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ABSTRACT

A simple micro-mechanical model for the homogenised limit analysis of in-plane loaded masonry is
proposed. Assuming brickwork under plane stress condition and adopting a polynomial expansion
for the 2D stress field, a linear optimisation problem is derived on the elementary cell in order to
recover the homogenised failure surface of the brickwork. Different models of higher accuracy are
obtained by increasing the degree of the polynomial approximation. Several cases of technical
interest are treated in detail, varying both the geometrical characteristics of the cell and the
mechanical properties of the components. The model is validated through comparisons with
experimental data and kinematic approaches; the comparison with experimental data has the aim to
reproduce in a qualitative way the shape of the failure surface, since 3D effects and brittle
behaviour of bricks can not be taken into consideration with the model proposed.

In an accompanying paper, the homogenised failure surfaces here obtained are implemented in a
finite element limit analysis code and relevant structural examples are treated both with a lower and
an upper bound approach.
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1 INTRODUCTION

In recent years, there has been a steady interest in the mechanics of unreinforced masonry
structures, with the aim to provide efficient tools for better understanding their complex behaviour.
Mortar joints usually present a lower strength than masonry units, so explaining the existence of
planes of weakness along which cracks propagate at failure. Therefore, two main approaches have
been developed for the constitutive description of masonry, usually known in the technical literature
as macro-modelling and micro-modelling.

The macro-modelling approach does not make any distinction between masonry units (bricks,
blocks, stones, etc.) and joints, averaging the effect of mortar through the formulation of a fictitious
continuous material. This approach has been widely pursued in the past (the classical no-tension
material [1], for instance, belongs to this category), because it makes possible to employ the rough
discretizations necessary for actual large scale structures. Nevertheless, it appears really difficult to
take into account some distinctive aspects of masonry, such as anisotropy in the inelastic range and
the post-peak softening behaviour, closely related to the constituent materials (mortar and units)
and to its geometry (bond pattern, thickness of joints, etc.). With the aim to take into account the
above aspects, an equivalent macro-model has been recently developed in [2], featuring orthotropic
elastic-plastic behaviour with softening. Nevertheless, the mechanical properties required by the
model are derived from experimental data and the results are limited to the conditions under which
the data are obtained. This means that the introduction of new materials and/or the application of a
well known material in different loading conditions might require a different set of costly
experimental programs.

The alternative micro-modelling approach consists in representing separately mortar joints and

units. In some cases, reasonable simplifications have been introduced, for example utilising zero-



thickness interfaces for the joints [3] [4]. Nevertheless, a drawback of this approach is related to the
necessity of modelling separately units and mortar, so limiting its applicability to small panels.
Despite the wide employment of the homogenisation theory for modelling masonry structures in the
elastic field, only a few papers extend the formulation to the inelastic range. Recently, a suitable
homogenised model for the limit analysis of masonry walls has been presented in [5], where the
units are supposed infinitely resistant and the joints are interfaces of zero thickness with a frictional
failure surface. Furthermore, in [6], a brittle damaging model has been developed, characterized by
an elementary cell composed by units, mortar and a finite number of fractures on the interfaces.
Finally, in [7] a finite element approach has been adopted to represent the non linear behaviour of
the homogenised material, assuming either elasto-plastic or damaging constitutive laws for units
and mortar. Nevertheless, such finite element approach requires a great computational effort, since
the field problem has to be solved numerically for each loading step, in all Gauss points.
Furthermore, this choice needs a comprehensive mechanical characterisation of the constituent
materials and large time both for the construction of the finite element model and for performing
the analyses themselves.

On the other hand, the classical linear elastic analysis, which is the most disseminated tool in civil
engineering design, fails to give an idea of the structural behaviour near collapse. This is a key
issue, especially for historical constructions, where the low tensile strength of mortar joints leads to
a very limited linear domain.

For the above reasons, limit analysis combined with homogenisation technique seems a powerful
structural analysis tool to produce reliable results at collapse. This approach requires only a reduced
number of material parameters and allows to avoid independent modelling of units and mortar. In

addition, it provides limit multipliers of loads, failure mechanisms and, at least on critical sections,



the stress distribution at collapse. Such approach has been recently presented for fibrous material
([8]) and it has been shown that reliable results can be obtained using this procedure.

Here, a simple model for the homogenised limit analysis of in-plane loaded masonry structures is
presented. The model assumes fully equilibrated stress fields in the elementary cell, assigning
polynomial expressions for the stress tensor components in a finite number of sub-domains, and
imposes the continuity of the stress vector on the interfaces. In the framework of limit analysis,
such stress distribution represents a statically admissible field in the elementary cell [9], and leads
to a linear optimisation problem.

The paper is organised as follows: in Section 2, a brief review of the homogenisation theory in the
rigid-plastic case is reported, whereas in Section 3 the proposed model is discussed in detail. With
the aim to assess the accuracy of the results obtained, a preliminary comparison in the elastic range
between the model and a standard f.e. procedure is provided. In Section 4, the micro-mechanical
model is applied for some cases of technical interest for the evaluation of the homogenised failure
surfaces of masonry. Several cases are reported and validated both against experimental data

available in literature and, where possible, against closed-form solutions recently presented.

2 HOMOGENISATION IN THE RIGID-PLASTIC CASE

Masonry is a composite material usually made of units bonded with mortar joints. In most cases of
building practice, units and mortar are periodically arranged. Such periodicity gives the possibility
to consider an entire wall Q as the repetition of a representative element of volume Y (REV or
elementary cell) - see Figure 1. Y contains all the information necessary for describing completely
the macroscopic behaviour of Q. If a running bond pattern is considered, as shown in Figure 1, it

can be easily checked that the elementary cell is rectangular.



For periodic arrangements of units and mortar, homogenisation techniques can be used both in the
elastic and inelastic range, taking into account the micro-structure only at a cell level. This leads to
a significant simplification of the numerical models adopted for studying entire walls, especially
for the inelastic case.

The basic idea of the homogenisation procedure consists in introducing averaged quantities

representing the macroscopic stress and strain tensors (respectively E and X), as follows:

E=<g>= ljs(u)a’Y
A Y

Y =<0 >= ijch,
A

J (1)
where A stands for the area of the elementary cell, ¢and ¢ stand for the local quantities (stresses
and strains respectively) and <*> is the averaging operator.

Periodicity conditions are imposed on the stress field o and the displacement field u, given by:

u=Ey+u™ u™ on 9Y
on anti-periodic on 0oY 2

where u™ stands for a periodic displacement field.
Let S™, S° and S™™ denote respectively the strength domains of the mortar, of the units and of the
homogenised macroscopic material. It has been shown by Suquet [9] that the s™" domain of the

equivalent medium is defined in the space of the macroscopic stresses as follows [10]:
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Here, [[6]] is the jump of micro-stresses across any discontinuity surface of normal n
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. Conditions

(3-a) and (3-d) are derived from periodicity, condition (3-b) imposes the micro-equilibrium and

condition (3-e) represents the yield criteria for the components (brick and mortar).

A dual kinematic definition of S™", also due to Suquet [9], can be derived through the support

function 7" (D) as follows:

Shom —

where:

2|

>:D<z™"(D) VDeR®
7" (D)= inf{P(V)l D= 1 I(V®n+n®v)dS

oY=r

P(v)= jﬂ'(d)dY + Iﬁ([[v]];n)dS

- v=Dy+v™ isthe microscopic velocity field

- v™ is a periodic velocity field

- dand D are respectively the microscopic and macroscopic strain rate fields

- Sis any discontinuity surface of vin Y, n is the normal to S

- 7([[v]I;n)=1/2([[v]]®n +n ®[[v]])

- z(d)= mgx{c :d; 6 e S(y)}

|

(4)



It is worth noting that, using the kinematic definition given by Eq. (4), it is possible to explicitly
determine the homogenised strength domain of masonry in the space of the macroscopic stresses
assuming infinitely resistant units and joints interfaces with Mohr-Coulomb failure criterion [5].
Alternatively, from the set of Egs. (3), S™" can be statically obtained solving the following
optimisation problem for every direction of the vector n, :
max{i}
~ A 1
n, =y, a, a,| ==|odY

z [ 11 22 12] Y'){

on anti-periodic on oY

such that ]
dive =0
< S’ if y e blocks
o(y)esi(y)={> "7
S™ if y e mortar )
where:

-n, =|a,, @, a,] isaversorinthe macroscopic stressspace ¥,, %, 2.,

-/’AtnZ represents a macroscopic stress state on S™™ belonging to a straight line from the origin of

direction n, .

3 A SIMPLE MICRO-MECHANICAL MODEL FOR DERIVING THE
HOMOGENISED FAILURE SURFACE OF MASONRY

In this Section a simple and numerically suitable approach for solving the optimisation problem

given by Egs. (5) is presented. As shown in Figure 2-a, one-fourth of the REV is sub-divided into

nine geometrical elementary entities (sub-domains), so that all the cell is sub-divided into 36 sub-

domains, as shown in Figure 2-b. The subdivision adopted is the coarser (for % of the cell) that can

be obtained using rectangular geometries for every sub-domain.



The macroscopic behaviour of masonry strongly depends on the mechanical and geometrical

characteristics both of units and vertical/horizontal joints. For this reason, the subdivision adopted

seems to be also particularly attractive, giving the possibility to characterise separately every

component inside the elementary cell.

For each sub-domain, polynomial distributions of degree (m) are a priori assumed for the stress

components. Since stresses are polynomial expressions, the generic ijth component can be written as

follows:
al)=X(y)s; yer
where:

- XMW=k w2 o )

_low ) (3) (4) (5) (6)
- S@/—[Su S@/ S!/' Si/' Si/' Si/

m’ 3m . (m+1)m +2)

(6)

is a  vector of length (]\7 )

(]V = + - +1= f) representing the unknown stress parameters;

- Y represents the £ sub-domain.

3.1 EQUILIBRIUM AND ANTI-PERIODICITY OF on ON oV

The imposition of equilibrium (with zero body forces, as usually considered in homogenisation

procedures) inside every sub-domain, the continuity of the stress vector on interfaces and anti-

periodicity of en permit to strongly reduce the total number of independent stress parameters.

More in detail, the imposition of micro-equilibrium (o

yields:

7., =0 i=12) for every sub-domain



2 X(y),8§" =0 (7a)

Taking into consideration, for instance, the 2" order approximation the following equations can be

written for the £ sub-domain:

SE9 + 27,550 + 7,550 + 557+ 1LY +27,587 =0
SE9+ 27,550 + 7,580 + 5B + 1,550 +27,587 =0 (7

As shown explicitly by Eq. (7b), Eq. (7a) represents a system of two equations in (2m) variables,
each one being a polynomial expression of degree (m-1) inYy.
A statically admissible stress distribution is obtainable if equilibrium is imposed everywhere inside

each sub-domain, ie. if o, (x,y)=0 i=12 V(x,y)esub—domain; since o,(x,y) is a

g.J

polynomial expression of degree (m), a linear combination of its derivatives (dive) is a

polynomial of degree (m —1). Therefore Eq. (7) leads to write (2N) linear independent equations in

(m -1y s 3(m—1)+1: m(m+1)

the stress coefficients, where N = 5

. This condition permits the

reduction, independently inside each sub-domain, of the total (3[\7 ) stress parameters to (3]\7 —2N)

(m + l)(m + 6)
2

(with 3N -2N = ) unknowns.

It can be shown that each polynomial stress distribution can be rewritten in every sub-domain as

follows:
oW=X,(yS® i=12 k=1..,k"™ ye¥* (8)

where:



- S®is the vector of length (3]\7 —2N) of the remaining (linear independent) stress parameters
of each sub-domain;

- k™=9.

A further reduction of the total kmax(sﬁ—ZN) unknowns is obtained a priori imposing the

Ui i i (k) () P
continuity of the stress vector on internal interfaces (¢"/n; +o;n, =0 i=12) for every (k) and

(r) contiguous sub-domains with a common interface of normal n (Figure 3).

Other two equations in the stress coefficients can be written for each interface as follows:
(XOYRD +XO (8 )n, =0 i=12 (%)
For example, if the vertical interface of Figure 3-b is considered, the following equations can be

written for a quadratic interpolation of the stresses:

(k) — ~()

O =0
(k) _ —(n)

O, =0p

with :

(k) _ Q) O(k) (k) Vo (2k) (3k) O(k) (k) V¥ o (4k) O(k) (k) Yo (5k) 2 o (6k)
oy =85 +(y1 -L )Sll + 1,50 +(y1 -L )S +y2(y -L )Sll + ;80

(1r) o(r) g(2r) (3r) o(r) (4r) o(r) g (57) (6r)
011 =85+ Sy + Y8y +( )Sll + Yoy Sy +y2S11

k 1k ok k 2k 3% ok k 4k ok k 5k 2 o (6k
01(2)_S1(2)+(J’1() L())Sl(2)+y2Sl(2)+(y1() L())S( )+J’z(J’1() L()>Sl(2)+)’ S()

Ul(é) _Sl(;r) + 9 (r)S(zr) +y2S(3*) +( O(r)) S(‘”) +y2y0(’)S(5” +y351(26r)
(9b)

where:

- »?¥ is the origin abscissa of the frame of reference belonging to the K™ sub-domain (Figure 3-a)
in the local frame of reference y1-y,
0k) _ (k)

-y = yy

- L™ length of the £ sub-domain.

10



A statically admissible stress distribution can be obtained if continuity of the stress vector is

guaranteed in any point of the interface. Being Eqgs. (9) polynomial expressions of degree (m) in the
abscissa s of the interface, other 2N'equations (where N'=m+1) in S® and S for each
(k < r) interface can be written from (9), see Figure 3-b.

Eq. (9) involves variables belonging to contiguous sub-domains, while Eg. (7) involves only the
stress parameters of a single sub-domain.
Finally anti-periodicity of en on 0V requires 2N’ additional equations per pair of external faces

(m) (n) (Figure 3-c), i.e. it should be imposed that stress vectors on are opposite on opposite sides
of oV :

X"y, = -X{(v)8"n, (%)
Where n and n™ are oriented versors of the external faces of the paired sub-domains (m) (n).
As it is possible to note, Eq. (9c) are similar to the internal interfaces equilibrium equations (9a),
but in this case the stress anti-periodicity requires p,,2N" additional equations, where p, =12 is

the total number of external sub-domains pairs.

Some elementary assemblage operations on the local variables (handled automatically) lead to write

the stress vector inside every sub-domain as follows:

e =X®(y)S k=1,.. k™ (10)

where:

- 6" is the vector of membrane actions inside the £ sub domain;

- X® (y) is a 3xn,, matrix which contains only geometrical coefficients; its elements are
polynomial forms in the microscopic coordinate y;

- S is the vector (of length AV, ) of the total stress parameters unknown.

un

11



For the examples reported here, all the equations necessary to ensure equilibrium and anti-
periodicity have been handled symbolically by means of the Symbolic Math Toolbox™ and all the
procedure described has been implemented in Matlab™ language (V.6.1-R.12.1) on MSWin
Platform [11]. Optimisation has been treated modifying some routines in the Optimisation Math
Toolbox™ [12].

The equations written in order to satisfy internal equilibrium, equilibrium on interfaces and anti-
periodicity of the stress vector lead to system of equations AS =0, where S is the vector of total
stress parameters. Nevertheless, not all the rows of this system are linearly independent. This can be
easily shown if four generic rectangular elements with four common interfaces and subjected only
to constant non zero shear stress are considered, as reported in Figure 3-d. Internal equilibrium is a-
priori satisfied, whereas four equations for ensuring equilibrium on interfaces have to be written.
Nevertheless, only three of these four equations are linear independent.

The linear dependence of some equations with respect to others has been handled automatically by
means of the Symbolic Math Toolbox™, checking the rank of matrix A and progressively
eliminating linearly dependent rows.

Finally, four different models of increasing accuracy (Po P2 P3 P4) have been obtained increasing the

degree of the polynomial expansion.

3.2 LINEAR ELASTIC CASE

A preliminary study in the linear elastic range has been carried out with the aim to test the
reliability of the results obtained using the micro mechanical model.

Let us consider the quadratic functional I1 of the complementary energy evaluated in the REV.

With the assumption done in Eqg. (10), an approximation of IT can be written as follows:

12



I* = 3 Yj %§T5<W(y)cbv"'i<k> )Sdy, - ) J X M7uds, a
Where C”™ is the compliance matrix of units or mortar joints and u is the displacement imposed
on the boundary oY of the elementary cell, representing a given macroscopic strain tensor E.
The minimization of the approximated expression of IT leads to the following expression:

e
VIT* = {; [XOT (y)c" XD (y)dr, JS’ -2 [X“ (y)uds, =

=T I8

=C™§-T=0 (12)
which enables to find both S, by factorization of the matrix C"™ and X, from integration of the
local stress field, see Eq. (1).
In this Section, a comparison between the elastic moduli provided by the model proposed and a
standard numerical 2D FEM procedure ([13]) is presented for a case of practical interest. The
dimensions of the units are assumed to be 250x120x55 mm?® (brick UN15628/65) and the thickness
of mortar joints is equal to 10 mm. The initial mechanical characteristics of materials are reported
in Table I; the simulations are handled keeping the brick Young modulus E, constant and
progressively reducing the mortar Young modulus En,, so assuming a wide range of Ey/Ey, ratios
(from 5 to 90), in order to simulate also historical brickwork. In Figure 4, a comparison between the
homogenised A membrane moduli obtained is reported varying En/En ratio. The homogenised
moduli are normalised versus the corresponding moduli of the brick. As it can be noticed, the
provided moduli are reliable in a large range of E,/En, ratios, even for the most simple model with
constant stresses tensor (PO). Nevertheless, Figure 4-a shows that a progressively reduced accuracy
of the PO model can be noticed for the 411:1 module, due to the presence of shear stresses in the bed

joint (as already discussed in [14]). Finally, in Figure 5 the relative error, in terms of energy norm,

13



arising from a comparison with F.E. results is reported. It can be observed that models P3 and P4

exhibit very satisfactory accuracy also for very low values of mortar Young modulus.

3.3 ADMISSIBLE STRESS FIELDS

The approximation of the stress field automatically built up represents a statically admissible stress

field, therefore the static theorem of limit analysis provides the following optimisation problem:

max{i}
- 14~ ~
Ang =— ZIX(k)(y)SdY (a)
Y k=ly
such that yeY’ ()
6 =X"(y)s ()
o(y)eS* k=1..4k"™ (d)

(13)

where S’ stands for the failure surface of the component (unit or mortar) belonging to the i sub-
domain.

The optimisation problem given by Eqgs. (13) is generally non-linear [15], as a consequence of the
(possible) non-linearity of the strength functions of the components. In addition, condition (13-d)
has to be checked in every point of the domain Y. Nevertheless, as suggested in a classical paper by
Belytschko and Hodge [16], the check could be avoided imposing the material admissibility only
where the stress status is the maximum. This is feasible only for the PO and P1 models;
alternatively, the discretisation proposed here consists in enforcing, in every sub-domain, the
admissibility condition in a regular grid of “nodal points” with step rxq.

Adopting such regular grid, the optimisation problem reduces to the following discretised form:

14



max{i}
A 1 ~ -
ng == [X©(y)Sdy

) l (v)

y’ = nodal point

such that S i(k)(ij
¢/ eS j=1..r1q

k=1..,4k™ (14)

Optimisation problem given by Egs. (14) generally remains non-linear. In order to use linear
programming algorithms, each of the non-linear inequalities of Eqgs. (14) could be approximated by
a set of linear inequalities (as proposed in the past, for instance, by Anderheggen and Knopfel [17]
or Maier [18]), by replacing the yield surfaces with inscribed hyper polyhedrons. Finally, the
convergence of the solution obtained should be checked progressively increasing the number of
planes of the approximation, as recently pointed out, see Sloan and Kleeman ([19]) and Olsen
([20D).

Alternatively and more efficiently, an iterative procedure is adopted here, taking advantage of the
fact that the simplex method proceeds from basic solution to basic solution towards an optimal
basic solution, i.e. on the vertices of the hyper polyhedron ([21]).

It is stressed that the simplex method can rarely compete favourably with the more recent and
efficient interior-point methods (IPMs), see e.g. Mehrotra [22]. In particular, Klee and Minty [23]
have proven that the worst-case complexity of some variants of the simplex method is exponential,
while interior-point methods have only polynomial complexity. Nevertheless, for the present
application with a very limited number of variables and inequality constraints of the problem,
simplex-type algorithms are still preferable than IPMs.

The basic idea of the iterative procedure adopted is the following: in the starting step, a coarse

linear approximation of the non linear failure surfaces of the components is adopted, as shown in

15



Figure 6-a. The application of the simplex method in the optimisation at the i/ step leads to an
optimal solution in a corner of the domain. From the iterative i solution point a new tangent plane
is added in P, as shown in Figure 6-b, so restarting an (i+1)™ optimisation procedure. The iterations
continue until a fixed tolerance in the error between the i and (i+1)™" solution is reached.

The aim of the procedure is to give a precise approximation of the yield surface only near the
solution of the problem. The described algorithm leads to a well approximated (even if non
rigorous) lower bound, being the yielding surface approximated with a circumscribed polyhedron.
Figure 7 represents the convergence of the multiplier upon refining the grid of the nodal points
where the material admissibility is checked. It can be observed that a coarse grid is sufficient to
obtain adequate results. Therefore, a regular grid of 5x5 nodal points will be generally employed in
the subsequent part of the paper.

In Figure 8, the strength domain obtained increasing the degree of the polynomial expansion is

represented in the macroscopic stress space with X, =0 ; the results are compared with a full finite

element limit analysis on the REV. Mechanical characteristics of the constituent materials are
summarized in Table Il; a Mohr-Coulomb failure criterion in plane stress is chosen for mortar
joints, while units are supposed infinitely resistant; the geometry of the elementary cell is reported
in Table 111.

As Figure 8 shows, the model with constant stress tensor (PO) is unable to reproduce the typical
anisotropic behaviour of masonry at failure ([24]), while the refined models give a progressively
increased accuracy of the results (especially P3 and P4) in comparison with the f.e. analysis.
Therefore, the cubic interpolation P3 will be generally employed in the subsequent part of the

Paper.
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4 VALIDATION AND DISCUSSION OF HOMOGENISED FAILURE
SURFACES

In this Section, some meaningful cases are discussed, with the aim to test the reliability of the
results obtained. In the first example, a comparison between the failure surfaces obtained by de
Buhan and de Felice ([5]) and those derived using the present model is discussed. The example is
meaningful because it tests the reliability of the model proposed in the tension-tension range in
comparison with a closed-form solution obtained through a kinematic approach. In the second
example, the micro-mechanical model is applied to obtain homogenised failure surfaces for the
masonry material considered by Page ([25]) in his tests on half-scale panels.

Moreover, the homogenised surfaces for the masonry experimentally tested by Raijmakers and
Vermeltfoort ([26]) are provided supposing different mechanical properties for the constituent
materials. In addition, for the latter example, a kinematic approach is adopted, supposing both the
units infinitely resistant and the joints interfaces with a frictional type failure surface with cap in
compression. Finally, a comparison between the static and kinematic approach is reported in the

compression-compression range.

4.1 COMPARISON WITH AN EXPLICIT SOLUTION IN THE TENSION-TENSION
REGIME

An explicit homogenised strength domain in the case of infinitely resistant units and joints reduced
to interfaces has been derived in [5] by de Buhan and de Felice. The reduction of joints to interfaces
with a Mohr-Coulomb failure criterion combined with the infinitely resistance of units, makes
possible to find, through a kinematic approach, an explicit solution for the homogenisation problem

in the rigid-plastic case. It can be shown that the homogenised material so derived is infinitely
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resistant in the compression-compression region, while is orthotropic at failure in the tension-
tension field.

The numerical failure surfaces presented in this Section (and in what follows) are obtained solving
the optimisation problem given by Eqgs. (14), where the direction of the load

[Z, 2, Z,] depends on the orientation 9 of the principal directions with respect to the

material axes (Figure 9):

max {1
~ 1 _ -
Ang == |XP(y)8dy
0.~ LY (RO
y’ = nodal point
o = gm(ng
¢’ k | = — max
such that 6/ St jlerg k=l..dk
Ny, = E(cos(y/)(1+ cos(29))+sin(y )1 cos(29)))
Ny, = %(cos(y/)(l— cos(29)) +sin(y )L+ cos(29)))
gy = %(cos(w)cos(zg)—sin(y/)cos(ZS))tan(ZS) )
15
where:
- y denotes the loading angle, given by tan(y)= ;
h

- 9 denotes the angle between X, and the x-axis.

In Figure 10, a comparison between [5] and the failure surfaces obtained using the proposed model
with joints lumped to interfaces is represented. A Mohr-Coulomb failure criterion is used for mortar
joints; three different orientations 4 are inspected. The material properties and geometry of the
elementary cell are the same as in Section 3, see Table Il and Table 111 respectively.

Closed-form results are obviously well reproduced by the model adopting an interface law for the

joints (Figure 10), whereas remarkable differences in the shape of the surface are present taking into

18



accont the actual thickness of the joint (10 mm) and adopting, for instance, for the mortar a Mohr-
Coulomb failure criterion in plane-stress (Figure 11).

The dependence of the homogenised failure surfaces both on the mechanical properties of
components and on the geometry of the elementary cell (dimensions of units, thickness of joints)
demonstrates that the micro-mechanical model proposed is a valuable general tool for the analysis

at collapse of masonry.

4.2 COMPARISON WITH EXPERIMENTAL DATA

The most complete set of strength data of masonry under biaxial loads has been provided by Page
[25], who tested 102 panels of half-scale solid clay brick masonry with dimensions 360x360x50
mm?. The dimensions of the units were 110x50x35 mm® [27] and the mortar thickness was 10 mm.

The panels were loaded proportionally in the principal stress directions X, and X, along different

orientations ¢ with respect to the material axes, see Figure 9.

Material properties for mortar and units are given in Table IV. Both for mortar joints and units, a
Mohr-Coulomb failure criterion in plane stress is adopted. It has to be emphasized that the results
reported in [25] and [28] provide only the mean compressive strenght of mortar (= 5 MPa) and
bricks (=15.41 MPa), insufficient for a full parametric identification of the model in plane stress.
Furthermore, it should be underlined that the model at hand is only capable of reproducing the
shape of the failure surface and not the actual strength in compression from the masonry
components, since 3D effects are neglected and, in the framework of limit analysis, a ductile
behaviour of the bricks is assumed. For these reasons, mechanical characteristics of constituent

materials are assumed with the aim of fitting experimental data reported in [28] and [29].
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In Figure 12-a the homogenised failure surface for the orientation ¢ = 0° is reported in comparison
with experimental data by Page. Furthermore, in Figure 12-b and Figure 12-c failure surfaces
numerically obtained and the experimental data are compared for the orientations 9 = 22.5°and

4 =45°, which are in close agreeement.

4.3 COMPARISON WITH AN EXPLICIT SOLUTION IN THE COMPRESSION-
COMPRESSION RANGE
The brickwork considered by Raijmakers and Vermeltfoort ([26]) for performing some
experimental tests on shear walls is here examined. The units dimensions are 210x52x100 mm?®,
whereas the thickness of the mortar joints is 10 mm. Such shear walls have been already examined
through numerical simulations and a micro-mechanical approach by Lourenco and Rots [3], [29]
and Sutcliffe et al. [30]. In their analyses, both authors reduce the joints to interfaces and adopt for
mortar a frictional-type failure behaviour. A non linear cap model is chosen in [3], whereas a linear
approximation of the cap, as shown in Figure 13, is adopted in [30], with the aim to study the shear
walls in the framework of limit analysis.
In the present paper, three different models (A, B, C) for joints are critically examined (Table V); in
model A and B joints are reduced to interfaces, whereas in model C the actual thickness of the
mortar is considered, adopting a Mohr-Coulomb failure criterion in plane stress. Model A and B
differ only for the compressive cap, which is vertical in model A and with a very prominent shape
in model B; furthermore, the value of cohesion adopted for model C is deduced supposing the same
uniaxial compressive strength of the cases A and B.
The goal of the comparison is to evaluate both the accuracy of the static approach in comparison

with kinematic procedures and the differences in the homogenised failure surfaces in presence of
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different mechanical characteristics for mortar (models A and B) and actual thickness of the joints
(model C).
The homogenised surfaces in the compression-compression region obtained using the three
different models illustrated are reported in Figure 14-a ($=0°), Figure 14-b ($=22.5°) and
Figure 14-c (9 =45°). As it can be noticed, the resultant failure surfaces are strongly dependent on
the mechanical characteristics adopted for the joints. Furthermore, the shape adopted for the
compressive cap in Model B strongly affects its ultimate strength in the compression region. The
results previously discussed show that the homogenised surface depends on the geometrical and
mechanical characteristics assumed for the components and that the proposed model is able to
reproduce in a very simple manner the macroscopic strength domain whenever different failure
behaviours for the components are taken into account.
It is worth noting that a comparison with a kinematic formulation is possible for joints reduced to
interfaces (i.e. for models A and B). In fact, the kinematic formulation of limit analysis leads to the
following constrained minimisation problem:
7 =min 1J.P(d)alS

VD A

>':D=1
v=Dy + v’

(16)
where y is the kinematic limit multiplier of the assigned macroscopic stress X.° andP(d)is the
local plastic dissipation over the REV. Optimisation problem given by Egs. (16) has been treated in
detail by some authors in the past for obtaining the homogenised failure surfaces for composites
materials (see e.g. [8]). In the case of mortar joints reduced to interfaces with a linearized frictional-
type failure criterion, as shown in Figure 13, and for units infinitely resistant, the plastic dissipation

depends only on the jJump of displacements on interfaces and Eqs. (14) can be re-written as follows:
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(17)
where A, is the plastic multiplier associated with the (linear) inequality constraint £ <0 which
determines the admissible stress state. The optimisation problem given by Egs. (17) can be easily
handled numerically and leads to reproduce "™ through a kinematic approach.

For models A and B, a comparison between the model proposed and the kinematic approach is
illustrated respectively in Figure 15 and Figure 16. The comparison between the homogenized
surfaces S"™™ obtained through the static approach and a kinematic procedure shows the accuracy of

the proposed model.

5 CONCLUSIONS

In the present paper, a novel micro-mechanical model in plane stress for the homogenised limit
analysis of masonry subjected to in-plane loading has been presented. Adopting a polynomial
expansion for the stresses field, a simple linear optimisation problem has been derived on the
elementary cell with the aim to find the homogenised failure surface of masonry. Four different
models of increasing accuracy have been obtained progressively raising the degree of the
polynomial approximation. The model presented is able to satisfactory reproduce homogenised
failure surfaces of masonry varying both the geometrical characteristics of the cell and the
mechanical properties of the components. The accuracy of the model has been assessed through
meaningful comparisons both with kinematic approaches. The shape of experimental failure

surfaces can also be reproduced with the model at hand. For this reason, it appears a simple and
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useful task to reproduce experimental data also when only compressive strength of masonry along

few directions is known.

In an accompanying paper, the homogenised failure surfaces here recovered will be implemented in

a f.e. limit analysis code and meaningful structural examples will be treated in detail both with a

lower and an upper bound approach.
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E [N/mm?]
Young modulus

1%
Poisson ratio

unit 11000

mortar 2200

Table |
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Mortar Unit

Frictional angle (@)  Cohesion (c)

37° 1.0028 Mpa  Infinitely

resistant
2¢cos(®) 2c¢cos(d)
o, =——7F+ Oo,=—7+%
© 1+sin(®) ¢ 1-sin(®)

Table I
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b [mm] a [mm]

52.5 17.5
en[mm] ev [mm]
10 =€n
Table 111
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Mortar Unit

Compressive Strength ~ Compressive/Tensile Compressive Strength  Compressive/Tensile
strength ratio strength ratio

o, =8.01 [N/mm?] o lo, =157 o, =10.1 [N/mm?] oo, =6

Table IV

48



Model A Model B Model C
f (c=1.4 ) f f (c=1.4 f) f o, @
0.16 11.5 0.16 115 115 37°
[N/mm?] [N/mm?] [N/mm?] [N/mm?] [N/mm?]
@, @, ®, @, . 1—sin(®) o 2¢ cos(d)
<2 ) ‘" 1+sin(®)
- 90° 370 20° cos(d) 1+sin(®)
Table V
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