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Yanfeng Chen, Chi K. Tse, Fellow, IEEE, Shui-Sheng Qiu, Lars Lindenmüller, and
Wolfgang Schwarz, Member, IEEE

Abstract—This paper investigates the coexisting fast-scale and
slow-scale bifurcations in simple dc/dc converters under peak
current-mode control operating in continuous conduction mode.
Our focus is the boost converter as it is a representative form
of dc/dc converter requiring current-mode control. Effects of
varying the input voltage and some chosen parameters on the
qualitative behavior of the system are studied in detail. Analysis
based on a nonlinear simplified discrete-time model, which takes
into account the effects of parasitics, is performed to investigate
the coexistence of fast-scale and slow-scale bifurcations, and to
identify the different types of bifurcation. Boundaries of stable
region, slow-scale bifurcation region, fast-scale bifurcation region,
coexisting fast and slow-scale bifurcation region are identified.
Experimental measurements of the boost converter are provided
for verification of the analytical results.

Index Terms—Bifurcation, current-mode control, dc/dc con-
verters, fast-scale instability, slow-scale instability.

I. INTRODUCTION

T HE current-mode control scheme is a widely used con-
trol method for dc/dc converters, especially for the boost

and buck-boost types of dc/dc converters [1]. Bifurcation be-
haviors in dc/dc converters under current-mode control have
been reported recently [2]–[5]. Generally, two distinct types
of bifurcation have been identified for such circuits, namely
slow-scale bifurcation and fast-scale bifurcation. The slow-scale
bifurcation can be regarded as a kind of low-frequency insta-
bility which is caused by the voltage feedback loop permit-
ting low-frequency oscillation [6]–[8]. The fast-scale bifurca-
tion, which is caused by inner current loop instability, is often
found in current-mode controlled converters, and it manifests
as period-doubling in the time scale, as reported in Iu and Tse
[9] for parallel boost converters, Wong and Tse [10] for noise-
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coupled boost converters, Iu et al. [11] and Wu et al. [12] for
power-factor-correction converters, and Mazumder et al. [13]
for voltage-mode buck converters with an input filter. The fast-
scale and slow-scale bifurcations have been independently in-
vestigated as it has been generally believed that the outer voltage
loop is much slower than the inner current loop and the two
loops can be considered non-interacting. As a result, slow-scale
bifurcation and fast-scale bifurcation have been studied sep-
arately. However, in practice, under certain conditions, slow-
scale and fast-scale bifurcations can occur simultaneously, as
shown in our earlier preliminary work [14].

Current-mode controlled dc/dc converters usually have two
feedback loops: a current feedback loop and a voltage feed-
back loop. The latter provides the necessary current reference
for the former. The outer voltage feedback loop contains typi-
cally a proportional-integral controller and hence has a low-pass
characteristic, whereas the inner current loop is as fast as the
switching frequency. The instability in the outer voltage loop is
a slow-scale phenomenon, whereas the instability of the inner
current loop is a fast-scale one which can also occur with the
voltage feedback loop opened and is sometimes called “open-
loop instability” [15]. It has been well known that the fast-scale
instability is related to the value of the duty ratio , and the range
of stability can be increased by applying a compensation ramp.
The instability for values of outside a certain range is usually
regarded as being associated with the current feedback loop as
it occurs with the voltage feedback opened. Moreover, the two
loops actually affect each other as the current reference used to
program the inductor current in the inner current loop is pro-
vided by the outer voltage loop. Therefore, the two mechanisms
responsible for the fast-scale and slow-scale bifurcations can ac-
tually interact with each other, leading to possible coexisting
fast-scale and slow-scale bifurcations, and the stable range of
should address the overall instability of the system, rather than
either the fast-scale or slow-scale instability. However, up to
now, the stability analysis reported stops short of putting such
interaction into proper consideration.

In general, the rising slope of the inductor current and the
compensation slope are the main parameters affecting fast-scale
bifurcation, whereas the feedback gain and time constant
are responsible for slow-scale bifurcation. In our earlier study
[14], we have observed that the current-mode controlled boost
converter can exhibit coexisting fast-scale and slow-scale bifur-
cations under variation of these parameters. In practice, the two
important design parameters, i.e., input voltage and load resis-
tance, may vary during operation. The other parameters such
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as inductance, capacitance and reference voltage are generally
fixed by design and are not assumed to be varying. The con-
verters may undergo bifurcations during operation depending
on various combinations of the continuously varying parame-
ters. Furthermore, the input voltage is one of the factors that
affect both the rising and falling slopes of the inductor current
and hence the duty ratio. It can thus be expected that variation
of the input voltage will affect both the fast-scale and slow-scale
instabilities of the system. The load resistance also plays a role
in determining the occurrence of bifurcation as it directly af-
fects the natural frequency of the converter circuit, which may
interact with the switching frequency to generate quasi-periodic
behavior, as studied in Aroudi et al. [6]. It is therefore of partic-
ular importance to study the bifurcation patterns over the param-
eter space of input voltage, load, feedback gain and feedback
time constant, and to identify the boundaries of stable region,
slow-scale bifurcation region, fast-scale bifurcation region, and
the coexisting region. Such information will help designers de-
termine the safe nominal operating point and the amount of
clearance from instability.

DC/DC converters may operate in continuous conduction
mode (CCM) or discontinuous conduction mode (DCM), de-
pending upon the parameter choice and the dynamical status. It
is possible that a dc/dc converter toggles between the two op-
erating modes in a rather complex manner. In our study in this
paper, the converter parameters are chosen so that CCM is the
default operating mode. Thus, normal stable operation refers
to stable period-1 operation in CCM. Subsequently, instability
refers to operation that is not the normal stable operation, and
bifurcation refers to the change from one type of operation to
another.

In general, analysis methods for dc/dc converters can be
based on: 1) continuous-time models; 2) discrete-time models;
or 3) combination of continuous-time and discrete-time
models. It is known that small-signal analysis methods based
on state-space averaged continuous-time models fail to study
fast-scale dynamics, whereas exact discrete-time modeling
techniques capture both fast-scale dynamics and slow-scale
dynamics [2], [13]. Discrete-time modeling methods have been
applied to study the interacting effects of the two loops in the
closed-loop current-mode controlled boost converter [14], in
which the state variables of power stage circuit and voltage
feedback network are integrated in the model. By truncating the
transition matrix series [16], a simplified discrete-time model
can be derived [14], which can be regarded as an averaged
discrete-time model. It is worth mentioning here that the ex-
plicit simplified model can be particularly useful in reducing
the computational load, and in explaining dependance of the
interacting instability on parameters of the system, since the
analytical expressions for equilibrium points and solutions of
characteristic polynomial can be obtained readily.

This paper is organized as follows. In Section II, we will re-
view the operation of dc/dc converters under peak-current-mode
(PCM) control. In Section III, we will present some typical
waveforms for current-mode controlled boost, buck and buck-
boost converters under normal stable operation, slow-scale bi-
furcation, fast-scale bifurcation, coexisting fast-scale and slow-
scale bifurcation, and “saturated” operation (in which the duty
cycle saturates to a maximum or minimum value limited by the

current-mode controlled IC as the error amplifier in the voltage
feedback loop saturates). The corresponding typical waveforms
for the boost converter are confirmed by experimental measure-
ments in Sections IV and VI. Analysis of these bifurcation phe-
nomena using a simplified discrete-time model will be presented
in Section V, which is based on tracking the movements of the
eigenvalues of the Jacobians evaluated at the appropriate oper-
ating states [17]. In Section VI, we will present the boundaries in
the parameter space of input voltage, load resistance, feedback
gain, and time constant by “exact” cycle-by-cycle simulations
of the actual system and experimental results, and will compare
them with those obtained by the analytical method derived in
Section V. Here, the load resistance, feedback gain and time
constant in the outer voltage loop are selected as the parameters
for slow-scale bifurcation, whereas the input voltage is selected
as the parameter for both the fast-scale and slow-scale bifurca-
tion. Finally, we conclude this paper in Section VII.

II. OPERATION OF THE CURRENT-MODE CONTROLLED

CONVERTER

The closed-loop current-mode controlled boost, buck and
buck-boost converters are shown in Fig. 1(a)–(c), respectively.
The waveforms of the control voltage and the inductor current
analog are illustrated in Fig. 1(d). Each system has an outer
voltage loop and an inner current loop. The voltage loop
consists of an error amplifier (EA) and a proportional-integral
controller, the output of which provides the reference for the
inner current loop. The inner current loop consists of a current
transformer and a current sensing amplifier (IA). A compensa-
tion ramp is added to stabilize the converter if a wide range of
output voltage is required [8]. The output of the current loop is
then connected to the inputs of the comparator whose output is
used to reset a flip-flop latch to give a pulse-width modulated
waveform to control switch . The operation can be briefly
described as follows. The flip-flop latch is set periodically
by the clock signal, turning on the switch . Then, if the
inductance is large enough, the inductor current goes up
linearly, and is compared with a reference level, which is equal
to the output of the error amplifier of the voltage loop minus
the compensation ramp signal. When the peak inductor current
reaches the reference level, the output of the comparator resets
the flip-flop, thereby turning off the switch. When the switch
is off, the inductor current falls almost linearly if the output
capacitor is sufficiently large too. The cycle repeats when the
flip-flop is set again by the clock. Typical waveforms of the
converter operating in CCM are shown in Fig. 1(d), where
is the slope of the compensation ramp signal, is the sampling
gain of the inductor current, and and are the rising and
falling slopes of the inductor current with the switch on and
off, respectively.

III. A GLIMPSE AT BIFURCATION BEHAVIOR

FROM SIMULATIONS

We begin with a series of typical waveforms which have been
obtained from exact cycle-by-cycle computer simulations. The
purpose is to provide a quick preview of the kinds of phenomena
that would occur in the current-mode controlled boost and buck-
boost converters under variation of the input voltage and load
resistance, and also in the buck converter under variation of
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Fig. 1. Basic dc/dc converters under current-mode control and typical waveforms. (a) Boost converter. (b) Buck converter. (c) Buck-boost converter. (d) Typical
waveforms of the control voltage � and the inductor current analog.

the compensation slope. For consistency with the usual prac-
tice, we have limited the value of the duty cycle between 0.1
and 0.9. We will omit the cases of stable, fast-scale and “satu-
rated” operations as they have been well documented elsewhere
[2]. Our focus in this paper is the coexistence of fast-scale and
slow-scale bifurcations. Moreover, the unstable operations as-
sociated with “saturation” of control signals (typically mani-
fested as saturation of the duty cycle) will not be examined be-
cause these operations occur well beyond the boundaries of the
first fast-scale or slow-scale bifurcations.1 The main parameters
affecting fast-scale bifurcations are the rising slope of the in-
ductor current , and the compensation slope , whereas
those affecting slow-scale bifurcations are the voltage feedback
gain and time constant . In our earlier work [14], normal
periodic operation, slow-scale bifurcation, fast-scale bifurca-
tion, coexisting fast-scale and slow-scale bifurcation, and “sat-
urated” operation (border collision) have been observed, and it
has been shown that slow-scale bifurcation can be eliminated by
increasing the feedback gain or time constant, while fast-scale

1By “first” fast-scale or slow-scale bifurcations we mean those bifurcations
adjacent to the normal operation. Such bifurcations are the only practically
meaningful types of bifurcation as they correspond to the mechanisms through
which the system loses stability.

bifurcation can be eliminated by increasing , or decreasing
via increasing . Here, we will look at the complex be-

havior in more detail when the input voltage or load resis-
tance are changed. To facilitate simulation study, we choose
parameter values as listed in Table I. Typical waveforms are
shown in Figs. 2–4. Here, we fix H and

A s. Similar scenarios can be observed when ,
and are changed. We omit the waveforms here as they are

similar to those shown in Figs. 2–4.

IV. EXPERIMENTAL OBSERVATION

For the experimental study, we focus on the boost converter,
as it is the most common type of converters to employ current-
mode control. The experimental schematic circuit for the cur-
rent-mode controlled boost converter is shown in Fig. 5, where
the control IC is a low-power BiCMOS current-mode PWM
control IC UCC3802. The reference voltage of UCC3802 is DC
5 V, which is divided internally to 2.5 V and serves as the refer-
ence voltage of the error amplifier, as shown in Fig. 1(a).

As our intention is to probe into coexisting bifurcation, the
time constant of the voltage feedback loop is chosen to be rel-
atively small in order to limit the bandwidth of the feedback
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Fig. 2. Simulated waveforms for the current-mode controlled boost converter under different input voltages with � � ��� �H, � � ������ ����	
, � � ���
and 	 � ������ � �� A�s. (a)–(d) are with 
 � �� 	, and (e) is with 
 � �� 	. Upper trace: actual waveforms, lower trace: sampled-data waveforms
collected at � � �� . (a) Stable periodic operation with � � ��
� V; (b) fast-scale bifurcation with � � ���� V; (c) saturated operation with � � ��� V;
(d1)–(d2) coexisting fast-scale and slow-scale bifurcation with � � ���� V: (d1) time-domain waveforms of inductance current � and (d2) close-up view of
(d1); (e1)–(e2) slow-scale bifurcation with � � ���� V: (e1) time-domain waveforms of � ; (e2) close-up view of (e1).

network. Then, the load or the input voltage is changed. Typ-
ical waveforms are shown in Fig. 6, which agree very well with
the simulation results shown earlier in Fig. 2. Note that the am-
plitude of the inductor current here is ten-fold larger than that
shown in Fig. 6. This is because the inductor current sampling
gain in the experimental circuit is 0.1, and an upper limit of 10 A
has been imposed on the inductor current which causes the sat-
uration of the waveform, as shown in Fig. 6(c).

V. BIFURCATION ANALYSIS OF THE CLOSED-LOOP

CURRENT-MODE CONTROLLED CONVERTER

From the foregoing simulation studies and experimental
results, we have briefly observed slow-scale bifurcation,
fast-scale bifurcation and coexisting bifurcation in certain

parameter ranges. In this section we will analyze these bifurca-
tions by using a suitable model. We will take the boost converter
as an example and derive a simplified discrete-time model that
describes the dynamics of the system by implementing some
appropriate approximations on the exact discrete-time model
[14], [18], and investigate the dynamical behavior by examining
the movements of the characteristic multipliers (eigenvalues)
of the Jacobians as some chosen parameters are varied [17],
[19]. The analysis method for the boost converter can be easily
extended to buck and buck-boost converters.

Our analysis in this paper first assumes that the inductor and
output capacitor are sufficiently large that the inductor current
and output voltage have linear waveform segments. Moreover,
we may also take into account the effects of parasitics, e.g., by
modeling the power switches and circuit elements by their ideal
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Fig. 3. Simulated waveforms for current-mode controlled buck converter showing coexisting bifurcation and slow-scale bifurcation. � � ���, � � ��� �,
� � ��� and � � ������� ms. (a) Coexisting bifurcation at compensation slope � � �; (b) slow-scale bifurcation with � � ����� �� A�s.

Fig. 4. Simulated waveforms for current-mode controlled buck-boost converter showing interacting bifurcation and slow-scale bifurcation.� � ������� A�s,
� � ��� and � � ��	���ms. (a) Coexisting bifurcation with � � ���
� V and � � �� �; (b) slow-scale bifurcation with � � �����V and � � �� �.

TABLE I
CIRCUIT PARAMETERS FOR SIMULATION STUDY

models in series with parasitic resistances. In general, these
parasitics do not affect the qualitative results regarding the bi-
furcation patterns but are found to shift the critical points at
which bifurcation occurs, as observed previously by Banerjee
and Chakrabarty [4].

A. Derivation of State Equations

The simple dc/dc converters described above can be regarded
as systems with a variable structure that toggles their topologies

according to the states of the switches. Typically, when oper-
ating in CCM, two switch states can be identified.

The two switch states toggle periodically in the steady state.
We assume that the circuit takes state 1 for

, and state 2 for , where is
an integer, is the switching period, and is the duty cycle,
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Fig. 5. Schematic diagram of experimental boost converter under current-mode control.

which is defined as the ratio of the turn-on time of switch
to the switching period . In a closed-loop converter system,
is usually a function of the system’s state variables, as will be
discussed in a later section.

As shown in Fig. 1(a), the compensator used here is a first-
order PI controller. In addition to the two state variables chosen
from the converter (i.e., inductor current and output capacitor
voltage ), the voltage across the compensation capacitor, ,
can be described by the following state equation:

(1)

where is the output voltage of the system
for state 1, is the reference output voltage,

is the ratio of the voltage divider, and
and denote the DC gain and time constant of the
voltage feedback network, respectively. Here, is defined as

. The system is thus third-order, with the possible
choice of state vector as

(2)

where superscript denotes matrix transposition. Thus, the
control signal, , can be expressed as a linear function of the
system’s state vector , i.e.,

(3)

where , and can be expressed as
. Note that we only need to consider the

expression of control signal during state 1.

The system operating in CCM can be described by the fol-
lowing state equations:

(4)

where is the input voltage, and matrices ’s and ’s for the
current-mode controlled boost converter are given as follows:

(5)

(6)

(7)

where . The corresponding expressions for current
mode-controlled buck and buck-boost converters are given in
Appendix I.
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Fig. 6. Experimental results for current-mode controlled boost converter under different values of input voltage and load with � � ��� �H,
� � ������ ����	
, � � ��� and 	 � ������� �� A�s. For (a)–(d), 
 � �� 	, and for (e), 
 � ��	. (a) Stable periodic operation with � � �����V;
(b) fast-scale bifurcation with � � ��
��V; (c) saturated operation with � � �����V; (d1)–(d2) coexisting fast and slow-scale bifurcation with � � �����V:
(d1) time-domain waveforms of inductance current � and (d2) close-up view of (d1); (e1)–(e2) slow-scale bifurcation with � � ����� V: (e1) time-domain
waveforms of � and (e2) close-up view of (e1).

B. Derivation of Simplified Discrete-Time Model

In this subsection, we attempt to derive a discrete-time map
that describes the dynamics of the current-mode controlled con-
verter system with a PI controlled voltage feedback loop, as
shown in Fig. 1. The form of the discrete-time map we aim to
get is

(8)

where subscript denotes the value at the beginning of the
th cycle, i.e., , and represents the duty cycle

during switching period. Note that for the closed-loop system,
should not appear explicitly in the state equation because it

is related to via a feedback function.
As mentioned above, the state equation for the circuit in any

switch state can be written in the form of a linear differential
equation, i.e., , where . At the sam-
pling instant, i.e., , switch is turned on and the
system enters state 1. At , is turned
off, and the system goes to state 2.

For the dc/dc converter operating in CCM, the input voltage
is supposed to be constant during the whole switching period.

A nonlinear discrete-time model in the form of a stroboscopic
map which relates the state variables at instant to
at instant can be written as follows:

(9)

where and are the corresponding system matrices
given by

(10)

for (11)

To complete the derivation, we have to find the feedback re-
lation that connects the duty cycle and the state variables

. Suppose is the sensed inductor current analog, i.e.,
, where is the current sampling gain. During state 1,

rises linearly, and so does . When reaches the control
signal level, switch is turned off. According to the typical
waveforms in Fig. 1(d), we may define a function as

(12)

where , and is a
linear function of , as shown in (3).

Obviously, at , we have , and is
turned off. In other words, defines the condition for the
system to go from state 1 to state 2. Substituting (3) and
in (12), and supposing , we get the duty-cycle
for the closed-loop current-mode controlled converter, which is
determined by

�
(13)
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TABLE II
EIGENVALUES FOR DIFFERENT VALUES OF INPUT VOLTAGE � FOR CURRENT-MODE CONTROLLED

BOOST CONVERTER WITH � � �� �, � � ������ ����	
 AND � � ���.

TABLE III
EIGENVALUES FOR DIFFERENT VALUES OF INPUT VOLTAGE � FOR CURRENT-MODE CONTROLLED

BOOST CONVERTER WITH � � �	 �, � � ������ ����	
 AND � � ���.

where and are as defined earlier, , and
is the rising slope of the inductor current.

Expressions (9) and (13) define the exact discrete-time model
of the system, which are transcendental and can only be solved
numerically. By using the linear-ripple approximation

, (9) and (13) can be simplified as

(14)

(15)

where . Obviously, (14)
and (15) define a large-signal discrete-time average model of
the system which is obtained under linear-ripple approximation.
Under this approximation, the function can be written
as

(16)

and defines the condition for the system to go from
state 1 to state 2.

C. Equilibrium Points

Analysis of a nonlinear system usually begins with finding
the equilibrium point and the corresponding duty cycle

of the system, i.e., the steady-state solution. For the exact
discrete-time model, as the expression of duty cycle is tran-
scendental, numerical procedures have to be used for finding

. Yet for the simplified discrete-time model defined in Sec-
tion V-B, the desired steady-state solution of state variables and

duty cycle can be found by enforcing periodicity, i.e., putting
and in (14) and (15). In the

steady state, the DC voltage across the output capacitor equals
the system’s output, i.e., . Let .
Combining (14) and (15), and limiting solutions within prac-
tical ranges, and can be solved. For the current-mode
controlled boost converter, we have

(17)

where
and . Similar expressions for the
buck and buck–boost converters under current-mode control are
shown in Appendix I.

D. Derivation of the Jacobian of the Simplified Discrete-Time
Model

In this section, we aim to find the Jacobian for any given equi-
librium state. The essence of using a Jacobian in the analysis
of dynamical systems lies in the capture of the dynamics in a
small neighborhood of the equilibrium point or orbit. Then, by
inspecting the eigenvalues of the Jacobian, we are able to de-
termine the stability of the equilibrium state. Furthermore, by
studying the movement of the eigenvalues (also called charac-
teristic multipliers for discrete-time systems) of the Jacobian
under the variation of selected parameters, stability information



CHEN et al.: COEXISTING FAST-SCALE AND SLOW-SCALE INSTABILITY IN CURRENT-MODE CONTROLLED DC/DC CONVERTERS 3343

such as the occurrence of bifurcations and boundaries of oper-
ating regimes can be identified.

The Jacobian of the discrete-time map evaluated at the equi-
librium point can be written as

(18)

Using (14) and (15), we can find all the derivatives in (18). First,
can be found from (14), i.e.,

(19)

Also, direct differentiation gives as

(20)

From (16), we obtain readily as

(21)

Again by direct differentiation, we get

(22)

Now, putting all the derivatives into (18) gives an expression for
, as follows.

(23)

Then, the eigenvalues can be obtained by solving the character-
istic equation in

(24)

The expressions for in (23) and the solutions of (24) for the
boost and buck converter systems can be found in Appendix II.

E. Eigenvalues of the Jacobian and Coexisting Bifurcations

Using the discrete-time model described in (14) and (15) and
the Jacobian matrix (23), we can investigate the possible bi-
furcation behaviors exhibited by the period-1 orbits. Bifurca-
tion and stability information can be obtained by examining the
eigenvalues (characteristic multipliers) of the Jacobian derived
in the foregoing. In particular, we are interested in the movement
of the eigenvalues as some chosen parameters are varied. This
information essentially reveals the bifurcation phenomena and
the way in which variation of parameters affect the operation of
the system. We will pay special attention to the movement of the
eigenvalues as some chosen parameters are varied. Specifically,
if all eigenvalues of the Jacobian are inside the unit circle, the
equilibrium state about which the Jacobian has been evaluated
is stable. Any crossing from the interior of the unit circle to the
exterior indicates a loss of stability of the equilibrium state, i.e.,
a bifurcation occurs at the point of crossing [16]. The following
judging criteria [14], based on the exact discrete-time model,
are used here for identifying the system’s bifurcation behavior:

Fig. 7. Movement of eigenvalues for current-mode controlled boost converter.
Left: loci of eigenvalues as � is varied for � � ��� �H, � � �� �,
� � ������ ��	
�� and 
 � ���. Right: close-up view of the complex pair
of eigenvalues. Arrows indicate the direction of movement of the eigenvalues
with � decreasing. As � is gradually increased, the complex pair of the eigen-
values move across the unit circle, indicating a slow-scale bifurcation, while
the other eigenvalue is still outside the unit circle. These two conditions give
coexisting bifurcation. Then, the real eigenvalue leaves the unit circle via –1,
while the complex pair stays inside the unit cycle, indicating a period-doubling
bifurcation.

Fig. 8. Movement of eigenvalues for current-mode controlled boost converter.
Left: loci of eigenvalues as � is varied for � � ��� �H, � � 	� �, � �

������ ��	
�� and 
 � ���. Right: close-up view of the complex pair of
eigenvalues. Arrows indicate the direction of movement of the eigenvalues with
� increasing. The real eigenvalue is always inside the unit circle, implying
no possibility for fast-scale bifurcation. When the complex pair of eigenvalues
leaves the unit circle as � is gradually increased, slow-scale bifurcation occurs.

1) Presence of all eigenvalues inside the unit circle indicates
stable operation.

2) Slow-scale bifurcation occurs when a pair of complex con-
jugate eigenvalues move out of the unit circle while other
eigenvalues stay inside the unit circle.

3) Fast-scale bifurcation occurs when a negative real eigen-
value moves out of the unit circle while all other eigen-
values stay inside the unit circle.

4) Coexisting fast-scale and slow-scale bifurcation occurs
when a negative real eigenvalue and a pair of complex-con-
jugate eigenvalues move out of the unit circle at the same
time.

5) Complex border collision bifurcation involving “satu-
rated” operation occurs when some eigenvalues leap out
of the unit circle.

The critical values of the bifurcation parameters are defined as
those values where the locus of the eigenvalues crosses the unit
circle. Using (23) and (24), we can generate loci of eigenvalues
numerically. As we are interested in the loci of eigenvalues
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Fig. 9. Operating boundaries for the current-mode controlled boost converter plotted in the ����� parameter space, with � � ������ ���	
� and different
values of feedback gain �.

when coexisting bifurcation occurs, the feedback gain and time
constant are deliberately chosen to have a narrow bandwidth
such that the system can become slow-scale unstable. We focus
on the loci of varying input voltage under different combina-
tions of bifurcation parameters. The results with H,

and ms for two different values of load
resistance are shown in Tables II and III, and also illustrated in
Figs. 7 and 8. It can be readily understood that the system’s be-
havior can be identified according to the location of eigenvalues
as described in the above judging criteria. We can see clearly that
the crossing of complex eigenvalues with the unit circle means
coexisting fast-scale and slow-scale bifurcation or slow-scale bi-
furcation depending upon whether the negative real eigenvalue
is outside or inside the unit circle at the same time. This is con-
sistent with the simulation and experimental results shown in
Fig. 9. Similar loci of varying with different or can be
obtained. They are omitted to save space here. Furthermore, the
theoretical results will be shown in Section VI together with the
simulation results to identify the boundaries of slow-scale bifur-
cation, fast-scale bifurcation and coexisting bifurcation.

As for the current-mode controlled buck and buck–boost con-
verter systems, similar coexisting fast-scale and slow-scale bi-
furcation behavior has been observed, as shown in Section III,
which can also be explained in terms of the movements of eigen-
values when some chosen parameters are varied.

VI. APPLICATION: DERIVATION OF BOUNDARIES

OF OPERATIONS

In this section, we will take a detailed look into the qualita-
tive behavior of the system, and present the boundaries of stable
region, slow-scale unstable region, fast-scale unstable region,
and coexisting fast-scale and slow-scale unstable region in terms
of selected circuit parameters. These operation boundaries, as
shown in Figs. 9–11, are derived from cycle-by-cycle simula-
tions, analytical solutions derived in Section V, as well as ex-
perimental measurements. The three kinds of results agree with
each other. As mentioned previously, such boundaries of oper-
ation provide essential design-oriented information that allows
the system parameters to be selected in an informed manner.
Similar studies can be extended to other types of converters.
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Fig. 10. Operating boundaries for the current-mode controlled boost converter plotted in the ��� �� parameter space, with � � �� � and different values of � .

A. Effects of Varying Input Voltage and Load Resistance
Under Fixed Feedback Time Constant

The behavior of the system varies with input voltage and
load for a fixed relatively small value of time constant . Pa-
rameters except , , and are as listed in Table I. The
operating boundaries in the parameter space of with dif-
ferent values of feedback gain under the same are shown
in Fig. 9, where the boundaries divide regions of fast-scale un-
stable operation, stable operation, and “saturated” region. The
transition from the “saturated” region to the fast-scale unstable
region and the stable region are coexisting fast-scale and slow-
scale bifurcation and slow-scale (Hopf type) bifurcation, re-
spectively. Also, the transition from the stable region to the
fast-scale unstable region is a period-doubling fast-scale bifur-
cation. From Fig. 9, we can see that coexisting bifurcation can
easily occur at light load (i.e., load resistance has larger values),
and the fast-scale region is reduced as increases. We also
observe that as decreases, the system may leave the stable
region via period-doubling (fast-scale) bifurcation, and finally
goes into “saturated” operation via coexisting bifurcation. It
may also go into ”saturated” operation from the stable region
directly via slow-scale bifurcation, depending upon the choice
of the system’s load and feedback gain.

B. Effects of Varying Input Voltage and Feedback Gain Under
Varying Feedback Time Constant

The feedback gain and time constant have obvious in-
fluences on the stability, especially for slow-scale bifurcation
because of the bandwidth limitation imposed by the time con-
stant. Here we study the behavior of the system when and

are varied for different values of , and when and are
varied for different values of . Parameters except , ,
and are kept as listed in Table I. The operating boundaries
in the parameter space with for two different
values of are shown in Fig. 10, from which we can see that
coexisting bifurcation occurs for relatively smaller values of ,
and that the fast-scale unstable region is enlarged when gets
larger. However, further increase in (beyond about 0.7 ms)
will have little effect on enlarging the fast-scale region as the

input voltage range for coexisting or slow-scale bifurcation is
bounded below by a minimum value. Obviously, on further de-
creasing , the parameter space of contains only two re-
gions, namely the stable region and the “saturated” region which
are separated by a slow-scale bifurcation boundary.

Similar scenarios can be observed in the parameter
space, as in Fig. 11. Here, we observe that for certain range of ,
varying has a significant effect on the system’s behavior, and
specifically, coexisting bifurcation occurs for relatively small
values of . For larger values of , the parameter space
contains only the stable region and the “saturated” region which
are separated by the slow-scale bifurcation boundary, as shown
in Fig. 11(a).

C. General Observations

From the operation boundaries shown in Figs. 9–11, we
may make the following general observations for the partic-
ular system under study. It should be emphasized that the
above methodology for developing operation boundaries is
design-oriented and can be used for any converter system.

1) Interacting bifurcation occurs easily for relatively large
load resistance or small feedback gain.

2) Consistent with the usual understanding, the input voltage
has significant effects on both the system’s fast-scale and
slow-scale stabilities. The fast-scale, slow-scale and coex-
isting fast-scale and slow-scale instabilities can be elimi-
nated by increasing the input voltage.

3) Slow-scale or coexisting bifurcation can be eliminated by
increasing the load resistance, which effectively changes
the system’s natural frequency.

4) The feedback gain can affect both fast-scale and slow-scale
stabilities, in contrast to the usual belief that the feedback
gain is related only to slow-scale stability.

5) For relatively small feedback gain, coexisting or slow-scale
boundaries will shift toward small values of the input
voltage. Increasing the feedback time constant enlarges the
fast-scale bifurcation area, while the fast-scale boundary
region is nearly unaffected for different values of the
feedback time constant.
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Fig. 11. Operating boundaries for the current-mode controlled boost converter plotted in the �� � �� parameter space, with � � �� � and different values of �.

VII. CONCLUSION

In this paper, we have studied the coexistence of slow-scale
and fast-scale bifurcations under variation of several important
parameters. Our study has used “exact” cycle-by-cycle com-
puter simulations, theoretical analysis based on a nonlinear dis-
crete-time model, as well as experimental measurements. We
have shown that current-mode controlled converters can lose
stability via fast-scale instability, slow-scale instability, as well
as interacting fast-scale and slow-sale instability. This finding
clearly points out the mixing effect between the outer feedback
loop and the inner current-programming loop which have been
studied separately in many of the previous studies. Another im-
portant aspect of our study here is the gathering of operation
boundaries in terms of practically relevant parameters, resulting
in a useful form of information that can assist the design of prac-
tical converter systems, especially in avoiding or maintaining a
particular kind of operation.

APPENDIX I

System matrices and fixed points for the current-mode con-
trolled buck converter system are as follows.

(25)

(26)

(27)

(28)

where and is the rising slope
of the inductor current.

System matrices and fixed points for current-mode controlled
buck-boost converter system are as follows.

(29)

(30)

Here, , and .

(31)

(32)

where ,
, , and

is the rising slope of the inductor current.

APPENDIX II

Expressions for the Jacobian matrix of the current-mode con-
trolled boost converter described in Section V are summarized
below. We set all parasitic resistances to zero for simplicity,
i.e., . All the symbols are con-
sistent with those given in the paper. For notational brevity,
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we denote , and
.

Upon expanding (24), we get the following characteristic poly-
nomial equation:

(33)

where

The solutions of (33) are:

(34)

where

REFERENCES

[1] R. Redl and N. O. Sokal, “Current-mode control, five different types,
used with three basic classes of power converters,” in IEEE Power Elec-
tron. Specialists Conf. Rec., 1985, pp. 771–775.

[2] C. K. Tse, Complex Behavior of Switching Power Converters. Boca
Raton, FL: CRC Press, 2003.

[3] S. Banerjee and G. Verghese, Eds., Nonlinear phenomena in power
electronics: attractors, bifurcations, chaos and nonlinear control New
York, IEEE Press, 2000.

[4] S. Banerjee and K. Chakrabarty, “Nonlinear modeling and bifurcations
in the boost converter,” IEEE Trans. Power Electron., vol. 13, no. 2, pp.
252–260, Apr. 1988.

[5] W. C. Y. Chan and C. K. Tse, “Study of bifurcations in current-pro-
grammed dc/dc boost converters: From quasi-periodicity to period-
doubling,” IEEE Trans. Circuits Syst. I, Fundam. Theory Appl., vol.
44, no. 12, pp. 1129–1142, Dec. 1997.

[6] A. El Aroudi, L. Benadero, E. Toribio, and G. Oliver, “Hopf bifurcation
and chaos from torus breakdown in a PWM voltage-controlled dc-dc
boost converter,” IEEE Trans. Circuits Syst. I, Fundam. Theory Appl.,
vol. 46, no. 11, pp. 1374–1382, Nov. 1999.

[7] C. K. Tse, Y. M. Lai, and H. H. C. Iu, “Hopf bifurcation and chaos in a
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