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1 Introduction and preliminaries

Let (X, d) be a metric space and x,y € X with d(x,y) = [. A geodesic path from x to y is an
isometry c: [0,] — X such that ¢(0) = x and c(J) = y. The image of a geodesic path is called
a geodesic segment. A metric space X is a (uniquely) geodesic space if every two points of
X are joined by only one geodesic segment. A geodesic triangle A(x1,x3,%3) in a geodesic
space X consists of three points x1,%3,%3 of X and three geodesic segments joining each
pair of vertices. A comparison triangle of a geodesic triangle A(x;,x;,x3) is the triangle

A1, %9,%3) := A(%],%,%3) in the Euclidean space R? such that

d(xi,xj) = dﬁz (95,‘,95]'), Vl,] = 1, 2, 3.
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A geodesic space X is a CAT(0) space if for each geodesic triangle A(x,x;,%3) in X and
its comparison triangle A := A (%}, %, 43) in R, the CAT(0) inequality

d(x’y) = dﬂz (’_C’)_]) (1~1)

is satisfied for all x,y € A and ¥,y € A.

The initials of the term ‘CAT’ are in honor of Cartan, Alexanderov and Toponogov.
A CAT(0) space is a generalization of the Hadamard manifold, which is a simply con-
nected, complete Riemannian manifold such that the sectional curvature is nonpositive.
A thorough discussion of these spaces and their important role in various branches of
mathematics are given in [1].

In this paper, we write (1 — £)x @ ty for the unique point z in the geodesic segment
joining from x to y such that

d(z,x) = td(x,y),d(z,y) = 1 - t)d(x,y). (1.2)

We also denote by [x, y] the geodesic segment joining from x to y, thatis, [x,y] = {1 -£)x D
ty:te[0,1]}.

A subset C of a CAT(0) space is convex if [x,y] C C for all x,y € C. For elementary facts
about CAT(0) spaces, we refer the readers to [1] or [2].

The following lemma plays an important role in our paper.

Lemma 1.1 [2] A geodesic space X is a CAT(0) space if and only if the following inequality
holds:

d? ((1 —-Hx Dy, z) <(1-8)d*(x,2) + tdz(y, z) —t(l - t)d? (%,9) (1.3)

forallx,y,z € X and all t € [0,1]. In particular, if x, y, z are points in a CAT(0) space and
t €(0,1], then

d(1-x® ty,z) < (1 - )d(x,2) + td(y, 2). (1.4)
Let (X, d) be a metric space, and let C be a nonempty subset of X. Recall that C is said
to be a retract of X if there exists a continuous map P : X — C such that Px = x, Vx € C.
A map P: X — Cis said to be a retraction if P> = P. If P is a retraction, then Py = y for all y
in the range of P.
A mapping T : C — C is said to be nonexpansive if

d(Tx, Ty) <d(x,y), Vx,yeC.

T : C — C is said to be asymptotically nonexpansive if there is a sequence {k,} C [1,00)
with k, — 1 such that

d(T"x, T"y) < kad(x,y), ¥n=>1xy¢€C.
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T : C — X is said to be an asymptotically nonexpansive nonself mapping if there is a
sequence {k,} C [1,00) with k;,, — 1 such that

d(T(PT)”’lx, T(PT)"_ly) <k,dx,y), Vn>1lxyeC,

where P is a nonexpansive retraction of X onto C.
T : C — Cissaid to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

d(T"x, T"y) < Ld(x,y), Vn>1xye€C. (1.5)

Definition 1.2 A self-mapping T : C — C is said to be ({it,1}, {v4}, ¢)-total asymptotically
nonexpansive if there exist nonnegative sequences {i,}, {v,} with 4, - 0, v, — 0 and a
strictly increasing continuous function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

d(T"x, T"y) <d(x,9) + vat (d(x,9) + kw  ¥n2Lx,y€C. (1.6)

Definition 1.3 T : C — X is said to be a ({11}, {vi}, ¢)-total asymptotically nonexpansive
nonself mapping if there exist nonnegative sequences {u,}, {v,} with ©, — 0, v, — 0 and
a strictly increasing continuous function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

d(T(PT)”_lx, T(PT)"_ly) <d(x,y) + v,,;(d(x,y)) + Uy VYn=lxyeC, (1.7)
where P is a nonexpansive retraction of X onto C.

Definition 1.4 A nonself mapping T : C — X is said to be uniformly L-Lipschitzian if
there exists a constant L > 0 such that

d(T(PT)"'x, T(PT)"'y) < Ld(x,y9), ¥n>1lxyeC, (1.8)
where P is a nonexpansive retraction of X onto C.

Remark 1.5 From the definitions, it is to know that each nonexpansive mapping is an
asymptotically nonexpansive mapping with a sequence {k, = 1}, and each asymptotically
nonexpansive mappingis a ({1t }, {vi}, ¢ )-total asymptotically nonexpansive mapping with
Up=0,v,=k,—1,n>1land ¢(¢) =t¢,t > 0.

In 1976, Lim [3] introduced the concept of A-convergence in a general metric space. In
2008, Kirk and Panyanak [4] specialized Lim’s concept to CAT(0) spaces and proved that
it is very similar to the weak convergence in a Banach space setting.

Fixed point theory in a CAT(0) space was first studied by Kirk (see [5, 6]). He showed that
every nonexpansive mapping defined on a bounded closed convex subset of a complete
CAT(0) space always has a fixed point. Since then the existence problem of fixed point
and the A-convergence problem of iterative sequences to a fixed point for nonexpansive
mappings, asymptotically nonexpansive mappings in a CAT(0) space have been rapidly
developed and many papers have appeared (see, e.g., [7-26]).

The purpose of this paper is first to introduce the class of total asymptotically nonexpan-
sive nonself mappings and to prove the demiclosed principle for such mappings in CAT(0)
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spaces. Then, a new mixed Agarwal-O’Regan-Sahu type iterative scheme [27] for approx-
imating a common fixed point of two total asymptotically nonexpansive mappings and
two total asymptotically nonexpansive nonself mappings is constructed. Under suitable
conditions, some strong convergence theorems and A-convergence theorems are proved
in a CAT(0) space. Our results extend and improve the corresponding results of Agar-
wal, O'Regan and Sahu [27], Guo et al. [28], Sahin [26], Chang et al. [24], Khan and Abbas
[22], Khan et al. [23], Chidume et al. [29], Xu [30], Chang et al. [31] and many other recent
results.

2 Demiclosed principle for total asymptotically nonexpansive nonself
mappings
Let {x,} be a bounded sequence in a CAT(0) space X. For x € X, we set

r(x, {xn}) = limsup d(x, x,).

n—00

The asymptotic radius r({x,}) of {x,} is given by

r({xa}) = inf{r(x, {x.}) :x € X}. (2.1)
The asymptotic radius rc({x,}) of {x,} with respect to C C X is given by

re({xa}) = inf{r(x, {x,}) :x € C}. (2.2)
The asymptotic center A({x,,}) of {x,} is the set

A(fxa}) = {x € X (2 {xa}) = r({xa}) }- (2.3)
And the asymptotic center Ac({x,}) of {x,,} with respect to C C X is the set

Ac({xa}) = {x € Cor(n, (x4}) = re(fxa)) ). (2.4)

Proposition 2.1 [7] Let X be a complete CAT(0) space, let {x,} be a bounded sequence in
X and let C be a closed convex subset of X. Then
(1) there exists a unique point u € C such that

r(u, {%a}) = iggr(x, {(%n});
(2) A({x,}) and Ac({x,}) both are singleton.

Definition 2.2 [3, 4] Let X be a CAT(0) space. A sequence {x,} in X is said to A-converge
to p € X if p is the unique asymptotic center of {u,} for each subsequence {u,} of {x,}. In
this case, we write A —lim,,_, %, = p and call p the A-limit of {x,}.

Lemma 2.3
(1) Let X be a complete CAT(0) space, let C be a closed convex subset of X. If {x,} is a
bounded sequence in C, then the asymptotic center of {x,} is in C [8];
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(2) Every bounded sequence in a complete CAT(0) space always has a A-convergent
subsequence [4].

Remark 2.4 Let X be a CAT(0) space and let C be a closed convex subset of X. Let {x,,}
be a bounded sequence in C. In what follows, we denote it by

x,)—=w & dw)= irelgtb(x), (2.5)

where ®(x) := limsup,_, ., d(xy,x).
Now we give a connection between the ‘—’ convergence and A-convergence.

Proposition 2.5 Let X be a CAT(0) space, let C be a closed convex subset of X and let {x,}

be a bounded sequence in C. Then A —lim,_, %, = p implies that {x,} — p.

Proof In fact, if A —lim,_, %, = p, then it follows from Lemma 2.3 that p € C. Since
A({x,}) = {p}, we have r({x,}) = r(p,{x,}). This implies that ®(p) = infycc ®(y), ie,
{x,} — p. The desired conclusion is obtained. O

It is well known that one of the fundamental and celebrated results in the theory of
nonexpansive mappings is Browder’s demiclosed principle [32] which states that if X is a
uniformly convex Banach space, C isa nonempty closed convex subset of X,and 7': C — X
is a nonexpansive mapping, then I — T is demiclosed at 0, i.e., for any sequence {x,} in C
if x, — x weakly and ||({ — T)x,|| — 0, then x = Tx.

Later, Xu [30] and Chang et al. [31] proved the demiclosed principle for asymptotically
nonexpansive mappings in a uniformly convex Banach space. In 2003, Chidume e¢ al.
[29] proved the demiclosed principle for asymptotically nonexpansive nonself mappings
in uniformly convex Banach spaces.

In this section, by using the convergence ‘—’ defined by (2.5), we prove the demiclosed
principle for total asymptotically nonexpansive nonself mappings in CAT(0) spaces, which
extends the results of Xu [30], Chang et al. [31] and Chidume et al. [29] to CAT(0) spaces.

Theorem 2.6 (Demiclosed principle for total asymptotically nonexpansive nonself map-
pings in CAT(0) spaces) Let C be a nonempty closed and convex subset of a complete
CAT(0) space X, and let T : C — X be a uniformly L-Lipschitzian and ({i,,}, {v,}, {)-total
asymptotically nonexpansive nonself mapping. Let {x,} be a bounded sequence in C such
that {x,} — p defined by (2.5) and lim,,_, o d(x,,, Tx,) = 0. Then Tp = p.

Proof By the definition and Proposition 2.1, {x,} — p if and only if Ac({x,}) = {p}. By

Lemma 2.3, we have A({x,}) = {p}.
Since lim,,_, o d(x,, Tx,) = 0, by induction we can prove that

lim d(x,, T(PT)"'%,) =0 for each m > 1. (2.6)
n—00

In fact, it is obvious that the conclusion is true for 7 = 1. Suppose the conclusion holds for

m > 1, now we prove that the conclusion is also true for m + 1.
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Indeed, since x,, € C, we have x,, = Px,,. In addition, since T is uniformly L-Lipschitzian,

we have

d(x,,, T(PT)”’x,,) < d(x,,, (PT)™ lx,,) ( “Lx,, T(PT)"x )
<d (%, T(PT)" "%,) + Ld (s, PTx,,)
= d(%, T(PT)"'x,) + Ld(Px,,, PTx,)

< d(xy,, PT)"™ lx,,) +Ld(x,, Tx,) > 0 (asn— 00).
Equation (2.6) is proved. Hence for each x € X and m > 1, we have

®(x) := limsup d(x,,x) = limsup a.’(T(PT)’"—1 (%), x) (2.7)

n—00 n— 00

n (2.7), taking x = T(PT)"'p, m > 1, we have

O(T(PT)"'p) =limsupd(T(PT)" 'x,, T(PT)"'p)

n— 00

<lim sup{d(xy,,p) + vmé'(d(xy,,p)) + ,um}.

n—0o0

Letting m — oo and taking superior limit on both sides, we get that

limsup ®(T(PT)"'p) < ®(p). (2.8)

m—0Q

Furthermore, for any n, m > 1, it follows from inequality (1.3) with ¢ = % that

a2 <x w>
" 2
< %dz(x,,, p)+ %aﬂ (%0, T(PT)" (p)) - iaﬁ (o, T(PT)"(p)). (2.9)

Letting # — oo and taking superior limit on both sides of the above inequality, for any

m>1, we get

T 2
o (p S T¢T) 1(p)>

1 1 1
ECD(p)Z + =O(T(PT)"(p))* - Edz(p, T(PT)"(p)). (2.10)
Since A({x,}) = {p}, for any m > 1, we have

p® T(PT)"(p) )2

2
@(p) sd>< 5

< %Q(p)z + %CD(T(PT)’”‘I(p))Z - %dz (o, T(PT)" ' (p)). (2.11)
This implies that

d*(p, T(PT)"(p)) < 2<I>(T(PT)m’1(p))2 -20(p)* (2.12)
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From (2.8) and (2.12), we have lim,,,_. . d(p, T(PT)" 'p) = 0. Hence we have

d(Tp,p) < d(Tp, T(PT)"p) + d(T(PT)"p,p)
< Ld(p, (PT)mp) + d(T(PT)”’ ,p)
= Ld(Pp, (PT)(PT)"'p) + d(T(PT)"p,p)
<Ld(p, T(PT)"'p) +d(T(PT)"p,p) = 0 (as m — o0),

i.e., p = Tp as desired. d

The following theorem can be obtained from Theorem 2.6 immediately which is a gen-
eralization of Kirk et al. [4, Proposition 3.7], Xu [30], Chang et al. [31] and Chidume et al.
[29, Theorem 3.4].

Theorem 2.7 Let C be a closed and convex subset of a complete CAT(0) space X. Let T be
a mapping satisfying one of the following conditions:
(1) T:C — Cisan asymptotically nonexpansive mapping with a sequence
{k,} C [1,00), k, — 1;
(2) T:C — X is an asymptotically nonexpansive nonself mapping with a sequence
{k,} C [1,00), k, — 1;
(3) T:C— Cisa ({va}, {un}, ¢)-total asymptotically nonexpansive mapping.
Let {x,} be a bounded sequence in C such thatlim,_, », d(x,, Tx,) = 0 and A -lim,_, o x, =
p-Then Tp = p.

3 A-convergence theorems for total asymptotically nonexpansive mappings
in CAT(0) spaces

In this section we prove some A-convergence theorems for the mixed Agarwal-O’Regan-

Sahu type iterative scheme [27]

X1 € C,
Xnil = P((l - an)S{lxn @ ay TI(PTl)n_lyn)r n=1, (31)
IYn = P((1- lgn)ngn @ B TZ(PTZ)V’_Ixn),

where C is a nonempty bounded closed and convex subset of a complete CAT(0) space
X, P is a nonexpansive retraction of X onto C, T;: C — X, i = 1,2, is a uniformly
L;-Lipschitzian and ({vf,i)},{/Lg)},g(”)-total asymptotically nonexpansive nonself map-
ping (defined by (1.7)), and S;: C — C, i = 1,2, is a uniformly Zi—Lipschitzian and
({f},(f)}, {;15,")}, z9) total asymptotically nonexpansive mapping (defined by (1.6)) such that
the following conditions are satisfied:

1) 20 <00, Y2 uf <00, 12, 0 <00, 10, i) < 00,i=1,2;

(2) There exists a constant M* > 0 such that £ (r) < M*r, 29 (r) < M*r,Vr>0,i=1,2.

Remark 3.1 Without loss of generality, in the sequel, we can assume that S;: C — C and
T;: C — X, i =12, both are uniformly L-Lipschitzian and ({v,}, {i,}, ¢)-total asymp-
totically nonexpansive mappings satisfying the conditions (1) and (2). In fact, letting
v, = max{v,(,i),f)f,i),i =12}, uy = max{uﬁf),/l(,,i),i =1,2}, L = max{L;,L;i = 1,2} and ¢ =
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max{¢?,z®,i=1,2},then S;: C — C and T;: C — X, i = 1,2, are the mappings satisfy-
ing the required conditions.

The following lemmas will be used to prove our main results.

Lemma 3.2 (Chang et al. [24]) Let X be a CAT(0) space, x € X be a given point and {t,} be
a sequence in [b,c] with b,c € (0,1) and 0 < b(1-c¢) < % Let {x,} and {y,} be any sequences
in X such that

limsupd(x,,x) <r, limsupd(y,,x) <r and
n— 00 n— 00

lim d((1— t,)%n ® tuym X) =1,

n—00

for somer > 0. Then
lim d(x,,y,) = 0. (3.2)
n>00

Lemma 3.3 Let {a,}, {A,} and {c,} be the sequences of nonnegative numbers such that
ap1 <1 +A)a,+c,, VYn>1.

If Y 2 hp <00 and y o) cy < 00, then lim,_. a, exists. If there exists a subsequence
{an} C{ay,} such that a,, — 0, then lim,,_,  a, = 0.

Lemma 3.4 [2] Let X be a complete CAT(0) space, {x,} be a bounded sequence in X
with A({x,}) = {p}, and {u,} be a subsequence of {x,} with A({u,}) = {u} and the sequence
{d(x,, u)} converges, then p = u.

Now we are in a position to give the main results of this paper.

Theorem 3.5 Let C be a bounded closed and convex subset of a complete CAT(0) X. Let
T;:C— X,i=1,2, be a uniformly L-Lipschitzian and ({v,}, {1}, ¢)-total asymptotically
nonexpansive nonself mapping, and let S; : C — C, i = 1,2, be a uniformly L-Lipschitzian
and ({v,}, {itn}, ¢ )-total asymptotically nonexpansive mapping. If ¥ := ﬂil F(T;))NF(S;) #
@ and the following conditions are satisfied:
(1) Doy vn < 005 Yoy i < 005

(ii) there exist constants a,b € (0,1) with 0 < b(1 —¢) < % such that {o,} C [a, b];

(iii) there exists a constant M* > 0 such that £ (r) < M*r,r > 0;

(iv) d(x, Tyy) <d(Six, Tyy) forall x,y € C and i = 1,2,
then the sequence {x,} defined by (3.1) A-converges to some point p* € ¥ (a common fixed
pointof Ty and S;, i =1,2).

Proof (1) First we prove that the following limits exist

lim d(x,,p) foreachpe F and lim d(x,, F). (3.3)

n—00 n—00
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In fact, since p € ¥, p = Pp. In addition, since S; and T}, i = 1,2, are total asymptotically
nonexpansive mappings, by the condition (iii), we have
Ay p) = d(P((L = B)S5%n ® BuT2(PT2)"'x4), Pp)
<d((L= B.)Ssxs ® BuTo(PT2)" %y, p)
< (U= B)d(S3%np) + Pud(T2(PT2)" ', p)
= (1= B dn p) + Vil (A p)) + 1} + Bu{d (i p) + V& (A, ) + 1)
= d(, p) + Val (d@n, ) + i
< (14 vaM*)d(x, p) + (3.4)

and

d®ui1,p) = d(P((1 - ) S7%, @ 0, TL(PTY)" 'y, Pp)
< d((1-,)Si%, ® @y Ty(PT)" "y, p)
< (1= a)d(S{%u p) + @d (T2 (PT2)" 'y p)
= (1= a){d®n p) + vut (@ ) + thn} + u{d Qs p) + Vil (AQs ) + 11n}

<A =a){(1+ v M*)d (%0, p) + tn} + n{ (L + VM)A p) + 1n}.  (3.5)

Substituting (3.4) into (3.5) and simplifying it, we have

dxp,p) < A +0,)dxyp) + &4, Yn=landpe F, (3.6)
and so
Adxni1, F) < L+ 0,)d(xy, F) + £, Vr21, (3.7)

where o, = v, M*(1 + o, (1 + v,M*)), & = L+ (1 + v, M*)) 0. By virtue of the condition (i),

Zon <oo and Zén < 00. (3.8)
n=1 n=1

By Lemma 3.3 the limits lim,,_, oo d(x,, F ) and lim,,_, o d(x,, p) exist for each p € F.
(IT) Next we prove that

lim d(x,, Tix,) =0, lim d(x,,Sx,)=0, i=1,2. (3.9)
n—0o0 n— 00

In fact, it follows from (3.3) that for each given p € ¥, lim,_. o d(x,, p) exists. Without
loss of generality, we can assume that

lim d(x,,p) =r>0. (3.10)
n—00
From (3.4) we have

liminfd(y,, p) <limsupd(y,,p) < lim {(1 + v,,M*)d(xn,p) + /L,,} =r. (3.11)

n— 00

Page9of 16
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Since

d(Tl(PTl)”_ly,,,p) = d(Tl(PTl)"_ly,,, Tl(PTl)”_lp) <dyu.,p)+ v,,{(a’(yn,p)) + Uy
<A+ vM)dWpp) + iy, V=1,

and
d(Si%p) < Ay, p) + Vit (A, p)) + 1ty < (1 + vuM*) A p) + . V121,

then we have

lim sup d(Tl(PTl)”_ly,,,p) <r (3.12)
n—0o0
and
lim sup d(S{’xn,p) <r. (3.13)

In addition, it follows from (3.6) that

A1, p) < d((1 = @n)S{% © ay T1(PTY)" 'y, p) < (L + 0,)d(X, p) + &
This implies that

nlLrI;o d((l —0y)ST%y ® oty Th (PTl)"_lyn,p) =r. (3.14)
From (3.12)-(3.14) and Lemma 3.2, one gets that

nli)rgo (8%, TV(PTY)" "y,) = 0. (3.15)
By the same method, we can also prove that

lim d(S5x,, To(PT)"x,) = 0. (3.16)

n—00

By virtue of the condition (iv), it follows from (3.15) and (3.16) that

lim d(x,, T1(PT1)""y,) < lim d(S}x,, Ti(PT1)"y,) = 0 (3.17)
n—00 n—00

and
lim d(x,, To(PT>)"'x,) < lim d(Syx,, To(PT2)""x,) = 0. (3.18)
n—00 n—0o0

Since Sx, € C, Shx, = PSix,. By (3.1) and (3.16) we have

d(ym ngn) = d((l - ﬁn)ngn @ ﬂn T2 (PTZ)n_lxm ngn)

< Bud(To(PT>)" "%, Syxs) = 0 (as n— 00). (3.19)

Page 10 of 16
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Observe that

A% ) < d (%0 TZ(PTQ)”‘lxn) + d(Tz(PTz)”‘lxn,Sg‘xn) + d(Sh%u ).
From (3.18) and (3.19) we get

nll)rgo d(xy,y,) = 0. (3.20)
This together with (3.17) implies that

d(xn’ TI(PTl)n_lxn) = d(xnr TI(PTI)H_lyn) + d(Tl(PTl)n_lym Tl(PTl)n_lxn)
= d(xm TI(PTl)n_lyn) +d(%n, y0) + Uné-(d(xmyn)) + Un

<d (% Ty(PT)" " y) + (L + vuM*)d (0, yu) + pn — 0. (3.21)

On the other hand, by the condition (iv), d(x,, T1(PT1)" x,) < d(S}x,, T1(PT1)" 'x,).
Hence from (3.17) and (3.20), we have
a(S{x, Ti(PT1)" )
< d(S7%0, Ti(PTY)" " yn) + d(To(PT1)"  y, Ty(PT1)" %)
< d(Sfxn, Tl(PTl)”_lyn) +Ld(yy,x,) > 0 (as n— 00). (3.22)

By the condition (iv), d(x,, T1(PT1)"'x,) < d(S}x,, T1(PT1)"x,). Hence from (3.22) we
have that

A(S7 %, %) < d(S{%, TI(PTY)" " 200) + d(T1(PTY)" %y 264) > 0 (as 1 — 00).
This together with (3.17) shows that

d(xn+1r xn) =< d((l - an)S;lxn S oy TI(PTl)n_lym xn)
< (L= an)d(S{%n %n) + cud(TL(PT1)" " s %0) — O

(as 1 — 00). (3.23)
Hence from (3.18), (3.21) and (3.23), for each i = 1,2, we have

A, Tixn) < A% %n01) + A (Fni1, T(PT) %011)
+d(Ti(PT))" %1, T{(PT)"%,,) + d(Ti(PT})" %, Ti)
< U+ D)d(xn, %1) + d (X1, Ti(PT)) " %p11) + LA ((PT))" %, %)
= (L+ L)d (0, %41) + d(%ns1, T{(PT}) %01) + Ld(PT{(PT;)" 5, Pty )
< U+ D)d (@, %1) + d (X1, Ti(PT;) % 11)

+ Ld(T{(PT})" " %, %) — 0. (3.24)
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By virtue of the condition (iv), (S, T;(PT;)"x,) < d(S!x,, T;(PT;)"'x,). It follows from
(3.18), (3.21) and (3.22) that

A%, Sixtn) < d(%, Ti(PT)" " 2) + d(Sik, Ti(PT;)" 5,

<d (%, T(PT)" %) + d(S!'%, T(PT)" "x,) > 0 (asn— 00).  (3.25)

Equation (3.9) is proved.
(III) Now we prove that

o) = | A(ua)) c F (3.26)

{un}Clxn}

and wy,(x,) consists of exactly one point.

In fact, let u € w,/(x,), then there exists a subsequence {u,} of {x,} such that A({u,}) =
{u}. By Lemma 2.3, there exists a subsequence {v,} of {i,} such that A — lim,, v, =v € C.
Inview of (3.9), lim,,_, o0 d(Vys, Tiv,,) = 0, lim,,_, oo d(v,1, S;v,,) = 0, i = 1,2. It follows from The-
orem 2.7 thatv € ¥ . So, by (3.3), the limit lim,,_, o d(x,, v) exists. By Lemma 3.4 & = v. This
implies that w,(x,) C F.

Next we prove that w,(x,) consists of exactly one point. Let {u,} be a subsequence of
{x,} with A({u,,}) = {u} and let A({x,}) = {x}. Since u € w,(x,) C F, from (3.3) the limit
lim,,—, oo d(xy,, u) exists. In view of Lemma 3.4, x = u. The conclusion is proved.

(LV) Finally we prove {x,} A-converges to a point in ¥ .

In fact, it follows from (3.3) that {d(x,,p)} is convergent for each p € ¥. By (3.9) and
(3.26), lim,,_, oo d(x,, Six,,) = 0, lim,,_, oo d(x,,, Tix,) = 0, wy(x,) C F and w,(x,) consists of
exactly one point. This shows that {x,} A-converges to a point of ¥

The conclusion of Theorem 3.5 is proved. 0

Remark 3.6 (1) Now we give an example which satisfies the condition (iv) in Theorem 3.5.
Let C = [-1,1] be a subset in R. Define two mappings $; =S, =S, 71 =T, =T:C— C

by
-2sin%, ifx€]0,1],
T() - 5 [0,1]
2sin3, ifxe[-1,0),
and
x, ifxe[0,1],
S(x) =
—x, ifxe[-1,0).

It is proved in Guo [28] that both S and T are asymptotically nonexpansive mappings
(therefore they are total asymptotically nonexpansive mappings) with F(T) N F(S) # ¥ and
satisfy the condition (iv).

(2) Theorem 3.5 contains the main results of Sahin [26], Khan Abbas [22], Khan et al.
[23] and Chang et al. [24] as its special cases. Theorem 3.5 also extends the main result of
Guo et al. [28] from a Banach space to a CAT(0) space.
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The following results can be obtained from Theorem 3.5 immediately.

Theorem 3.7 Let C, X and T;: C — X, i = 1,2 be the same as in Theorem 3.5. If ¥ :=
ﬂ?zl F(T;) # 9 and the following conditions are satisfied:
(i) 3000 vy <005 300 1y < 00;
(i) there exist constants a,b € (0,1) with 0 < b(1 — ¢) < % such that {a,} C [a, b].
(iii) there exists a constant M* > 0 such that ¢ (r) < M*r,r > 0;
then the sequence {x,} defined by

X1 € C,
Xn+l = P((l - an)xn 52 C(nTl(pTl)n_lyn): nz= 1 (327)
Yn=P(1 = B)x, ® BuTo (PTZ)nilxn)r

A-converges to a common fixed point of Ty and T,.

Proof Take S; = I (the identity mapping on C) in Theorem 3.5 and note that in this case
the condition (iv) in Theorem 3.5 is satisfied automatically. Hence the conclusion of The-
orem 3.7 can be obtained from Theorem 3.5 immediately. g

Theorem 3.8 Let C and X be the same as in Theorem 3.5.Let T;: C — Cand S;: C — C,
i =1,2, be uniformly L-Lipschitzian and ({v,},{it,}, {)-total asymptotically nonexpansive
mappings. If ¥ = ﬂil F(T;) N F(S;) # ¥ and the (i)-(iv) in Theorem 3.5 are satisfied, then
the sequence {x,} defined by

X1 € C,
Xn+l = (]- - an)S{lxn @ oy Tlnynr n=1, (328)
Yn = (1 - ,Bn)ngn 2] ﬂn fom

A-converges to a common fixed point of T; and S;, i = 1,2.

Proof Since T;, i = 1,2, is a self-mapping from C to C, take P = I (the identity mapping
on C), then T;(PT;)""! = T". The conclusion of Theorem 3.8 is obtained from Theorem 3.5.
O

Remark 3.9 Theorem 3.8 improves and extends the main results of Agawal O’'Regan Sahu
[27] from a Banach space to a CAT(0) space. As well as it also extends and improves the
main results in Sahin [26].

4 Strong convergence theorems for total asymptotically nonexpansive
mappings in CAT(0) spaces

Recall that a mapping T : C — X is said to be demi-compact if for any sequence {x,} in

C such that d(x,, Tx,) — 0 (as n — 00), there exists a subsequence {x,,} C {x,} such that

{x4;} converges strongly (i.e., in metric topology) to some point x* € C.

Theorem 4.1 Under the assumptions of Theorem 3.5, if one of S1, Sz, T1 and T, is demi-
compact, then the sequence defined by (3.1) converges strongly (i.e., in metric topology) to a
common fixed point p € F .
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Proof By virtue of (3.9): lim,,—, o d(xy, Tix,,) = 0, lim,,, o d(x,,, Six,) = 0, i = 1,2 and one of
S1, S2, T1 and T, is demi-compact, there exists a subsequence {x,,} C {x,} such that {x,,}
converges strongly to some point p € C. Moreover, by the continuity of S, Sy, 77 and 75,
for each i = 1,2, we have
d(p’ Slp) = hm d(xni; Sixni) = 0)
n—00
d(p, Tip) = lim d(x,,;, Tix,;) = 0.
Hn— 00

This implies that p € . Again by (3.3) the limit lim,_, o, d(x,, p) exists. Hence we have
lim,,—, oo d(x,,, p) = 0. This completes the proof of Theorem 4.1. O

Theorem 4.2 Under the assumptions of Theorem 3.5, if there exists a nondecreasing func-
tion f : [0,00) — [0, 00) with f(0) =0, f(r) > 0, Vr > 0 such that

f(d(x, 5”)) <d(x,S1%) + d(x, Sox) + d(x, Thx) + d(x, Tox), VxeC, (4.1)

then the sequence {x,} defined by (3.1) converges strongly (i.e., in metric topology) to a com-
mon fixed point p* € F .

Proof 1t follows from (3.9) that

lim d(x,, Tix,) =0, lim d(x,,Sx,)=0, i=1,2.

n—00

Therefore we have lim,_, o f(d(x,, F)) = 0. Since f is a nondecreasing function with
f(0)=0 and f(r) > 0, r > 0, we have lim,_, - d(x,, F) = 0. Next we prove that {x,} is a
Cauchy sequence in C. In fact, it follows from (3.6) that for any p € ¥

An1,p) < (L +0,)d(xn,p) + &5 Yn 21,
where Y 77, 0, <ooand ) -, &, < co. Hence for any positive integers 1, m, we have

AKXy %) < d(anrm»P) + d(xmp)

<@+ Un+m—1)d(xn+m—l»p) +&poma + d(xmp)-

Since for each x > 0, 1 + x < €*, we have

AXpemr %) < € VA(Ky -1, D) + Enemt + AKXy p)
=< ean+m_1+gn+m_2d(xn+m—2:p) +e7mmE o+ Enimet + A%y, p)
<...
< ezg';rfn_laid(xn,p) + ezy;nwgl o-ign + eZ?;anEZ O-igrﬁl RN
+e7m g o+ Epemot + d(X, p)

n+m-1

<L+ M)d(x,p) + M Y &

i=n
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where M = eX%51% < oo, By (3.3) lim,,—, oo d(x, ) = 0. Therefore we have

n+m-1
AKXy %n) < (1 + M)d(x,, F) + M Z &—0 (asmn,m— 00).

This shows that {x,} is a Cauchy sequence in C. Since C is a closed subset in a complete
CAT(0) space X, it is complete. Without loss of generality, we can assume that {x,} con-
verges strongly (i.e., in metric topology in X) to some point p* € C. It is easy to prove that
F(T;)and F(S;), i = 1,2 are closed subsets in C, so is £ . Since lim,,_, o d(x,, F) = 0, p* € F.
This completes the proof of Theorem 4.2. O
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