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An Algorithm for the Set of All Generators of
an Arbitrary Firing Count Vector in Petri Nets
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In this paper, an effective method to obtain all nonnegative integer minimal support vectors
U,,V,) atlevel 4 for an arbitrary homogeneous / inhomogeneous solution of a matrix equation
Ax=b (AeZ™", be Z™)starting from nonnegative rational number minimal support vectors
(U,,V;) at level 3 is proposed. Although V, has been derived from all minimal vectors
(Us, V) of level 5 which are obtained starting from vectors at level 1, 2, or 3, so far, this
proposed method for (U,,V,) gives us a big shortcut comparing with them. However, it is
pointed out that obtaining (U;,V;) oflevel 5 from (U,,V,) oflevel 4 is difficult.
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1. Introduction

-Petri nets are a promising model applicable to many
concurrent systems'). The fundamental properties of a
system modeled with a Petri net are obtained by solving
a matrix equation Ax=b (4€Z™,beZ™) . An
xeZ of

Ax =b means a firing count vector of a Petri net. An

(nx1) nonnegative integer solution
arbitrary nonnegative integer solution xeZ™ of
Ax=>b is expressed at level 4 (level 3, resp.) by each
minimal support vector for a nonnegative integer
(rational number, resp.) homogeneous / inhomogeneous
solution, and is also expressed at level 5 by each minimal
vector for a nonnegative integer homogeneous /
inhomogeneous solution. The level is classified by
attitude of the generating vectors and the expansion
coefficients for x e Z™ . The analyses of Petri nets
become more efficient by executability check of each
generating vectors (i.e., minimal support vectors or
minimal vectors). Therefore, the exact and useful
methods to obtain all generating vectors are needed.
However, there is no method by now to obtain minimal
support vectors at level 4 for a nonnegative integer
inhomogeneous solution by the bottom-up with respect
to levels, but the top-down methods from level 5 are
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known U} 6} (81 9]

In this paper, first, relations between “each minimal
support vector for a nonnegative rational number
homogeneous / inhomogeneous solution (level 3)” and
“each minimal support vector of a nonnegative integer
inhomogeneous solution (level 4)” are shown. Next, a
new method which generates all minimal support vectors
for a nonnegative integer inhomogeneous solution at
level 4 starting from nonnegative rational number vectors
at level 3 is proposed. Moreover, it is also shown that the
method for obtaining minimal vectors of level 5 from
these minimal support vectors of level 4 is complex and
is not useful. Then, algorithms for minimal vectors of
level 5 starting from vectors of level 1 to 3 are effective
and useful as long as we concern the level 5 generators.

This paper is organized as follows. Some preliminaries,
i.e., notations and some definitions about mathematics
and Petri nets are given in Sect.2. Section 3 shows the
previous results about generators at each level for
Ax=b or AX=0™ Section 4 shows the relations
between (U,,V;) and (U,,V,). Section 5 proposes a
new algorithm for (U,,V,) from (U,,V;). Section 6
shows usefulness of algorithms to obtain minimal vectors
of level 5 from vectors of level 1 to 3. Finally,

conclusions are given in Sect. 7.
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2. Preliminaries "' 2
2.1 Mathematical Notations

o, zm™, QrF", and Z"" is the set of mxn
matrices with rational number elements, integer number
elements, nonnegative rational number elements, and
nonnegative integer elements, respectively. 0™” is
mxn matrix with zero elements and E™™ is mxm
unit matrix. 1(k):={l, ---, k} is the index set. x(i) is,
for example, the 7 -th element of xeQ™, ie I(n).
The following notations for vector inequalities are
used in this paper, where x=(x(1),---, x(n) Y and
y =), -, y(n))" are used for representation,
x>y & x(i)> y@) Viel(n),
x2y o x(i) 2y@) Viel(n),
x2yex2y and iel(n) st x(i)> ().
The following definitions with respect to solutions of
Ax=b are used at each level in this paper.

@® A homogeneous solution of Ax=b; an nxl
matrix x is called a homogeneous solution, where A
is an mxn matrix and b=0™" is the mx1 zero
matrix.

®@ An inhomogeneous solution of Ax=b; an nxl
matrix x is called an inhomogeneous solution, where
A is an mxn matrix and b#0™ is the nonzero
mx1 matrix.

@ A particular solution of Ax=b; at each level, an
inhomogeneous solution x of Ax=5) is called a
particular solution if and only if x is never expressed
by the sum which contains at least a homogeneous
solution.

@ In this paper, level i(i=1,2,---,5) means the
complexity of calculation for the generators when
attitude of each expansion coefficient with respect to
generators at level i is restricted, where if j>i is
true, complexity of level j is greater than that of level
i.

® Support of xeZ™; the set of elements corres-
ponding to nonzero entities in a solution x>0™ is
called the support of a solution x>0"' and is denoted
support (x) . A support is said to be minimal if no proper
nonempty support of the support is also a support.

®Minimal vector; a vector x= (x(i)) € Z f“‘ is said to
be minimal if there is no other vector x, =(x,(i)
eZ? such that x(i)<x() for all elements
iel(n).

@ A minimal support (i.e., an elementary) vector; given
a minimal support of a vector, there exists a unique
minimal vector corresponding to the minimal support.
We call such a vector a minimal support (i.e, an
elementary) vector.

Every minimal support (i.e., every elementary) vector
is a minimal vector, but the converse is not always true.

2.2 Preliminaries about P/T Petri Nets

Here, minimum terminologies about P/T Petri nets are
given and for more details M should be referred. A P/T
Petri net N is a 4-tuple, N =(P,T,F,W), where P
is a finite set of places, 7 is a finite set of transitions,
Fc(PxT)u(TxP) is aset of arcs, and W is a set
of weights of arcs. Note also that |P|=m, [T|=n,
PnT=¢,and PUT #¢. A P/T Petri net system is
denoted 3 (N,M,,M,) , where M, M, eZ™ are
initial and destination markings, respectively.

3. Previous Results about Generators at Each Level ?!
3.1 Generators (U,,V;) for Ax=b,L =1,2,3,4,5

General expression for an (nx1) solutionx of Ax=b
at level L is formally given as follows, where
AeZ™, beZ™, and L=1,--5;

X = xlﬂ. + xPL P’

Xy, = Ziélaiul(l‘)’

U, ={u" |the level- L bases u" of
AuP =0, ield,)}, L, =AU,

Xp = Zj‘:lﬂjvy‘)’ zjilﬂj =1,

V, ={"| thelevel-L particular solutionsv;" of
AP =b=0™, jelk)}, ky =1V

Let us call (U,,V,) the level- L generator for
Ax=»b in this paper.

Level 1;

. 1, ) -
X, Xg1> Xp1s "1(), Vﬁ) e 0™, a, ﬂ;GQM: B;=1

L=|U/=n-r, k=|V| =1, r =rank(4).



The total number of generators iss, =k +/ =n+1-r,
is the number of Q -bases. e U, =
{ u® 0™ |rational number vectors of Ax =0™ },

® = (»” e @™ | a rational number particular solution
vectorof Ax=b= 0™ }.

where /|

Level 2;

(2 2 1. .
%5 5 U0 €27 afelh gy
L=\U,|=n-r, k,=|V,| =1, r = rank(4).

The total number of generators is s, =k, +/, =n+1-r

and s,=s, . Here, /, is the number of Z -bases.
uPe U,:= { @ eZ"“| integer vectors of Ax=
o}, { v®ez™| an integer particular

solution vector of Ax=b= 0”"‘l }-

Level 3:

(3) (3)
X, Xpr3s Xp3, Ui,

Qfd ’ at:ﬂ € Q

L=|U,| ;n -, k3—|V3 |21, r—-rank(A).

The total number of generators is s, =k, +1, =5, =5,

where [, is the number of all nonnegative rational

number bases, and k, is the number of all nonnegative

rational particular
Ve U, = {u?® Q™| nonnegative rational number

minimal support vectors of Ax =0™ }, vYel,

={ v e 0| nonnegative rational number minimal

support vectors of Ax=b=0™ }.

number solutions.

Now, if we use some informal notations in order to
illustrate the mutual relationships among levels, we have
the followings, where U, and V, are defined in the
next item. U, ={U,nV,,U,\U,} , P e
UynUp={uP ez} and u?eU,\U,) -{u,‘”
Q™) . V=,V V,\V,} , where v e
V) =P ez} and v e ¢, \V) =0 €07}
Note that we use a lot of similar notations for easy
reading in this paper.

where u,

Level 4:

X, Xgs Xpo 40, VW0 EZP a, ﬂj €

L=U =2 n—r, k,=|V,| 2 k,, r=rank(4).
The total number of generators is s,=1, +k, = s,,
where /, is the number of all nonnegative integer and
minimal-support bases (i.e., all elementary or minimal-
support T-invariants) and %, is the number of all
nonnegative integer and minimal-support particular
solutions. u® eU,={U,nU,, U,\U,} = { ¥ e Z2™|
nonnegative integer minimal support vectors (minimal
support T-invariants) of Ax= 0"}, u®= e

>
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U,nUy) , v eVy= W0V, V\W = { W
€ Z™ | nonnegative integer minimal support vectors of
Ax =b# 0™} VO =P e 11, AV,).

Level 5: -

X, X5, Xps, U, v‘s)eZ”"" , =
L=L=n- rk>k 5, F = rank(4) .
The total number of generators is §5=

a, B, ez Iz

=ks+l, 2 s,,
where / is the number of all nonnegative integer and
minimal bases (i.e., all minimal T-invariants) and k; is
the number of all nonnegative integer and minimal
particular solutions. #® eU;={U,nU,, U,\U,,
U\U,} = {u® e Z™ | nonnegative integer minimal
vectors (minimal T-invariants) of Ax=0"}, u® =
u= uPe UsnUy) , =4’ U\U) ,

VP eVs= {VanV,, VW, VWV, 3 = { Ve 27|

nonnegative integer minimal vectors of Ax=b
#0™ } . v5.5) = v;“) = vf) eVanV), Vf) —v“)
V\Vy).

3.2 Generators U, for A% =0"!

In order to obtain simultaneously ¥, (i.e., “generators
of a inhomogencous solution”) as well as U , (e,
“generators of a homogeneous solution”) for Ax =b , we
discuss an augmented incidence matrix A= [4,-b]
eZ™™ in A¥=0™ instead of AeZ™ in
Ax=b . Now, let us define U ., (e, “the set of
generators of an (n+1)x1 homogeneous solution x
forA¥=0"")atlevel L=1,2,3,5.

Here, note that it is the level L =123 that Z (i.e,
“the number of generators for A% =0™""), is equal to
s, (e, “the number of generators for Ax=5"7).
Therefore, we denote this fact U, « (U,,V,) in this
paper, where L= 1,2,3. But at level 5, in general, Z
(i.e.,“ the number of nonnegative integer minimal vectors
for A%=0™" ”), is more than or equal to s (i.e., “the
number of generators for Ax=5").

Because all of vectors u,eU, for Au,=0™ and
all of vectors v, eV, for Av,=b#0™ correspond
to a part of vectors X eU, for A% =0, then all of
u,eZ? and all of v,eZ?" for Ax=b are gotten
from vectors % €U, for A% =0™" as follows.

Now we can lastly find the set of generators (U,,V;)
atlevel L for xeZ™in Ax=b from ¥ eU,.

1) If Z(r+1)=0" on X eU,, then find u,:=
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G ), %(n) €U, ,at L=1,23,5.

@ I X%,(n+D=1" on Yjeﬁ,_, then find v,:=
E @, %, eV, ,at L=12,3,5.

@) K Z(m+)>1" on % eU,, then x,:=(%(),
---,’fk(n))risnotasolutionof Ax=b at L=S5.

Here, at level 3 each minimal support vector is adjusted
to the(n+1) th element equals unity. Pay attention to
those vectors of 4% =0™"at level 4 are nonnegative
integer minimal support vectors which are obtained from
nonnegative rational number minimal support vectors of
A% =0™ at level 3 with nonnegative integer weights.

4. Properties of Generator at Level 3,4,5 )

Let g be the number of nonzero elements of xe Z
for Ax=b, and let A’ be the sub-matrix which is
composed of columns of A, of which columns are
corresponding to nonzero elements of x. p(*) implies
rank(*) .

4.1 Properties of a Nonnegative
Integer Homogeneous Solution

In this subsection, an arbitrary nonnegative integer
-minimal vector u, €U, ={u, € Z ™! | nonnegative integer
minimal vectors x=u,0f Ax=0™, Ae Z™"} is a
target, where U° U, ={U,, U;\U,} 2U,={U,
AU,, U\U,} . Here, U= {xe Z"'| Ax=0"",
AeZ™"} is the set of all nonnegative integer homo-
geneous solutions, i.e., all T-invariants.

For U°, the next properties have been given in [3].

[Theorem 1] &

(1) u,eU(cU,cU%
= nZq@)= pAW)+1,

(2) u,eU’\U,
= nZq) = p(4w)+2,

(3) u,eU\U(cU®
—>n2q@)2pAw)+2. [ ]

4.2 Properties of a Nonnegative
Integer Inhomogeneous Solution

In this subsection, an arbitrary nonnegative integer

minimal vectorv, Vs = {v, € Z7' | nonnegative integer
minimal vectors v; =x of Ax=b=0™, Ade Z™",
beZ™} is a target, where X° 2V, = {V,, V;\V,}
oV, ={VonV, V,\V, }. Here, X°={x e Z™|
Ax=b#0™ , AeZ™,beZ™} is the set of all
nonnegative integer inhomogeneous solutions.
For X°, the next properties are known 4

[Theorem 2]

(1) v,eVysnlV,(cV,cVscX’)
= n2qE)=pAE),
(2 v, eX"\(,"V)
<—_> nZq,) = pAEV))+1. |

[Theorem 3] 4!

(1) v eV,\V, & Condition (A) is satisfied,
where q(v,))= p(4'(v)))+1,
@ Wer\v, &
Condition (a) is satisfied, where q(v,)= p(4'(v,))+1
or
Condition (B) or Condition (b) is satisfied,
where g(v,) = p(4'(v,)) +2.

Condition (A);
v, is expressed by the sum of one T-invariant

u® eU,\U, with a nonnegative integer weight and

one particular solution v eV, \V.

Moreover, v, satisfies either the next condition (1)

or(i).

(i) supp. @®)> supp. ).

(ii) When supp. (u")

includes just

%\pp. ) istrueand ¢’

g positive components which are
corresponding to g zero components of #”, those g
column vectors of 4'(v{?) are linearly independent to
each column of A'(u").
Condition (a);

v, is expressed by the sum of two particular solutions
st. v eV, ~ ¥, with nonnegative rational number
weights.

Condition (B);

v, satisfies either the following condition (i) or
(ii). ‘

(i) At least one column vector out of g column
vectors of the above condition (ii ) of Condition (A) is



linearly dependent to at least one column vector of
Aw?).
(i) v , is expressed by the sum of more than or equal
to two T-invariants #® € U,\U, with nonnegative
integer weights and one particular
v er\1,.
Condition (b);
v, is expressed by the sum of more than or equal to
three particular solutions st. v{” eV, ~V, with non-

negative rational number weights.

solution

]
5. A Method to Obtain Generators at Level 4
5.1 Methods to Obtain Generators of Level 3

The algorithm, proposed in this paper, for obtaining all
nonnegative integer minimal support vectors (U,,V,)
at level 4 has a preposition that all nonnegative rational
number minimal support vectors (U,,V;) for both a
homogeneous / inhomogeneous solution at level 3 are
known,

Methods for (U,,V;) are listed up as follows.

(1) Find extreme points of the convex polyhedron
formed by the LP expression for A¥=0"" and
() =10,

(2) Algorithm (U, — U,) 1.

(3) Extended Fourier-Motzkin method .

5.2 AMethod to Obtain Generators (U,,V,)

We consider a method to obtain u® eU, ={U,
U,, U \Uy} and VeV, =(;nV,, V,\V;} of
Ax =b . Each u®eU,nU, is equal to u® e
UynU,. u® eU,\U, is directly obtained from
u® e U,\U, by multiplying a nonnegative integer.
vi%elV,nV, is equal to vPe V,nV, . vWe
Vi\V,
stu® e U,\U, with a nonnegative integer weight and
one particular solution s.t. v®-e V;\V, . Moreover,
vi%€ V,\V, satisfies the rank condition g({")
= p(4'{"))+1 from Theorem 3 (1) in §4.2. Therefore
an algoritm to obtain v{" e ¥, \V,
follows.

is shown by the sum of one T-invariant

is shown as

Part 1
Find the set of all generators at Level 3 for
Ax=0" : U, ={x Q""" | all of minimal support
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vectors for AX=0"" where A =[4,-b]le 2™V},
Choose all Xe (73 with at least one clement s.t.
¥(r) e "'\ Z", rel(n+1)(it corresponds to u”
U,\U, or v eV;\V,) from U, and let the set of
these ¥ be U}. Go to part 2.

€

Part 2

Let G' be the (n+1)xJ,’ matrix consisting of each
vector ¥ € Q™ and ¥ U] and let the column
index setbe /' :={1,2,--- 1 }.
step0; k=1, w:=Z’.
step 1; After the algorithm has been processed the
(k —1) -th loop (stepl-5), we give the description of the
next loop. Given the nxw matrix G* and the column
index set /* ={1,2, .-, w} ofthe k -thloop.

Find {a,|jel*in G*}.Let I and I bethe

index set of columns of which the (n +1) th elements are
zero and unity, respectively. If the % -th row of G* has
no element which belongs to Q™ \Z™ | then k=k+1
and go to step 2. If the k -throw of G* has at least one
negative element, then go to step 3.
step 2. If k = n, then go to step 1 else step 6.
step 3: Determine the set of all pairs of those elements of
columns of G* such that
R={(s,0)|ay,a, €0 \Z" s<t, se 1" te 1"}
Then go to step 4.
step 4. Determine the nonnegative integer coefficient
a st a-a,+a,. Let F={j|la,eZ in G*}.
Here q denotes the number of elements of F', ie.,
g =|F|. Then the first g columns of the new matrix
G*! are all g’/for jeF, where g’ denotes the
j -th column of G*.Let g° and g’ bethe s-th and
t -th columns of G*, respectively. Adjoin the nmew
column g°+g’ to the new matrix G*". Let [* be
the above adjoined column index set. Then
g =gq+|7*|and go to step 5.
step 5. k=k+1.If k =n, then w=g and go to step
1 else go to step 6.
step 6; If all elements of G* are nonnegative and if a
column vector v,, which is obtained by deleting the
(n+1)th element from g, satisfies the rank condition
qv,)= p(4'(v;)) +1, then the column vector is a
minimal support vector (i.c., a level 4 generator for a
particular solution) of a nonnegative integer inhomo-
geneous solution of Ax=5.

step 7; Stop.
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5.3 Example

Pa

Fig. 1 An example of a Petri net

We have thirteen nonnegative rational number minimal
support vectors ¥e U, and ¥eQ> of A%¥=0" in
this Petri net as follows.

)

(000001/31/31/31/3001/31/3
100101 1 0 0101 0
101001 0 1 0000 0
. 010001 0 1 0000 0
7,=400101 0 0 1 101 0 1}
010110 0 0 0110 0
101110 0 0 0110 0
000110 1 0 1000 0
000000 0 0 011 1 1)
={'}'1,...,§';13} .

Here, X, to X, correspond to u® =u® €U, nU,,
i=1-5, and X correspond to u® e
U,\U,, i=6,-.9 . Therefore, u® e U,\U, are
obtained from u® e U,\U,, i=6,--9, with non-
negative integer weights as follows.
u¥ =(13330000)7, «?=(13000003)",
u® =(10333000)", " =(10003003)".
x, to x, obtained by deleting the zero ninth element of
%, to X, satisfy the rank condition g¢(x,)=
PA'(x)+1.
Moreover, %, and X, comespond to v{¥ =v{’ e

to X,

VoV, , j=12 and X, and X, correspond to
v eV,\V,, j=34. x, to x, obtained by
deleting the unity ninth element of X, to X, satisfy
the rank condition g(x,) = p(4'(x,)). An example for
the method to obtain v{ € ¥, \V; is shown as follows.
Let G' be the matrix consisted of all nonnegative
rational number minimal support vectors f’eﬁg which
are corresponding to u> eU,\U, or v eV, \V,.

[1/3 1/3 1/3 1/3 1/3 1/3]

OO0 kit i
O OOOOO M-
COOO m—=O
OO O~=OOO
—_—_o oo
_O OO0 OO0

We pay attention to the first row of the matrix G'. The
first row have six elements which belong to Q' \Z™,
then we have R={(1,5),(2,5),(3,5),(4,5),(,6),

(2,6), (3,6), (4,6)} . Next, we determine nonnegative
integer coefficient a st a-a, +a, eZ for each
(s,t) . Then we have a=2 for all (s,f) in this
example. There is no column which satisfies
F={jla, €Z!in G'}. Then the new matrix G’
which adjoins the new column g”+g’ is shown as
follows.

Q

N

]
—_O OO ONN W
—_NOOOOO WM
— OO ONNN -
—NOONOO ——
— O OO NNN -
—NOO~OON =
—OOOWNNO -
=NOOWOOO =

Because all elements of the matrix G? are
nonnegative integer, then the rank conditions of Section
4 are applied to each column vector obtained by deleting
the unity ninth element. The first, second, seventh, and
eighth column vectors v, € Z{" obtained by deleting
the unity ninth element satisfy the rank condition
q,) =p(A'v,))+1. Then v{ eV, \V,(j=3,4,56)
are as follows.

v =(13220000)7, v{?=(13000002)",
vi?=(10223000)7, v{?=(10003002)".
Here, the third, forth, fifth, and sixth column vectors
v,€Z}" obtained by deleting the unity ninth element
satisfy the another rank condition ¢q(v,) =p(4'(v,))
+2 . Therefore these four vectors are v\ eV \V,.

(j =7.8,9,10)
|

6. Usefulness of Each Method to Obtain Minimal
Vectors of Level 5 from Vectors of Level 1~3

A method to obtain nonnegative integer minimal
vectors (Us,V;) of level 5 from rational number
vectors (U,,V}) at level 1, integer vectors (U,,V;) at



level 2, or nonnegative rational number vectors (U,,V})
at level 3 repeats the next fundamental operation ©* > #
91
From Level 1, add two vectors without any weight to
change elements which satisfy Q™ \Z* into ZX.
From Level 2, add two vectors without any weight to
change elements which satisfy Z*\Z> into 7™
From Level 3, add two vectors without any weight to
change elements which satisfy Q™ \Z™ into Z}.
On the other hand, in a method to obtain minimal
vectors Us (V;, resp.) of level 5 from minimal
support vectors U, (V,, resp.) at level 4, more than or
equal to two vectors of U, (V,, resp.) should be added
with nonnegative rational number weights. Each element
of each minimal vector and each minimal support vector
is nonnegative integer. In other words, there is no
difference between each element of (U,,V,) and that of
U,,V5) with respect to attitude for clements, in
contrast with the methods for (U,.,V;) from (U,})),
U,, V), or (U,,V,). Then it is difficult to decide
minimal support vectors of level 4 which are to be
combined. Moreover, all possible combinations should
be considered to obtain all minimal vectors (U, V;) of
level 5 from (U,V,) . u® eU\U, is
expressed by a linear combination with nonnegative
rational number coefficients with respect to u ¥ e
U,\U, and v’ e V;\V, is also expressed by a
convex combination with respect to v{” € V,\V,. In the

Here,

above, all nonnegative rational number coefficients
should be decided. However, it is also difficult to do the
above operation.

According to the above reasons, even if (U,,V,)
have been given, each method to obtain (U, V) from
L., UV, or (U,,1;) is more effective than
a method to obtain (U, Vi) from (U,,V,).

7. Conclusions

We have shown a useful method which generates all
minimal support vectors (i.e., V,, the set of all minimal
generators at level 4) of a nonnegative integer inhomo-
geneous solution starting from nonnegative rational
number vectors (U,,V;) at level 3. This method is
based on the two facts that each minimal support vector
st. V¥ eV, \V; is expressed by the sum of only two
vectors; “ onme T-invariant e U,\U, with
nonnegative integer weight and one particular solution
v eV,\V,,” and that v{” eV, \V; satisfies the rank
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condition g(v{")=rank(4'("{?))+1. Then we have
gotten a useful algorithm for (U,,V,) from (U,, V;)
because U, is easily and directly obtained from U, s.t.

U, |=Us].

Note that V, has been just obtained by now from V;
(this is the set of all nonnegative integer particular
solutions, i.e., all nonnegative integer minimal generators
for an arbitrary inhomogeneous solution at level 5)
because the above basic facts about v{” e V,\V, have
not been known. Therefore if we restrict ourselves to
finding (U,,V,), the proposed algorithm for (U,,V,)
from (U,,V;) is more effective and useful than those
which obtain (U,,V,) from (U,,V5).
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