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ABSTRACT

Optimization problems, in which only the realization of a function or a zeroth-order oracle is avail-
able, have many applications in practice. These are multi-armed bandits, black-box models, and
models in which the other types of oracles are too expensive to use. An effective method for solv-
ing such problems is the approximation of the gradient using sampling and finite differences of the
function values. This method relies on the concentration of the measure on the Euclidean sphere.
However, some noise can be present in the zeroth-order oracle not allowing the exact evaluation of
the function value, and this noise can be stochastic or adversarial. In this paper, we propose and study
new easy-to-implement algorithms that are optimal in terms of the number of oracle calls for solv-
ing non-smooth optimization problems on a convex compact set with heavy-tailed stochastic noise
(random noise has (1 4 x)-th bounded moment) and adversarial noise. These algorithms are based
on methods that were demonstrated to be extremely efficient for stochastic problems with first-order
oracle and heavy-tailed noise. The first algorithm is based on the heavy-tail-resistant mirror descent
and uses special transformation functions that allow controlling the tails of the noise distribution.
The second algorithm is based on the gradient clipping technique. In this technique, the heavy tails
of the noise distribution are clipped, balancing between the bias of the gradient estimate relative to
the true gradient and the algorithm’s fast convergence with estimates with small second moments.
The paper provides proof of algorithms’ convergence results in terms of high probability and in
terms of expectation when a convex function is minimized. For functions satisfying a r-growth con-
dition, a faster algorithm is proposed using the restart technique. The differences between the two
types of algorithms and recommendations for choosing the best parameters are discussed. Particular
attention is paid to the question of how large the adversarial noise can be so that the optimality and
convergence of the algorithms is guaranteed.

Keywords zeroth-order optimization, derivative-free methods, stochastic optimization, non-smooth problems, heavy
tails, gradient clipping, stochastic mirror descent
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1 Introduction.

Consider stochastic non-smooth convex minimization problem over compact convex set S C R%:
min f(x 1
min (), (1)

where f(x) = E¢[f(z,£)] and f : S — R is a convex and Lipschitz continuous function.

We assume that the objective function f can not be evaluated directly. Instead, we have at our disposal a zeroth-order
two-points oracle ¢(x, €) = f(z,&) + d(x), where §(x) is some adversarial noise.

Main results and related works. As said, we consider gradient-free methods for convex optimization problems
[25, 5]. More precisely, we consider a two-point zero-order oracle for non-smooth stochastic convex optimization
problems. This field is rather well-developed, see, e.g., the recent survey [8] and references therein. For example, in
the series of papers [[6, 11,120} [10} 23} 2] the optimal oracle complexity, i.e., the number of calls to the oracle in order to
obtain the desired accuracy of the solution, was obtained. For the non-smooth convex-concave stochastic saddle-point
problems the same was done in [4, [7]. In both cases, the oracle complexity is ~ de 2, where ¢ is a desired expected
accuracy in function value (or duality gap for saddle-point problems). These results are quite expected since this
complexity is ~ d times larger than the complexity of optimal stochastic gradient procedures. Factor d has a natural
interpretation, since to approximate (stochastic) gradient it is sufficient to use d + 1 function values[] This is obvious
in the smooth case (see e.g. [8]]), and is not so trivial in the non-smooth case [23].

Moreover, in [[7, 9] it was observed that the gradient-free version of the Stochastic Mirror Descent algorithm converges
with a maximum permissible level of adversarial noise ~ 2 //d.

All the above results assume that f(x, ) is M (€) Lipschitz continuous w.r.t. = and that E¢[M?(£)] < oco. The goal
of this paper is to obtain analogs of the results mentioned above for the case of a weaker assumption that there exists
K € (0, 1] such that E¢[M5(£)] < oc.

Under this assumption, we know from [[19] that the stochastic (full) gradient oracle complexity is ~ e~ and we

may expect therefore ~ de= " zero-order stochastic oracle complexity. In this paper, we propose an algorithm that
1+k

achieves the following bound ~ (\/E/ 5) " that matches the expected bounds only for k = 1. To the best of our
1ir
knowledge, this poses the following open problem: is the bound ~ (\/E / 5) " optimal in terms of the dependence

on d? For smooth stochastic convex optimization problems with (d + 1)-points stochastic zero-order oracle the answer

is negative and the optimal bound is ~ de~ S, Thus, for k € (0,1) our results are in a sense surprising since
the dependence on d in our bound is very different from the known results for the case x = 1. To the best of our
knowledge, this paper provides the first known result for gradient-free methods without assuming a finite variance of
the stochastic noise. Since we give an accurate analysis, including high-probability boundsH our results could be of
interest even in a very particular case of x = 1. In this case, the high-probability bound was previously known only
for compact-support distributions of f(x, &) [7]. That is, even for subgaussian tails it was an open question to obtain
high-probability bounds for gradient-free methods. The main challenge in obtaining our results is in the combination
of the auxiliary gradient-free randomization and the original stochasticity of the oracle in the problem. The known
concentration of measure inequalities do not allow obtaining the desired subgaussian concentration for the output of

the algorithm.

1tm
To conclude, in this paper we obtain ~ (\/E/ 5) " gradient-free two-points stochastic oracle complexity bound in
terms of high-probability. We also obtain a bound ~ 2/ \/d on the maximum admissible level of additional adversarial

noise in function values. We generalize these results to strongly convex problems and problems with a sharp minimum.

The proposed approach. Starting from the work [[18] one can observe an increased interest of researchers in algo-
rithms that use gradient clipping to be able to obtain high-probability convergence guarantees in stochastic optimiza-
tion problems with heavy-tailed noise. In particular, only in the last two years, the following accurate results were
obtained:

* an optimal algorithm with general proximal setup for non-smooth stochastic convex optimization problems
with infinite variance [26] with the convergence in expectation,

'To say more accurately, it is sufficient to use d + 1 values of f(x, &) with the same £ and different (d 4 1) points 2.
*We emphasize, that these bounds were obtained without any probabilistic assumptions, except E¢[M 1R (8)] < oo!
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* an optimal adaptive algorithm with general proximal setup for non-smooth online stochastic convex opti-
mization problems with infinite variance [28] with the convergence in high-probability,

* optimal algorithms with euclidean proximal setup for smooth and non-smooth stochastic convex optimization
problems and variational inequalities with infinite variance [22} 21] with the convergence in high-probability,

* an optimal variance-adaptive algorithm with euclidean proximal setup for non-smooth stochastic (strongly)
convex optimization problems with infinite variance [[16] with the convergence in high-probability.

Since the results listed above are strongly correlated with each other, in this paper, we depart from the works [26, 28]
to incorporate zero-order oracle into their algorithms. The developed technique, which reduces randomization caused
by the gradient-free nature of the oracle to the original stochasticity, allows generalizing the results of other papers
considered above in a similar manner. The idea of this reduction is not new and has already been used many times, see
e.g. [6, 11110} 23]]. But, all these works are significantly based on the assumption of finite variance of the stochastic
noise. For the infinite noise variance setting, the technique requires significant generalizations, which we make in this
paper. We expect, that based on these results it is possible to obtain new results for zero-order algorithms in the smooth
setting and also in the setting of one-point feedback. Also, the described above results can be generalized to obtain
the same complexity bounds for non-smooth convex-concave saddle-point problems in terms of the duality gap used
in [4]](rather than the gap used in [7])H We leave this for future work.

1.1 Notations and assumptions.

We use (z,y) = ZZ:1 Ty to denote the inner product of 2,y € R%. For p € [1,2] notation || - ||, is used for the

1/p
standard {,-norm, i.e. ||z||, = (ZZ:1 |xk|p) . The corresponding dual norm is ||y||, = max, {{z,y)| ||z||, < 1}.

BP = {z € R? | [|z]|, < 1} is a p-ball with center at 0 and radius 1 and S? = {z € R? | ||||, = 1} is a p-sphere
with center at 0 and radius 2. Finally, or 7 > 0 and convex set S C R? we denote S; = S + 7 - B2.

Assumption 1 (Convexity). 37 > 0, s.t. function f(x, &) is convex for any € on S;.

This assumption implies that f(x) is convex as well on S.
Assumption 2 (Lipschitz). 37 > 0, s.t. function f(x,€) is Ma(§) Lipschitz continuous w.r.t. lo norm, i.e., for all

xr1,T2 € S,

|f(21,8) = f(@2,8)] < Ma(§)||z1 — 22][2.
Moreover, 3 € (0,1] such that Be [My T (€)] < Myt
Lemma 1.1. Assumption2implies that f(x) is Ma Lipschitz on S.

The proof can be found in Section Bl (Lemma[0.2)).
Assumption 3 (Bounded adversarial noise). Forallz € S : |6(z)] < A < 0.

2 Gradient-free setup.

In this section, we introduce the main objects and notions that are used to construct gradient-free algorithms. We refer
the reader to a review paper [8] devoted to gradient-free algorithms.

As it was mentioned above, in algorithms, we can use only noisy two-point zeroth-order oracle. For points z,y € S

oracle gives
O(@,8) = f2,8) +0(x),  o(y,€) = f(y,€) +6(y)

with the same &.

In this work we consider only uniform sampling from unit Euclidean sphere, i.e. € ~ Uniform({e : |e|2 = 1}) &ef

U(S?).
First of all, we define the smoothed function

fr(@) = Eevu(s2)lf (z + 7e)] )
that approximates the objective f. Further U(S?) in Ee~r(s2) is omitted.

The next lemma gives estimates for the quality of the approximation. In contrast to f(z), fT is smooth function and
has several useful properties. The proof of the next lemma can be found in [9, Theorem 2.1].

3See the full version of the paper [7].



Gradient Free Methods for Non-Smooth Convex Optimization with Heavy Tails on Convex Compad@REPRINT

Lemma 2.1. Let Assumptions[I2l hold. Then,

1. Function fT (x) is convex, Lipschitz with constant My on S, and satisfies

sup | fr(z) — f ()| < M.
zeS

2. Function fT () is differentiable on S with the following gradient

Vi.(2) = e [% o+ Te)e] .

The algorithms proposed below aim at minimizing the smooth approximation fT (z). Given the above results, this will
also produce a good approximate minimizer of f(x) when 7 is sufficiently small.

Following [23]], the gradient of fT (x) can be estimated by the following vector:

92,6, €) = o (6(x -+ 7e,6) — Oz — 7e,E))e @

for 7 > 0.

Finally, the following lemma is important and gives a bound for the (1 4+ x)-th moment of the estimated gradient for
functions with heavy-tailed noise satisfying Assumptions[T} Pland B

Lemma 2.2. Under Assumptions[l] Qand[3l for q € [2,4+00), we have

1+kK
. . [ Vd o [(dagA s .
Ef,e[||g($7§ae)||é+ ] <2 <—aqM2 +2 (_q) = 0'1+ s

where aq Y qi—s min{v32Ind — 8,1/2¢ — 1}.

3 Robust Stochastic Mirror Descent.

In this section, we use some definitions and claims from [26].

Definition 3.1. Consider a differentiable convex function ) : R¢ — R, an exponent v > 2, and a constant K > 0.
Then, ) is called (K, r)-uniformly convex w.r.t. p-norm if, for any x,y € R?,

Uy) — (&) — (V(a)y — ) > e~ il

When r = 2 this definition is the same as the definition of K -strongly convex function. Examples of functions when
r > 2 can be obtained from next lemma.

Lemma 3.1. Fork € (0,1],q € [1 + k,00) and p s.t. % + % =1, we define

qu:efl()max{l,(q—l)lgﬁ}. (4)
Then, .
def K £

6p(2) 2 il 0

1
; “x 14k .
is (Kq , T) -uniformly convex w.r.t. p-norm.

Now we describe Stochastic Mirror Descent (SMD) algorithm. Let function ¥ : R? — R be (K, r)-uniformly
convex w.r.t. the p-norm and continuously differentiable. We denote its Fenchel conjugate and its Bregman divergence
respectively as

W*(y):sgﬂgd{@,m—\l/(x)} and Dy (y,z) = ¥(y) - U(z) = (V¥(2),y — ).

The Stochastic Mirror Descent updates with stepsize v and update vector g4 are as follows:

Yrs1 = V(U*)(V¥(2k) — VGht1), Thg1 = arg min Dy (@, Yrt1)- (6)
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Using the assumptions on the function ¥, it can be proved that the updates are well defined and that (V&)1 = V™,
The map V'V is called the transformation map.

For SMD Algorithm (6) with standard 1-strongly convex function ¥, the convergence theory is well known and given,
e.g. in [3]. The next theorem generalizes these results and gives a convergence result of SMD with uniformly convex

Theorem 3.2. Consider some x € (0,1],p € [1, 0], q defined by the equality - 1 l = 1, and function ¥, which is
(1 1+") uniformly convex w.r.t. p norm. Then, for the SMD Algorithm outlmed in (IEI) with the corresponding map
Sunction VW, after T iterations with any g, € R?, k € 1, T and starting point xy = arg mlg U (x) we have

x€

1 T—1 RHN
. .
_ —r*\ < N4 1+k 7
Tk:0<9k+1a517k T >_K+1 T 1+ TZ||9k+1|| ; @)
1+k e
where Ry~ & Lin sup{¥,(z) — ¥p,(zo)}

The proof can be found in [26, Theorem 6]. Note, that when x = 1 W is a 1-strongly convex function.

4 Zeroth-Order Robust SMD Algorithm.

The main idea of the proposed Zeroth-Order Robust SMD algorithm is to combine the above Robust SMD Algorithm
(6) with the two-point gradient approximation (3). The former allows working with the heavy-tailed distribution of
the gradient approximation and the latter allows coping with the non-smoothness of the objective in ().

Algorithm 1 Zeroth-Order Robust SMD Algorithm

1: procedure ZERO ROBUST SMD(Number of iterations 7', stepsize v, transformation function ¥,, smoothing
constant 7)

2: xo  arg melg U, (z)
3: fork=0,1,...,T —1do
4: Sample e, ~ Uniform({e: |||z = 1}) independently
5: Sample & independently
6: Calculate gx+1 = g_ (¢(Ik —|—7'ek,§k) ¢(Ik — Tek,gk))ek
7: Calculate yx11 + V(V5) (V¥ (2k) — vgr11)
8: Calculate x4 < arg mig Dy, (z,yrs1)
xTE

9: end for

T-1
10 return Tr < 1 >,

k=0

11: end procedure

The next theorem gives optimal parameters for Algorithm[Iland its rate of convergence.

Theorem 4.1. Let function f satisfying Assumptions[ll @1 Bl ¢ € [1 + &, 00|, arbitrary number of iterations T,
smoothing constant T > 0 be given. Choose (1, 1+"“) uniformly convex w.rt. the p-norm function U, (z) (e.g.,

1/k
U,(z) = l/ﬁqﬁp( ), where Kq, @ are defined in (@) and @) respectively). Set the stepsize v = R;’q T~ 1% with

14k
oq given in Lemma 2.2} R « 1tn sup{\Il () — U, (xo)} and Dy~ & 5 sup Dy, (z,y). Let Tr be a point

z,y€S
obtained by Algorithm[ll with the above parameters, and let x* € arg melg I ().
1. Then
Eeolf(@r)] — f(a*) < 2Myr + YIADy 4 f:wlqu ®
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dan) I+n

T

+
where crq =2 (2‘(/4 aqu) + 2% (

VAADy +4Ryda AT TH7
2M;

[320aRuda, A | 2v/da, MR
Eeolf (Zr < \/8MyVdADy + 2RodaA | 2vdagMaRy 9)
T(1+n) T1+~

Main idea behind the proof.

2. With optimal T =

Proof is based on Theorem[3.2] and inequality (7)) from it

14k

T-1 -
1 . K Ry” 1in
E¢,e T ;;—o (Grr1, o —2) | <Eee 1T ;;_ llgrsallg™ | - (10)

® ® ®

@ term in (I0) due to convexity and approximation properties of f () in Lemma 1] and measure concentration
Lemma[9.6]can be bounded with

(D> Eeol ()] - f(") 20057 - Y22,
@ term in (I0) can be bounded with Lemma[2.2]
@ < vt glte
1+r9
Combining bounds together, we get
it
Beol (o)) — f(a) < 20r + Y08, 4 B i,

1/k
Next we choose optimal stepsize v = RW T = , 7 and finish the proof.

Full proof can be found in Section 10l

4.1 Zeroth-Order Robust SMD Algorithm discussion.

Maximum level of adversarial noise.

Let ¢ > 0 be a desired accuracy in terms of the function value, i.e., our goal is to guarantee E¢ o[f (Z7)] — f(z*) < e.
According to Theorem[4.]]in the absence of the adversarial noise, i.e., when A = 0, the iteration complexity to reach

14k
(R\y\/&aqu) "
g

accuracy € is T = if 7 is chosen sufficiently small. This complexity is optimal according to [[19].

In order to obtain the same complexity in the case when A > 0, we need to choose an appropriate value of 7 and

ensure that A is sufficiently small. Thus, the terms 2Ms7 and @D\y in (8) should be = . These conditions also
make negligible the T-depending term in o,. Consequently,

1tk
R\p \/E(L,;Mg) "

when 7= —and A < ,wehave T = < a

M2 Mz\/— Dy

Otherwise, when A > the convergence rate deteriorates. As we see in (@), in this case, we can not guarantee

Ma \/_ dDy’

the accuracy smaller than \/M;+/dADy. Moreover, the iteration complexity to make the other terms smaller than &
2(14k)

. /Mz2RydagA

isT =0 (L‘lq

- ) ’ , which is worse than O(e~ = ) obtained when the error A can be controlled.
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Dependency of the bounds on ¢ and d.

In Algorithm[d] we can freely choose p € [1, 2] and ¥, which, depending on the compact convex set S, lead to different
values of Dy, Ry, a,. Itis desirable to reduce a,, Dy simultaneously, which would allow us to increase maximal noise
level A and converge faster without changing the rate according to (8). Yet, unlike the well-studied SMD algorithm
with strongly convex functions W, there are only few examples of effective choices of uniformly-convex functions W.

S Zeroth-Order Clipping Algorithm.

In this section O(-) denotes log 1 factor.

An alternative approach for dealing with heavy-tailed noise distributions in stochastic optimization is based on the
gradient clipping technique, see for example [27]. Given a constant ¢ > 0, the clipping operator applied to a vector g
is given by
A g .
9 = = min(lg[], ).
gl

Clipped gradient has bunch of useful properties for further proofs.

Lemma 5.1. Let g, = g(x, &, e). For ¢ > 0 we define § = i min(|gl[4, ¢).

llgllq

1.
g — Elg]llq < 2c. an
2. If Beelllg(x,&, @)l 7F] < op ™", then
(a)
Eeell|gll2] < optrc!—". (12)
(b)
Eeolllg — Eeelg]lZ] < dojtrc! . (13)
(c)
. oitr
[[E¢.e[g] — Egeld]llg < et (14)

If g is an unbiased stochastic gradient, then, on the one hand, g is bounded, and, on the other hand, is a biased stochastic
gradient. Thus, the constant ¢ allows playing with the trade-off between the faster convergence and bias ||E[§ — ¢]||
when ¢ — 0. The Algorithm implementing this idea in our setting is as follows.

Algorithm 2 Zeroth-Order Clipping Algorithm

1: procedure ZERO CLIP(Number of iterations 7T', stepsize v, clipping constant ¢, transformation function ¥,
smoothing constant 7)

2: Zo < arg mig U, (z)
x€
3: fork=0,1,...,T —1do
4: Sample e, ~ Uniform({e: |||z = 1}) independently
5: Sample &;, independently
6: Calculate gx+1 = %((b(:zrk + 7€k, gk) — ¢(Ik — Tey, §k))ek
T Calculate gr41 = ||gg:j11Hq min(||gx+1llg; €)
8: Calculate yx 11 < V(U5 (VU (2k) — virt1)
9: Calculate x4 < arg mig Dy, (z, yrs1)
xTE
10: end for
T-1
11: return Ty < £ Y.
k=0

12: end procedure

The next result gives a convergence rate for the above algorithm in terms of the expectation of the suboptimality gap.
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Theorem 5.2. Let function f satisfying Assumptions[l} 21 Bl ¢ € [1 + k, 00|, arbitrary number of iterations T,
smoothing constant T > 0 be given. Choose 1-strongly convex w.rt. the p-norm function Uy(x). Set the step-

2 = Lie g, e g
size v = (ﬁ) " with oq given in Lemma 2.2] Ry” “ 1tn sup{\I/ (x) — Up(zo)} and Dy~ %f
q

QKD\I;

1tr sup Dy, (x,y). After set the clipping constant ¢ = =) LetTT be a pomt obtained by Algorithm 2l with the
z,y€

above parameters, and let ©* € arg mlg f ().
EdS

1. Then,

Ee ol f(Tr)] — f(z*) < 2Mor + YIADy + RT% (15)
where o)t = 2% (2‘1//_4 aqu) o + 2" (@)HK.
2. With optimal 7 =\ 2 AD“‘*R”;M;*: dag AT TR
Eeolf(@r)] - £(a") < \/SMaVAADy + 32MQR§ (E;_ da, & MﬂfFQRD a6

The following result is stronger and gives a convergence rate for the above algorithm in terms of the suboptimality gap
with high probability. Yet, this leads to an additional log % factor, where ¢ is the desired confidence level.

Theorem 5.3. Let function f satisfying Assumptions[l} 21 Bl ¢ € [1 + k, 00|, arbitrary number of iterations T,
smoothing constant T > 0 be given. Choose 1-strongly convex w.r.t. the p-norm function U, (). Set the clipping

constant ¢ = TTH® og with oq given in Lemmal2.2) After set the stepsize v = D‘I’ with D s Y 1'};" sup Dy, (z,y).
z,yes
Let Tr be a point obtained by Algorithmlwith the above parameters, and let ©* € arg mig f ().
zE
1. Then, with probability at least 1 — ¢
f(@r) - f(a*) < 2Mor + 22Dy 1.0 (Prgn) (17

1+k 1+k
where o)t = 2% (2‘1//_4 aqu) + 2" (@) .

2M>

@) /78M2 ViADy + 32MyDyda,A 2\F dagM>Dy | (18)
T(1+N) T1+n

Main idea behind the proof in expectation.

2. With optimal 7 = O ( VAADy+4Dyda AT T4 )

Proof is based on Theorem[3.2] and inequality (7)) for 1-strongly convex ¥,, from it

1= 1R
T > Gk, —$*>] < Eee {5 T] T Ege Z [gn-+ll ] (19)

) ®

E¢ e

s




Gradient Free Methods for Non-Smooth Convex Optimization with Heavy Tails on Convex Compad@REPRINT

[% term in (I9) due to convexity and approximation properties of fT (z) in Lemma[2.1] measure concentration Lemma
and clipped properties in Lemma[3.1] can be bounded with

0.1+/-c
(D> Bealf@n)] - fa*) — 207 - Y22, - P

c/‘i
@ term in can be bounded with Lemma[3.1]
v 1—k _14+k
@ < 5¢ % -
Combining bounds together, we get

R2 o d
Eeolf(7r)] = f(a") < 2Ma7 + 3578 + Zolnet- ”( q +A§> o

2T cr

1

) e , 7 and finish

Ry,
AToy "Dy "

2kDwy

Next we choose optimal clipping constant ¢ = T=r) then optimal stepsize v = (

the proof.
Full proof can be found in Section [T1]

Main idea behind the proof in high probability. To bound variables with probability at least 1 — § we use classic
Bernstein inequality for martingale differences (i.e. E[X;|X;<;] = 0,Vi > 1) sum (Lemma[I2.1) and sum of squares
of random variables (Lemma[12.2).

Proof is based on Theorem[3.2] and inequality (7)) for 1-strongly convex ¥,, from it

T-1

= . 1R
T (Grr1, 2k — >§§—T+— Z||9k+1|| : (20)
k=0
®
1 T—1 1 T—1 1 T—1 R
T Z<gk+laxk —z¥) = T (Ok+1 — Eglgpra], o — 2%) + T (Eklgr+1] = Ve (k) 21 — %)
k=0 k=0 k=0
1 T—1 .
+T <Vf7(xk),xk—x >
k=0

We bound @ term in (20) using Lemmal[12.2]and @ as martingale difference using lemma[12.1]
~ 1
o 1+k 1—k 2
®_O<0qwc +TC)'
1+k 1—k
- [ 4¢D 4o "¢
Q] C S e

T VT v

Next we bound @ due to convexity of f,(z) in Lemma 2.1l and @ due to measure concentration Lemma[9.6 and

clipped properties in Lemma[3.1]
lJrli
© << ; ﬂ) Dy,

(@) > f@r) - f(a*) — 2Mor.
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Combining bounds together, we get

1+k 2
d 1 Ry
f@r) - fa*) < 227 + (U‘; + Af) Dy + 5k

20T
1+k 1—k
~ [ v _ vl 4¢Dy \V dog" "¢
O Y 14k 1-kK -2 DQ
+ 20q c + 5 TC + T + T v

1 .
Next we choose stepsize v = 2 | then clipping constant ¢ = T 0+ 04, 7 and finish the proof.
c

Full proof can be found in Section[12]

5.1 Zeroth-Order Clipping Algorithm discussion.

In this discussion, we focus on the high-probability bounds given in Theorem[5.3] The same discussion holds also for
the result of Theorem[5.2]up to omitting the log § factor.

Maximum level of adversarial noise.

Let ¢ be desired function value accuracy, i.e. with probability at least 1 — ¢ : f(Tr) — f(z*) < e.

In Theorem 3.3]if there is no adversarial noise, i.e., A = 0, then the convergence rate is Tt =0 (W)

when 7 — 0. This rate is optimal according to [19].

In order to keep the same rate when A > 0, 2Ms7 and @D\p should be = €. These conditions also make negligible
the 7-depending term in o,. Consequently,

when T——andA =Tt =0
M = MyVdDy €

62 K ~ <'D\1/\/anM2>

. 2 . . . . .
Otherwise, when A > m, the convergence rate deteriorates. Similarly to Robust SMD discussion we can’t
2 w

achieve accuracy less than \/ Mo AD\I,. And convergence rate to this bound is Tts =0 ( %{ia#) , which is
Dy Vd aqu)

twice worse than O ( -

Recommendations for choosing V.

With Algorithm[2] we can freely choose p € [1, 2] and ¥, which, depending on the compact convex set S, will change
Dy, Ry, aq. The main task is to reduce a4, Dy simultaneously, which will allow us to increase maximal noise A and
converge faster without changing the pace according to (17).

Next, we discuss some standard sets S and transformation functions ¥ taken from [3]]. The two main setups are given
by

L op= _ ll=li3
Ball setup: p=2,¥(x)= 5 21
2.
d
Entropy setup: p=L"¥(z)=(1+~ Z x; +v/d)log(x; +v/d),v > 0. (22)
i=1

Introduce notation Br = {:c € RY: ||zl[, < 1}and A} = {z € R? : 2 > 0, Z x; > 1}. By Lemma 2.2
=di? min{v/32Ind — 8, /2¢ — 1}. The next tables collect the complexity 7'+~ and maximum feasible noise
level Aupto O (log 5) factor for each setup (row) and set (column).

From these tables, we see that for S = A; or B!, the Entropy setup is preferable, while the Ball setup allows

maximum feasible noise level A to be up to v/In d greater. Meanwhile, for S = B? or B>, the Ball setup is better in
terms of both convergence rate and noise robustness.

10
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Table 1: TT% up to O (log %) factor for Algorithm[2]

AT B! B B
Ball | VdMy/e | VdMyje | VdMsy/s dMy /e
Entropy | IndM,/e | IndMy/e | \/dIndMy/e | dlndM,/e

Table 2: Maximum feasible noise level A up to O (1) factor for Algorithm[2]

AJ BT B? B>
Ball 2 /(v dM>) 2 /(v dM>) 2 /(VdMy) 2 /(dMy)
Entropy | €2/(vVdIndM,) | €2/(VdIndMy) | €2/(dvVIndMs) | €2/(vVd3 IndMs,)

Zeroth-Order Clipping and Robust SMD Algorithms comparison. Although both convergence Theorems and
for Algorithms respectively give the same estimates, the Clipping Algorithm 2lis much more flexible due
to the choice of transformation functions ¥ and ability to effectively work with different sets. Also, Algorithm 2] has
high-probability convergence rate guarantees. However, in practice, the convergence of it dramatically depends on the
clipping constant ¢, which must be carefully chosen, along with stepsize v and smoothing constant 7.

6 Zeroth-order Algorithms with Restarts.

In this section O() denotes log d factor unless otherwise said.

For functions with r-growth condition (for more information see [24]) there is restart technique developed in [[14] for
algorithms acceleration.

Assumption 4. f is r-growth function if there is v > 1 and p,, > 0 such that for all x
/'L’I‘ x| |7 *
7”‘%_1‘ ||p§f(l')—f($ )7

where x* is problem solution.

In particular, p-strong convex w.r.t. the p-norm functions are 2-growth. Restart technique will work if A small enough
to keep optimality of Algorithms[f]and 2]

Algorithm 3 IZ Restart Algorithm

1: procedure 1Z RESTART(Algorithm type A, number of restarts N, sequence of number of steps {7},
sequence of smoothing constants {74}, sequence of stepsizes {v}}4_,, sequence of clipping constants
{ex }4, (if necessary), transformation function ¥,,)

2 Zg < arg Imnelg ¥, () or randomly

3 fork=0,1,...,N do

4 Set parameters vy, (cx), ¥y, 73 of the Algorithm A

5: Compute T}, iterations of the Algorithm 4 with starting point z and get  final

6

7

8

9

To < Tfinal
end for
return  f;nql
: end procedure

Theorem 6.1. Let function f satisfies Assumptions[I} 21 Next, let € be fixed accuracy and r-growth Assumptiond is
held with r > HT”

First, calculate Ry d:efsupmyyes (HT“D\I;F (z, y)) 5 and define Rj, = R° /2%,

Set number of restarts N = O(%logQ (“TQSS)), sequence of number of steps {Tk}gzl =

14k N N

~ o(1+m) ] T . R

{O ([Z" T , sequence of smoothing constants {T}y_, = T and sequence of
Tk k=1

N

1k _ _1

. R - .

stepsizes {v }N_, = { o T, 't } , where o is from Lemma (2.2}
k=1

11
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Moreover, Assumption[3lis held with

N 2R(2T*1) 1
Ak_0<“’“° , 1<E<N.

j\42 \/E 2k(27“71)
If T final is final output of AlgorithmBlwith basic Robust SMD Algorithm[I| these parameters then

Eeelf(@r)] — f(27) <e,

total number of Algorithms steps is

. Myvd 1 ]° .
T=0||% j\f —— 1 a7 min{V/32Ind — 8, /2¢ — 1},
Hor e r

on the last restart maximum /\ threshold is

Ml/r
Av =0 | 2 2=1/m)
N (Mz\/g

Theorem 6.2. [l Let function f satisfies Assumptions[I} 2l Next, let € be fixed accuracy and r-growth Assumption@is
held with r > 2 for in expectation estimate or v > 1 for in high probability estimate.

e 1
First, calculate Ry Ll:fsupLyGS (2Dw, (z,y))? and define R;, = R°/2*.

Set number of vrestarts N = O (% log, (”gf“)), sequence of number of steps {Tk}fgvzl =
< (T op4m) 75" . N core 1 -
{O ({W} >} , sequence of smoothing constants {Ty};_, = {qilim} , sequence of clip-
rilg k=1 M:T, k=1
1 N N

ping constants {ci}2_, = {Tk(l“) aq} and sequence of stepsizes {vi}h_, = {f—:}k v where o4 is from
k=1 -

Lemma
Moreover, Assumption[3lis held with

2 p(2r—1)
— 0 IMTRO 1
Ak_o( M/d 2k<2r1>> o Isks N

If T final is final output of AlgorithmBlwith basic Clipping SMD Algorithm 2 and these parameters then

Eeelf(Tr)] - f(27) <e,
or with probability at least 1 — §
f@r) = f@%) <e.
Also total number of Algorithms steps is

14k

- Myvd 1 |° ’
T=0||% j‘/— S ]  ag 2 diF min{V32Ind — 8, \/2q — 1},
Hr e

on the last restart maximum /\ threshold is

'LLl/T
Av =0 __C2=1/r))
N (Mz\/g

“In this theorem O() denotes log d factor for in expectation bounds and log d, log % factors for in high probability bounds.
More explicit formulas are provided in proof.

12
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6.1 Restart Algorithm discussion.

Maximum level of adversarial noise.

Unlike Robust and Clipping SMD Algorithms, Restart Algorithm and 7-growth Assumption guarantees a higher max-

imum threshold for A )

€
Algorithm [T or2] : A= — +——
¢ MV dDy
B ul/r
Algorithm[3] : A=0 | E—cC1Un ).
< 2Vd

Moreover, this threshold doesn’t depend of set S and ﬁ factor is the best(see Table 5.1). Also, in the beginning Ay

can be much bigger and start to decrease as Ay, = Qkﬁﬁonly on later restarts in order to achieve necessary accuracy.
Lower r ensures higher threshold.
q, d, € dependencies.

Again unlike Robust and Clipping SMD Algorithms, Restart Algorithm and 7-growth Assumption guarantees a faster
convergence rate depending on €. Below we give in expectation estimates

14k
DoVdagMs | ©
Algorithm [T or2l: T=0 %] )

1+r

agMavd 1 "
1/r (r—1)

Hr g

Algorithm[3] : T=0

Furthermore, in Restart Algorithm total number of iteration depends only on a, and maximum A threshold doesn’t
depend on ¢, S at all. Thus, it makes sense to take Entropy setup defined in (22) with basic Clipping Algorithm to
lower a4 and leave only log d factor in 7" estimate.

7 Conclusion.

In this paper, we proposed and theoretically studied new zero-order algorithms for solving non-smooth optimization
problems on a convex compact set with heavy-tailed stochastic noise (random noise has (1 4 «)-th bounded moment)
and adversarial noise in the function value. We believe that there are several possible modifications that can improve
convergence results in future studies.

1. A different sampling strategy for estimating g;. E.g., one can use sampling on the sphere {e : ||e||; = 1}
considered in [1], [17].
2. Additional assumptions on the properties of adversarial noise. For example, Lipschitz continuity in the spirit
of Assumption 3 in [7]:
|5(I1)—5(.§C2)| SMHIl—IQHQ, Vxl,arg eS.
3. Adaptive strategies and heuristic methods for selecting the algorithm’s input parameters such as stepsize v,

smoothing constant 7, etc. These constants are difficult to estimate in practice, and our algorithms rely on the
accuracy of their evaluation.

We believe that our technique is rather general and allows one to use other stochastic gradient methods to obtain new
complexity results for zero-order algorithms.
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9 Proofs of Lemmas.

9.1 General results.

Lemma 9.1. 1. Forallz,y € RY and k € (0,1]:
[l = yllg™ < 2%[[allg™ + 27lyllg ™, (23)
2.
Vz,y >0,k € [0,1]: (x +y)" < 2" + y". (24)
Proof. * By Jensen’s inequality for convex || - |2 77 with 1 + x > 1

lle = yllg™ = 21" le/2 — /205 < 27|l + 2%yl

* Proposition 9 from [26].

O
Lemma 9.2. Assumption2implies that f(x) is My Lipschitz on S.
Proof. Forallz,y € S
Jensen’s inq
@) =)l = [Elf8)—-Ffwdl < E[lf8—fy9l
Jensen’s inq (14r)y-1_
< Bl —yll < E[My V]l —yll2 < Mol — ylla- (25)
O
9.2 Smoothing.
Lemma 9.3. Ler f(x) be My Lipschitz continuous function w.r.t || - ||2. If e is random and uniformly distributed on
the Euclidean sphere and k. € (0, 1], then
bM2\ " 1
]Ee|: e) — E[f(e 2(1+n)}<<_2> . b= —.
(f(e) = Ee[f(e)]) =\ 7
Proof. A standard result of the measure concentration on the Euclidean unit sphere implies that V¢ > 0
Pr(|f(e) —E[f(e)]| > t) < 2exp(-b'dt*/M3), V' =2 (26)
(see the proof of Proposition 2.10 and Corollary 2.6 in [15]). Therefore,
Ee [(f(e) — Eelf(e)])* "]
= [ Pr(i5(&) - BLAIPT) > ) dt = / Blf(e)] > 17757 ) de
t=0 20
r / 1 2 bM22
2 exp ( b dt T /MQ) at < (=
t=0
O

The following lemma gives some useful facts about the measure concentration on the Euclidean unit sphere.
Lemma 9.4. Forq > 2,k € (0,1]

Ee [||e||§<1+“>} < 2049 & 433 min{v/32Tnd — 8,/2¢ — 1}.
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This Lemma is generalization of Lemma from [13] for x < 1.
Proof. We use Lemma 1 auxiliary Lemma from Theorem 1 from [13]].
1. Let eg be k-th component of e

Vg
Blla] < (270) 1 422

2. Forany z € R%and ¢; > ¢
lzllg < []lg.-

Then

d 2
E|llel209] = E (; Iequ>

Due to Jensen’s inequality and equally distributed ey,

E <§§|€Hq>2 q < |E <§§|€Hq>2 q

k=1

We use fact that Vo, > 0,k =1,d

Therefore,

-
+
x
-
+
x

d 2 a d q
- <Z |ek|q> - <dE lz |ek|2qD = (d*E[Jea]?)) "
k=1

Using 27) with 2¢

1+k
14w 204, (2q —1 2_ It+s
(@B < a5 (20) = (0t - 1)

ag =1\ d%71(2q —1).

With fixed d and large ¢ more precise upper bound can be obtained.

By definition of a,

We define function h4(q) and find its minimum with fixed d.
1 1 1
ha(q) =In ( d%_1(2q - 1)> = (— - 5) In(d) + B In(2¢ — 1),
q
dhalg) _ —In(@) 1
dg ¢ 2q —1
¢* — 21In(d)q + In(d) = 0.
When d > 3 minimal point gg lies in [2, +00)

1
= - < < .
qo = (Ind) (14-\/1 lnd>’ Ind < ¢y <2Ind

When g > qo from 28)

27)

(28)
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Consequently,

ag = di~% min{v/32Ind — 8, /2¢ — 1}.
O

Lemma 9.5. For the random vector e uniformly distributed on the Euclidean sphere {e € R? : ||e||s = 1} and for
any r € R%, we have

[l ]2
Eell|(e,r)|] < .
[l{e, )] 7a
Lemma 9.6. Let g(x, £, ) be defined in @) and f,(x) be defined in @). Then, the following holds under Assumption
3
dA

Eeo{9(2,€,€),7)] 2 (Vfr(2),7) — —Ee[|(e, )]
foranyr € R%.

Proof. By definition

g(z, & e) = %(f(:v—i—Te,f) +(x+71e) — f(z —Te,&) — d(x — Te))e.

Then
Eeollgle,€,0),1)] = orBeol((/(x + 7e,€) — [z — 70,E))e, )] + o B ol{(3(z + 7€) — (x — e))e, ]

In the first term we use fact that e symmetrically distributed

T Eeell(f (2t 7e.) — f(x — 7. E))e, )]

= Beullf (@ + e, E)e.r)]

= LR [(Eelf(x + e, E)le,r)] = & (Eelf(x + re)e], ).

Using Lemma2.1]
d .
~(Eelf(z + Te)e],r) = (Vfr(z),r).
In the second term we use Assumption[3]
d dA
2 Beel((0(z +7e) = §(z — Te))e,m)] = ——Ee[|(e,n)]].

Adding two terms together we get necessary result.

Lemma 9.7. Under Assumptions[l] Qland[3l for q € [1, +00), we have
1+~x

. . Vd . ((dagA\'T" .

EE,e[||g($7§ae)||;+ ] S 2 <—aqM2 + 2 (_q) = 0’1+ s

where aq Y qi—s min{v/32Ind — 8,1/2¢ — 1}.

Proof.

Eeelllg(z, € e)ll; "]

co |ll320la +70.6) — oo — re, )ells ™

1+k
< <2i> EE-,e [”e”};”@ (f(iZ?—I—Te,f) —f(x—7e,§)+5(g;+7-e) —5(3:—7'e))|1+"‘}

-
d 1+k

< o (z—) Eceo [lelli*[f(x +7e,€) — f(x — e, &)[1] @9
d 1+k

T (z—) Eco [[lel|s[6(z + re) - (z — re))[1+*]. G0
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Lets deal with 29) term. For all a.(§)

Ef,e [”e”;ﬂ{'f(x + Tevg) - f($ - Te7§)|1+f€}
< Ege [[leflg™|(f(z +Te,&) —a) — (f(z — e,) —a)|"™]

23
< 2Eee [|lelli 01 f (x4 Te, &) — al'TF] + 2B e [|le] 3 TF| f(z — e, &) — a T 31

Distribution of e is symmetric,

GBI < 2" Eee [[lell,"|f (z + 7e,£) — o ] (32)
Let a(§) = Eo[f (z + Te, )], then because of Cauchy-Schwartz inequality and conditional expectation properties,
< 2B [llelly ™I (@ + e, ) — o] = 2" UE [Ee [|le]|g77|f (2 + Te,€) — af 7]
< 2E ¢ el ] Ea [1£(z + 7e,€) ~ Balf(x + Te,5>]|2<1+~>}] . (33)

Next, we use Ee {| le] |2(1+“ } 2(1”" and Lemma[@3lfor f(x + e, ) with fixed ¢ and Lipschitz constant M5 (&),

2-1/272 M2 (€) I+s
k+1 14k 2
2" a, " Ee \/<—d >

- 7_2271/2 (1+k)/2 . ) 271/2 1+k
PASRA <T) Ee [MyT5(8)] <28t y agMaT . (34)

Lets deal with (30) term. We use Cauchy-Schwartz inequality, Assumption 3] and E. [||e||3(1+'{)} < a2 by
definition

@3

IN

Eee [[lellg™6(z + 7€) — d(x — Te)) "]

< \JBa 16l B e + 7o) — a(a — repeco0]
S 1+K21+I€A1+K _ (2an)1+n' (35)

Adding(34) and (33) we get final result

1+k 71/2 1+k
Beollategenn <5 (2) (24 (\/2 ; M) +(20,8) | =

1+~x
R/ . ((dagA\'T"

10 Proof of Zeroth-Order Robust SMD Algorithm in Expectation Convergence.

Theorem 10.1. Let function f satisfying Assumptions [ q € [1 4+ k,00|, arbitrary number of iterations T,

smoothing constant T > 0 be given. Choose (1, HT“)-uniformly convex w.r.t. the p-norm function ¥, (x ) (e.g.,
1/k

Up(z) = l/ﬁqﬁp( ), where Kq, @P are defined in @) and @) respectively). Set the stepsize v = R‘I’ T~ 7% with

14k
o4 given in Lemma2.2) R 4 itn sup{\If (x) — Wp(z0)} and Dy~ & 5 sup Dy, (z,y). Let T be a point
z,yeS
obtained by Algorithm[ll with the above parameters, and let x* € arg mig f(x).
xE
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1. Then
A R

1= fa) < o0pr + YIBp, 4 Bvoa 36)
T TT+s

E¢elf(@Tr

14~k
where O'; =2 (2‘1//_4 aqu) + 2% (da:A

)1-‘1-&

. ) dADy +4Ryda, AT Tiw
2. With optimal T = VAADy + v
2

32MrRyd 2vdasMaR
Eeolf(r)] = f(#") < \/8MpVdADy + | Tz(i)"q + f;‘jf . (37)

Proof. By definition z, € arg Hliél fa).
e

For T iterations we use[3.2] Theorem of Convergence for g, (zk, &k, ek)

1= i K R? E T—1 N
Tkzzo<gk+1,xk—x>§ﬁ+1 T +1+I€Tkzo||gk+1||q '
Take expectation [E¢ ¢ from both sides
1 K thﬁ y: T-1
T 2 Beollovn o —all < m S+ g ,;) ce [llgrsallg™] - (38)

T
k=0

Use Lemma[0.7] for the right part of inequality (38)

r 1T71 v o1
1+ 1+
1+"”jk ce [llgrs1llg ~}<__qu~§1+“

Use Lemma[9.6] for the left part of inequality (38))

T—1
1 1 X
7 2 Beellgrrnan —a7)] 2 5 D Bk [Ei<illgrsn, ox — 27)]]
k=0 k=0
T—1
1 N . LdA y
2 7 2 Bul(Vfr(zw) 2x —a")] = & kzo —E<iBei<k[l{e, ax — 2.

=
i
=]

1. For the first term of (@0) we use Lemmal.Tland convexity of f,(x)

= R 1 T=1 R R
= Y BV @) =) = 7 3 (Bianlfran)] - fr(a).
k=0 k=0
T—1
Define 27 = % >~ 1, and use Jensen’s inequality
k=0

z_: (E|<k (@)

]g:
Use approximation property from Lemma[2.1]
Eeolfr(Tr)] = fr(@") 2 Ecelf (@r

20

T-1 Ur
ogltr, (39)

(40)

(41)
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2. For the second term of we use Lemma[0.3]

T-1
dA .
—Tn > Eeckll(e, z — 27)]]

k=0
T, kZ:O ﬁ”xk — 2|2

—= e = 27lp.

(42)

Let’s notice that ¥,, is ( + ) -uniformly convex function w.r.t. p norm. Then by definition

N 1+k o) T 1+k
low = a*lly < (FEEDa,ana)) < sup (FEDu, )

Hence,

VdA
Z \/—Hffk —2lp 2 =——Dy.

We combine (39), (1), together

\/EA ‘R\I/T v 1+m.

Ee o[ f(T7)] — f(2*) < 2M. D
& F@n)] = fle") < 2Tt T v VT +1+n q

1/k
By choosing optimal v = R‘I’ T+ we get

A .
E¢olf(@r)] — f(27) < 2M>7 + \/_T’D\I/ +2Ryo T tHx.

Vd das /A
0q§2<21/4aqM2 —|—2< z )

VAADy + 4Ryda, AT~ T
2M, '

Finally, we bound ¢, with Lemma[0.1]

And set optimal 7

11 Proof of Clipping Algorithm in Expectation Convergence.

T
)

(43)

(44)

First, we prove some useful statements about clipped gradient vector properties. Similar proof can be found in [28].

Lemma 11.1. Let g, = g(xg, &, €). For ¢ > 0 we define § = I ‘ min(||gllq, ©).

1.
g — El3lllq < 2c.

2' Ing,e[Hg(x,g,e)H}l‘M] S U(]i-’_ﬁ, then

(a)

Eeelllgll3] < o e,

b
( ) ]E ~ —E ~1112 < 4 1+k 1—k
cellld — Eeeldllly] < dog™ ",

21

(45)

(46)

(47)
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(c)

1+k
1Ee.clg] — Ee.eldllly < = 48)

Proof. 1. By Jensen’s inequality for || - ||, and definition of g,

g —Efgllly < lgllq +[IE[g]llq

g . 9
< |2 min(liglly. <) +E\\ min(lglly, )
‘Mmu »9, lgls "l
— min(llglly,¢) + Efmin(lglly, )]
< c+c=2c “9)

2. (a) Considering Eg)emg(x,g’e)”(lz‘f‘”] < U;+N and ||§||q < cget
Eeellgllg ™ lgllg"] < g et

(b) By Jensen’s inequality for || - ||,

Eeellld —Eeeldlll;] < 2Beellldlls + 2/Ee.e[d]]]7]
< 2Eeo[l|91[3] + 2Ee e[[19117]]
l' 20,1+n 1— n+20,1+n 1— n<4 1+n 1— K (50)

q,K

(c) Due to convexity of norm function and Jensen’s inequality
B .elg] — Eeeldllly < Eeelllg — dlla) < EeelllglleLq)gl,>ct]-
From lg[[g " L)1, = [19lla€™ L)1, >e) follows

O.1+/-c

E¢elllgllaL gl >et) < Beelllgllagign,>e] < =3 (51

O

Theorem 11.2. Let function f satisfying Assumptions [I] q € [1 + k,00], arbitrary number of iterations T,
smoothing constant T > 0 be given. Choose 1-strongly convex w.rt. the p-norm function Uy(z). Set the step-

2 = Lie 4 e g
size v = (4'1—'0'1;?%) " with oq given in Lemma 2.2] Ry~ “ itn sup{\I/ (x) — Up(zo)} and Dy~ %f
q

HTK sup Dy, (x,y). After set the clipping constant ¢ = (QKD‘)I’ LetTT be a pomt obtained by Algorithmlwith the
z,y€

above parameters, and let ©* € arg mlg f ().
EdS

1. Then,
2K 1—k
VdA RIFFDIFE &

Eeol/(7r)] — f(o*) < 2Myr + Y22py ¢ B Dy 0 (52
1+k 1+k
where J;J”‘ =2F (2‘(/4 aqu) + 2" (%) .
T
2. With optimal T = \/\/aAD“’"MRW 21?4\5 dagAT 1tr

2K 1—k
32MoRLF DIt d 2 M R1+~D1+~
E¢elf(@r)] — f(z7) < \/8MaVdADy + 2Ry "Dy dagh | 2Vdag My . (53)

T(lim) Tl+n

22
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Proof. Lets notice from proof of the Theorem[4.1]for the first term of (@Q) that for any x,

T—1
F@r) - f@*) < = SV o), o — 2) + 2Myr, (54)

T
k=0

‘We define functions N
le(2) = (Bi<klgr], z — 2¥).

Note that I3 () is convex for any k and Vi (x) = E|<j[gr+1]. Therefore sampled estimation gradient is unbiased.
With them we can rewrite (54)

1 T-1 )
T (Vfr(zk), xp — ™) + 2Mar
k=0
T-1 1 T-1
-z Ly (49 F (@) = Eycalgs), on — 27)) + 7 2 (lwn) = (@) +2o. (55)
k=0 k=0
D E
We bound D term by Lemma[[1.1]
T-1
Eee |72 3 ((VF-(01) — Bigline],ax — o)
E) T kZO =
1 T—1 R
<Bee |7 Z ((fo(xk) — Ej<ilgr+1], vx — 2°) + (Ej<klgh+1] — Ej<plgr], zx — $*>)] : (56)
k=0

To bound the first term in (56)) let’s notice that ¥, is (1, 2)-uniformly convex function w.r.t. p norm. Then by definition

1
||z — 2*|[p < (2Dw, (z1,2%))* < sups (2Dy,(z,y))* = Dy.
x,ye
Hence, we estimate ||z, — u||, < Dg,Vu € S.
By Cauchy—Schwarz inequality
=
Z (Ei<klgr+1] — Ej<rlgrsr], zx — $*>)]
k:O
1 T—1 @ 1+/1
<z > (BakBi<i [|B<rlgri] — Bi<rlgrslllllze — 2%|lp]) < Dy~ (57
k=0
To bound the second term in (36) we use Lemmal[9.6land Lemma[0.3]
= )
E¢e |7 > ((fo(iﬂk) — Ej<ilgr+1], vx — f‘))}
k=0
T7
dA .
<23 Br iy alie 2]
k=0 |
-1
1 dA 1
<_V 22 g —
<7 2 gl =+l
T-1
p<2 1 dA 1 AVd
< — ——E —z* < —7Dy. 58
_TkZ:OT\/E<k[||Ik z*|lpl < ——Du (58)
Next, we bound E term
= =
Ece |7 2 (n(aw) = (@) | < 7 D E<kBEy<i[(Bi<k[grni], 2 — 27)]
k=0 k=0
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T—1
1 . *
<7 > Bk Bi<k(Grr1, zh — 2)]-
k=0
For SGD algorithm with gy, by Convergence Theorem[3.2] with bounded second moment
T
1 . 1 R2 vl
TZ@HM%—UC )Sgort Z||9k+1|| (59)
k=0
Using (39) with taken E¢  from both sides
T—1
1 . ) 1 R?,
T > BB <k[(Ghr1, 2 — 2] < gﬁ + 5 Z Ej<k[lgr+1117]-
k=0
By Lemma[I1.1]
E<k([gr+1ll7) < o™ e! 7"

Hence,

T—1

1 1 R2 v
- E: E: <:___J£ 1+H 1— H 60
Z <kE < [(Gr41, 26 — 2")] < 5T T3 (60)

Combining bounds (37), (38, (]ﬂ]) together, we get

1R v gltr Vd
E&e[f(ET)]_f( )<2M27—+§_T+2 ;J’_N 1= H'i‘( 4 +AT>D\I,

In order to get minimal upper bound we find optimal ¢

1 v
1+kK 1—x . 1+k
min o —Dygy + =c = mino hi(e
>0 4 <CN v 2 c q 1()

hi(c) = 5(1 —K)c™" —nﬁD\p:Oéc*: 2xDy

(1-r)v*
VRV
E&e[f(fT)] - f( ) < 2MsT + §_T A2 D\p
— k\E (1—k)
1+K l—Kko—K b (1 IQ) K
e [

Considering bound of k € [0, 1]

(1 _ IQ)F" H(lfl-c)

<.

{ P T (el
1R, Vd

Eeelf(@r)] — f(z¥) < 2MaT + §—T +A—Dy + oyt (2Dy ") ©61)

v = (—F?y - )HN
4T/<aaq+“D\I,_"

2K 1—k
d Ry Dy .
Ee o[f(@r)] — f(z*) < 2Mar + AYip, “’77730‘12 [mim + kTR
T

1+k

Choosing optimal v* similarly we get

And

Considering bound of € [0, 1]

Then

d R”“D”“
Eeolf (@r)] /(") < 2Ma7 + Agm +2t—E 0, (62)

Tl+n

24
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1

2 e L ,
Ry ) . Estimation (62)) doesn’t change.

In order to avoid ¥ — oo when k — 0 one can also choose v* = (W
Ogq o

Finally, we bound ¢, with Lemma[.1]

And set optimal 7

2k 1ok "
VAADy + 4Ry Dy da, AT~ =
2M, '

12 Proof of Zeroth-Order Clipping Algorithm in High Probability Convergence.

For next proof we need some classic measure concentration results. Bernstein inequality for martingale differences
sum. Lemma 23 from [28]].
Lemma 12.1. Let {X;};>1 be martingale difference sequence, i.e. E[X;|X;<;] = 0,Yi > 1. Also b, 0 is such

deterministic constants that | X;| < b and E[X?| X ;<] < o almost surely. Then for arbitrary fixed number 11 and for
all T with probability at least 1 — §

t
1 1
ZMXz‘ < 2b|p logg + o|u|y/ 2T log 5

i=1

And sum of squares of bounded random variables. Theorem 20 from [28]].

Lemma 12.2. Let Z; is a sequence of random variables adapted to a filtration F;. Further, suppose |Z;| < b,E[Z?] <
o2 almost surely. Then for any ju > 0 with probability at least 1 — §

T 2
4 2T

E Z% < 3Tolog | = |log 7 +2 +

k=1 0 i

2
+20 max(p?, b*) log <1Tl2 {log (M> + 1] ) .
L

By choosing p=b> o

iZ,z < 3T0?log <% [1og (\/T) + 2} 2) +

k=1
12
+20b% log (F) .

Theorem 12.3. Let function | satisfying Assumptions [} 21 Bl q € [1 + k, o], arbitrary number of iterations T,

smoothing constant T > 0 be given. Choose 1-strongly convex w.rt. the p-norm function U, (x). Set the clipping
1 . L . . L= g
constant ¢ = TT+%) g, with o4 given in Lemmal2.2] After set the stepsize v = D—C‘I’ with D" =4 HT“ Sueps Dy, (z,y).
z,y

Let T be a point obtained by Algorithm 2l with the above parameters, and let x* € arg mig f(x). Additionally, for
S
~ 2
§ €[0,1) we denote 6! = % [log (\/T) + 2} and 8 = [34— 810g% + 1210g% + 2010g% +4\/2log%}.

1. Then, with probability at least 1 — ¢

@) — f) < 20y + 2V, 4 Drddb 63)
T 2T T+=

T

14+~x 14+~x
where aé‘“‘“ =2F (%%Mz) + 27 (M) .

25
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VAADy 426Dy da, AT TH7
oM

T . fMzDyda,A ﬁ\/ﬁa MyD

Proof. Lets notice from proof of the Theorem 4.1l for the first term of that for any zy,

2. With optimal T =

T—1
F@r) - f(a*) < % gwﬁm),xk — ) 4 2Myr 65)

For SGD algorithm with g, by Convergence Theorem[3.2]

1 . o _ 1RY
T};@kﬂaxk—f>§§—T+——Z||gk+1|| (66)
Let’s define random variable Z;, = ||gr+1/|, and notice that |Z;| < ¢ by definition of clipping and E[Z?] <
4oyt =" by from Lemma Thus by Lemma with probability at least 1 — §
1. N 4 2\ 20, 12
T Z gr+1ll; < 120,77 " log 5 {log (\/T) —1—2} + T log 5/ (67)
k=0
The left part of (66) can be rewritten as
| T2 T— | T
T D Ak, — %) = Z k1 = V fr(ar), 2 — %) + T D AV frn) o, — %)
k=0 = k=0
- T-1
1 N r *
Z (1 = Epplger], zn — ") + > (Eilgrr1] — Vir(or), o — 2*)
T = k=0
=
+T (Vfr(xg),xp —x*).
k=0

®

In the @ term we can proof that this is the sum of the martingale sequence difference. Indeed,
Ejx[{r+1 — Ejglgr+1], 21 — 7)) = 0.
By (@3) from Lemma[l1.1
(k1 — Elde+1], 2e — @) < [|Gk41 — Bplgrs]llqllze — 27(lp < 2¢ - [lak — 27|[p.
By (@7) from Lemma[l1.1
E [gk+1 — Ejglgrar), ze — %) 2] < 4oy ™0 o — ¥ 2.

Lets notice that ¥,, is (1, 2)-uniformly convex function w.r.t. p norm. Then by definition

(Sl

1
lzx — 27|, < (2Dw, (zx,27))* < sup_ (2D, (,y))
x,ye

=Dy.

And we estimate ||z — u||, < D,Vu € S. Hence, by Bernstein’s inequality Lemma with probability at least
1—4¢dand p= %

T—1 14Kk 11—k
1 N . . 4¢D 1 dog e 1
TZ|<9k+1—E|k[gk+1],xk—x )< T‘I’logg—l—TD?m/Qlogg. (68)

k=0

26
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For the @ we use bound of D term from (33)

N O.1+/-c
(E ki) — Vr (0), 2n — )] < ( : +A@> .

(69)
cr T
For the @ we use (63)
1 Il
F@r) = o) = 2Mor < kZ:waT(xk),xk —z*) (70)

Putting (67), (€8), (€9), (Z0) in (66), we get with probability at least 1 — §

1+/1
f@r) = f(z*) §2M27+< +A\/a> L Ry

4 2
+g [1203+“cl" log (5 [log (\/ T) + 2} )}
1+m
v20 , 12\ | 4Dy \/4% )
—Z=c%lo D 21 . 71
toTe ( 5 > T vy o 5 5 71
Choosing ¢ = T 04 and putting it in (Z1)), we get

1+~
. 4 2
+g [magT—dw log <g [log (\/T) + 2} ﬂ
20 12\ 40,Dy. 1 2 1
+Z Ul ( >+ T4V Jog 79 Dyy/2log ~. (72)
2 Tlﬂ 1) TT+= 0 Ti+s

Define 6! = % [1og (\/T) + 2} and choose v = DC‘P

f@r) - f(= )<2M27+< %q +A@> 1 R

d Dy
+A£> Dy +
T 2

T1
40,Dy 1 204 1

— log = + ——Dy/2log -. 73

+ T og5+Tm v/ g5 (73)

f(TT) — f(:Z?*) < 2MsT + A@'D‘y

1 4 / 1
3+81og6+12log5+2010g6 +4 210g6]

Vd da,A
Uq§2<21/4aqM2 ( j )

VAADy + 26Dyda, AT T
2 M, '

1+k

f@r) — f(z*) < 2Mor + ( % {1 + 1210g(1S +20log ;l]

Simplifying (Z3), we get

4 Duoy
2

T+r

Finally, we bound o, with Lemma[0.1]

And set optimal 7

T =
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13 Sketch of Proof of Zeroth-Order Restart Algorithms Convergence.
Proof of the Theorems|[6.1]

Proof. In this proof O() denotes log d factor.
Step 1: Zeroth-Order Robust SMD in Expectation.

Now zg in algorithm[I]can be chosen in stochastic way.

E[D\pp (10,1*)] R

Similarly to proof of Theorem[4.I]but with v = T~ = and bound Ry < Dy one can get from

VdA . =
Eeolf(@r)] — f(z*) < 2MoT + TD\I; + 2E [D\pp (xo,x*)] R g T TR 74)
Under obligatory condition A < Z iE[Dw, (mo’m%)] e picking 7 = 748Dy, (20,57 ™ , we obtain from (74) estimate
MarNdT T+< MyT =

K

UqE [D\pp (.I'Q, .I'*)} 4w

Eeolf(@r)] — f(2") < (24+1+2) T (75)
In aq T-depending term has T T+ decreasing rate, so we neglect it. Next, let’s use fact that Dy, (zo,2*) = O(||x0 —
14k 195
x ||p ) from [[12]](Remark 3) and denote Ry, = [||Tk —z*||p"~ ] AR
Under r-growth Assumption 4]
r — *||T * ~ g,
Bk [ — I} < Beol )] - 167) < 0 (Roz2% ). 76)
Due to Jensen’s inequality(r > HT“)
p TR o
r T — * || 2 q
b [lor —o1,] " " < S [lmr - a*l) <0 (R ). a7
Let’s find out after how many iterations Ry value halves
Hr o 5 < pr (Ro\"
—RI<O|[R — ) <=(=] . 78
2 1= <°T1~>—2<2) (%)
From right inequality of (Z8)
14k
N 2(1+T)0, B3 1
=0 < 1 q> (=D (1+r)
T RO K
For convenience we define A & %
After T} iterations we restart algorithm with starting point o = Tp, and Ry = Rix—1/2 = Ro/ 2k,
After N restarts total number of iterations 7" will be
N 1+k (1+k)
~ A (L=notm ) ~ A (r=1)(A+r)
T= ZTI@ =0 T =D0+r) 1)(1+~) =0 (r=1)(1+r) [2N( " ) - 1} : (79)
R, Ry -~
In order to get € accuracy
* -0 9q ~ (i (Ryv1\" ~ Ry
Ef-,e[f(IT)] —f(@*)<e=0 <RN1Tﬁ> <0 <7 <T) ) o ( 92 9(N— 1)r> )
N
Consequently,
~ (1 R
N:O(—10g2 (,u 0)), (80)
r 2e
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14k

P o 9(1+1) e

— N " Yq A q k(r—1

T=0 1/r RN CEY) ‘| 3 Tk =0 |: Rr—l 2 ( ):| : (81)
Ly e = Hritg

In each restart section we get different bounds for noise absolute value. From T} formula from (Z9)

2 p(2r-1)
S :urRO 1
Ak_0< YAVG 2k(2rl)>. (82)

Hence, A, will be the smallest on the last iteration, when & = NN.

'LLI/T

Av =0 __@-1/r)) .
N < MyVd

Step 2: Zeroth-Order Clipping in Expectation.

Now zg in algorithm[2l can be chosen in stochastic way.

T+r zo,z" H
Similarly to proof of Theorem[5.2lbut with v* = E [ Dy, (o, x*)]% (m%ﬂ) e = w one can get
from (61) !
1
. . Vd o E [ Dy _(z9,2*)|?
Beolf(0)] - f(a") < 20ar + AV, 4 2702 (oo Ik (83)
1 1
2 2

U(?]E[D\pp (zo,z*)]

a'q]E[Dq,p (mg,m*)]
2K v
M/ dT T+

icking T = -
p g M, T T

Under obligatory condition A <

1

UqE [D\I/p(l'o, .CC*)] 2
T = '
s -
In 0, 7-depending term has 7'+~ decreasing rate, so we neglect it. Next, let’s use fact that Dy, (xo, 2*) = O(||zo —

1
2*(|2) from [12](Remark 3) and denote Ry, = E [T}, — =*[|2] .

Eeelf(@r)] — f(2") < (24+1+2)

Under r-growth Assumption 4]

B [for -2 If-] < Bealf(or)] - 1) < 0 (Ro=24 ).

Due to Jensen’s inequality (r > 2)

oy _ «112 17/2 M —_ x| |r 2 Oq
fr A — |l < ).
g Elller =il ] < SE [ler —a"ll] < O <R0T<1+~>)

Next part of the proof is the same from Step 1 starting from (77). Analogically, we get the same T,N2 and noise
bounds from (1)), (80) and (82) correspondingly.

Step 3: Zeroth-Order Clipping in High Probability.
Now zg in algorithm[2lcan be chosen in stochastic way.

Important moment about convergence in high probability in restart setup is to control final probability. Let number of
restarts be N, if each restart has probability to be in bounds at least 1 — §/N3 then final probability to be in bounds
will be greater than 1 — ¢ which is probability of ’all restarts to be in bounds’. Usually N3 ~ 1og(%), thus

Ns 1 11
log — = loglog — < log = ——.
og - = loglog - < log 5z

It means that we can use log % instead of log %.

[SEN

= 0,z
Similarly to proof of Theorem[5.3|but v* = [Dy, (:co,:c*)]l/2 ( 1 ) e = E[Duy o21)]2

TUé+N v*
with probability at least 1 — § /N3

one can get from

f(TT) - f(,T*) < 2MsT + A@’D\y

29
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[D\pp (xo, x*)} 1/2 o

+ e
2T T+=

1 1 4 / 1
3+810g5+1210gg+2010gg +4 210g51 .

~ 2
Denote 51 = {mg (\/T) +2} B= [3+810g%+1210g%+2010g% +4,/2logﬂ.

1 1
. .. B%02D2 (wo,z*) . . BogDE (xo,z™) . .
Under obligatory condition A < —~—*2_ "~ picking 7 = ——2——~_ we obtain estimate
MoVdT T+% MyT 14w

O'Qﬁ [D\I/p(l'o,l'*)]%

f@n) — 1) < @41+ 1) BT s

—2K
In 0, 7-depending term has 7'+~ decreasing rate, so we neglect it. Next, let’s use fact that Dy, (zo, z*)

x*[|2) from [12](Remark 3) and denote Ry, = |[Ty — z*||,.

Under r-growth Assumption[d (r > 1)

Hr * (|7 — * A O—ﬁ
B lfor — 'l < f(or) - £a") < 0 (Ro-Z2 ).

Next part of the proof is the same from Step 1 starting from (Z7) with
A déf 2(1+r)ﬂgq.
i
Analogically, we get T3,N3 and noise bounds from (81), (80) and (82) correspondingly.

=1 pr Ry
N—O(TlogQ( o )),

14k

gl B 1 " B201+7) kN
A " Oq _ A Oq k(r—1)
T=0 1/r ’ (’”1)‘| ’ Tk_O |: erl 2 ( :|

/147‘ e r /’L’I‘ 0

In each restart section we get different bounds for noise absolute value. From T}, formula from (86)

_ 2 p(2r-1)
Ak -0 /’L’I‘RO 1 .
M2\/E 2k(2r—1)

Hence, A, will be the smallest on the last iteration, when & = V.

Ml/r
Av =0 | 2 @2=1/m)
N <M2\/E

30

(Ilzo —

(85)

(86)
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