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Improved Analytical Model for Predicting
the Magnetic Field Distribution in Brushless
Permanent-Magnet Machines
Z. Q. Zhu, Senior Member, IEEE, David Howe, and C. C. Chan, Fellow, IEEE

Abstract—A general analytical technique predicts the magnetic
field distribution in brushless permanent magnet machines
equipped with surface-mounted magnets. It accounts for the
effects of both the magnets and the stator windings. The technique
is based on two-dimensional models in polar coordinates and
solves the governing Laplacian/quasi-Poissonian field equations in
the airgap/magnet regions without any assumption regarding the
relative recoil permeability of the magnets. The analysis works
for both internal and external rotor motor topologies, and either
radial or parallel magnetized magnets, as well as for overlapping
and nonoverlapping stator windings. The paper validates results
of the analytical models by finite-element analyses, for both
slotless and slotted motors.
Index Terms—Electrical machines, magnetic field, permanent
magnet.

I. INTRODUCTION

A

N ACCURATE knowledge of the magnetic field distribution is a prerequisite for predicting performance
parameters, such as torque, back-emf, stator and rotor losses,
demagnetization withstand, winding inductances, noise and
vibration, etc., of brushless permanent magnet motors. Boules
[1] formulated a two-dimensional (2-D) model in polar coordinates that utilized the concept of equivalent current-carrying
coils to determine the airgap flux density distribution in a
permanent magnet motor. The model could account for the
effect of flux focusing in the magnets, as well as magnetization
distribution, i.e., radial or parallel, on the flux per pole and
the airgap flux density waveform. However, it only provided
field solutions at the stator and rotor surfaces, which is usually
insufficient for accurately predicting the performance of slotless motor topologies. Laporte [2], using the same technique,
subsequently derived the field solution in the airgap. However,
both [1], [2] approximated the relative recoil permeability of
, as unity, which causes an
the permanent magnets, i.e.,
error in the calculation of the flux density [1]. Earlier, the
authors developed an improved analytical technique for the
calculation of the open-circuit field distribution [3], which
was based on a 2-D polar coordinate model and catered for
both internal and external rotor motor topologies. It involved
the solution of the governing Laplacian/quasi-Poissonian field
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equations in the airgap/magnet regions without any assumption
regarding the relative recoil permeability of the magnets other
than the fact that it is constant. However, the model presented
in [3] was only applicable to machines equipped with radially
magnetized magnets. Recently, Rasmussen [4] extended the
model to account for the tangential magnetization component
which exists in practice in a multipole impulse magnetized
isotropic ring magnet. This paper extends the model further
to cater for both radial and parallel magnetization, and also
extends the analytical model [5] for predicting the magnetic
field produced by the stator windings, to make it applicable to
both overlapping and nonoverlapping winding configurations.
Analytically calculated field distributions from both models are
compared with finite element predictions for a slotless motor
having both a radial and a parallel magnetized rotor, and for
a slotted motor having a parallel magnetized rotor and both
overlapping and nonoverlapping stator windings.
II. RADIAL AND PARALLEL MAGNETIZATION
For the permanent magnet motors, Fig. 1, the field vectors
and
are coupled by
in the air spaces
(1a)
in the permanent magnets (1b)
is the residual magnetization vector,
is the permewhere
is the relative recoil permeability.
ability of free space, and
For the case of a multipole machine equipped with magnets
having a linear second-quadrant demagnetization characteristic,
is
the amplitude of the magnetization vector
(2)
is dependent on the imparted orientawhilst the direction of
tion and magnetization of the magnets. In polar coordinates, the
is given by
magnetization
(3)
Fig. 2 compares radial and parallel magnetization distributions,
the components of which can be described, over one pole-pair,
by
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(a)

(a)

(b)
Fig. 1.

Motor topologies. (a) Internal rotor. (b) External rotor.

(b)
Fig. 3. Waveforms of magnetization components
magnetization. (b) Parallel magnetization.

M

and

M

(a) Radial

(a)

(5a)
(5b)

(5c)
(5d)

(b)
Fig. 2. Parallel and radial magnetization. (a) Radial magnetization. (b) Parallel
magnetization.

(4b)
(4c)
(4d)
(4e)
for radial magnetization, and

(5e)

for parallel magnetization, where is the number of pole-pairs,
is the remanence,
is the magnet pole-arc to pole-pitch
ratio, and is the angular position with reference to the center
of a magnet pole, as shown in Fig. 2. The magnetization is assumed to be uniform throughout the cross section of the magnets. However, it should be noted that the magnetization only
exists in the magnets. If the magnetic pole-arc is less than a
pole-pitch, the airspace between magnets is assumed to be occu,
pied by unmagnetized permanent magnet material, i.e.,
). Fig. 3 shows typical waveforms for
and
(
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, for both radial and parallel magnetization.
be expressed as Fourier series, i.e.,

and

can

and from (6)

(6a)
(6b)
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(10a)
where
(10b)

where for radial magnetization
(7a)

The boundary conditions for internal [Fig. 1(a)] and external
[Fig. 1(b)] rotor motors are defined by
(11a)
(11b)
(11c)
(11d)

(7b)
and for the parallel magnetization
(7c)
(7d)
where

for

,
and
are defined in Fig. 1.
where the dimensions
and
for an internal rotor motor,
and
for an external rotor
and
motor, being the effective airgap length—which is the actual
airgap length for a slotted motor and the sum of the airgap
length and the radial thickness of the windings for a slotless
is the radial thickness of the magnets.
motor, and
General solutions to the governing (9) and (10a) are obtained
as
(12)

for
in the airgap, and
III. FIELD PRODUCED BY MAGNETS
In order to obtain an analytical solution for the airgap field
distribution produced by multipole magnets mounted on the surface of an iron-cored rotor, the following assumptions are made.
1) The permanent magnets have a linear demagnetization characteristic, and are fully magnetized in the direction of magnetization. 2) End-effects are neglected. 3) The stator and rotor
back-iron is infinitely permeable.
In terms of the scalar magnetic potential function

(13)
for

, and
(14)

, in the magnets, where
,
,
,
,
,
are constants determined by applying continuity conditions (11).
Hence, the complete solution for the magnetic field components in the airspace/magnet regions can be deduced from the
general solution of Laplacian/quasi-Poissonian equations and
the specified boundary conditions.
In the airspace, they can be expressed as

for
and

(8)

Whilst the scalar magnetic potential distribution in the airgap
is governed by Laplacian equation, in the permanent magnet
regions it is governed by the quasi-Poissonian equation, i.e.,

(15a)

in the airgap
(9a)

(15b)

in the magnets
(9b)

where, when
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(a)
(a)

(b)

(b)

Fig. 4. Distribution of airgap field components in slotless motor with
parallel magnetized magnets. (a) In airgap (r
40:5 mm). (b) In magnets
(r = 35:6 mm).

=

Fig. 5. Distribution of airgap field components in slotless motor with
radial magnetized magnets. (a) In airgap (r = 40:5 mm). (b) In magnets
(r = 35:6 mm).

(17)

Similarly, for an external rotor motor,

(16)

, in order to ease numerical computation, it
When
is convenient to write the solutions in different forms for the
internal motor and the external motor.
Thus, for an internal rotor motor,
(18)

The field distribution in the magnets can also be deduced as
.
seen in (19) at the bottom of the next page, when
Similarly, when
for an internal rotor motor,
, see (20) at the bottom of the next page.
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For an external rotor motor,
bottom of the next page, where for

see (21) at the

for parallel magnetization
for radial magnetization
and for
for parallel magnetization
for radial magnetization.
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The developed models have been applied to a three-phase,
slotless permanent magnet brushless motor with an internal
rotor and either radial or parallel magnetized magnets. The
relevant parameters of the motor are:
;
mm;
mm;
mm;
,
,
.
Figs. 4 and 5 show excellent agreement between analytically
and finite element predicted distributions of the radial and
tangential field in the airgap and the magnets.
In the preceding analysis, the analysis of the magnetic field
distribution due to the permanent magnets neglected the effect

(19a)

(19b)

(20a)

(20b)
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of stator slots, which both reduce the flux per pole and modify
the field distribution [6], [7]. However, the effect of slotting
can be accounted for by introducing a “2-D” relative permeance function, as described in [6]. By way of example, Fig. 6
compares analytically and finite element predicted distributions
of the radial field component at a radius which corresponds to
the surface of the magnets, the center of the magnets, and the
surface of the rotor hub, respectively, for a slotted permanent
magnet brushless motor, whose main parameters are given in
Table I. It clearly indicates that the influence of stator slotting
decays very quickly with distance from the stator bore.
IV. FIELD PRODUCED BY WINDINGS
An analytical expression for the field in the airgap/magnet
region due to a three-phase overlapping winding in a slotted
brushless motor has been derived by the authors [5]. It was
also based on a 2-D polar coordinate model, in which the stator
ampere-conductors were represented by an equivalent current
sheet, distributed across the slot openings. This model has been
further extended to cater for a nonoverlapping winding, Fig. 7.
However, in order to avoid duplication, the analysis is not derived since it is essentially the same and the field produced by a
three-phase overlapping or nonoverlapping stator winding can
be generalized as

(22)

where
is referenced to the axis of phase A, whose current
, i.e.,
. In a brushless dc motor, the
is zero at
phase winding current waveform contains significant harmonics
, where is the order of the nontriplen harmonics, i.e.,
is the associated harmonic phase angle,
and

and
for an overlapping winding
and
for a nonoverlapping winding

(23a)
(23b)

,
is the number of series turns per
where
is the slot-opening factor and
is
phase,
the winding factor,
and
being the winding distribution
) is a funcfactor and winding pitch factor, respectively [5].
tion which accounts for the effect of curvature and is dependant
on the radius and harmonic order, and is defined as
(24)

As can be seen from (23), the only difference which arises
from the two different winding configurations is in the order of
the field harmonics. For a nonoverlapping winding, the number

(21a)

(21b)
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(a)
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(b)

(c)
Fig. 6.

Field distribution in rotor magnets of slotted motor. (a) Outer surface of magnets. (b) Center of magnets. (c) Inner surface of magnets (rotor hub).

TABLE I
MAIN PARAMETERS OF SLOTTED
BRUSHLESS MOTOR

(a)

(b)
Fig. 7. Stator winding configurations. (a) Overlapping. (b) Nonoverlapping.

of slots per pole per phase is
, the winding comprising
concentrated coils without end-winding overlapping and whose
span equals one slot-pitch, which is less than the pole-pitch.
is always equal to
Thus, the winding distribution factor
is always less than 1. In
1, whilst the winding pitch factor

contrast, for an overlapping winding both
and
are debeing 1
pendant on the number of slots per pole per phase,
being
when the number of slots per pole per phase is 1 and
1 when a full pitched winding is employed. Consequently, for
a nonoverlapping winding, the space harmonic order
in which contains both odd and even harmonics, whilst for
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(a)

(b)
Fig. 8. Comparison of stator winding field distribution (at
Nonoverlapping winding.

t

=

0) at surface of rotor magnets and associated harmonics. (a) Overlapping winding. (b)

Fig. 9. Simulated phase current waveform of brushless motor at full load and
rated speed.

an overlapping winding contains only odd harmonics, as can
clearly be seen in the harmonic spectra of Fig. 8, which compares the analytically predicted field distribution at the surface
due to equivalent overlapping and
of the magnets, i.e.,

nonoverlapping windings, together with the corresponding finite element predictions, for the slotted brushless motor, whose
parameters are given in Table I and for which the phase current
waveform is shown in Fig. 9. It can be seen that the magnetic
field produced by the excitation windings is relatively low compared with that produced by the magnets in order to avoid the irreversible demagnetization of the magnets, which is the general
case for surface-mounted magnet machines. For clarity, stator
slotting has been neglected in the calculations of Fig. 8. However, the effect of slotting on the field produced by the stator
windings can be accounted for by introducing a relative permeance function, in a similar manner to that for the magnetic field
produced by the permanent magnets, as described in [6]. Fig. 10
compares analytically and finite element predicted distributions
of the radial field component at the surface of the magnets, the
center of the magnets, and the surface of the rotor hub. As will
be seen, the harmonics due to stator slotting and winding distribution decay very quickly with distance from the stator bore,
whilst the effect of stator slotting is relatively small compared
with the winding distribution, due to the relatively large airgap
and the small slot openings in this particular motor. For a slotless
motor it is necessary to consider the “2-D” winding distribution
in the armature reaction field calculation, as described in [8].
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(b)

(c)

Fig. 10.
hub).

Field distributions in rotor magnets due to stator mmf (t

= 0). (a) Outer surface of magnets. (b) Center of magnets. (c) Inner surface of magnets (rotor

V. CONCLUSION
An analytical technique which was developed by the authors
for predicting the field distributions produced by the magnets and the stator winding of permanent magnet machines
equipped with surface-mounted magnets has been extended.
It is still based on polar coordinate 2-D models, and involves
the solution of the Laplacian/quasi-Poissonian field equations
in the airgap/magnet regions, and makes no simplifying
assumption regarding the relative recoil permeability of the
magnets. However, it now caters for 1) internal and external
rotor motor topologies; 2) radial and parallel magnetization; 3)
overlapping and nonoverlapping stator winding configurations;
and 4) slotted and slotless stators. The developed analysis has
been validated by finite element analyses on both slotless and
slotted motors. It is generally applicable to surface-mounted
permanent magnet machines.
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