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ABSTRACT

This thesis discusses the topic of Boolean algebras. In order to build intuitive
understanding of the topic, research began with the investigation of Boolean algebras in
the area of Abstract Algebra. The content of this initial research used a particular nota-
tion. The ideas of partially ordered sets, lattices, least upper bounds, and greatest lower
bounds were used to define the structure of a Boolean algebra. From this fundamental
understanding, we were able to study atoms, Boolean algebra isomorphisms, and Stone’s
Representation Theorem for finite Boolean algebras. We also verified and proved many
properties involving Boolean algebras and related structures.

We then expanded our study to more thoroughly developed theory. This com-
prehensive theory was more abstract and required the use of a different, more universal,
notation. We continued examining least upper and greatest lower bounds but extended
our knowledge to subalgebras and families of subsets. The notions of cardinality, cellular-
ity, and pairwise disjoint families were investigated, defined, and then used to understand
the Erdos-Tarski Theorem.

Lastly, this study concluded with the investigation of denseness and incompa-

rability as well as normal forms and the completion of Boolean algebras.
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Chapter 1

Introduction

The topic of Boolean algebra is a branch of algebra first introduced by George
Boole that involves mathematical logic. Computations with Boolean algebras involve
the operations of greatest lower bound, least upper bound, and complementation. The
structure of a Boolean algebra develops from a partially ordered set and, subsequently,
from a lattice.

The literature on this subject uses two different types of notation. Because of
this fact, this thesis contains multiple notations to denote a single concept. For example,
A and - both denote least upper bound. The varied notation will allow us to understand
all of the necessary definitions and it will also allow the reader to be familiar with the
different notation when reading various articles on the subject.

The motivation to study Boolean algebras comes from an interest in set theory
and mathematical logic, as well as a desire understand some of the mathematics that

apply to the computer design process.



1.1 Notation

N

Z

Z*

Q

@*

R

]R*

C

(C*

S

U

N
gord{}
-

C
gcd(a, d)
lem(a,b)
min(a,b)
maz(a,b)
a<b

w

{0,1,2,3,...} — The set of natural numbers
{0£1,+2,43,...} — The set of integers

z\ {0}

{¢|a€Z,be Z*} — The set of rational numbers
Q\ {0}

The set of real numbers

R\ {0}

{a+0bi|a,beR,i=+/~1} —The set of complex numbers
C\ {0}

“is an element of”

The union of sets — AUB ={z |z € Aor z € B}
The intersection of sets — AN B ={x |z € A and x € B}
The empty set

Subset

Proper subset

The greatest common divisor of a and b (a,b € Z)
The least common multiple of a and b (a,b € Z)
The minimum or least value of a and b

The maximum or greatest value a and b
a<banda#b

The set of all finite ordinals



1.2 Preliminaries

The following will help provide the necessary background for the content dis-

cussed in this thesis.

Definition 1.1. A set S is a collection of elements. A subset A of a set S is a set in
which all of the elements of A are elements of S. For s € S, the complement of s is all of
S except s, denoted S\ s. A set is considered to be open if its complement is closed and

closed if its complement is open.

Definition 1.2. A number a is congruent modulo n, or mod n, to b if and only if n

divides (b — a). We write a = b (mod n).

Definition 1.3. For a set S, a partition is a collection of nonempty disjoint subsets of S

whose union is the set S.

Definition 1.4. A binary operation on a set G is a function that, for each pair of elements

in G, assigns a single element in G.

Definition 1.5. When a binary operation, denoted * is applied to a nonempty set G,
then G is a group under x if the following properties are true:

(i) For any three elements a,b, c € G, then (a xb) * ¢ = a* (b* c¢). This is called
the associative property.

(ii) There exists an element e € G such that, for alla € G, axe = a and exa = a.
The element e is called the identity.

(iii) For each a € G, there exists an inverse of a, denoted a~!, in G such that

axa t=cand a txa=e.

Definition 1.6. The number of elements of a group G is called the order of G and is

denoted | G |.

Definition 1.7. An ordinal number, or ordinal, is the ordering type of a well ordered set.
The cardinal number, or cardinality of a set X, is the least ordinal with which X has a

one-to-one correspondence. The cardinality of X is denoted | X |.

Definition 1.8. A set X is finite if it contains a finite number of elements. A subset A

of X is cofinite in X if X \ A is finite. A group G is finite if the order of G, | G |, is finite.



Definition 1.9. If G is a group and a € G, then the order of a, denoted | a |, is the
smallest number n (where n € Z*), such that ™ = e (where e is the identity element of

G). Note: if the operation on G is addition, then | a |= n such that na = e = 0.

Definition 1.10. If A and B are sets, then a map (or function) ¢ from A to B, denoted
¢ : A — B, assigns to each element of A exactly one element from B. We use the
notation ¢ : a — b for a € A,b € B such that ¢(a) =b. If ¢ : A — B, then the image of
an element a € A is ¢(a) € B, where ¢ : a — ¢(a). Then we call a the preimage of ¢(a).

Definition 1.11. A map ¢ : A — B is well defined if it unambiguously assigns one

and only one element of B to each element of A; that is, if x = y, for x,y € A, then

P(x) = o(y)-

Definition 1.12. A map ¢ : A — B is one to one (or an injection) if whenever a; # az,
then ¢(a1) # ¢(ag). Also, ¢ : A — B is onto (or a surjection) if for every b € B, there
is an element a € A such that ¢(a) =b. If ¢ : A — B is one to one and onto, then we

say it is a bijection.

Definition 1.13. If G is a group with operation * and H is a group with operation
t, then the map ¢ : G — H is a group homomorphism if ¢(a x b) = ¢(a)Tp(b) for all
a,beq.

Definition 1.14. If ¢ : G — H is a homomorphism and e is the identity element in H,
then the kernel of ¢, denoted Kerg is the set {g € G | ¢(g9) = e}.

Definition 1.15. A homomorphism ¢ : G — H is an group isomorphism if ¢ is a

bijection and we say that G and H are isomorphic, denoted G = H.

Definition 1.16. If ¢ : A — B and there exists a map ¢~ : B — A such that ¢~ to¢
is the identity map on A (that is, =t o¢: A — A maps a to ¢! o ¢(a) for all a € A),
and ¢ o ¢! is the identity map on B, then ¢ : A — B is said to be invertible. In this

case, ¢! is the inverse of ¢.

Definition 1.17. A topological space is a nonempty set X with a family of subsets, that
are all open sets, such that () and X are open sets, the union of an any number of open

sets is open, and the intersection of a finite amount of open sets is open.



Definition 1.18. For a topological space X, a cover C of X is a collection of sets M;,
where i € I, such that X = (J,c.; M;. If M; are open sets, then C is an open cover. A

subcover of C is a subset of C that is also a cover of X.

Definition 1.19. A topological space X is compact if every open cover of X has a finite

subcover.

Definition 1.20. A topological space X is a Hausdorff space if, for any z,y € X with
x # y, there exist open sets M and N, with z € M and y € N, such that M NN ={ }.

Axiom 1.1. Every nonempty set can be well ordered.



Chapter 2

Partially Ordered Sets and

Lattices

In order to study Boolean algebras, we begin by developing an understanding
of partially ordered sets, followed by lattices. A lattice, equipped with additional charac-

teristics, is the underlying structure of a Boolean algebra.

Definition 2.1. If S is a set and < is a relation on S, then S is a partially ordered set,
denoted (S, <), if the following axioms are true for any a,b,c € S:

(i) a < a (reflexivity).

(ii) If a < b and b < a, then a = b (antisymmetry).

(iii) If @ < b and b < ¢, then a < ¢ (transitivity).

Definition 2.2. An element b € (S, <) is said to cover an element a € S if a < b and

there is no ¢ € S such that a < ¢ < b.

Definition 2.3. A partially ordered set (S, <) that also satisfies a < b or b < a for any
a,b € S (comparability) is called a linearly ordered set or a total order set.
A totally ordered set is well ordred if and only if all of its nonempty subsets

contain a least element.

Example 2.1. The set of integers, Z, is a partially ordered set, where a < b is defined

as a less than or equal to b.

Exercise 2.1. Determine whether the indicated set or relation is an example of a partially

ordered set: the set of integers Z with a < b to mean a | b (a divides b).



Solution. a | b = axm = b for m € Z. Then a < a (reflexivity) since a *x m = a,
where m =1 € 7Z. Let a < band b < a for a,b € Z. Thenaxm =band bxn = a
for mn € Z. Soaxm=0b = bxnsxm =2>0 (sincea =bxn) = bx*x(nxm)=Vb.
Similarly, bxn = a = axm=+*n = a (since b =a*xm) = ax(m+*n) = a. So
bx(mxn)=0b = m*nz%zlanda*(m*n):a = mx*n=5=1 Butm,n€Z,
som==land n==+1lsincem*n=1. Thena*xm=5b = ax(£l) =b = a = =£b.
Then a # b (when a = —b) and antisymmetry does not hold. Therefore, this is not an

example of a partially ordered set.

Exercise 2.2. Determine whether the indicated set or relation is an example of a partially

ordered set: the set of natural numbers N with @ < b to mean a | b (a divides b).

Solution. a | b = axm = b for m € N. Then a < a (reflexivity) since a x m = a,
where m =1 € N. Let a < band b < a for a,b € N. Then a*xm = b and b*xn = a for
m,n € N. Soa*xmx*n =asince b=a*xm and b*xn*m = b since a = b*n. Then
ax(m*n)=a = (mx*n)=1land bx(n*m)=>b = n*m =1. Then m =1 and
n=1since mxn =1 for m,n € N. Soa*xm =bx*n (since axm =b and b*xn = a) and
a*x1=">bx1. Then a =b (antisymmetry).

Now, let c€ Nand a < band b < ¢. Then axm = b and bxn = c¢. So axm#*n = ¢,
but (m *n) € N since the set of natural numbers is closed under multiplication. Then
ax(m=xn)=c = a < c (transitivity). Therefore, the set of natural numbers N with

a < b to mean a divides b is an example of a partially ordered set.

Definition 2.4. For a set A, a subset B of A is cofinal if for every a € A there exists
b € B such that a < b. If A is a partially ordered set, then the smallest of the cardinalities
of the cofinal subsets of A is called the cofinality of A, denoted cf(A).

Definition 2.5. A cardinal number k is regular if and only if k is infinite and the cofinality

of k is k. If k is an infinite cardinal that is not regular, then k is singular.

Definition 2.6. A nonempty set H of a group G is a subgroup of G if H is a subset of
G and it is a group under the same operation as G. It is denoted by H < G.

Definition 2.7. A subgroup H of a group G is mazimal if there does not exist a subgroup

J of G such that H < J < G.



Definition 2.8. If G is a group and a € G, then (a) = {a" | n € Z} is the cyclic subgroup
generated by a. Note: if the operation on G is addition, then (a) = {na | n € Z}.

Definition 2.9. If H is a subgroup of G and a € G, then the set aH = {ah | h € H} is
a left coset of H in G and the set Ha = {ha | h € H} is a right coset of H in G.

Definition 2.10. A subgroup H of G is a normal subgroup of G if for all a € G, then
aH = Ha; or equivalently, if for all @ € G, then aHa™! = H. We denote H as a normal
subgroup of G by H < G.

Definition 2.11. If H is a normal subgroup of G, then the set of cosets of H in G,
denoted G/H = {aH | a € G} and read “G modulo H”, is a group under the operation
(aH)(bH) = (ab)H and is called the quotient group (or factor group) of G by H.

Exercise 2.3. Determine whether the indicated set or relation is an example of a partially
ordered set: the set of all subgroups of a group G with H < K to mean that H is a normal
subgroup of K, denoted H < K.

Solution. H < H (reflexivity) since for all h € H, then hH = Hh. That is, {hh | h €
H} ={hh|h e H}.

Now consider H < K and K < H. If H < K, then H C K. Similarly, if K < H,
then K C H. Thererfore H = K (antisymmetry).

For transitivity, we would show that for H < K and K < L, then H < L.
Consider the following sets: L = A4, K = {e,(12)(34),(13)(24), (14)(23)}, and H =
{e,(12)(34)}. Then H < K and K < L. But for h = (12)(34) and | = (123), then H « L
since (14)(23) ¢ H.

Therefore, the set of all subgroups of a group G with H < K to mean that H is

a normal subgroup of K is not an example of a partially ordered set.

Definition 2.12. A group G with operation * is Abelian if, for all a,b € G, axb = bx*a.

This property is called commutativity.

Definition 2.13. A ring is a set R equipped with two operations (x,+) such that, for
all a,b,c € R, then:

(i) R is an Abelian group under +

(ii) a* b € R (closure)



(iii) a * (b* ¢) = (a * b) x ¢ (associativity)

(iv)ax(b+c)=axb+axcand (b+c)*a=bx*a+ cx*a (distributivity)

Definition 2.14. A ring R is a commutative ring if, for all a,b € R, then a * b = b * a.
It is a commutative ring with unity if there exits 1 € R such that ax1 =a = 1x*a for all

a € R.

Definition 2.15. A subring S of a ring R is a subset S of R such that S is a ring under

the operations of R.

Definition 2.16. An ideal of a ring R is a subring S such that for every r € R and every
s €S, then rs € S and sr € S.

Exercise 2.4. Determine whether the indicated set or relation is an example of a partially

ordered set: the set of all ideals in a ring R with I < J to mean that [ is an ideal in J.

Solution. Since I is an ideal in J, then for all b € J and for all a € I, ba € I and ab € I.
Also, I is a subring. J is an ideal in R, which implies that for all € R and for all b € J,
then rb € J and br € J. Also, J is a subring.

Now I < I (reflexivity) since for all a € I, then aa € I (since I is a subring).
Let I < J and J < I. Then [ is a subring of J and J is a subring of I. Therefore I = J
(antisymmetry).

Consider I < J and J < K. We want to show that I < K. Consider the
following: let R be the ring of polynomials of x over Q. Then K = apx™ + ... +

2 and

asz® + asz? + azx® + avx® + a1z, J = anz™ + ... + a5z’ + aszt + azx® + asx
I =apz™+...+ a5z’ + agx* + agz? are ideals in R such that I < J and J < K. But I is
not an ideal in K since 22 € I and z € K but z-2% = 23 ¢ I. Therefore transitivity fails.

So the set of all ideals in a ring R with I < J to mean that I is an ideal in J is

not an example of a partially ordered set.

Definition 2.17. A nonzero element a in a commutative ring R is a zero-divisor if there

is a nonzero element b € R such that a xb = 0.

Definition 2.18. A commutative ring with unity and no zero-divisors is an integral

domain.
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Definition 2.19. In a commutative ring with unity R, an element a in R is a unit if

there exists an inverse element of a in R, denoted a™!, such that axa ™' =1 =a""! xa.

Definition 2.20. A field F' is a commutative ring with unity such that every nonzero

element in F' is a unit.

Definition 2.21. For a commutative ring R with identity I, a ring A with identity I4,
and a ring homomorphism f : R — A such that f(Ir) = I4, an R-algebra is the ring A
together with f such that f(R), is contained in the center of A (where the center of A is

the set of all elements a € A such that a commutes with every element in A).

Definition 2.22. If S is a set, then the power set of S, denoted P(S), is the set of
all subsets of S, where addition and multiplication on P(S) are defined as A + B =
{c|ce AUB,c¢ AnNB}and Ax B={c|ce AN B}.

Definition 2.23. A Hasse diagram displays the elements of a partially ordered set (S, <)

such that a line is drawn upward from an element a to another element b if b covers a.

Definition 2.24. If A is a subset of S, where (S, <) is a partially ordered set, then u € S
is an upper bound for A if for all a € A, then a < u. If v € S and v < @ for all @ € A,
then v is a lower bound for A. The element w € S is a least upper bound (lub) of A if
it is an upper bound of A and w < u for each upper bound u of A. The element w € S
is a greatest lower bound (glb) of A if it is a lower bound of A and v < w for each lower
bound v of A.

The lub of a set is also called the supremum, denoted sup, and the glb is also

called the infimum, denoted inf.

Proposition 2.1. If (S, <) is a partially ordered set and A is a subset of S, then
(i) the lub of A is unique, if it exists, and
(ii) the glb of A is unique, if it exists.

Proof. (i) Suppose w; and wy are each a lub of A. Then w; and we are each an upper
bound of A. Now, since wy is a least upper bound of A, then wy < u, for all upper bounds
u of A. So wy < we. Similarly, since ws is a least upper bound of A, then ws < u, and
so, wg < wy. Then, by antisymmetry of partially ordered sets, w; = we and therefore,

any [ub of A is unique.
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(ii) Suppose w; and wg are each a glb of A. Then w; and wy are each a lower
bound of A. Since w; is a greatest lower bound of A, then ws < w;y. Similarly, since wo
is a greatest lower bound of A, then w; < wsy. Then, by antisymmetry, w; = ws, and

therefore any glb of A is unique. O

Example 2.2. Let S = {a, b, c}.
Then the power set of S'is P(S) = {{ }, {a}, {b},{c},{a,b},{a,c}, {b,c},{a,b,c}}.
The Hasse diagram of S is

{a,b,c}

PN
{a,b} {a,c} {b,c}

X
o o

{}

{a}

Figure 2.1: Hasse Diagram of S

Let X C S such that X = {{a},{a,b}}. Then lub{X} = {a,b} and glb{X} =
{a}.

Definition 2.25. A lattice is a partially ordered set (L, <) such that for any pair of
elements a,b € L:
(i) The lub of {a, b}, denoted a V b, exists. a Vb is read as “a join b” or “a or b”.
(ii) The glb of {a,b}, denoted a A b, exists. a A b is read as “a meet b” or “a and
b.
Alternatively, lub{z,y} = =+ y and glb{z,y} =z - y.
A lattice is complete if each subset of (L, <) has a lub and a glb.

Definition 2.26. A subgroup lattice is a lattice whose elements are the subgroups of a

group and whose relation is set inclusion.

Definition 2.27. If (L, <) is a lattice, then
(i) An element 0 € L is called a zero if 0 < a for all a € L.
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(ii) An element 1 € L is called a unity if a <1 for all a € L.
(iii) An element o’ € L is called the complement of a if for any a € L, then

aVa =1and aAd =0. Alternatively, if —x is the complement of x, then z + (—z) =1

and z - (—x) = 0.

Example 2.3. Let S = {1,2,3,5,6,10,15,30} be the set of positive divisors of 30. Then

S is a lattice with unity = 30 and zero = 1.

Exercise 2.5. Determine whether the indicated set or relation is an example of a lattice:

the set of all positive divisors of 70 with a < b to mean a divides b.

Solution. Let S = {1,2,5,7,10,14,35,70}. If a < b, then b = a*n for n € Z. First, a < a
since a = a x 1 (reflexivity). Now suppose a < b and b < a. Then b=ax*n and a =b*xm
form,meZ. Sob=asxn=((bxm)sn=bx(mx*xn) = m*xn=1 = m=1n=1
(since a > 0,b > 0). Then a = b (antisymmetry).

Suppose a < band b < ¢. Then b = axn and ¢ = b*xm for m,n € Z. So
c=bxm=(a*xn)*xm =ax*(nxm) (since Z is closed under multiplication). Therefore
¢ =axk for some k =n*xm € Z and so a < ¢ (transitivity).

For any a,b € S, lem(a,b) € S and ged(a,b) € S. So a Vb = lem(a,b) (lub
exists) and a A b = ged(a,b) (glb exists). Therefore S is an example of a lattice.

Exercise 2.6. Determine whether the indicated set or relation is an example of a lattice:

the set of all positive divisors of 60 with a < b to mean a divides b.

Solution. Let S = {1,2,3,4,5,6,10,12,15,20,30,60}. Then a < a since a = a x 1 (re-
flexivity). From Exercise 1.5, we can see that for ¢ < b and b < a, then a = b and for
a < band b < ¢, then a < ¢ (antisymmetry and transitivity). For any a,b € S, then
lem(a,b) € S and ged(a,b) € S. So a Vb = lem(a,b) and a A b = ged(a,b) (lub and glb

exist). Therefore S is an example of a lattice.

Definition 2.28. If A and B are sets, then the Cartesian product of A and B is the
collection of ordered pairs of elements of A and B and is denoted A x B = {(a,b) | a €
A be B}

Definition 2.29. If S is a set and R is a subset of S x S, then R is a relation on S. For
a,b € S, then (a,b) € R, or equivalently aRb.
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Exercise 2.7. Determine whether the indicated set or relation is an example of a lattice:
the set L x M = {(a,b) | a € L,b € M} where L and M are lattices, with (a,b) < (c,d)
to mean that a <ce Land b<d e M.

Solution. Since L and M are lattices, then a < a € Land b <b e M. So (a,b) < (a,b)
(reflexivity). Suppose (a,b) < (¢,d) and (¢,d) < (a,b). Thena <ce€ L, b<d e M and
c<a€cL,d<be M. Since L and M are lattices,a <c€ Landc<a€L — a=c
Also,b<de M and d < b€ M = b=d. Therefore (a,b) = (¢,d) (antisymmetry).

Now consider (a,b) < (¢,d) and (¢,d) < (e, f). Then a < cand ¢ < e € L. Also,
b<dand d < f € M. Since L and M are lattices, a < ¢c,c <e€ L = a < e and
b<d,d<feM = b< f. Therefore (a,b) < (e, f) (transitivity).

For any a,c € L, aVc € L and a A ¢ € L since L is a lattice. Similarly, for any
b,de€ M,bvd € M and bAd € M since M is a lattice. Then (a,b)V (¢,d) = (aVe,bVd) €
L x M and (a,b) A (¢,d) = (aANc,bAd) € L x M (lub and glb exist). Therefore, L x M

is an example of a lattice.

Definition 2.30. If R is a relation on a set S and a,b,c € S then R is an equivalence
relation on S if the following properties are true:

(i) For all a € S, (a,a) € R. This is called reflezivity.

(ii) If (a,b) € R, then (b,a) € R. This is called symmetry.

(iii) If (a,b) € R and (b,c) € R, then (a,c) € R. This is called transitivity.

Definition 2.31. If R is an equivalence relation on a set S and a € S, then the set

[a] ={b€ S| (a,b) € R} is the equivalence class of S containing a.

Theorem 2.1. If (L, <) is a lattice and a,b,c € (L, <), then
(i) avb=bVaand a Nb=0bAa (Commutativity)
(i) aV (bVe)=(aVvVb)VecandaN(bAc)= (aAb)Ac (Associativity)
(i1i) aV a =a and a A a = a (Idempotence)
(iv) (aVb)ANa=a and (a Ab)V a=a (Absorption)

Proof. (i) a Vb = lub{a,b} and bV a = lub{b,a}. Since {a,b} = {b,a} as sets, then
aVb=>bVa. Similarly, a A b = glb{a,b} and b A a = glb{b,a}. Since {a,b} = {b,a} as
sets, then a Ab =0 A a.
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(ii) a V (b V ¢) = lub{a,lub{b,c}} and (a V b) V ¢ = lub{lub{a,b},c}. Suppose
lub{a,b,c} = d. Then a V (bV c) = lub{a,lub{b,c}} = lub{a,d} = d = lub{d,c} =
lub{lub{a, b}, c} = (aV b) Vc. Therefore, aV (bVc) = (aVb)Vc). Similarly, a A (bAc) =
glb{a, glb{b,c}} and (a A b) A c = glb{glb{a, b}, c} and therefore, a A (bAc) = (a Ab) Ac.

(iii) a V a = lub{a,a} = a, and therefore a V a = a. Also, a A a = glb{a,a} = a,
and therefore a A a = a.

(iv) We know that a < a Vb and a < a by definition of lub and by reflexivity.
Then a A a < (aVb) Aa. Then since a A a = a (idempotence), we have a < (a V b) A a.
But (a vV b) A a < a by definition of glb. Therefore, by antisymmetry, (a V b) A a = a.

Similarly, we know that a Ab < a and a < a (glb and reflexivity). So (aAb)Va <
aV a = a (idempotence). But a < (a Ab) V a (lub). Therefore, (a Ab) V a = a by

antisymmetry. O

Proposition 2.2. Any statement that is true for every lattice continues to be true if
(i) < and > are interchanged throughout the statement and
(i) V and A are interchanged throughout the statement.
The new statement that is obtained from interchanging < and > and also V and A is
called the dual of the original statement.
A dual statement for a Boolean Algebra is obtained by interchanging + and -
and interchanging 0 and 1. If a statement is true for every Boolean algebra, then so is

its dual statement.

Proof. Let ¢ represent a statement that holds in every Boolean algebra. Consider a
Boolean algebra B and let B’ be the dual algebra of B, that is, the Boolean algebra
resulting from interchanging +, -, 0, and 1 in B for -, +, 1, and 0, respectively, in B’. Let
¢’ be the dual of ¢. If ¢ holds in any Boolean algebra, say B’, then by interchanging +
and -, also 0 and 1, we have that ¢’ holds in B. ]

Theorem 2.2. If L is a set with operations V and A such that the axioms of commuta-
tivity, associativity, idempotence, and absorption are satisfied, and < on L is defined by

a<bifand only ifavVb=>boraANb=a (fora,b€ L), then (L,<) is a lattice.

Proof. We begin by showing that aVb = b and aAb = a are equivalent. Consider aVb = b.
Then aAb=aA(aVb) = (aVb)Aa = a (by commutativity and absorption). So aVb =10
implies a A b = a. Conversely, if a Ab=a, thenaVb=(aAb)Vb=(bAa)Vb=>. And
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so a Ab = a implies a Vb =b. Now we want to show that L is a partially ordered set
under <.

(i) (Reflexivity) If a € L, then a Aa = a (idempotence). Then a < a (since a < b
if and only if a Ab = a).

(ii) (Antisymmetry) If @ < b then a Ab = a. If b < a, then b A a = b. Since
commutativity is satisfied under A, then a A b = b A a and therefore a = b.

(iii) (Transitivity) If @ < b, then a Ab = a. If b < ¢, then b A ¢ = b. Since
associativity is satisfied under A, a Ac=(aAb)Ac=a A (bAc)=aAb=a. Therefore
a/Nc=a, and so a < c.

Lastly, we want to show that a V b is the lub{a,b} and a A b is the glb{a,b}.
Let us evaluate a V b. Consider a A (aVb) = (aVb) ANa =a. Then a < aVb. Also,
bA(aVb) = (aVb)ANb= (bVa)Ab="b. Then b < aVb. Therefore, a Vb is an upper bound
for a and b. Now, let ¢ € L such that a < cand b<c¢. ThenaVec=candbVc=c

So (aVb)Ve=aV (bVc) =aVc=c. Therefore aVb < ¢, so aVbis the lub{a,b}.
By duality (interchanging < and > and also V and A), then glb{a,b} = a A b. O

Exercise 2.8. Show that the lattice L is distributive if and only if for all a,b,c € L, then

aANb=aANcandaVb=aVec — b=c.

Solution.
(=) Let L be a distributive lattice. We want to show that for all a,b,c € L, if
aANb=aAcand aVb=aVc, then b =c.

Since L is distributive, then we have the following:

b= (aVb)ADb (absorption)

=(aVe)Ab (since aVb=aVec)
=bA(aVec) (commutativity)
=((bAa)V (bAc) (distribution)
=(aAb)V (cAb) (commutativity)
=(aNc)V(cAb) (sinceaNb=aAc)
=(cANa)V(cAb) (commutativity)
=cA(aVD) (distribution)
=cA(aVe) (since aVb=aVec)
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Therefore, b = c.
( <= ) Now assume that for a, b, ¢ in a lattice L, if aAb = aAcand aVb =aVe = b=c.
We want to show that L is distributive.

Consider (a Vb) A (aV c).

(aVb)A(aVe)=(aVe)A(aVe) (sinceaVb=aVec)
=aVec (idempotence)
=aV(cAc) (idempotence)
=aV(bAD) (since b = ¢).
Similarly, (a Ab)V (aAc)=(aNc)V(aNc)=aAc=aAN(cVec)=aAN(bVc).

Therefore, L is distributive.

Exercise 2.9. Construct the Hasse diagram for the lattice of subgroups of Ss.

Solution.

The elements of S5 are e, (12), (13), (23), (123), and (132).
The subgroups of S3 are { e, (12)}, {e, (13)},{e, (23)}, {e, (123), (132)}.

/\{

{e, (12 3)} , e, (123), (132)}

\//

Figure 2.2: Hasse Diagram of the Lattice of Subgroups of S5

/\

Exercise 2.10. Construct the Hasse diagram for the lattice of subgroups of Dy.
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Solution. Dy = {po, p, p*, p3, 7, p7, p*>7, p>7}. The subgroups of D4 are generated by the

elements in the Hasse diagram:

Dy

e

(e.p%, 7, 0°T)  (e.p,p?.p%) (e, p? pr,p°T)

N B

(e,7) (e, p°7) (e, p?) {e,p7) (e, p°7)

Figure 2.3: Hasse Diagram of the Lattice of Subgroups of Dy



18

Chapter 3

Introduction to Boolean Algebras

Now that we’ve established the notion of lattices, we can begin exploring Boolean

algebras and some of their characteristics.

Definition 3.1. If B is a lattice with zero and unity, then B is a Boolean algebra if

(i) For all a,b,c € B, aA(bVec) = (aAb)V(aAc)and aV (bAc) = (aVb)A(aVec)
(Distributivity)

(i) For each a € B, there exists an o’ € B such that aVa' =1 and aAd =0
(Complements).
Alternatively, a Boolean Algebra is a structure (A, +,-,—,0,1) with binary operations
+ and - , unary operation — , zero element 0, and unity element 1, such that for all
x,y,z € A

)+ (y+z2)=(r+y)+zand z-(y-2) = (r-y) -z (associativity)

(i) z+y=y+aand -y =y -z (commutativity)

(iii) x + (x - y) =z and = - (zr +y) = = (absorption)
(iv)z-(y+2z)=(x-y)+(z-2z)and z+ (y-2) = (x +y) - (x + 2) (distributivity)
(v) x+ (—z) =1 and z - (—z) = 0 (complementation).

Note: The following operations are equivalent: A and -, V and +, " and — .

Example 3.1. S = {1,2,3,5,6,10,15,30} is a Boolean algebra such that, for a,b € S,
then a < b means a divides b. Then a V b = lem{a,b} and a A b = gcf{a,b}.

Definition 3.2. If B is a Boolean algebra with operations +pg, -, —p and zero and unity,
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Op and 1p, then A is a subalgebra of B if AC B and 04 =0p, 14 =1p, and +4,-4,—4

are equivalent to the restrictions of +pg, g, —pg to A.

Definition 3.3. If A is a set and P(A) is its power set, then P(A) is the power set algebra
of A equipped with zero, unity A, and the operations U, N, and —, where —a = A\ a

(the complement of a).

Definition 3.4. For a set X = {z}, the power set algebra P(X) is {0,1}, where 0 = { }

and 1 = X, is called the two-element algebra and is denoted 2.

Definition 3.5. For a set A, a collection of subsets M of A is an algebra of sets if ) € M,
for My, My € M then My UMy € M and My N My € M, and A\ M; € M for My € M.
Equivalently, if M is a subalgebra of the power set algebra P(A), then M is an algebra
of sets over A. If a Boolean algebra B is an algebra of sets over A, then B is an algebra

of sets.

Definition 3.6. A finite-cofinite algebra A on X is the algebra of sets over X such that

A is the set of all @ C X, where a is either finite or cofinite.

Definition 3.7. For a subset X of a Boolean algebra B, the subalgebra generated by X
in Bis (X) =(\{AC B| X C A and A is a subalgebra of B}. If X C B and (X) = B,

then X is a set of generators for a Boolean algebra B.

Exercise 3.1. Draw the Hasse diagrams of all nonisomorphic Boolean algebras of orders

| B |=2,4, or 8.

Solution.

| B|l=2 = B=1{0,1}

Figure 3.1: Hasse Diagram of the 2-element Boolean Algebra
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|B|=4 = B=1{0,a,b,1}

/N
\0/

Figure 3.2: Hasse Diagram of a 4-element Boolean Algebra

| B|=8 = B =1{0,a,b,¢,d,e, f,1} = P(S), where S = {x,y, z}

{z,y,2}

P N
{z,y} {z, 2} {y, 2}

> X

{z} {y} {2}

~N L7

{3

Figure 3.3: Hasse Diagram of an 8-element Boolean Algebra

Exercise 3.2. Let n € N and let B(n) be the set of all positive divisors of n. Show
that B(n) with A = ged and V = lem is a Boolean algebra if and only if in the prime

factorization of n no prime appears with an exponent > 2.

Solution.

( = ) Assume B(n) is a Boolean algebra. Suppose x and y are factors of n
and y = /. Then x Ay = 1 and z Vy = n. But if n has repeated prime factors, then
it could be that x V y = x. Therefore, in the prime factorization of n no prime appears

with an exponent > 2.
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( <= ) Assume that in the prime factorization of n, no prime appears with an
exponent > 2. For z,y € B(n), x Vy = lem(z,y) and = Ay = ged(x,y). We will show
that B(n) is a Boolean algebra.

Distribution: We know x A (y V z) = ged(z,lem(y, z)). Consider the exponents
on the prime factors of x,y, and z. Let x be the product of prime factors with exponents
i, y with j, and z with k, where ¢,j,k can be 0 or 1. Then the exponent of a prime
factor in ged(z,lem(y, z)) is min(i, max(j, k)), which equals max(min, (i, j), min(i, k)),
the exponent of a prime factor in lem(gcd(z,y), ged(z,2)) = (x Ay) V (x A z). Similarly,
xV(yANz)=(xVy AzVz).

Complementation: z Az’ = ged(z, ") = ged(x,2) =1 and 2 Va' = lem(z,2") =
lem(z, %) = n.

Commutativity: x Ay = ged(z,y) = ged(y,x) =y Ax and z Vy = lem(z,y) =
lem(y,x) =y V x.

Associativity: =V (y V z) = lem(z,lem(y, 2)) = lem(lem(x,y),z) = (x Vy) V z
and x A (y A z) = ged(x, ged(y, z)) = ged(ged(x,y), z) = (x Ay) A z.

Absorption: zA(xVy) = ged(x,lem(x,y)) = z and zV(zAy) = lem(z, ged(z, y)) =

Proposition 3.1. If B is a Boolean algebra, then for anya € B, aAl =a and aV0 = a.

Proof. By definition of unity in a lattice, a < 1 for all @ € L. Then a A1 = a. By
definition of zero in a lattice, 0 < a for all @ € L. Then a V 0 = a. Therefore, 1 is an

identity element under A and 0 is an identity element under V. 0

Proposition 3.2. If B is a Boolean algebra, then
(i) the 1 and O elements in B are unique,

(ii) the complement, o', of a in B is unique.

Proof. (i) Let e; and e be identity elements in B under A and V. Then e; = e; A ey =
ea N\ ep = eg. Similarly, e; = e1 V ey = ea Ve; = ea. Then, by Proposition 3.1, the 1 and
0 elements in B are unique.

(ii) Let @ in B have complements b and ¢ in B . Then
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b=bVvo0 (identity)
=bV(aNc) (definition of complement)
=(bVa)A(bVc) (distribution)
=(aVb)A(bVe) (commutativity)
=1A(bVc) (definition of complement)
=bVe (identity)

Therefore b = bV ¢ and similarly, c = c¢Vb. Then b =bV ¢ = ¢V b = ¢ by commutativity.

And so, the complement of a is unique. O

Proposition 3.3. If B is a Boolean algebra, then for any a,b € B
(i))aN0=0andaV1=1
(i) (a ND) =a' VI and (aVb) =d ANV (de Morgan’s Law)
(111) (a') = a (Involution)
(iv) 0 =1 and 1’ = 0.

Proof. (i)aNnO=aA(aNd)=(aNa)Nd =aAa =0 (by complement, associativity,
and idempotence). By duality, a V 1 = 1.
(ii) We first show that (a A b) A (a/ V') = 0. From (i), we have

(aND)A(a VD)

=[(aAb)Ad]V[(@anb) AV] (distributivity)
=[(and)AbV]aA(bAY)] (associativity and commutativity)
=(0Ab)V(anO0) (complement)

=0Vv0=

Also,

(anb)V(d V)
=laV (@ VE)]A[bV(d V)] (distributivity)
=[(avd)VV]A[dV(bVY)] (associativity and commutativity)
=(1VV)A(dVI) (complement)
=1vl=1
Therefore, a’ V b’ is the complement of a A b and by duality, a’ A b is the complement of
aVb.
(ili) Since a Aa’ = a’ Aa =0 and also a’ V a = 1, then a is the complement of

a’. Now, since complements are unique, then (a’) = a.
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(iv) By definition of complement, 0V 0" = 1. Then by commutativity, 0’ V0 =1
and so, by Proposition 3.1, 0’ = 1. Similarly, 1 A 1’ = 0 by definition. Then 1’ A1 =0
and by Proposition 3.1, then 1’ = 0. O

Lemma 3.1. Forb,c in a boolean algebra B , the following are equivalent:
(i) b<c
(ii) bAd =0
(113) b' Ve =1

Proof. We will show that (i) = (ii), (i) = (iii), and (iii) == (i), therefore showing
that (i), (ii), and (iii) are equivalent.

If b < e, then bV ¢ = ¢ (Theorem 2.2). Then we have

bAL=bA(Ve) (bVe=c)
=bA M AN) (de Morgan’s)
=(bAV)AC (associativity)
=0AC (definition of complement)

=0
Therefore, (i) = (ii).
If bAc =0, then

VVve=bVv(d) (involution)
=(bAd)  (de Morgan’s)
=0 (bAd =0)
=1 (Proposition 3.3)

Therefore, (ii) = (iii).
If ¥ Vec=1, then

b=>bA1 (Proposition 3.1)
=bA (b Ve) O'Vve=1)
=(bAY)V(bAc) (distribution)
=0V (bAc) (definition of complement)
=bAc (Proposition 3.1)

Since b = b A ¢, then by definition of gib, b < ¢. So (iii) = (i), and therefore (i), (ii),

and (iii) are equivalent. O



Exercise 3.3. Let B be a Boolean algebra and a,b € B. Show that
(i) a < b if and only if &/ < d
(ii) a < ¥ if and only if a Ab =10
(iii) @ < b if and only if o’ Vb = 1.

Solution.

(i) (=) Suppose a < b. Then

aNb =0 (Lemma 3.1)
— V' Aa=0 (commutativity)
= W' A(d’)) =0 (complement)
— bV <d (Lemma 3.1)

(<= ) Now suppose b’ < a’. Then

VA() =0 (Lemma 3.1)
— V' Aa=0 (complement)
= a AV =0 (commutativity)
= a<b (Lemma 3.1)

(ii) (=) Suppose a < bV'. Then a A (V') =0 = a Ab=0 (Lemma 3.1).
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(<= ) Suppose aAb=0. Then a A (b)) =0 = a < b (complement and Lemma 3.1).

(iii) (= ) Suppose a < b. Then o’ Vb =1 (Lemma 3.1).
(<= Suppose @’ Vb=1. Then a < b (Lemma 3.1).

Definition 3.8. If A and B are algebras and R is a field (or ring), then ¢ : A — B is

an algebra homomorphism if, for all » € R and a,b € A, then
(i) ¢(ra) = r¢(a)
(i) ¢(a +b) = ¢(a) + ¢(b)
(iii) ¢(ab) = ¢(a)o(b).

If A and B are Boolean algebras and x,y € A, then ¢ is a Boolean algebra homomorphism

if

i) (0) =0 and ¢(1) =1
i) ¢z +y) = ¢(z) + ¢(y)
iii) ¢z - y) = ¢(x) - ¢(y).

(
(
(
(iv) ¢(—z) = —¢(x)
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If ¢ is one-to-one, it is a monomorphism or embedding of A into B and if ¢ is onto, it is

an endomorphism.

Definition 3.9. If A and B are Boolean algebras, then ¢ : A — B is an Boolean algebra
1somorphism if

(i) ¢ is bijective (one-to-one and onto)

(ii) For all a,b € A, then a < b € A if and only if ¢(a) < ¢(b) € B (for this, we
say ¢ is order preserving).
Alternately, if ¢ is a bijective homomorphism, then ¢ is an isomorphism and A is iso-

morphic to B, A= B.

Definition 3.10. For a subset p of a Boolean algebra A, the homomorphism from A
into the two-element Boolean algebra is called the characteristic homomorphism and is

denoted x, : A — 2.

Exercise 3.4. Show that if ¢ : B — C' is a Boolean algebra isomorphism, then for all
a,be B

(i) ¢(a Vv b) = ¢(a) V ¢(b)

(i) ¢(a A b) = ¢(a) A ¢(b)

Solution. (i) Since ¢ is a Boolean algebra isomorphism, then ¢ is one-to-one, onto, and
a < b if and only if ¢(a) < ¢(b).

Consider ¢(a) < ¢(b). Then ¢(a) vV ¢(b) = ¢(b). Now consider a < b. Then
a Vb = b, which implies ¢(a V b) = ¢(b). Therefore, ¢(a V b) = ¢(b) = ¢(a) V ¢(b).

(ii) Similar to (i), ¢(a) < ¢(b) = ¢(a) AN p(b) = ¢(a) and a < b = aANb=a =
¢(a AND) = ¢(a). Therefore, p(a A b) = ¢(a) = ¢p(a) A ¢(b).

Exercise 3.5. Show that if ¢ : B — C is a Boolean algebra isomorphism, then
(i) o(1p) = 1c
(ii) #(0p) = Oc:
(iii) ¢(a’) = (¢(a)) for all a € B.

Solution.
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(i) For all b € B, b < 1p. For all ¢(b) € C, ¢(b) < 1¢. Then bV 1 = 1p. Since ¢ is an
isomorphism, then ¢(bV 1) = ¢(1p) and by Exercise 3.4, ¢(b) V ¢(1p) = ¢(1p).

Now, by definition of unity, ¢(b) V 1¢ = 1¢ in C. Since ¢ is onto, there exists
1o, € B such that ¢(1¢,) = 1¢. If 15 = 1¢,, then ¢(1p5) = 1¢. Suppose 1p # 1¢,. Then
1le, V 1 = 1p (definition of unity) and so, ¢(1¢, V1p) = ¢(1¢,) V ¢(1p) = ¢(1p). But
d(1ey) = 1o and so ¢(1¢,) V ¢(1p) = 1¢ V ¢(1p) = 1¢. Therefore, ¢p(1p) = 1¢.

(ii) For all b € B, 0p < b. For all ¢(b) € C, 0. < ¢(b). So 0p Ab=0p and ¢(0p Ab) =
?(0B) A ¢(b) = ¢(0p).

In C, 0c A ¢(b) = 0O¢. Since ¢ is onto, 3 0¢, € B such that ¢(0¢,) = Oc.
If 0 = O¢y, then ¢(0p) = Oc. Suppose Op # Oc,. Then O, A Op = Op (definition
of zero) and so, ¢(0c, A 0g) = #(0c,) A ¢(0B) = ¢(0p). But ¢(0c,) = 0c and so
#(0cy) A p(0g) =0c A ¢(0g) = 0c. Therefore, ¢(05) = Oc.

(iii) By (i) and complementation, 1¢ = ¢(1p) = ¢(a V a') = ¢(a) V ¢(a’). But 1¢ =
d(a) V (¢(a)). So ¢(a) Vv ¢(a’) = ¢(a) V (¢(a))’. Similary, by (ii) and complementation,
0c = 6(05) = dla A ') = da) A d(a') and 0¢ = 6(a) A (8(a))'. Then d(a) A §(a) =
#(a) A (¢(a))'. Therefore, by Exercise 2.8, ¢(a’) = (¢(a))’.

Definition 3.11. A ring R with unity is a Boolean ring if a -a = a and a4+ a = 0 for all

a € R. A Boolean ring is commutative.

Exercise 3.6. Let R be a Boolean ring with unity 1 and for a,b € R define a Vb =
a+b—a-band a Ab=a-b. Show that R with V and A is a Boolean algebra with unity

1, zero element 0, and @’ = 1 — a.

Solution. We know that all of the ring axioms hold for R under +, -, and ’, and for all
a € R,then a-a=a and a +a = 0. Also, R is commutative.
Complementation: We will show aVa' =1 and a Ad’ = 0.

avVd =a+d +(—a)-d
=a+ (1+(=a)) +(-a)-(1+(=a)) (a' =1+ (-a))
=a+[14(—=a)) - (1+ (—a))] (distribution)
=a+ (14 (—a)) (idempotence)
—a+d (@' =14+ (—a))
=1 ( + complementation)
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Since a-a’ =0, thenaAad =a-d =0.
Commutativity: We will show aVb=bVaand aANb=0>bAa.

aVb=a+b+(—a)-b

=b+a+(—a)-b (+ commutativity)
=b-b+a+(—a)-b (idempotence)

=b-(b+(—a))+a (distribution and + commutativity)
=b+a (absorption)

=a+b (+ commutativity)
=a-(a+(=b))+0b (absorption)

=a-a+b+(=b)-a (distribution and commutativity)
=a+b+(-b)-a (idempotence)

=b+a+(-b)-a (+ commutativity)

=bVa.

Since R is commutative, then aAb=a-b=b-a=0bAa.

Absorption: We will show aV (a Ab) =a and a A (a V b) = a.

aV(anb)=a+(a-b)+ (—a)-(a-b)
=a+(a-b)+(—a-a)-b (- associativity)
=a+(a-b)+0-b (complementation)
a+(a-b)+0 (glb)
=a+ (a-b) (identity)
=a (absorption)
ANaVvb)=a-(a+b+(—a)-b)
=a-a+a-b+a-(—a)-b (distribution)
=a-(a+b)+0-b (distribution and compl.)
=a-(a+b)+0 (glb)
=a-(a+b) (identity)
=a (absorption)

Distribution: We will show a A (bVe) = (aAb)V(aAc)and aV (bAc) = (aVb)A(aVec).

aN(bVe)=a-(b+c+(-b) c)
=a-(b+c)+a-((=b)-c) (distribution)
=a-(b+c)+(=b)-(a-c) (comm. and assoc.)
=a-(b+¢c)+0+(=b)-(a-c) (identity)
=a-(b+c)+0-c+(=b)-(a-c) (glb)
=a-(b+c)+(—a-a)-c+(=b)-(a-c) (complementation)
=a-(b+c)+(—a)-(a-c)+(=b)-(a-c) (associativity)
=(a-b)+(a-c)+(—a+b) (a-c) (distribution)
=(a-b)+(a-c)+(—(a-b))-(a-c) (de Morgan’s)
=(aAb)V(aNc)
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aVbArce)=a+ (b-c)+ (—a)-(b-c)
=a+((b-c)-14+(b-c) (—a) (identity and comm.)
=a+][b-c) (14 (—a))] (distribution)
=a+[0b-¢)-(1+(—a)) (14 (—a))] (idempotence)
=a+[b-(1+(—a))-(c-(1+(—a))] (comm. and associativity)
=a+[b+b:-(—a)) (c+c:(—a)) (distribution)
=a+(b+b-(—a))-a+(c+c-(—a)) (distribution)
=(a+b+(—a)-b)-(a+c+(—a)-c) (associativity and comm.)
=(aVb)A(aVec)

Associativity: We will show aV (bVe)=(aVb)Vcand aA(bAc)=(aAb)Ac.
First, we will establish that a + a’ - b = a + b. By distribution, a +d' - b =
(a+a')-(a+b). Then, (a+d)-(a+b)=1-(a+0b) =a+ b by complementation and

identity. Therefore, a + a’ - b = a + b, which we will refer to as «.

aVbVve)=a+ (b+c+(=b)-c)+(—a) - (b+c+(=b)-c)
=a+(b+c)+(—a) (b+c) (absorption)
=a+(b+c)- (14 (—a)) (distribution)
= (b+C) ’ (@' =1+ (—a))
= (a +0b) + (x and + associativity)
=(a+b)+c-(a+d) (%)
=(a+b)+c-(1+—(a+b)) (' =1+ (—a))
=(a+b)+c+—(a+b)-c (distribution)
=(a+b+(-a)-b)+c+—(a+b+(—a)-b)-c (absorption)
=(aVvb) Ve

Since - is associative, a A (bA¢c)=a-(b-c)=(a-b)-c=(aNb)Ac

Therefore, R is a Boolean algebra.

Exercise 3.7. Define, in a Boolean algebra A, the binary operations | and 1 by z | y =
—x-—yand x Ty = —x + —y. Prove that 0,1 and the Boolean operations are definable,
in terms of equations, both by | and 7.

Solution.
We will show that x 4+ y and x - y are definable in terms of 1 and |.
st —y=—(—a) +—(y) =z +yand —z | —y = —(—z)- —(—y) =3+ y.
Now, we will show z | —x =0and z T —z = 1.
By +, - complementation and —(—z) = z, thenz | —x = —z-—(—x) = —z-2 =0

andx T —2x=—2o+—(—z)=—2x+zx=1
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Definition 3.12. For a Boolean algebra B with x,y € B, the symmetric difference of x
and y is zAy =z - (—y) +y - (—x).
Alternately, the symmetric difference of a and bis a+b= (a A V)V (a’ A D).

Exercise 3.8. Using the following notation, check that bR is a Boolean algebra and that
brB = B and rbR = R:

R=(R,®,-,0,1) is a Boolean ring,

B =(B,+,-,—,0,1) is a Boolean algebra,

rB=(B,A,-,0,1) where zxAy =z - -y +y-—z,

bR=(R,+,-,—,0,1) wherez+y=2®dy® (r-y) and zd 1 = —x.

Solution. We want to show that bR is a Boolean algebra. First, we will show that R is
commutative.
Consider = @ y. By idempotence and distribution, t ®y = (z D y) - (z D y) =
T rchr-yPy-zdy-y=x0r-yPy - cPy=cd00y. Thenz-yPy- -z =0.
Ife=y, thenz-2@x-x=2®dx=0. Soxr-y=1y- -z and R is commutative.
Commutativity: Since R is commutative under - and @, then x +y =2 @y @ (z-y) =
yoro(y-v)=y+u
Absorption: We will show 2+ (z-y) =z and z - (x + y) = z.

e+ (r-y)=2®(@-y) o (@ (z-y)

=xz®(x-y)D((z-x)-y) (- associativity)
=z®(x-y) ®(z-y) (idempotence)
=x®0 (x@x=0)
=x (r®d0=ux).

- (rty)=z- (@Y (r-y))

=z-(yd(z-y) dx) (® commutativity)
=z-y®dx-(x-y)dz-x (distribution)

=0z (idempotence & x @ x = 0)

Distribution: We will show z-(y+2) = (z-y)+ (z-2) and x4+ (y- 2) = (z + y) - (z + 2).

z-(y+2)=z-(yozd(y-2))

=z ydx-2)d(x-(y-2)) (distribution)

=@y @@ -2)®(z-y) - (r-2) (assoc., comm., idemp.)
(1) + (- 2)

<
8



Complementation: Since complementation holds in R for -
T+ —r=rxd-xrd(r-—x)=cd-—crd0=

Associativity: Since R is associative for - and @, we will show = + (y + z) =

r+(y-2)=2® Yy -2)®(x-(y-2))
=@@®y 2)0r) &y 2)D(y-2)
=0®(y-2) (z@0)

r® —x=1.

(y+2)=20@yoza(y-2)e (- (Yo 2d(y-2)

TOYS2z0(y-2)0r) 2OYLzB (¥ 2)BYS 2D (y-2))
Prdydzd(y-2) (20ydydz@zd(y-2)d (y-2))

00y®2z@®(y-2)) (r000000)

Yoz (y-2) -

=yoz0y) - (Y®zd2)-w

T+
= (
= (z
= (
= (
(
= (

002)-(yd0)-(x)

(2)-(08y) (x00)

=z (z0z0Y) (20YDY)

z-(r@y®(z-y))

00000 2) - (zdy®(x-y)®O0)
Proydyd(z-y) ez y)e2) - (20yd (x

= (
= (z YD 2D 2)
gm@yGB(x YDz0xDyd(z-y) (20y® (x
= (

YD 2D z)
Gyd(-y) oz (zdy®(x-y)-2)
x+y)+ 2.
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(distribution)

(comm. & x @z =0)
y-2)-x (x®z=0)

(idemp., comm., assoc.)

(x@x=0,id, comm.)

(distribution)

and @ and = @& 0 = z, then

(x4+y)+ =

(distribution)
(commutativity)
(x®x=0)
(0 =2)
(distribution)

(x ®x =0, comm.)
(x ®0 =z, comm.)
(x®z=0)
(comm & dlst )

(

(

(

(

commutatlwty)
distribution)

Therefore, bR is a Boolean algebra. Now we want to show brB = B and rbR = R.

we

(1-
Al = (z

For rbR, we want to show 2@ 1= —zx and c®y ® (- y) = z + y and for brB,

want to show —z = xAl and = + y = 2AyA(z - y).

By complementation and the zero and unity properties, x & 1 = (x

z))

—X.

—z) & ((z - -1)-
1)+ (1

(1--2)) =

) =

(z-0)® (~z) @ ((z-0) - (=
0)+ (—2) =0+ —x =

r@Yd(x-y)=x+y:

1)@
= —z. Similarly,

Now, we will show
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T®YD(v-y)

= (@ gty )~ )+ (@ y) (o —yty - —a)

= (& gty ) (~xt ) +((29) (~w+y-—y+) (de Morgan's)
=((@-—y) - (—z+-y)+(y-—2) (-2 +—y))

F(9) - (2 +9)- ) + (4 3)-2) (distribution)
=@ -y -v)+@ -y -y + -z —2)+ Yy -z -y

+((z-y) - (2 —y)+ @y —y)+(~z-2)+ (y- 7)) (distribution)
=@ -+ -—2)+@x-y-—2x-—y)+(z-y-y-x) (comp., zero, dist.)
=@ -y +y —z)+ (- y) (comp., zero)
=z-(—y+y +y —=x (comm., dist.)
=z+(y-—x) (comp., unity)
=r+4y-r+—x (comp., unity)
=z +y.

Similarly, zAyA(x - y) =
((x-—y+y-—2)-—(x-y)+(z-y)-—(x-—y+y-—x)) = x+y. Therefore, rbR = R
and brB = B.
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Chapter 4

Atoms and Ultrafilters

We have developed an understanding for Boolean algebras and some of their
properties thus far. We can now examine atoms and ultrafilters, which are foundational

elements of Boolean algebras.

Definition 4.1. If B is a Boolean algebra and a < b, then a € B is an atom if 0 < ¢ and
there does not exist € B such that 0 < x < a. The set of atoms of B is denoted At B.
We say B is atomless if it contains no atoms, and atomic if there exists an atom a < x

for each positive z € B.

Example 4.1. For the Boolean algebra S = {1,2,3,5,6,10,15,30}, the elements 2,3,

and 5 are all atoms in S.

Example 4.2. The power set algebra P(X) of a set X and the finite-cofinite algebra on
X are both atomic sets.
The interval algebra of the real number line and the regular open algebra of the

real numbers are both atomless sets.

Lemma 4.1. If B is a finite Boolean algebra and b is any nonzero element in B, then

there exists an atom a in B such that a < b.

Proof. 1f b is an atom in B, then b = a.
Suppose b is not an atom in B. Then there exists a1 € B such that 0 < a; < b.

If a1 is an atom, then a; = a. If a1 is not an atom, then there exists ao € B such that
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0 < ag < ay. If ag is an atom, then as = a. If as is not an atom, then we continue in this
manner and eventually obtain 0 < a,, < ... < as < a; < b since B is finite. Then a,, = a.

O

Definition 4.2. A subset p of a Boolean algebra A is a filter if (i) 1 € p, (ii) if z,y € p,
then z -y € p, and (iii) if z € p, y € A, and x < gy, then y € p. For a € A, p is a principal
filter if p={x € X | a < x}. We say p is the principal filter generated by a. If p = {1},
then p is the trivial filter and if 0 ¢ p, then p is a proper filter.

Definition 4.3. If M C A for a Boolean algebra A, then M is said to have the finite
intersection property if (\{mi,ma,...,mp} # 0 form; € M (i=1,2,...,n).

Definition 4.4. An ultrafilter is a filter p of a Boolean algebra A where z € p or —x € p,
but not both, for each x € A. If p is proper and z +y € p — x € por y € p for
x,y € A, then p is a prime filter. If p is proper and 3 proper filter ¢ of A with p C ¢,
then p is a maximal filter.

The set of ultrafilters of Ais Ult A= {p C A | p is an ultrafilter of A}.

Example 4.3. The set {a € A | € a}, where A is an algebra of sets over X and z is

any point in X, is an ultrafilter.

Definition 4.5. The Stone map of a Boolean algebra A is the map s: A — P(Ult A),
where s(x) ={p e Ult A |z € p}.

Definition 4.6. If ¢ : A — B is a Boolean algebra homomorphism and X4 M exists for
M C A, then ¢ preserves SAM if RB¢[M)] exists and ¢ (EAM) = NB¢[M]. Similarly, ¢
preserves ITAM if ¢ (HAM) = I18¢[M]. For an ultrafilter p of A, p preserves XM if, for
somem € M, XM € p = m € p and preserves [IM if M Cp = IIM € p.

Exercise 4.1. In a Boolean algebra A, let M C A such that XM exists. The Stone
homomorphism s : A — P(Ult A) preserves XM if and only if ¥M = ¥ M; for some
finite subset M of M.

Similarly, let M and N be subsets of A such that () s[M] C |Js[/N]. Then there
are finite subsets My of M and Ny of N such that () s[Mp] C | s[No].

Solution.
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(=) We know M C A and ¥ M exists. Suppose s : A — P(Ult A) preserves
Y M; that is, s[X M| = Xs[M]. We want to show XM = XM, for finite My C M.

Suppose XM # X My. Then XMy < XM or XM < X Mj. Consider XMy < X M.
Since My C M, thenVy € My, y € M. Now, since XM exists and XM < z forallx € M,
then XM <y € My. So XMy £ XM =— XMy < XM. Now consider XM < X M.
Suppose 3 & € M such that x <y V y € My. Then = ¢ My since XM exists because My
is finite. But Mg C M andVx € My = x € M. So XM £ XMy = XM < X Mjy.
Therefore XM = X Mj.

( <= ) We know that XM = XMy for some finite My C M. Also, ¥s[M] €
P(Ult A). We want to show that s[XM] = ¥s[M]. Since s is a homomorphism, s[XM N
x] = s[EM]|Ns[z] for x € M. But XM Nax = XM for all z € M. So s[EM Nz| =
s[EM] N s[x] = s[EM] for all s[x] € P(Ult A). Therefore, s[X M| = Xs[M].

Now, let M, N C A such that (s[M] C |Js[IN]. We want to show that for
My € M and Ny C N, where My and Ny are finite, then () s[My] C |Js[NVo]. Since s
preserves XM, then XM = X M.

Lemma 4.2. If a1 and as are atoms in B and a1 A as # 0, then a; = as.

Proof. By the definition of glb, a1 A ag < ay. Since ap is an atom, either a; A as = 0 or
a1 ANag = ai. But a; Aag # 0. Then a1 A as = ay.
Similarly, a1 A as < as. Since a9 is an atom and a; A ag # 0, then ay A as = as.

Therefore a1 = a1 A as = as. ]

Lemma 4.3. Ifb,c € B and b % ¢, then there exists an atom a € B such that a < b and
ate.

Proof. Since b % ¢, then b > ¢ and b A ¢/ # 0 (Lemma 3.1). Then by Lemma 4.1, there
exists an atom a € B such that a < b A . By definition of glb, a < b and a < ¢/. Now, if
a<cdanda<c thena<cAcd. But cAcd =0 and so a < 0. This contradictions the

fact that a is an atom in B. Therefore a ﬁ C. O

Lemma 4.4. Ifb € B and a1, as,...,a, are all of the atoms that satisfy a; < b (where
i=1,2,...,n)in B, thenb=ay1 Vaza V- -V ay,.
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Proof. We will let a1 VasV ---V a, = c¢. Since each a; < b, then ¢ < b. Now suppose
b £ ¢. Then by Lemma 4.3, there exists an atom in B such that a < b and a £ ¢. But
since ¢ < b and a is an atom in B, then a = a;, for some ¢ = 1,2,...,n. Therefore

a < ¢, contradicting a £ ¢, so b < ¢. Then ¢ < b and b < ¢, implying b = ¢. Therefore

b=a1VasV--Vay,. ]
Lemma 4.5. Suppose b € B and a1, ae,...,a, are all of the atoms in B such that
b=aiVasV---Vay,. Ifa is an atom in B and a < b, then a = a; for somei=1,2,...,n.

Proof. Since a < b, then a A b= a (Theorem 2.2).
Soa =anb=aA(a1VaaV---Vay) = (aNa1)V(aia2)V---V(aAay,) (by distribution). Now
since a is an atom in B, then a # 0. So for some i = 1,2,...,n, a A a; # 0 (Proposition

3.2). Therefore, by Lemma 4.2, a = a;. O

Proposition 4.1. For a Boolean algebra A and a power set algebra P(At A), ¢ : A —
P(At A), where ¢(b) = {a € At A | a < b}, is a homomorphism. If A is atomic, ¢ is an

embedding and if A is complete, ¢ is an epimorphism.

Proof. Since ¢(b) = {a € At A | a < b}, we know that ¢(0) = { } and ¢(1) = At A.
Now, ¢(—b) = {a € At A | a < —b}, which equals At A\ {a € At A | a < b}. Then
At A\{a € At A]a <b} = At A\ ¢(b) and so ¢(—b) = —¢(b). Then, we know that
for every a € A, then a < b-c¢c <= a < b and a < ¢ by definition of [ub and atom and
50, ¢(b-c) = ¢(b) N ¢(c). In a similar manner, ¢(b+ ¢) = ¢(b) U ¢(c). Therefore, ¢ is a
homomorphism.

Now let A be atomic and consider b # ¢. Then b £ ¢ or ¢ £ b. Without loss of
generality, say b £ ¢. Then, by Lemma 3.1, b- —c # 0 and so, there exists an atom a € A
such that a < b-—c. Soa < band a < —¢. Since a < —¢, then a £ ¢ and so a € ¢(b) and
a ¢ ¢(c). Therefore ¢(b) # ¢(c) and so ¢ is an embedding.

Lastly, we will let A be complete and M C At A and show ¢ is an epimorphism
if M = ¢(b), where b =3XM. If a € M, then a € ¢(b) since a < b = X M. Suppose A is
not in M. Then a € At A\ M and so a is distinct from m for every m € M and a £ m.
Then, a < —m and so a-m = 0 by Lemma 3.1. Therefore a ¢ ¢(b). O
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Chapter 5

More on Boolean Algebras

For the end of this study, we used the knowledge and understanding devel-
oped throughout the previous chapters in order to research the more complex aspects of

Boolean algebras.

Theorem 5.1. If B is a finite Boolean algebra, then B is isomorphic to the power set
P(S) of some nonempty finite set S. This is Stone’s representation theorem for

finite Boolean algebras.

Proof. Let B be a finite Boolean algebra and let .S be the set of all atoms in B. We want
to show that B is isomorphic to the power set of S (B = P(S)); that is, we want to show
there exists a map ¢ : B — P(S) such that ¢ is a bijection and ¢ is order preserving.

Since B # { }, there exists some b € B. We will define ¢ : B — P(S) such
that for b € B, then ¢(b) = A, where A = {a | a € S and a < b}. Note that if b = 0,
then ¢(b) = { }, since there does not exist a € S such that a < 0 (by the definition of
atom). Also, if b = 1, then ¢(b) = 5, since for all a € S, a <1 (definition of unity). We
will assume b # 0,0 # 1.

First, we will consider {a € S | a < b, for some b € B} = {a1,as2,...,a5} C S.
Then b =a1VasV---Va, by Lemma 4.4. Now, by Lemma 4.5, for any atom a < b in B,
then a = a; for some i = 1,2,...k. Therefore, ¢(b) = ¢(a1VasV---Vay) = {a1,aq,...,ax}
and so ¢ is onto.

Now, ¢ is order preserving if for b,c € B, b < ¢ in B if and only if ¢(b) C ¢(c) in
P(S). If b < ¢, then every atom a, such that a < b, is an atom such that a < ¢. Therefore
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#(b) C ¢(c). Now assume that b £ c. Then there exists an atom a such that a < b and
a % ¢ (Lemma 4.3). Then a € ¢(b) and a ¢ ¢(c). This implies ¢(b) € ¢(c).

Lastly, if ¢(b) = ¢(c), then ¢(b) C ¢(c) and ¢(c) C ¢(b). Since ¢ is order
preserving, ¢(b) < ¢(c) implies b < ¢ and similarly, ¢(c) < ¢(b) implies ¢ < b. Then, by

antisymmetry, b = ¢ and therefore ¢ is one-to-one. O

Corollary 5.1. If B is a finite Boolean algebra, then | B |= 2" for some positive integer

n.

Proof. Since B is a finite Boolean algebra, then by Theorem 5.1, there exists a map
¢ : B — P(S) for a finite set S, where ¢ is one-to-one and onto. So | B |=| P(S) |.
Then, since S is finite, | S |= n, for some n > 0. By induction on n, S has 2" subsets.

Therefore, | P(S) |= 2" and so | B |=2". O

Definition 5.1. Let A be a Boolean algebra and let a € A. Then the subset {z € A |
x < a} of A, denoted A [ a, is a Boolean algebra with the partial order inherited from A

and is called the relative algebra or factor algebra of A with respect to a.
Lemma 5.1. For each a in A, A~ (A ]a)x (A[ —a)

Proof. Let f be a function such that f: A — (A [ a) X (A | —a), where f(z) = (x-a,z-
—a). Let g be a function such that g : (A [ a) x (A ] —a) — A, where g(y,2) =y + z.

Now, let x-a = y and - —a = z. Then z = y+2z (since y+z = (z-a)+(x-—a) =
z-(a+—a) =x-1=2x). So f(x) = (x-a,x-—a) = (y,2) and ¢g(y,2) =y + z = =.
Therefore, f and g are inverses.

Now, f is a homomorphism:

(i) fl)=fly+2)=(z-a,xz-—a) = (x-a,0)+(0,z-—a) = (x-a-a,z-a-—a)+
(z-—a -0, —a-—a)= f(z-a)+ f(z-—a) = f(y) + f(2).

(i) fly-2) = f(x-a-x-—a) = f(0)=0=(0,0) =(x-a-0,0-2-—a) =
(20,0) (0,3 —a) = f(z-a)- f(z- —a) = f(y) - F(2).

(iii) f(—2)=(-z-a,—z-—a) =(—x-—a,—x-a) = —(z-a,x - —a) = —f(z).

~_ =

Then f is a bijective homomorphism and therefore A = (A [ a) x (A | —a).
O

Definition 5.2. Let x and y be in A, a Boolean algebra, and let X C A. If x -y = 0,
then x and y are disjoint. If 0 < z for x € X and any two distinct elements in X are

disjoint, then X is said to be a pairwise disjoint family.
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Definition 5.3. For a Boolean algebra A, a subset X C A is a partition of unity if it is

a maximal pairwise disjoint family.

Proposition 5.1. Let A be an infinite Boolean algebra. Then
(i) X, an infinite pairwise disjoint family, is in A,
(1) (an)new, a strictly decreasing infinite sequence, is in A, and

(1i) (—an)new, @ strictly increasing infinite sequence, is in A.

Proof. Let A | a, be infinite for every n € w and consider (a,)new, a strictly decreasing
sequence in A. Now, let ag = 1. Consider a € A | a,, such that 0 < a < a,. If A [ ais
infinite, then let @ = ay41. If A [ a is finite, then A | (a, - —a) is infinite (Lemma 1.9)
and so we let any1 = an - —a.

Since (ap)ney is strictly decreasing, then (—ay)ne, is strictly increasing. Now,
ap < amy1 for m < n and (am - —ams1) - (an - —ant1) < ap - —ame1 = 0, so {an - —an41 |

n € w} is an infinite pairwise disjoint family. O

Definition 5.4. Let A be a Boolean algebra and M C A. Then XM is the least upper
bound (lub) of M and IIM is the greatest lower bound (glb) of M in (A, <). X is referred
to as sum and II as product. If XM and IIM exist for every M C A, then A is said to be
a complete Boolean algebra.

If M is a family of subsets of A, then the lub and g¢lb of M in (P(A),C) are
UM and (| M, respectively.

If A is a subalgebra of a Boolean algebra B and M C A, then the least upper
bound of M in A is XAM and the lub of M in B is P M. Similarly, the greatest lower
bound of M in A is IAM and the glb of A in B is TP M.

Definition 5.5. If B is a Boolean algebra, then a subalgebra A of B is a reqular subalgebra
if for each M C A such that ©4M exists, then SZM also exists and 24M = SBM.
Similarly, if for each M C A such that I M exists, then II® M also exists and ITAM =
IIBM. Ais a complete subalgebra if for each M C A such that S5 M exists, then X4M
also exists and L8M = BAM.

Definition 5.6. A subalgebra A of a Boolean algebra B is a k-complete subalgebra of B
if for each subset M of A, where | M |< k (some cardinal) and XM exists, then ¥4 M
exists and SAM = LBM. A is a o-complete subalgebra of B if for each countable subset
M of A where B M exists, the 34M exists and Z4M = SBM.
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Definition 5.7. If M is an algebra of sets and |JM; € M and (|M; € M for each
M; C M, then M is a complete algebra of sets. If |JM; € M and (\M; € M for each
M; C M of size less than k, then M is a k-algebra of sets. M is a o-algebra of sets if
JM; € M and (| M; € M for each countable M; C M.

Definition 5.8. Let B be a Boolean algebra and [0, 1] be the real unit interval. The map
w: B —[0,1] is called a finitely additive measure if (1) = 1 and p (Xierai) = Eierp(as)
for every finite set {a; | i € I}, where {a; | i € I} consists of pairwise disjoint elements.
Additionally, if u (2;cra;) = Zierpu(a;) for every countable set, where {a; | ¢ € I} consists
of pairwise disjoint elements and Y;cja; exists, then p is said to be a o-additive measure.

Ifa>0 = p(a) > 0, then p is strictly positive.
Corollary 5.2. An infinite o-complete Boolean algebra has cardinality of at least 2.

Proof. Let A be an infinite o-complete Boolean algebra. Then there exists a pairwise
disjoint family {d,, | m € w} in A. Now, let f : P(w) — A be a function such that
f(M) = Epemdn and let M and N be distinct subsets of w. Then, without loss of
generality, there exists m in M \ N and so d,, < f(M). Therefore d,,, - f(M) = d,,, > 0.
But d,,, - f(N) = Xpen(dp, - dy) = 0. Therefore, f: P(w) — A is one-to-one. O

Lemma 5.2. A pairwise disjoint family X is mazimal if and only if XX = 1.

Proof. (=) Let X be a maximal pairwise disjoint family. Then ¥X = 1.
( <= ) Assume that XX < 1. Then there exist a € X such that ¥X = a and a < 1. But

then X is not maximal since X is a pairwise disjoint family and ¥ X U {—a} = 1. O

Definition 5.9. For a Boolean algebra A and a cardinal k, the cellularity of A is cA =
sup{ | X | | X is a pairwise disjoint family in A}. If cA = | X | for some pairwise disjoint
family X in A, then cA is said to be attained. The saturation of A is sat A = min{u | p
is a cardinal,| X |< p for each pairwise disjoint family X in A}. The cellularity of A | a

is denoted ca.

Theorem 5.2. For every Boolean algebra A, cA is attained if singular. This is the

Erdos-Tarski Theorem.

Proof. Let us first consider the following fact: let a € A and p be some cardinal. If
i < ca, then there exists a pairwise disjoint family Y in A | a such that g <| Y |. Then
there also exists a pairwise disjoint family X C Y in A | a such that | X |= p.



40

Now, let cA = X such that A = sups<r Ao for a strictly increasing sequence of
cardinals, where k is the cofinality of A. We will consider three cases.

Case 1: There exists b € A such that, for every x € A such that 0 < z < b,
cx = A. Since cA is singular, then ¢b = A > k. Let {by | @ < k} be a pairwise disjoint
family in A [ b. Then cb, = A > A,. Let Z, be a pairwise disjoint family in A | b,
such that | Z, |= Aq. Then Z = |J ., Zo and Z is a pairwise disjoint family such that
| Z |= A

Now, if Case 1 does not hold, then let S = {a € A" | ca < A} and let X be a
maximal pairwise disjoint family in S. Then there exists s € S such that s < b for each
b € AT. Therefore X is a partition of unity.

Case 2: Suppose supyexcr = M. Let (zq)a<k be a recursively constructed
sequence of pairwise distinct elements z, of X such that A\, < cz,. This is possible
because cx < A for x € X. Then, for each o < k, choose a pairwise disjoint family Z, of
size Ao in A [ 4. Let Z = J, o4 Za- Therefore Z is a pairwise disjoint family such that
| Z |= A\

Case 3: Suppose supyexcr = p < A. We want to show that | X |= A\. Suppose
not. Let | X |< X and let ¢/ = maz (] X |,u)*. Then p/ < X\ = cA. Now, let Y be
a pairwise disjoint family in A such that | Y |= ¢/ and let Y, = {y € Y | -y > 0}
for x € X. Since X is maximal, then ¥X = 1 by Lemma 8. So |J,.x Y, =Y. Now,
{z-y |y € Y,}is a pairwise disjoint family in A | . Then | Y; |< cx < p. And so
|Y |< p | X |< /. But we chose Y such that | Y |= ¢/, and so there is a contradiction.
Therefore | X |= A.

Thus, if cA is singular then cA = A, where A is the cardinality of a pairwise

disjoint family in A. O

Definition 5.10. For a Boolean algebra B, let ex € B be (+1)z = x or (—1)z = —x,
where z € B and ¢ = +1 or —1. Then for X C B, an elementary product over X is a
finite product with factors of the form ex. An element of B is said to be in normal form

over X if it is represented as a finite sum of pairwise disjoint elementary products over

X.

Definition 5.11. If A is a subalgebra of B and x1,x2,...,x, € B, then the finite
extension of A by x1,x9,..., 2y is (AU{x1,29,...,2,}) and is denoted A(x1,x2,...,Ty).

The simple extension of A by x is (AU {x}) and is denoted A(z).
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Theorem 5.3. The subalgebra generated by X C B contains exactly the elements of B

representable in normal form over X.

Proof. First we will prove that an element b in a Boolean algebra B is generated by X if
and only if b is generated by a finite subset Y of X.

Suppose b is generated by X and consider A = U{Y'}. Then A C (X) since
Y CX = (Y) C (X) (order-preserving). Also, A is a subalgebra of B since the
subalgebras generated by Y make up a directed family.

Now suppose b is generated by Y. Then for every x € X, x € (z) CU{Y} = A.
So X C Aand (X) C A

Now we want to show that for b € B generated by a finite subset X of B, b is
representable in normal form over X.

Let X = {x1,22,...,2,} and let R = {p}, where p: {1,2,...,n} — {+1,—-1}.
Then for p € R, let h, = p(1)z1 - p(2)x2 - -+ - p(n)zy,, an elementary product over X.
Consider p # p'.

Without loss of generality, let p(3) = +1 and p'(3) = —1. So h, - hy = p(1)z1 -
p(2)z2 - (+1)xs - p' (D1 - p'(2)z2 - (—1)23 = p(L)z1 - p(2)32 - 253 - p' (V)21 - p/(2)72 - —3 =
p(L)z1-p(2)z2-p'(V)z1 - p'(2)z2 23+ —23 = p(1)71 - p(2)22 - P/ ()21 - p'(2)72- 0 = 0. Then,
hy - hy =0 for p # p'.

Now consider ¥,cgh,. By distribution, h,, + hp, + -+ + h,, = (z1 + —21) -
(w2 + —x2) - -+ - (xn + —xpn) = 1. Therefore, ¥ )crh, = 1. So X enrh,, for M C R, is in
normal form over X and we will let A = U{Y'} = {E,eah, | M C R}. We will show that
(X) C A.

Since h, - hy = 0 and X,crh, = 1, then X,crrh, + X,errrhp = Xpenmum by and
—Ypemhp = X,er\mhy. Therefore, A is non-empty and closed under the operations +
and —, and so A is a subalgebra of B.

Lastly, consider xz; € B. Then z; = x; - Hj#(xj + —x;) and, by distribution,
x; = Ypemh, for M = {p € R | p(i) = +1}. Then every z; is in A and therefore
(X) C A. O

Corollary 5.3. If A is a subalgebra of B, then for x € B, A(x) ={a-z+d -—x|a,d €
A}y ={a1-x+az-—x+as|a,a2,a3 € A are pairwise disjoint}.

Proof. We know that A(z) = (AU{z}) and so, by Theorem 5.3, A(z) = {a-z+d - —=a},

where a,a’ € A. Now, to show A(xz) = {a1 - + a2 - —x + a3}, where a1,a2,a3 € A are
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pairwise disjoint, consider a -z +a’ - —x.
a-r+d-—x=a(—d+d)-x+d-(—a+a)-—x=(a-—d +a-d)-z+(d —a+a-d) —x

=(a-—d) x+(d —a) —x+a-d.

/

Since (a - —a'), (a' - —a), and (a - @) are disjoint, let a3 = a - —d/, ay = ' - —a, and

az=a-a. O

Definition 5.12. For a Boolean algebra B, a subset X of B* is dense in B if for every
b € B*, there exists x € X such that 0 < z < b. For a subalgebra A of B, if A* is dense
in B, then A is a dense subalgebra. The density of a Boolean algebra B is denoted mB

and is the minimum of {| X |}, where X is a dense subset in B.

Definition 5.13. For a Boolean algebra A, a subset X of A is called a chain in A if X
is a linear order under the partial order inherited from A. The set X is a well-ordered

chain in A if it is a well-ordering under the partial order of A.

Definition 5.14. If | X |< k for each pairwise disjoint family X in a Boolean algebra
A, that is if sat A < k, then A satisfies the k-chain condition. If each pairwise disjoint

family in A is at most countable, then A satisfies the countable chain condition.

Lemma 5.3. For X C B*, the following are equivalent:

(i) X is dense in B.

(ii) For every b € B, there is a pairwise disjoint family M C X such that XM = b.
(iii) For every b € B, there exists M C X such that XM = b.

(iv) For every b € B, b=3%{x € X | z < b}.

Proof. We will first show (i) = (ii): Let b € B and let M be a pairwise disjoint family
such that M C X N (B | b) and M is maximal (well ordering principle). If XM # b,
then there exists an upper bound ¢ of M such that ¢ < b. Now, since X is dense in
B,let 0 < z < b-—c. Then M U {z} is maximal. But this contradicts that M is
maximal. Therefore XM = b. Next, (ii) immediately implies (iii). For (ili) = (iv), let
M = {x € X | x <b}. Lastly, by the definition of dense, (iv) = (i). O

Definition 5.15. For a subset A of a topological space X, the interior of A, denoted
int A, is the union of all open sets contained in A. The closure of A is denoted ¢l A and
is the intersection of all closed sets containing A. The regularization of A is the interior

of the closure of A and is denoted rA = int cl A.
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Definition 5.16. A subset A of a topological space X is said to be reqular open if rA = A
and regular closed if A = cl int A. The regular open algebra of X is RO(X) ={AC X |

A is regular open}.

Definition 5.17. For a topological space X, a C X is said to be nowhere dense if
int cl a = (. If a is the union of a countable number of nowhere dense sets then it is said

to be meager.

Definition 5.18. Two elements p and ¢ of a partial order P are compatible if there exists
r € P such that r < p and r < ¢. If there does not exist such an r in P, then p and ¢
are incompatible. The partial order topology is a topology of P where {u, | p € P} is the
base, with u, = {g € P | ¢ <p}.

Definition 5.19. For a partial order P, a complete Boolean algebra B, and a mapping
A from P into B*, the pair (A, B) is a completion of P if

(i) A is order-preserving

(ii) A preserves compatability

(iii) A[P], the image of P under ), is dense in B.
Theorem 5.4. Every partial order P has RO(P) as a completion.

Proof. Let {u, | p € P} be the partial order topology of P. The regular open algebra of
P, RO(P),is {p C P | p=int cl p}. Let h be a mapping from P into RO(P) such that
h(p) = int cl u,.

Since h(p) C cl up and ¢l h(p) C cl up, then h(h(p)) C h(p), where h(h(p)) =
int ¢l h(p). But h(p) C h(h(p)), and therefore h(h(p)) = h(p). So, for every p € P,
h(p) is regular open. Now, u, C P is non-empty and so u, C h(p), since u, C ¢l u, and
up = int u, Cint cl h(p). Therefore h(p) € RO(P)*.

We will show that (h, RO(P)) is a completion of P. First, we will show that the
image of P under h, h[P], is dense in RO(P). If r C P is non-empty and regular open,
then there exists p such that u, C r, since {u, | p € P} is the partial order topology. Then
h(p) is the least regular open subset of P such that u, C h(p) since u, C h(p) € RO(P)
and u, C u, € RO(P) = h(p) C h(r) = u,. Therefore h(p) C r and so h[P] is dense
in RO(P). Now, since ¢ < p = wuy C up, then h(q) C h(p) and order is preserved.

Lastly, if p and ¢ are incompatible then u, and u, are disjoint. Then u, C P \ u, and so
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cl up C ¢l P\ ug, where ¢l P\ uq = P\ uy. Then ¢l uy and u, are disjoint. Similarly,
uq and cl u, are disjoint. Therefore h(p) and h(q) are disjoint and so (h, RO(P)) is a
completion of P. O

Definition 5.20. If for all p and ¢ in a partial order P such that ¢ £ p there exists r < g,

where r is incompatible with p, then P is said to be separative.

Definition 5.21. For a Boolean algebra A and a complete Boolean algebra B, B is a
completion of A, denoted B = A, if A is a dense subalgebra of B.

Theorem 5.5. Fvery Boolean algebra has a unique completion, up to isomorphism.

Proof. First, we will prove that for a Boolean algebra A, there exists a complete Boolean
algebra B such that B = A. Consider A* C A. If ¢ % pin A*, then ¢-—p # 0 in A. Since
A* is dense in A, there exists r € A* such that 0 <r < g-—p. Thenr < gand r-p =0,
so r and p are incompatible in A*. Therefore A* is a separative partial order. We will
pick B to equal RO(A*) and let h(p) = int cl u,. Then (h, B) is the completion of A*.

Now, we will extend h : A* — B to f such that f: A — B with f(0) = 0. If
we can show that f is a Boolean homomorphism, then f[A] is a dense subalgebra of B
and B is the completion of f[A].

Since A* is separative, h is one-to-one. Then, since f(0) = 0 and f[A] C B*, f
is also one-to-one. We know f(04) = 0p and f(14) = 1p. Consider p,q € A. If p-q > 0,
then f(p-q) = up.q = upNug. But f(p)- f(q) = upNug. So f(p-q) = f(p)-f(q). U p-g=0,
then f(p-¢q) = f(0) =0 and f(p) - f(g) = f(p) N f(q) = 0. Therefore f(p)- f(—p) = 0.

Now if p = 0, then f(p)+ f(—p) =0+1 =1 and if —p = 0, then f(p)+ f(—p) =
140 =1. So consider p # 0 and —p # 0. Since h[A*] is dense in B, then there exists
g € A* such that h(q) - h(p) = 0 and h(q) - h(—p) = 0. But h(q)-h(p) =0 = h(q-p) =
0 = ¢q-p= 0. Similarly, h(q) - h(—p) =0 = ¢q-—p = 0. And since p, —p # 0,
then ¢ = 0. But this is a contradiction since ¢ € A*. Therefore f(p) + f(—p) = 1. Then
f preserves - and — and so, f : A — B is a homomorphism. Then f[A] is a dense
subalgebra of B since h[A*] is dense in B.

Now, to show uniqueness, let B and C be complete Boolean algebras and let
A be a dense subalgebra of B and of C'. Then A* is a dense subset of B and C'. Then
h: B — (' is an isomorphism such that h [ A = id 4. O



45

Chapter 6

Conclusion

The structure of a Boolean algebra developed from partially ordered sets and
lattices and the operations of least upper bound, greatest lower bound, and complemen-
tation were used to establish its characteristics. Atoms and ultrafilters are underlying
elements of some Boolean algebras that lead to useful properties. By Stone’s representa-
tion theorem for finite Boolean algebras, we concluded that every finite Boolean algebra
is isomorphic to the power set of a finite set. We showed that the cellularity of a Boolean
algebra is attained if it is singular by the Erdos-Tarski theorem. Lastly, we proved that,

up to isomorphism, every Boolean algebra has a unique completion.
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