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One-Parameter Semigroups of the Gaussian and
Poisson Integral Transforms on the W *-space

Katsuo TAKANO*

Introduction. Let W2 be the totality of Lebesgue measurable functions
such that

® | f(x)]?
S_m 211 dx <.

When f and g are in W2, we define the inner product of f and g by

£ 9={" 17y ax.

Introducing the operations of addition and scalar multiplication in W2 as usual,
we can show that the space W2 is the Hilbert space with norm || f|=[(f, f)]'/2.
Let >0 and let

© _ 2
TON@=(" i exo( -~ )y,

TO)f=f
and

PON={" Ly,

PO)f=f
for f in W2. If we choose the L%(R)-space instead of W2, we know that the family
{T(1): 0<t< o0} is a semigroup of class (C,) on L?(R) and also the family {P(f): 0
<t< oo} is a semigroup of class (C,) on L2(R), and that the infinitesimal generator
2
of {T(t): 0<t< o0} is the differential operator A and the infinitesimal generator

dx?
of {P(t): 0Zt< oo} is the composition of the differntial operator 4 and the

d dx
Hilbert transform C, that is, e C, and that

2 _ [d P
axi = [71; C]
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holds for f in the domain <[di; . C]z). (See [3]) Hence it is the purpose of this

short note to show that similar relation also holds between the families of linear
operators {T(f): 0<t< oo} and {P(f): 0<t< o0} on W2,

§1. The semigroup {T'(t): 0<t< oo} associated with the Gaussian kernel

In this section let us show that the family {7T(f): 0<t< oo} of linear operators
on W2 is a semigroup of class (C).

LeMMA 1. T(t) is a linear bounded operator on W2 to itself and
Wo= llm log 1Tl =

ProoF. Let fbein W2, By the Schwartz inequality we have
L] —_ 2
(TONEESEm (" exp(—C7) f0y)1ay
. (4nt)‘1/zgw exp( x _y)z )dy

=Gy e(” exp( =20 fy)1dy.

Hence by the Fubini theorem we obtain

(" MIQDDE gx<(” 7y |7 @nn-zexp (- 20 ) 2 ay

o x*+1 4 Jx:+1
sif1zsup {240 @noirexp(- D) AL (L.1)
Let us prove that
® - _(x=y)?\ dx
sy‘elg {(1+y2)S_w(4m) mexP( 4 /x2+1} (1.2)

is a finite value. By the Parseval theorem we see that

|- moen (- 20 )

= —};Sw exp 2mixy —4n?tx?—2n|x|)dx

= %Sw cos (2nyx) exp (— 4n?tx? - 2nx)dx (1.3)
1]

To prove that (1.2) is a finite value, by (1.3) it suffices to prove that
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sup {21: yzgw cos (2nyx) exp (—4n?tx2— 21tx)dx} (1.49)
(V]

yeR

is a finite value. We see that

. 21ty230D cos 2nyx) exp (—4n2tx? —2nx)dx ’
0

<1 +an°°(1 +8nix+ 167212x2 4 2f)e"2mvdx (1.5)
0

=2+ 61+ 812,

From the above arguments and (1.1) it follows that

S:Wﬁé I FII2(3+ 61+ 8¢2).

Hence we see that || T(t)|| is uniformly bounded in ¢ at the neighborhood of =0 and

wo= lim Liog T =0. Q.E.D.

Let us de.iote the differentiation % by D.

THEOREM 1. The family {T(t): 0St<oo} of linear operators on W2 to
itself is a semigroup of class (C,) and its infinitesimal generator A with domain
D(A) is given by the following form;

D(A)={fe W2: f(x), f'(x) are absolutely continuous and f'(x), f"(x) e W2}
and

Af=D%*f
for fin D(A).

Proor. 1. It is easy to prove that the semigroup property and the strong
continuity of {T(r): 0<t<o0}.
2. Infinitesimal generator 4 and its domain D(A): From Lemma 1 and [2],
the resolvent R(4; A4) of the infinitesimal generator A is given by

RG; A)f = (e d, (f W) (1.6)
]
for A>w,=0. For simplicity let A=1. Then

D(A)={g=R(1; A)f: feW?}

Take a function f in W2 and let g=R(1; A)f. Let us show that g(x), g'(x) are
absolutely continuous and g’, g"e€ W2. From (1.6) and by the Fubini theorem
we obtain that
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o

00=5{" s0et=ray

=3 wedye s L7 swiedye. (L.7)
Hence
! —-I— ® - x i * —.
9= Sx f(erdyes—— S_wf(y)e’dye * (1.8)
and
9" (%)= —f(x)+9g(x) (1.9)

for almost all x e R.
From (1.7), (1.8) it is seen that g(x), g'(x) are absolutely continuous.
Next let us prove that g'(x) is in W2, It holds that

S5 170 =ay.

By the Schwartz inequality and the Fubini theorem we see that

© [g'(x)|2
S_m liz(i)ll ' dx
é%s: 1 -|-lx2 B:, (1 +(I£(_yJ),l)2)1/z(l +(X—}’)2)”ze""""dy}2dx

a+xezax” ropp{(” L ﬁ(x‘_de}dy

IIA

LS‘”
4 )o
=3(° 1LfWi?
SS-ac y2+4 dy<w’

From this fact we also see that g(x) is in W2 and g”(x) is in W2, Hence we find
from (1.9) and from the same manner as in [7. Pages 243-244] that

D(A)={fe W2: f and f’ are absolutely continuous and f’,f"e W2} and Af=f"
for fin D(A). Q.E.D.

§2. The semigroup {P(t): 0 <t< o} associated with the Poisson kernel
For simplicity let

n =L, 9=l

for fin W2, Let Cn denote the Hilbert transform of n, that is,

= i 20 a0
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Let Fn denote the Fourier transform of n, that is,
(Fr)(%)= lim LS“ n(y)e-i*vdy,
o= 2 J)-ga

where L.i.m denotes limit in the mean. Then we have

(F(Cn))(x)=i(sgn x) (Fn)(x).
Let us introduce the transformation
(CeN(x)=(x=i)(Cn)(x)
for fin W2,
THBOREM 2. The family {P(t): 0<t< oo} of linear operators on W2 is a
semigroup of class (C,). Its infinitesimal generator A with domain D(A) is
given by the following form;

D(A)={fe W2: (Cn)(x) is absolutely continuous and (DCn)(x) e L*(R)}
and

Af=DCef

for f in D(A).
If f belongs to the domain D([DC;]?), then

DCGDCGf= '—Dz‘f.

ProoF. By [5. Theorem 1.1] it suffices to obtain the infinitesimal generator
A and its domain D(4). From [S. (1.4)] we see that if ¢ is sufficiently small

_ _ (1 (® (1)
CPOS-N0) = 0= (=g o )
1 S"" f(u) du
27 Jow (u—i—i)(u—v—it)
_Jf(v Sf(u)
v-t) S - (U—i—it)(u—i+it) du

o U—V+it 27 Jeo U—V—

oL 1 1 \ du
+(v—i) ’(mg_wf(u)( u—i  u—i+it)u—v+it

+_I-S K )( —i—it ul'\ du

27i —i/u—v—it

G f)
+ nS-m (u—i—it)(u—i+it) du

=(w—ip? ("ﬁsm __n_(_u)_.du+__l__S°° —"—(Ldu n(v))
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=(U'l')l_1<gm 1—————n(u)du n(v))

wn (v—u)2+12

Fo-ige (T A e LT ) du

M- U—i+it u—v+it —o U—Ii—il u—v—it

1(= S(u)
+ nS—w G—i—iu—itm (2.1)

It is easily seen that

© D)
S R rerer dub—»S_wg(u)du as {— 0. (2.2)

o =21

By [6. Proof of Theorem 101] we see that

© 1 1
(S-m ?Z?S 9, u) v+zt +21IS g(=tu) d—it
1 1 1/2
_FS_ g(u) —u+zt —27S zt‘ d)
<12 (lg(e, - gl +1g(=1, )= gll) — 0 (2.3)

as t—0, where || .||, denotes the L?-norm and M is a constant number. On the
other hand we see from [6. Theorem 92] that

(S:(%S g(u ) D+lt +217rS g(“)——(CQ)(U)‘ dv)
=(17 J£17 gt =t)di — (cqyw)|"av) " — 0 2.4)

as t—0. By (2.1)-(2.4) and by [3] we see that
D(A)={fe W2: (Cn)(x) is absolutely continuous and (DCn)(x) e L%R)} and

(ANE=0-HDPCn) @) +w=)CHW+E{" gupdu
for fin D(A). From [1. Pages 128-129] we obtain _
()@ =0-DC)O+L(" gwdu and 4f=DCef.

Let us prove the latter part. If f belongs to the domain D(A42), it follows from
f(x)=(x—i)n(x) that n(x), n'(x) are absolutely continuous and n’(x), n"(x) € L¥R).
We obtain DCn=CDn from [3] and so : ,
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(DCsf)(®)=(v—1)(CDn) () +(Cn) ().

By the inversion formula of the Hilbert transform and by [1. Pages 128-129] we
have

(CADCa ) )= NICCDMIW+©-)C| —Lr(Cm () |o)

= —(v—1i)(Dn)(v)—n(v)+ K(Cn),
where K(Cn) is a constant number. We lastly obtain
(DCsDCsf)(v)=—2n"(v)—(v—i)n"(v)=— f"(v). Q.E.D.

It is easy to show the following facts;
(1) If fis a sufficiently regular function in L?(R), it is shown in [3] that DCf =
CDf, but here it holds that

DCef —CoDf = wa—(%du.

(2) The operator DCg is connected with the infinitesimal generator D2 of T(¢) by
DCof = —(=DH2f
for fin D(D?). (See [7. Page 268])
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