2， 3.3, the 

m ix tu re density ƒ ( г ) may be est imated using Poisson regression methods. 

T h e subdensi ty IQÌZ) is more chal lenging t o est imate. 

To est imate the subdensity f o i z ) we w i l l assume t ha t fo{z) is iV ( / i , び2) 

and use the log of the est imated m ix tu re density f { z ) of the h is togram of 
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Figure 6.3. Tak ing in to account t ha t nu l l cases are concentrated at the centra l 

peak of the h is togram, a quadrat ic curve can be fitted to log f (z) around 

z ~ 0 to give estimates of po， β and ą 2 . Th i s assumes tha t iogf{z) around 
г = 0 is approx imate ly equal to log fo{z) (Figure 6,4). I n other words, Po y 

μ, ժ  are chosen to quadrat ica l ly approx imate the h is togram counts near 
ζ = 0 (Figure 6.3), because / о ( г ) is taken to be the density of some normal 

d i s t r i bu t i on 7V(/X, σ^). The estimates of μ，び 2 indicate whether or no t the 

theoret ica l nu l l 7V(0,1) is suitable for a par t icu lar microarray exper iment. 

O f course in the case where i t is assumed tha t / о ( г ) is л^(0,1) i t is on ly 

necessary to select Po to quadrat ica l ly fit the h is togram heights near zero. 

I n the H I V microarray exper iment the theoret ica l nu l l N{0,1) was not 

suitable t o describe the behaviour of ทน11 genes. Th i s can be concluded f r om 
Figure 6.4 and f rom the impossible value of Po = 1.15 wh ich was est imated 
f rom the quadrat ic approx imat ion of E f ron [1] to the h is togram counts near 
ζ = 0. I n Figure 6.4 i t can be observed t ha t log fo{z) when fo is N(0,1) is 

even more dispersed than log f [ z ) j wh ich should not happen as /о" < ƒ . 
Tak ing in to considerat ion tha t the theoret ical ทน11 is not suitable for the 

H I V microarray exper iment and using the methodology discussed above, Po is 
est imated to be 0.917 and the empir ica l ทน11 is est imated to have probab i l i t y 
density func t ion 

M z ) - 0-О.1О,О.74(г) (4.3) 

where 

Ф.Аг) =  ֊ е х р ( ֊ U ' — ^ y ] (4.4) 
πσ 

denotes the Ν{μ, σ^) density. 

Accord ing t o E f ron [1], the assumpt ion t ha t ทน11 genes should be con
centrated near г = 0 is more va l id when Po exceeds 0.90 because then the 

percentage of 0.10 or less of non-nu l l genes only has a smal l effect on the 

est imate fo(z) of the numerator of the f dr. 

T h e sol id curve i n F igure 6.5 is the est imated fdr curve for the H I V da ta 

and the dashed curve, wh ich estimates the effect size density for the non-

nu l l cases [1], w i l l be discussed later in th is section. As i t has been noted 

in section 3.4， non-nul l genes are repor ted when the est imated fdr < 0.2. 

T h e est imated p ropor t i on of non-nu l l genes is Pi = 1 — 0.917 = 0.083 wh ich 

means t h a t we wou ld expect 0.083 X 7680 = 637 non-nu l l genes to be repor ted 

f rom the exper iment. However, only 71 genes on the left of zero, those w i t h 

Zi < ֊2.34, have fdr < 0.2 and only 115 genes on the r igh t of zero, those 
w i t h Zi > 2.17, have fdr < 0.2. Th i s means t h a t a l though we expect t o 
ident i fy 637 non-nu l l genes, only 186 are ident i f ied as such. We consider th is 
observat ion in more deta i l i n section 4.3. 
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4.2 E s t i m a t i o n o f t h e ef fect size dens i t y 

Questions concerning the power of a test procedure, i.e the ab i l i t y of the 

exper iment to ident i fy non-nu l l cases and whether or not i t is necessary 

to increase the exper iment 's size can be suff ic ient ly answered th rough the 

est imat ion of the effect size density 9\{μ). Suppose tha t the expected z-

values or t rue scores μ are randomly generated in two variet ies: the nu l l t r ue 

scores and the non-nu l l t rue scores. The effect size density of ทน11 scores is 
go{ß) and the effect size density of non-nu l l scores is gi(μ). To describe more 

clearly the est imat ion of gi (μ) i t w i l l be assumed t h a t nu l l t rue scores and 

non-nu l l t rue scores are generated f rom a one group model : 

μ 〜 ( ฬ and ζ\μ ~ Ν(μ, σ ΐ ) (4.5) 

w i t h σΐ fixed. Using the above model , the m i x t u r e densi ty of z-scores can be 
expressed as ƒ ( 2 ) — 5 * iV(0, σ ΐ ) where * stands for the convolut ion of the 
two d is t r ibu t ions . Th is w i l l be the case i f we can w r i t e ζ = μ + е when μ and 

6 are independent w i t h μ 〜 Qi{μ) and e 〜 Л''(0, σο). The m ix tu re densi ty of 

2ะ-รcores is f { z ) = f ^ { z ) + f o { z ) , so f ^ ( z ) = f { z )  ֊  f ^ { z ) and can be 
obta ined by inver t ing the subdensity f i { z ) or by inver t ing f i { z ) considering 
tha t f i { z ) = f{z\ß)gi{ß)dß. E f ron [1] appl ied to f i { z ) , Brown 's [11 
and Stein's [7] fo rmula for the posterior mean func t ion Ε{μ\ζ) under the one 

group mode l described above 

μ\ζ^{ζ + σΙΐ'{ζ),σΙ{1 + σ',1"{ζ))) (4.6) 

where 1{շ) = log f { z ) and Z', I" ind icate first and second derivatives. (The 
proof of 4.6 is described in the Append i x ) . W h e n the above fo rmula is appl ied 
t o f i { z ) , l i { z ) = l o g t h e posterior mean func t ion and the posterior 
s tandard dev ia t ion func t ion of μ are ： 

a{z) = ζ + σ^[{ζ)  Ķ z) = び 0 ( 1 + a¡l';{z)^ 

The poster ior densi ty of μ given ζ for a non-nu l l gene is 

Assuming tha t fiß\z) is N{a{z), b'^{z)), a first guess for  ց ւ{բ) is 

9 Ϊ \ μ ) = í Μζ)φα(ζ),0Μάζ (4.7) 

J —OO 
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To accept ց ք՝^(μ) i t is impo r tan t t ha t f [ ^ \ z ) = ց ք՝^ * iV(0 ,ao) is close to f i . 
To test th is E f ron uses the fo l lowing measure of discrepancy f rom /1： 

D{hjr)= I dz (4.8) 
J-00 m^ì 

W h e n ƒ { ^ = ffļ°^ * i v ( 0 , ctq) is not equal t o f i , g[' is updated to タに and then 

i t is checked whether = ffļ^^ * Ν(Ο,σ^) is close to f i . Using g¡"\μ|z) = 

9İ°Կμէţ..çω we update gį°^ to ö í " by no t ing t ha t 

ฟ้^(ฟ = ր  9?'\μ\ζ)Μζ)άζ (4.9) 
J ֊00 

Th is process is i tera ted un t i l f [ ^ \ z ) 二 g;") * Λ^(Ο,σο), where Tí is the 

number of i terat ions, is approx imate ly / i or i n other words the distance, 

/ i " ^ ) between and fx is smal l . Beginn ing w i t h estimates of f I, ցք՛^ 
and / լ ° ^ and i te ra t ing the procedure of upda t i ng y;") and est imat ing = 
タļn) * л^(0， σο) several t imes is how the effect size density in Figure 6.5 

was computed by Ef ron . 

A l t h o u g h the above procedure was efficient in es t imat ing the effect size 

density g\{ß) Efron 'ร 2005 s tudy [4] describes easier techniques to est imate 
the non-nu l l density wh ich we now discuss. I m p o r t a n t for b o t h me th 
ods tha t he describes as appl ied to the data f rom the H I V exper iment is t o 
d iv ide the z-value sample space in to 79 bins, each of w i d t h Δ = 0 .1 . The b i n 

counts 5 i , 5 շ , . . . , 579 sum to 7680, the t o ta l number of г-values i n the H I V 

exper iment. I f the p robab i l i t y density of ^-values is / ( г ) , the probab i l i t y 

density at m idpo in t Z{k) of b i n к w i l l be f{z{k)) ― fk and the respective local 

false discovery rate fdr(z( fc)) = fdr^;. As i t was noted in section 3.3, the Sk 

may be regarded as independent Poisson counts 

Sk - P M ^ = 1 , 2 , - . - , 7 9 

where = 7680 х 0.1 х Д is the expected number of cases in b i n k. The non-

nu l l density f i { z ) can be est imated using the fdr^, д est imat ions for every 

b i n or by fitting a regression curve t o wha t E f ron calls th inned counts, and 

w i l l be explained later in th is section. The first me thod uses the fo l lowing 

' f t i ^ ) = PiMz) = (1 — f d r ( ^ ) ) / ( ^ ) (4.10) / r ( ^ ) = P i / i W = ( l - f d r i 

= I f Î { z ) d z = ր [ 1 ― 

J —OO J 一oo 

Pl = I f Î [ z ) d z = J (1 — îdr{z))fiz)dz (4.11) 
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s o t M = (ւպ^ճ (4.12) 

Using the no ta t ion above, we can approx imate Pi by 

Pi = ¿ ( l ֊ f d r f c ) A (4.13) 

and /i(2(fc)) by 

ムド 그 1 ^ ^ ^ ^ ^ ^ 

where Pl is the p ropor t i on of non-nul l cases and fik is the non-nu l l p robab i l i t y 

densi ty at m idpo in t ^(fc) of b in k. 

Es t ima t ing fik for every b i n separately is how the non-nul l density f i ( z ) 

was d rawn at Figure 6.6. However, th is procedure involves the fitting t o al l 

7680 cases, something tha t is not necessary i f Poisson regression methods 

can be used to est imate f i { z ) . 

Ef ron [4], uses Poisson regression methods to fit a regression curve to 

wha t he calls th inned counts. Th inned counts est imate the number of non-

nu l l cases in each h is togram b in . T h e th inned count for b i n к is equal to 

= (1 — fdrfc)5A: wh ich can be easily explained when we note t ha t (1 ― fdr jt) 

is the p robab i l i t y of a non-nu l l case i n b i n к and Sk is the number of cases in 

b in k. For each of the 79 bins there are 5 i i , ร 1 2 , . . . , 5 i79 respective non-nu l l 
cases wh ich , as we explained before, are assumed to be independent Poisson 
counts 

S\k 〜 Poißik) 

where ßxk is the expected number of non-nu l l cases, or the expected th inned 

counts in b i n fc, wh ich is approx imate ly 7680 X 0.1 X /ifc, where 7680 is the 

t o t a l of ^-values in the H I V exper iment , 0.1 is the w i d t h of every b i n and fik 

is the non-nu l l density at m idpo in t Z(k) of b in k. For the H I V exper iment i t is 

supposed t ha t log ßik is a cubic po lynomia l func t ion , i,e l o g / Հ ա ֊ J2^=oßj^^' 

Using the Poisson regression methodology described in section 3.3， a regres

sion curve is fitted to the th inned counts representing the over-expressed 

non-nul l genes; see Figure 6.6. T h e same methodology can be used to fit a 

regression curve t o the under-expressed non-nu l l genes. 

4.3 Power e s t i m a t i o n 

A n impor tan t issue is the power of a microarray exper iment to ident i fy non-

nu l l cases. I n the H I V example we wou ld expect tha t the p ropor t i on of non-

nu l l genes to be ident i f ied is P i = 0.083. I n other words, 0.083 X 7680 = 637 
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genes are est imated to come f rom gi(μ). However, on ly 186 non-nul l genes 

are repor ted. Th i s suggests poor power for the exper iment. 

I n i t i a l l y the low power of the exper iment can be explained f rom the graphs 

in Figure 6.5 th rough the heavy curve of fdr and the dashed curve of gi{μ). 

As i t was said before, genes w i t h fdr < 0.2 are repor ted as non-nul l . I n 

F igure 6.5 i t can be observed t ha t the t o t a l of non-nu l l genes w i t h fdr < 0.2 

are on ly 186. A l t h o u g h 637 genes are est imated to come f rom the two 

modes of 5 ι ( μ ) , the mode of under-expressed genes and the mode of over-

expressed genesļ correspond to fdr values exceeding 0.4, wh ich is too large 
for iden t i f y ing non-nu l l genes. 

The power of a microarray exper iment can be assessed not on ly graph i 
cal ly bu t can also be est imated. A simple measure of the power of an exper
iment is "E fd r " , the expectat ion of local false discovery rate for the non-nu l l 
genes, given by 

Efdr = idx{z)h{z)dz (4.15) 
J—๐๐ 

where, as before 

9\{μ)Φμ,σο{^)άμ (4.16) 

Large values of E fdr suggest low power whi le smal l values lead to the conclu

sion tha t the ab i l i t y of the exper iment to t rack non-nu l l cases is satisfactory. 

I f i t is considered tha t fdr < 0.2 indicates non-nu l l genes, i t can be qui te clear 

why smal l values of E fd r indicate substant ia l power whereas large values of 

E fdr suggest low power. For example i f Efdr = 0,4， for ty percent of the genes 

t h a t appear t o be interest ing are actua l ly ทนน genes. Th i s value indicates the 
low ab i l i t y of the exper iment to ident i fy "non-nu l l " cases. We w i l l discuss 
how Efd r may be est imated later in th is section. 

Another way to measure the power of the exper iment is t o check whether 
under-expressed and over-expressed genes appear on the l ist of genes hav ing 
fdr < 0.2. Th i s can be done by es t imat ing the p robab i l i t y of under-expressed 
genes hav ing fdr < 0.2 and separately es t imat ing the same probab i l i t y for the 
over-expressed genes, the non-nu l l genes of the r igh t mode of g i { ß ) . For ex
ample in the H I V exper iment the est imated probab i l i t y of an under-expressed 
gene appear ing on the l ist of genes having fdr < 0.2 is 

0 

ґ り , 

P{z < ֊2.34|Noท-ทนท) = ՚ ՜ ° ° ；Q ՚ (4.17) 

51 ( ฟ (^μ 

wh ich is equal to 0.210 and the respective p robab i l i t y for an over-expressed 
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Ρ{ζ > 2.17|КоП"Пи11) = メ о にふぶ。 (4.18) 

j 9 ι [ μ ) ά μ 

which is 0.43. B o t h results suggest the low power of the H I V exper iment. The 

number 0.210 for the left mode of 5 ι ( μ ) , suggests t ha t only twenty-one per

cent of the under-expressed genes have fdr < 0.2 and 0.43 for the r igh t mode 

indicates t ha t only for ty- three percent of over-expressed genes have fdr < 0.2. 

Th i s is the reason t h a t a l though the t o t a l of non-nu l l genes is est imated to 

be 637, on ly 186 are ident i f ied. Observe t ha t (1 ― (0.21 + 0.43)) 637 ^ 229 

wh ich is close to the 186 ident i f ied as non-nu l l . 

Efron'ร 2005 research [4] applies improved methods to est imate the power 
of a microarray exper iment and also investigates how an increase in the t o ta l 
number of subjects in the H I V s tudy wou ld improve i ts ab i l i t y to t rack non-
nu l l cases. B o t h subjects are explained later on. 

As discussed i n section 4.2, Ilk is the non-nu l l p robab i l i t y at m idpo in t Z(k) 
of b in к and fdľfc is the local false discovery rate at Z[k)- Using the no ta t ion 
given i n section 4.2， i t can be concluded t h a t the expected false discovery 

rate can be approx imated as 

Efdr = ¿ f d r . / . , = ¿ f d r . í i ะ ( 4 . 1 9 ) 

by considering (4.5). As stated previously, smal l values of E fdr suggest sub
s tant ia l power and large values of E fdr indicate tha t the exper iment 's ab i l i t y 
t o ident i fy non-nul l genes is not satisfactory. 

Moreover, i n order to answer t o the quest ion whether an increase in the 
number of subjects i n the H I V exper iment wou ld improve i ts power, E f ron 
assumes tha t for gene i， the mean and variance of Ζι\μ is {ßi, σ ΐ ) where σΐ does 
not vary w i t h the t rue score μ (homoskedastic model ) . Zi\ß has expectat ion 

μ = 0 for the nu l l cases and consequently Zi\ß is { θ [ σ Ι ) . For the non-nu l l 

cases μ has empir ica l mean and variance (ひ，/？2). T h e respective marg ina l 

mean and variance of ζ for non-nu l l cases is (yl，_s 2) = (α , 0^ + σβ), (The 

proof of th is statement is g iven i n the Append i x ) . 

Suppose tha t I is the number of independent replicates of Zi\ß. T h e n 

considering the new variable I the model for Ζ{\μ values w i l l be 

<|/̂  = Σ ^ (4·20) 

29 



w i t h mean and variance (л / /д і , a į ) . (Th is has been proved in Append i x ) . 
Consider ing I in the new model , the d i s t r i bu t ion of the ทน11 cases w i l l s t i l l 
be (0， びめ. The marg ina l mean and variance of z* for non-nul l cases w i l l be 

( A * , β * 2 ) = [Vla, / /? 2 + (ァ0). The non-nu l l marg ina l mean and variance of z* 

can be est imated using Efron's fo rmula 

^ ^ i l A + d{z- A), d ' - l ֊ { l - l ) į (4.21) 

(The proof of the above statement is given in Append i x ) . The marg ina l mean 
and variance ( Ճ , B'^) i n the above formula are est imated using the th inned 
counts t h a t we have explained in section 4.2. How the variable I affects non-
nu l l 2-values on the r ight-side of the heavy curve f i { z ) i n F igure 6,6 and how 
i t affects non-nu l l г-values on the left-side of the f i { z ) curve, is est imated 

using the th inned counts on the r ight-side and on the left-side respectiveiy. 

To be more specific, the empir ica l mean and variance ( Л , 5 ^ ) are est imated 

separately for non-nul l 2：-values at the r ight-side of curve f i { z ) i n F igure 6.6 

and for non-nu l l г-values on the left-side of th is curve, using the respective 

th inned counts. For example, using the r ight-side th inned counts, i.e the 

ones t h a t express the number of over-expressed genes i n b in k, the empir ica l 

mean and variance of the r ight-side non-nu l l 2:֊values are: 

A = and が = ― A 2 (4.22) 

O f course > \ Slk is the sum of the th inned counts which correspond on ly to 

the bins at the r ight-side of the f i curve. The same applies for the left-side 

calculat ions. T h e empir ica l mean and variance for the r ight-side of non-nu l l 

cases in the H I V example are est imated to be л =ะ 2.23 and в 2 ― 0.87^. 

Hav ing est imated Ճ , й 2 and assuming tha t σΐ = 0.735 2 we can est imate 
the r ight-side non-nul l z*-values for I ― 1,1.5, 2 . . . using the fo rmu la z* = 

VĪA 十 d{z ― A). The process is the same for es t imat ing the !eft-side non-nu l l 

z\ 

T h e above calculat ions al low us t o assess how large an exper iment should 

be to have effective power (see E f ron [4]). 

4,4 A p p l i c a t i o n o f p a r a m e t r i c s ta t i s t i ca l ana l 

ysis 

Parametr ic s tat is t ica l analysis is based on the same two group model as 

the nonparametr ic s tat is t ica l analysis. The basic difference between the two 
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methods is t ha t in the former b o t h the observat ion component ζ\μ and the 

mean component μ have a known parametr ic fo rm. The parameters ' est i

mates are obta ined either d i rect ly using m a x i m u m l ike l ihood of the k n o w n 

m ix tu re density or ind i rec t ly using E M a lgor i thm. 

I n i t i a l l y we used m a x i m u m l ike l ihood to ob ta in estimates of the param

eters in the H I V exper iment, assuming t ha t ζ\μ is Ν(μ, σ^). For under-

expressed genes μ is Ν(μι^σΙ), for nu l l genes μ is 7V ( /X2 ,Ծշ) and for over-
expressed genes μ is 7V(//3, σ | ) . The d i s t r i bu t i on of under-expressed genes 

is f i { z ) wh ich is Ν{μι,σΙ + σ^), for nu l l genes is / շ ( г ) wh ich is Ν{μ2,σ^ + 

ひ 2 ) and for over-expressed genes the d is t r i bu t ion func t ion is /3(2：) wh ich is 

iV(/X3， Օ՜Յ + σ 2 ) (The proof of th is statement is given in the Append i x ) . The 

m i x t u r e densi ty at ζ is: 

f{z)=PiM^)+P2Mz) +p,h{z) (4.23) 

where Pb P2) Рз are the propor t ions of under-expressed, nu l l and over-expressed 

genes respectively. 

The log- l ikel ihood (based on J genes) for θ ― (μ ι ,μ2 , / із , a f , Ծշ,Ծ^) and 
ρ =: (рьР2,Рз), where a f ~ σΙ + σ\ Ծշ — σΙ + Ծ՛^ and &į = + σ" is: 

l o g P ( z | 0 , p ) = ¿ i o g / ( ^ , ) (4.24) 

The in i t i a l estimates we used for θ = ( μ ι , μ2， / Հ Յ , erf, Մշ, σ3) and for ρ = 

(РьР2,Рз) were ま = ( - 2 , 0 , 2 , 1 , 1 , 1 ) and p(^) = (0.1,0.8,0.1) respectively. 

T h e func t ion o p t i m in R prov ided updated estimates tha t max imize the 

l ike l ihood Ρ(ζ1θ^ρ), The estimates of θ and ρ converged to : 

( -1 .5597 , -0.077,1.935919,0.7388,0.75288,1.267787) and (0.065649,0.9010, 

0.0333), respectively. However, by compar ing F igure 6.7 w i t h F igure 6.5 we 

see tha t the results using the above parametr ic model for the H I V da ta do not 

agree w i t h E f r o n ' ร results. Accord ing to E f ron the p robab i l i t y of genes being 
nu l l given the da ta ( local fdr ) is approx imate ly 1 for ζ close to zero and the 

respective percentages of under-expressed and over-expressed genes i n t ha t 

area are approx imate ly zero. Th i s can be observed f rom the shape of the sol id 

curve of fdr and the beaded curve of g l (μ) around zero in F igure 6.5. I n F igure 

6.7 we not ice t ha t b o t h the blue and red curves, wh ich are the p robab i l i t y 

of under-expressed genes given the H I V da ta and the p robab i l i t y of over-

expressed genes given the H I V data , respectively, are min imized around zero 

for a smaller area t han the one t ha t appears i n E f r o n ' ร F igure. Moreover, 
according t o E f r o n ' ร results, the p robab i l i t y of under-expressed genes given 
the da ta is much larger compared to the p robab i l i t y of over-expressed genes 
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g i v e n t h e d a t a , as is e v i d e n t w h e n t h e m o d e o f t h e f o r m e r is c o m p a r e d w i t h 
t h e l a t t e r a n d v i c e ve rsa i n F i g u r e 6.5. I n F i g u r e 6.7 t h e p r o b a b i l i t y o f 
u n d e r - e x p r e s s e d a n d ove r -exp ressed genes g i v e n t h e d a t a does n o t d i f f e r . 

A s s u m i n g t h e s a m e o n e g r o u p m o d e l f o r ^ - v a l u e s , w e a p p l y E M a l g o r i t h m 
t o o b t a i n p a r a m e t e r s ' e s t i m a t e s . T h e l i k e l i h o o d b a s e d o n a s ing le z֊value is: 

{ p ı f ı { z ) f Հ p շ f շ i z ) f Հ p , M z ) f ^ ( 4 .25 ) 

w h e r e ф = ( Φ ι , Փ շ , Ф з ) , Φ ι + Փ շ + Фз = 1 a n d Φ ι , Փ շ , Фз = 1 w h e n t h e gene 

j is u n d e r - e x p r e s s e d , n u l l o r ove r -exp ressed respec t i ve l y . T h e f u l l c o m p l e t e 

l o g - l i k e l i h o o d (based o n J genes) f o r θ = ( μ ι , μ2, /Хз, σ ΐ , σ | , σ | , σ^ ) a n d f o r 

Ρ - {Рі,Р2,Рз) is : 

\0ζΡ{ζΦ\θ,ρ) = 

= ^ ( Փ ւ յ l o g P l / i ( г ) + Փ շ յ \ogp2f2{z) + # 3 j logpsfaiz)) 

= Y ^ i ^ i j l o g f i { z ) + Փշյ l o g / շ ( г ) + Фз,- l o g / з ( շ ) ) 

֊Ь7(Ф і l o g P l + Փ շ logp2 + Фз l o g p a ) (4 .26 ) 

D i f f e r e n t i a t i n g w i t h r espec t t o μ ι , μ2, քկ, Մղ, σ | a n d σ | s e p a r a t e l y , t h e 

e s t i m a t e s o f μι, թշ, μ3 a re : 

t h e e s t i m a t e s o f σ'ι, σ'η a n d σ3 a re : 

' ไ 4 . 2 8 ) 

i f t h e va lues o f t h e êij a re k n o w n , w h i c h t h e y a re n o t . ( T h e p r o o f s o f these 
r e s u l t s a re g i v e n i n t h e A p p e n d i x ) . A s we h a v e d i scussed a t s e c t i o n 2.5， t h e 

c o n d i t i o n a l e x p e c t a t i o n o f l o g P ( ^ , φ\θ,ρ) g i v e n ζ is c o m p u t e d (E֊step) a n d 
m a x i m u m l i k e l i h o o d e s t i m a t i o n is p e r f o r m e d ( M - s t e p ) i n o r d e r t o p r o d u c e 
t h e e s t i m a t e s o f Φ ι , Փ շ , Фз . F o l l o w i n g t h e a b o v e p r o c e d u r e g i v e n c u r r e n t 

e s t i m a t e s がり， ρひ) o f θ a n d p、 t h e e s t i m a t e s o f Φ ι , Փ շ , Фз fo r gene j a re : 
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Ф з , = Е { Ф ф , М ' \ р ^ = і ^ ( Ф з , = 1\ζ„θ^ฯ = ^^^^^՚ւ^^ր ( 4 .29 ) 

SO t h e e s t i m a t e d p r o p o r t i o n s o f u n d e r - e x p r e s s e d , m i l l a n d ove r -exp ressed 
genes w i l l b e : 

P3 = % 싶 (4 .30 ) 

T h e a b o v e p r o c e d u r e was r e p e a t e d u n t i l t h e r e w a s c o n v e r g e n c e i n t h e 

e s t i m a t e s . 

T h e e s t i m a t e s o f θ a n d ρ o b t a i n e d u s i n g t h e E M a l g o r i t h m w e r e : 

( - 1 . 9 0 3 4 , ֊0.1159 , - 0 . 4 6 9 3 , 0 . 4 1 8 4 , 0 . 7 3 6 4 2 1 2 , 1 . 6 1 4 4 ) a n d ( 0 . 0 3 1 2 , 0 . 8 6 5 5 , 
0 . 1 0 3 3 ) . T h e s e e s t i m a t e s agree w i t h E f r o n ' ร r e s u l t s , e x c e p t f o r t h e ove r -
exp ressed genes. S i m i l a r l y , t h e f d r a n d t h e p r o b a b i l i t y o f u n d e r - e x p r e s s e d 
genes g i v e n ζ agree w i t h E f r o n ' ร r e s u l t s , w h e r e a s t h e c o r r e s p o n d i n g p r o b a 
b i l i t i e s for o v e r - e x p r e s s e d genes d i f f e r . 

A s s u m i n g t h e s a m e o n e g r o u p m o d e l , e x c e p t f o r t h e ทนน genes w h e r e w e 
s u p p o s e t h a t μ is N{ß2y 0 ) , t h e d i s t r i b u t i o n s o f ทน11, u n d e r - e x p r e s s e d a n d 
ove r -exp ressed genes a re r e s p e c t i v e l y N{ß2^ σ ^ ) , Ν{μι,σ^) a n d Ν{μ^, σ3). 

T h e a s s u m p t i o n t h a t t h e d i s t r i b u t i o n o f n u l l t r u e scores μ is N{ß2,Q), ex 

presses a n i d e a l s i t u a t i o n v e r y c lose t o t h e " z e r o a s s u m p t i o n " i n t h e n o n -

p a r a m e t r i c a n a l y s i s . T h e reason f o r t h i s is t h a t , as i n E f r o n ' s n o n p a r a m e r i c 

a n a l y s i s , a l l г - v a l u e s c lose t o ß2 a re c o n s i d e r e d as n u l l cases w i t h v a r i a t i o n 

e q u a l t o ze ro . 

U s i n g t h e a b o v e m o d e l w e a p p l i e d m a x i m u m l i k e l i h o o d t o t h e m i x t u r e 

d e n s i t y o f z - va lues a n d also t h e E M a l g o r i t h m s t a r t i n g f r o m t h e i n i t i a l e s t i 

m a t e s が0) = ( - 1 . 9 , 0 , 2 , 0 . 6 3 2 4 , 1 , 0 . 9 4 8 7 ) a n d p(^) - ( 0 . 1 , 0 . 8 6 , 0 .04 ) . 

T h e f u n c t i o n o p t i m i n R p r o v i d e d e s t i m a t e s t h a t m a x i m i z e d t h e m i x t u r e 

d e n s i t y l i k e l i h o o d . T h e u p d a t e d e s t i m a t e s o f θ a n d ρ w e r e r e s p e c t i v e l y : 

( - 1 . 3 1 7 7 , - 0 . 0 6 5 9 , 1 . 7 6 5 8 , 0 . 3 2 7 6 , 0 . 7 4 8 2 , 1 . 1 9 5 2 ) a n d ( 0 , 0 8 9 3 , 0 . 8 7 2 1 , 0 . 0 3 8 6 ) . 

A l t h o u g h t h e r e w a s conve rgence w i t h t h e i n i t i a l va l ues , t h e o p t i m r e s u l t s w e r e 

c l e a r l y i n c o r r e c t u s i n g t h e a b o v e m o d e l : t h e l o c a l f d r is a p p r o x i m a t e l y 1 n o t 

o n l y f o r z c lose t o 0 b u t a lso f o r z c lose t o -3， s o m e t h i n g w h i c h is i m p o s s i b l e 

i f w e c o n s i d e r t h e a s s u m p t i o n t h a t n u l l genes c o r r e s p o n d t o z - va lues c lose t o 

/¿2, w h i c h is t a k e n t o b e e q u a l t o ze ro . 

F o r t h e s a m e one g r o u p m o d e l f o r 2 - v a l u e s , w e a p p l i e d t h e E M a l g o r i t h m 

t o o b t a i n t h e f o l l o w i n g e s t i m a t e s f o r θ a n d ρ 

( - 0 . 9 8 4 0 , - 0 . 0 8 8 , 1 . 2 8 0 , 0 . 5 9 1 1 , 0 . 8 3 1 9 , 1 . 0 4 5 5 ) a n d ( 0 . 0 6 5 6 , 0 . 9 0 8 2 , 0 . 0 2 6 2 ) 
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a f t e r a s m a l l n u m b e r o f i t e r a t i o n s . H o w e v e r , as t h e n u m b e r o f i t e r a t i o n s 

i nc reased t h e e s t i m a t e s o f θ a n d ρ g o t w o r s e . N e i t h e r E M a l g o r i t h m n o r 

o p t i m gave s a t i s f a c t o r y r e s u l t s f o r t h e a b o v e m o d e l . T h e s e r e s u l t s i n d i c a t e 

t h a t t h e a s s u m p t i o n t h a t 2 - v a l u e s close t o թշ c o r r e s p o n d t o n u l l genes is n o t 
a c c e p t a b l e . 
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Chapte r 5 

L is t o f tables 

G e n e 1 1 . . . 1 1 2 2 . . . 2 2 t v a l p v a l 

1 - 0 .22 -0 .13 -1 .23 0.13 -0 .80 - 0 . 3 6 - 0 . 3 1 0.38 1.550 0 .128 

3 - 0 . 8 3 - 0 . 0 1 -0 .50 -1 .69 -1 .89 0 .33 -1 .12 - 0 . 2 7 0 .850 0 .400 

4 - 0 . 1 4 0.69 -0 .86 0.27 0 .67 1.10 0.42 -0 .96 -0 .310 0 .758 

5 0.03 0.25 0.34 0.97 -0 .43 0 .10 0.03 -1 .03 -1 .852 0 .070 

6 0.66 0.68 0.22 0.58 - 0 . 0 4 - 0 . 0 9 -0 .04 1.11 - 2 . 2 2 6 0 .031 

7 -0 .64 -0 .36 0.66 0 .01 0.18 0 .31 0.57 -0 .53 0 .356 0 .723 

8 -0 .02 -0 .15 0.84 -0 .13 - 0 . 5 6 - 0 . 2 4 -0 .39 -0 .43 - 0 . 0 2 0 0 .984 

9 0 .71 -0 .29 0.48 -0 .03 -0 .56 - 0 . 7 8 -0 .34 0 .27 0 .460 0 .648 

10 0.16 -0 .04 -0 .55 -1 .83 -0 .90 - 0 . 4 1 0.56 - 0 . 0 4 1.914 0 .062 

T a b l e 5 . 1 : ( P r o m в E f r o n , [1]) E x p r e s s i o n leve ls fo r t h e first 10 genes i n 

t h e s t o m a c h cance r m i c r o a r r a y e x a m p l e . T h e t o t a l n u m b e r o f genes is 2640 , 

48 m i c r o a x r a y ร a re b e i n g u s e d ： 24 f o r T y p e 1 a n d 24 f o r T y p e 2 t u m o r s , 

t v a l s t a n d s fo r t h e t w o s a m p l e t֊stat is t ic c o m p a r i n g T y p e 2 w i t h T y p e 1 ; 
p v a l ( p - v a l u e ) is t h e t w o s i d e d s i g n i f i c a n c e l eve l o f t v a l , w i t h 4 6 degrees o f 
f r e e d o m 

3 7 6 1 2 3 3 1 7 5 
4 4 1 3 3 5 0 1 0 0 
2 2 0 0 0 1 0 0 1 1 
1 0 0 0 0 0 0 0 0 0 

T a b l e 5 .2 : ( A f t e r E f r o n a n d T i b s h i r a n i , [ 5 ] ) C o u n t s o f t h e p a i n score d a t a 
2/¿e[ü,4] p a r t i t i o n e d i n t o 40 cel ls o f l e n g t h 0.1 
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Chapte r 6 

L is t o f F igures 

ti 

8 \ 

•4 

•2 0 

Y"> 

F i g u r e 6 . 1 : ( A f t e r E f r o n , [2]) T h e h i s t o g r a m d e p i c t s t h e d i s t r i b u t i o n o f t h e 

2640 t w o - s a m p l e s t a t i s t i c s Уі] t h i s is m u c h w i d e r t h a n f o { y ) ； s o l i d c u r v e f ( y ) 

is a s m o o t h fit t o t h e h i s t o g r a m a n d i t is fitted u s i n g P o i s s o n reg ress ion . 
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F i g u r e 6.2 : ( A f t e r E f r o n a n d T i b s h i r a n i , [5]) T h e r e d c u r v e is a n o r m a l k e r n e l 

d e n s i t y e s t i m a t o r , / o ( y ) , w i t h w i n d o w w i d t h λ = 1 ; t h e d o t t e d b l u e c u r v e is 

t h e s p e c i ฝ e x p o n e n t i a l f a m i l y d e n s i t y e s t i m a t o r , f { y ) , w i t h base - l i ne / o ( y ) 
a n d su f f i c i en t s t a t i s t i c t { y ) = ( y , y 2 ) 
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mixture ctensity I(z) 

zvaJue 

F i g u r e 6 .3 : ( A f t e r E f r o n , [1]) H i s t o g r a m o f 7680 z - v a l u e s f r o m a n H I V m i -
c r o a r r a y e x p e r i m e n t . S o l i d c u r v e e s t i m a t e s m i x t u r e d e n s i t y f { z ) a n d b e a d e d 
c u r v e e s t i m a t e s ทน11 d e n s i t y f o { z ) . T h e e m p i r i c a l n u l l fo{z) is i V ( - 0 . 1 0 , 0 . 7 4 ^ ) 
w i t h Po o f ทน11 genes e s t i m a t e d as 0 .917 . 
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z-эооге 

F i g u r e 6.4: ( A f t e r E f r o n , [1]) E s t i m a t i n g t h e e m p i r i c a l n u l l f o r H I V d a t a . 

S o l i d c u r v e is l o g / ( շ ) a n d b e a d e d c u r v e a q u a d r a t i c fit t o l o g ƒ ( г ) n e a r 

2 = 0, g i ves e s t i m a t e f o r f o { z ) . D o t t e d c u r v e is t h e e s t i m a t e o f f į ' { z ) w h e n 
fo 〜 л^(0,1). 
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zvaJuo 

F i g u r e 6.5: ( A f t e r E f r o n , [1]) S o l i d c u r v e i s f d r e s t i m a t e d f r o m t h e s u b d e n s i t y 
f o i ^ ) a n d t h e e s t i m a t e o f t h e m i x t u r e d e n s i t y f { z ) . 7 1 genes f r o m t h e l e f t 
h a v e f d r < 0.2 a n d 115 genes f r o m t h e r i g h t s i de o f zero h a v e f d r < 0 .2 . O n l y 
t hese genes a r e r e p o r t e d as u n d e r - e x p r e s s e d a n d o v e r - e x p r e s s e d r e s p e c t i v e l y . 
B e a d e d c u r v e e s t i m a t e s t h e n o n - n u l l e f fec t s ize d e n s i t y ցւ{բ). 
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z vabe 

F i g u r e 6.6: ( A f t e r E f r o n , [4]) T h e h e a v y c u r v e is t h e n o n - n u l l d e n s i t y e s t i m a t e 
f i { z ) f o r H I V s t u d y ; l i g h t c u r v e is t h e e s t i m a t e d fd r (2 : ) . P o i n t s a re w h a t 
E f r o n ca l l s t h i n n e d c o u n t s a n d t h e d o t t e d c u r v e is t h e reg ress ion c u r v e t h a t 
has b e e n fitted t o t h e t h i n n e d c o u n t s o n t h e r i g h t 
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F i g u r e 6.7: T h e y e l l o w c u r v e is t h e l o c a l f d r w h e n ζ\μ is Ν{μ,σ'^), t h e 

d i s t r i b u t i o n f o r n u l l genes is Ν{μ2,σ2 + σ ^ ) , t h e d i s t r i b u t i o n o f u n d e r -

exp ressed genes is Ν{μι,σ\+σ'^) a n d t n e d i s t r i b u t i o n o f ove r -exp ressed genes 

is N{ß1, σ\ + σ 2 ) . T h e l e f t b l u e c u r v e is t h e p r o b a b i l i t y o f u n d e r - e x p r e s s e d 

genes g i v e n t h e H I V d a t a a n d t h e r i g h t r e d c u r v e is t h e p r o b a b i l i t y o f ove r -

exp ressed genes g i v e n t h e H I V d a t a . T h e s e r e s u l t s w e r e o b t a i n e d u s i n g t h e 

f u n c t i o n o p t i m i n R 
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Chapte r 7 

Conclus ion 

E m p i r i c a l B a y e s m e t h o d o l o g y is a n e f f i c i en t w a y o f d e a l i n g w i t h e n o r m o u s 
d a t a sets a n d t h a t is one r e a s o n w h i c h m a k e s i t u s e f u l f o r s t a t i s t i c a l a n a l y s i s 
o f m i c r o a r r a y ร . 

A l t h o u g h i n i n d i v i d u a l h y p o t h e s i s t es t s i t is i n t e n d e d t o r e j e c t t h e ทน11, i n 
l a rge sca le t e s t i n g a n d p a r t i c u l a r l y i n m i c r o a r r a y ร t h e a i m o f t h e s t a t i s t i c a l 
a n a l y s i s is t o i d e n t i f y a s m a l l p e r c e n t a g e o f i n t e r e s t i n g cases. I n m i c r o a r r a y ร , 
these i n t e r e s t i n g cases c o n c e r n d i f f e r e n t i a l gene e x p r e s s i o n . T h i s s m a l l p e r 
cen tage o f i n t e r e s t i n g cases m a y g i ve i m p o r t a n t i n f o r m a t i o n f o r t h e b e h a v i o u r 
o f these genes d u r i n g a d isease o r d u r i n g a d r u g a p p l i c a t i o n . 

E m p i r i c a l B a y e s m e t h o d s a n d fa lse d i s c o v e r y r a t e a re a p p l i e d b y d i v i d i n g 
t h e d a t a i n t o t w o ca tego r i es : genes t h a t a re e q u i v a l e n t l y exp ressed a n d genes 
t h a t a re d i f f e r e n t i a l l y exp ressed . W h e n t h e p r o b a b i l i t y d e n s i t i e s have b e e n 
spec i f i ed a n d t h e y h a v e a n e x a c t p a r a m e t r i c f o r m t h e p rocess o f c a l c u l a t i n g 
t h e p o s t e r i o r d i s t r i b u t i o n o f d i f f e r e n t i a l exp ressed genes is s i m p l e . 

O n t h e o t h e r h a n d , i n n o n p a r a m e t r i c e m p i r i c a l B a y e s a n a l y s i s , P o i s s o n 
reg ress ion fitting m e t h o d o l o g y is used t o e s t i m a t e t h e p r o b a b i l i t y d e n s i t y f o r 
n o n - n u l l cases a n d t h e m i x t u r e d e n s i t y o f t h e w h o l e d a t a se t . T h e d e n s i t y 
f o r n u l l cases is b a s e d o n t h e a s s u m p t i o n t h a t t h e p r o p o r t i o n o f s u c h cases 
is e x p e c t e d t o b e c lose t o one . A f t e r t h i s e s t i m a t i o n t h e s m a l l p e r c e n t a g e o f 
d i f f e r e n t i a l l y exp ressed genes c a n be i n f e r r e d . 

A c r u c i a l p a r t o f b o t h m e t h o d s p a r a m e t r i c a n d n o n p a r a m e t r i c is t h e 
l o c a l fa lse d i s c o v e r y r a t e assessment , b a s e d o n e m p i r i c a l B a y e s a n a l y s i s o f 
t h e s i m p l e t w o g r o u p m o d e l d e s c r i b e d a b o v e . T h e l o c a l fa lse d i s c o v e r y r a t e 
does n o t o n l y h e l p t o i d e n t i f y n o n - n u l l cases b u t a lso p r o v i d e s i n f o r m a t i o n 
a b o u t t h e p o w e r o f t h e e x p e r i m e n t a n d w h e t h e r i t is necessary t o i nc rease 
t h e e x p e r i m e n t ' s s ize. 
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A p p e n d i x 

Sect ion 2.3 

P r o o f f o r t h e G a m m a G a m m a m o d e l : 

f o { x i , X 2 , . . . , x i ) = 

\ - Λ - , λ " χ " - ι e x p ( - λ χ ) ^ υ»οχαο֊ι e x p ( - Α υ ) 

( f f ՜ f i o ^ ^ п і ՜ d ' 

ք«0 

( Γ ( α ) ) ^ Γ ( α ο ) 

í (Π X i ) " " ' A ^ " + " ū - i e x p ( _ A ( ¿ χ, + ν)) dX 

j ¿=1 i=\ 

^ " Т ^ а + а о К П І , ぶงひ—1 

(Σί=ι も + «) ' "+"°λ^"+-ο֊ ι exp ( - λ ( Ε - = ι 지 + я;)) 

Г ( 7 « + α + 0 ) ՜ 

ฃ"<'Γ(/α + αο) ( Π ΐ ι ^ ; , ) " - ^ 

( Γ ( α ) ) ^ Γ ( α ο ) (Σにぶ 

(ļļ^_^ a;.)«֊i 
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Sect ion 2.4 

P r o o f f o r t h e L o g - n o r m a l N o r m a l m o d e l : 

S u p e r s c r i p t : 

ΣΓ=1 ๒֊ I {μ - μοΥ ^ Έไ=А^ - У г ? I {μ - μο? 

σ 2 το2 び2 το2 

― Έ^=ι{μ - У - Уг + У? . {μ - ßof 

び 2 τ֊02 

η{μ֊ν? , ΣΓ=ı(2/i֊У)^ , ֊ ы 
2 

び2 び2 Tļ^ 

՝Li=úyi ― yf I 一 2 n ^ y + ոք μ" ― 2 μ μ ο + /io2 

= — ひ 2 ^ + V 一 

ПУ . Mo r ญ ิ 2 , Aio 2 

び 2 ՚ V 2 ՚ "ド、ո ท Jこ" 
び 2 ՜Դ)2 び2 Го 2 

ny μο 

ท 1 σ 2 + η τ ο 2 

w h e r e ： 

ητο2 び2 
ᄂリ 1 = = 
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ռ ゲ + Aío^ 

び շ す T o 2 _ れ T o 2 ī / 2 + σ 2 μ ο 2 -っշ о 

1 = о, і ~ = W i r + ^2ßo 

ท і + nro 2 기 ^ 

T h e n ： 

7•๙ 

L¿=1๒ , 1 พ , 、2 

び 2 το2 ゾ 

+ + — ) ( ^ 1 У ^ + พ2^0^ - + աշթռք) 

S o : 

МУІ,У2,,УП) = 

- ρ { ( ֊ ֊ ( ֊ + ֊ ) ( / ^ 

֊άμ 

(σν27Γ)"τον27Γ 

1 \.r.u-h ΣΓ=1๒֊ 一 ฟ 2 、 
― - e x p [[-7,{ ^ + ¿๙1^2-

( σ ν 2 7 Γ ) " σ „ Τ 0 σ„ 
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Sect ion 3.3 

P r o o f o f X'[ร ― μφ)] = 0: 

J μな 

Հտւ,Տշ, รт\Ро,р1,У{1), У{2), 1/(40)) = TT - ң - е " ' 

T o m a k e t h e s o l u t i o n m o r e o b v i o u s i t is p r e s u m e d t h a t /x° ― 1 . T h e n 

ՀՏՆ · · · , « 4 о | ^ 0 , / ? 1 , г / { 1 ) , · · · ,У(40)) = П 

j=l S j ! 

β Σ / = ι 8 . ( / 3 ο + Λ ί ί ) 

一 ท , = 1 յ ՜ ^ 
J 

, 0 4 о | / ? 0 , / ? 1 , У ( 1 ) , - - - , У ( 4 0 ) ) = ^Sj{ßQ + ß \ t j ) 

J 

dL 

dßo 

dL 

_ gßo+ßltj 

j = l 

- l o g i l 

= 0 

W h i c h m e a n s t h a t t h e m a x i m u m l i k e l i h o o d e q u a t i o n s c a n be s u m m a r i z e d 

u s i n g : 

X'[ร - μφ)] = О 
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Sect ion 4.2 

P r o o f o f B r o w n ' s [11] a n d S t e i n ' s [7] f o r m u l a : 

μ\ζ^.{ζ + σΙΐ\ζ),σΙ{1 + σΙΐ%ζ)) 

J-oc σ ο \ / 2 ᅲ 2^0 

=^Ε(μΙζ) = ζ + σ'οΙ'(ζ) 

... . ГШ(г) - ПгГ f ' b ) _ f m y 

、zリ m' ― M՜ [mJ 

+ Լ օ - Հ ^ f c ՜ " ん " 사 

\ J{z)ノ ひ0 び5 Հ 

ν{μ\ζ) = σαΐ + σΙΐ"{ζ)) 

50 



Sect ion 4.3 

T h e m a r g i n a l m e a n a n d v a r i a n c e f o r μ 〜 (a : , /?^ ) , ζ\μ 〜 ( μ , σ^ ) 

T h e m e a n a n d v a r i a n c e o f z* g i v e n lĄ is σ ΐ ) . 

2-ij=l ^ij 
VĪ 

2. T h e m a r g i n a l m e a n a n d v a r i a n c e o f z* c a n b e e s t i m a t e d u s i n g E f r o n ' ร f o r m u l a 
i n ( 4 . 8 ) . 

E{z*) = y f l A 

V{zๆ = év{z) = cřB^ 

= IB^ ֊ { l - 1)σΙ 

= Ιβ^ + ΙσΙ + σΐ 
= Iß' + σ'ο 
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Sect ion 4.4 

(a ) A s s u m i n g t h a t ζ\μ is Ν{μ, び 2 ) a n d t h a t f o r u n d e r - e x p r e s s e d genes 

μ is N { ß i , a j ) , f o r n u l l genes μ is Ν{μ2, び2) a n d fo r o v e r - e x p r e s s e d 

genes μ is 7ν(μ3, ฮ ՜ ւ ) , t h e d i s t r i b u t i o n o f u n d e r - e x p r e s s e d genes is 
Ν{μι,σΙ + σ 2 ) ， f o r n u l l genes is Ν{μ2,σ2 + σ 2 ) a n d t o r over -

exp ressed genes t h e d i s t r i b u t i o n f u n c t i o n is л^(^з, σΐ + σ 2 ) . 

( 1 ) ζ\μ is Ν{μ, σ 2 ) a n d f o r u n d e r - e x p r e s s e d genes μ is Ν[μχ,σ\). 

T h e d i s t r i b u t i o n o f u n d e r - e x p r e s s e d genes is Ν{μι,σ\ + σ'^)'. 

E{z) = Ε{Ε{ζ\μ)) = Ε{μ) = μ ι 

V(z) = Ε(ν{ζ\μ)) + ν{Ε{ζ\μ)) = a¡ 

T h e f a c t t h a t N o r m a l i t y is p r e s e r v e d is a s t a n d a r d a r g u m e n t 

i n s t a t i s t i c s . 

( 2 ) ζ\μ is Ν{μ,σ'^) a n d fo r n u l l genes μ is Ν{μ2, Մշ). T h e d i s 
t r i b u t i o n o f n u l l genes is Ν[μ2,σΙ + σ 2 ) : 

E{z) = Ε{Ε{ζ\μ)) = Ε{μ) = 

V{z) = Ε{ν{ζ\μ)) + ν{Ε{ζ\μ)) = σ 2 + σ | 

T h e f a c t t h a t N o r m a l i t y is p r e s e r v e d is a s t a n d a r d a r g u m e n t 

i n s t a t i s t i c s . 

(3 ) ζ\μ is 7V( / i , σ^) a n d fo r ove r -exp ressed genes μ is Ν{μ^^ σ ΐ ) . 
T h e d i s t r i b u t i o n o f ove r -exp ressed genes is Ν{μ^,σΙ + σ ): 

び 2 + び I 

E{z) = Ε{Ε{ζ\μ)) = Ε{μ) = μร 
ν ί ζ ) ^ Ε ( ν ( ζ \ μ ) ) + ν(Ε(ζ\μ)) 

T h e f a c t t h a t N o r m a l i t y is p r e s e r v e d is a s t a n d a r d a r g u m e n t 

i n s t a t i s t i c s . 

( b ) D i f f e r e n t i a t i n g w i t h r espec t t o / І І , թշ, μร, σ ᅡ σί a n d σ | sepa

r a t e l y , w e e s t i m a t e : 

μι 
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a n d a f , аҘ a n d аҘ: 

՚ Eįi ф у 2 Eįi Փ շ . ァ3 Eįi Ф お 

dlogP{z,փ\ө,p) Е и ы ฯ - _ ^  八 _ Έน^หZi 

Eįi Φ ι . 
d/il 

び ? ' 

ά\οκΡ{ζ,Φ\θ,ρ) Yf. :1 Փ շ յ ( ^ յ -一 μ2) 

び l ' 

ά\οκΡ{ζ,Φ\θ,ρ) :1 ̂ Фз -- ßs) 

= 0 թշ ― ᄂว 

Σน φ み 

Σ·֊1 Ф з , ^ , 

d๒gP{z,Φ\θ,p) 

d a ? 

でJ <Ťᄂ . ( - у . ― , , Л 2 
.2, = Eįl_*lj(^j-Ml) 

1 Σ/=: Φ ι . 

d\ogP{z,Φ\θ,p) ՝ 
dai 

= ¿ φ շ , · ๒ - ^ í շ ) ^ - ¿ φ շ j σ ^ ' = 0 

d l o g P ( г , Φ | ö , p ) 

d び І 

W Λ . Ύ ^ ,, — 、 2 

=^ ài' = 
շ, ― Έน^Փյ֊^տ)՛ 

3 j 

( с ) 21μ i s Ν{μ,σ'^) a n d f o r n u l l genes μ is Ν{μ2,0). T h e d i s t r i b u t i o n 

o f n u l l genes is Ν{μ2,σ^): 

E{z) = Ε{Ε{ζ\μ)) = Ε{μ) = ß2 

V{z) = Ε{γ{ζ\μ)) + ν{Ε{ζ\μ)) = び 2 + о 

ท 2 ) = び ; 
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