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Abstract
As one of the most common faults, rotor imbalance in a turbocharger will give rise to
the bending vibration, which may cause damage to and even destroy the bearings and
impellers. Therefore, it is necessary to detect rotor imbalance as early as possible. The
present paper develops a mathematical model for investigating the rotor dynamic
characteristics of a commercial automotive turbocharger supported on floating ring
bearings. In order to reveal the behaviours of oil film instabilities the model takes into
account nonlinear hydrodynamic oil film forces instead of linearization. A twodimensional elastic collision model is introduced to deal with the rub-impact process
between such solid parts as journal, floating ring and the bearing. In addition, the
change of clearances in floating ring bearing due to temperature increases are also
estimated by ignoring the variation of lubricating oil viscosity. Following model
development, a numerical simulation is implemented to study the bending vibration of
the turbocharger and floating ring bearing under the influence of rotor imbalance. This
study paves a foundation for the monitoring of turbochargers.
Keywords: Rotor imbalance Turbocharger Nonlinear

1. Introduction
Turbocharger is a forced induction system which helps in intake of more air for
combustion. The compressed air allows the engine to squeeze more volume of air for
increased fuel-air mixture ratio. Due to the significant improvement of energy
efficiency, they are more and more widely used in industry nowadays. However such
extreme working conditions as high temperature, high rotational speed, oil adhesion, etc
that might give rise to rotor imbalance which would affect seriously the service life of
turbochargers. Unfortunately the relatively poor techniques of fault detection make it
difficult to detect and eliminate those faults in early stage. The most common approach
is to replace the faulty product once accidents happen. Therefore it would be quite
meaningful if a modern way were developed to detect and even prognoses faults in
advance. In order to implement this aim, the model-based idea is introduced in this
paper. It can be imagined that an accurately theoretical model will help us greatly by
means of monitoring the real-time signals collected according to the predicted results
from the model.

Figure 1. The structure of an automotive turbocharger
The structure of a turbocharger is shown in figure 1. It mainly includes impellers linked
by a shared shaft, floating ring bearings and a casing equipped outside for protection
and also forming the gas path. It can be seen that in rotordyanmics turbocharger itself is
a rotor model supported on floating ring bearings driven by exhaust gas. As far as rotorbearing modelling is concerned, it is a fairly popular field attracting a great number of
researchers to pay their attentions to, that covers from the simplified Jeffcott rotor
model to the complicated model with multi-disks and multi-supports. Finite element
method is always a competitive approach in simulating rotor system bending vibration,
critical frequencies and vibration modes by discreticizing consecutive rotor into a
number of mass nodes linked by elastic shaft segments. After forming mass, stiffness
and damping matrices, bending vibration could be predicted from rotor system motion
differential equations. It should be emphasized that bearing is the key factor during
modelling which is also the most complicated part. It is obviously not advised to
consider bearings to be the rigid supports with infinite large stiffness coefficients in
most cases. The mass-spring-damping model is usually used to describe journal
bearings by means of expressing oil film forces in terms of such hydrodynamic
coefficients as stiffness and damping coefficients. This linear model is more widely
used in response analysis of rotor bearing system. It should be added that the accuracy
of such coefficients estimation depends on the estimation of the equilibrium position of
a journal bearing to a certain degree. Zheng(1)and Klit(2) introduced the variational
inequality approach to calculate the equilibrium position of the journal as well as the
dynamic coefficients. Shuai(3) solves the three lobe’s journal centre orbit through finite
difference method and coordinate alternation method. Compared to ordinary journal
bearings, floating ring bearings comprise two oil films that could be modelled by two
sets of mass-spring-damping in series in linearized analysis. L San Andres(4) developed
a model for prediction of floating ring bearing forced response. It is pointed out that the
clearances between the solid parts of bearing are affected by the thermal effects and thus
influence the rotational speed of the floating ring and the oil film pressure distribution.
Kerth(5) then elaborated the approach of how to calculate dynamic coefficients of
floating ring bearings and predict the rotordynamic response of an automotive
turbocharger supported on floating ring bearings.
Although the conventional linear rotor model with stiffness and damping coefficients of
bearings could provide a good model for rotor analysis, it has been realised that its
predicted results do not match experimental data in some cases especially in sub-
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synchronous vibration analysis. Consequently an increasingly number of researchers
focus on the nonlinear model development in order to satisfy the accuracy requirement
of model simulation. However the mathematics complexity and calculation time restrict
researchers to go further in this field and thus the perfect expression of hydrodynamic
force is still unknown so far. Zheng(6) and Shen(7) try to introduce the theory of
variational inequality to deal with the oil film pressure distribution and nonlinear
hydrodynamic force and a semi-analytical expression has been obtained including
unknown parameters which are needed to be estimated by optimization method. Owing
to its complexity itself and uncertainty of accuracy, most of published paper still adopt
the theory of infinite long or short bearings. Cheng(8) investigate the nonlinear dynamic
behaviours of a rotor-bearing-seal system and obtain the orbit of rotor centre. Helio
Fiori de Castro(9) use infinite short bearing theory to investigate the whirl and whip
instabilities for both vertical an d horizontal rotors.
Based on the achievement of rotor-bearing modelling to date, a comprehensive
nonlinear model in rotordynamics has been developed for automotive turbochargers.
The consecutive rotor system is discreticized to a finite element model with six mass
nodes linked by elastic shaft segments. After forming mass, stiffness and damping
matrices, the multi-degree system motion differential equation is established to calculate
bending vibration of the rotor system. Apart from its own gravity of the rotor, such
major stimulating forces as centrifugal forces caused by rotor imbalance and nonlinear
hydrodynamic forces have been studied respectively. In the meantime, influences of rub
impact to floating ring bearings have been considered. In order to obtain more accurate
results numerical approach is introduced here to deal with the nonlinear hydrodynamic
forces and system bending vibration simulation. Following model development,
bending vibration of turbocharger rotor system have been predicted under the influences
of rotor imbalance imposed on the impellers.

2. Modelling for the turbocharger in rotordynamics
2.1 Finite element model

Figure 2(a). Physical model of turbocharger core

Figure 2(b). Finite element model of turbocharger core
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Turbocharger core consists two impellers linked by a shared shaft supported by two
floating ring bearings. The physical model is shown in figure 2(a) and the finite element
model is illustrated in figure 2(b). The model includes six mass nodes and five elastic
shaft segments. Since mass and moment of inertia of the shaft segment have been
assumed to concentrate on both two sides, system mass and stiffness matrices become
diagonal. Stiffness and damping matrices are determined through the elastic shaft
segment element analysis. Main resources that might stimulate bending vibration to an
automotive turbocharger include rotor imbalance on the impellers, hydrodynamic forces
and its own gravity(11). According to the theory of finite element method, the system
motion differential equation is given as follows.

[M ]{U&&}+ [C ]{U& }+ [K ]{U } = {Fimbalance } + {Finner } + {W }

(1)

where {U } = {x1 ,..., x6 , y 1 ,..., y 6 } represent displacements of the nodes on horizontal and
vertical planes. [M ], [C ], [K ] represent mass, damping and stiffness matrices
respectively. On the right hand side of the equation, forces vectors mainly include
imbalance centrifugal forces {Fimbalance }, hydrodynamic forces in inner oil film {Finner }
and the gravity {W } .
Motion of the floating ring is determined by such force vectors as outer and inner oil
film forces and its own gravity. The differential motion equation of floating ring is
given by equation (2).
mR u&&R = {Fouter } − {Finner } − mR g

(2)

where u R represents the displacement vector of the floating ring, m R represents its
mass. Force vectors include hydrodynamic forces of two oil films and the gravity.
Among three stimulating forces, the values of own gravity keep constant, while
imbalance centrifugal forces and nonlinear hydrodynamic forces will be discussed
respectively as follow.
2.2 Rotor imbalance
Although turbochargers have been generally balanced before being used, rotor
imbalance will still be emerged after a period application due to oil/dust particle
adhesion, erosion of the impellers and the like. In this case the amounts of imbalance
would be unknown. Hence in order to monitor the real-time imbalance, the relationship
between certain status parameters and this fault is needed to be established. It has been
realised that force response of turbocharger system is dominated by a number of
frequencies according to lots of relevant experimental data(10). The vibration component
with the same frequency as the rotational speed is synchronous vibration which is
caused by rotor imbalance, while other components are sub-synchronous vibration
mainly owing to the whirl and whip of the oil films. Therefore it would be possible to
detect the imbalance by extracting the synchronous component from the vibration
signal.
The finite element model of turbocharger core with rotor imbalance is illustrated in
figure 3. According to the theory of rotor balancing, imbalance could be thought to be
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distributed on two correction planes at a certain speed(11). Since two impellers are where
imbalance moment is more likely to be emerged, it is reasonable to assume to exert
imbalance U 2 and U 5 on the second and fifth mass nodes. Generally speaking bearing
reaction forces could be collected through force transducers equipped on the bearings in
industry. In this case the relationship between imbalance and bearing forces could be
established through the working principle of balancing machine, i.e. on a certain plane
without other forces, centrifugal forces and bearing reaction forces should follow the
rule of force balance and force moment balance(12). However relationship between rotor
imbalance and other parameters is needed to be established once the bearing forces are
difficult to obtain.

Figure 3. Finite element model of turbocharger rotor with imbalance on impellers
Following synchronous vibration component extraction, it can be considered that the
influences of bearings have already been eliminated. Turbocharger core, supported on
rigid bearings, suffers rotor imbalance centrifugal forces only. While ignoring
displacements of the bearings, system motion differential equation has been reduced as
follows.
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where A, D2 are the amplitude and phase of imbalance centrifugal force on the second
node, B, D5 are the amplitude and phase of imbalance centrifugal force on the fifth
node, w is the angular velocity of the rotor. [M ′], [C ′], [K ′] are reduced mass,
gyroscopic and stiffness matrices.
According to the theory of rotordynamics, trajectory of every node is supposed to be
circles. In the meantime the existence of damping influence gives rise to phase
difference between the nodes. Hence the displacements of each node on horizontal and
vertical plane are expressed as follows.

 xi = Pi cos(wt + ϕi )

 yi = Pi sin (wt + ϕi )

(4)

5

It can be seen that such four unknown parameters are existed on the right hand side of
the equation (3). If any four among eight displacements are known, the reduced motion
differential equation is able to be solved. In other word the imbalance distributed on two
impellers could be estimated if only bending vibrations of any two nodes have been
collected.
2.3 Nonlinear hydrodynamic fluid forces
Most commercial automotive turbochargers incorporate floating ring bearing to support
the rotor because ordinary journal bearings could not bear the extreme high angular
velocity (up to 150,000rpm). As shown in figure 4 floating ring bearing comprise two
oil films in series, i.e. inner oil film between journal and floating ring, outer oil film
between floating ring and bearing. The lubricating oil is fed into outer oil film through
an axial groove from centre to near to the edge of the bearing. As the radial gradient of
oil film pressure has been ignored, it can be considered that lubricating oil supply
pressure of two oil films are approximately the same. Hence apart from the middle of
the bearing, oil film pressures of both outer and inner oil film could be estimated by
solving Reynolds equation in the oil film land.
∂  h ∂P  ∂  h ∂P  V ∂h ∂h
+

+ 
=
∂Ψ  12 µ ∂Ψ  ∂z  12 µ ∂z  2 ∂Ψ ∂t

(5)

For outer oil film, h represents the gap between floating ring and bearing, V is the
linear velocity of floating ring, Ψ and z are the circumferencial and axial coordinate of
outer oil film; for inner oil film, h represents the gap of journal and floating ring, V is
relative linear velocity of floating ring and journal, Ψ and z are the circumferencial and
axial coordinate of inner oil film respectively.

ΩR

Figure 4. Floating ring bearing
Reynolds equation is a second order partial differential equation which analytical
solution is still difficult to be obtained so far. Hence such numerical approaches as
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Finite difference method and Finite element method are generally suited to deal with it.
In the present paper Finite difference method is adopted to solve Reynolds equation in
both outer and inner oil fluid films.
It is added that integration interval—the choice of oil film land—affects the equation
solution greatly. There are three boundary conditions that are mainly used in oil film
pressure distribution estimation, Sommerfeld boundary condition, Semi-Sommerfeld
boundary condition and Reynolds boundary condition(13). For Sommerfeld boundary
condition, the whole oil film land is considered as full of lubricating oil without
cavitation phenomenon. Both positive and negative pressure area are thought to be
effective while calculating hydrodynamic forces. Obviously solution results from
Sommerfeld boundary condition is a simplified model which rarely satisfy reality. For
Semi-Sommerfeld boundary condition negative pressure area is neglected which means
only positive pressure area is concerned while calculating hydrodynamic forces. It is
true that results based on Semi-Sommerfeld boundary condition are much closer to the
reality than Sommerfeld boundary condition. However the problem is that it violates the
rule of flow continuity(13). Compared to Sommerfeld and Semi-Sommerfeld boundary
condition, Reynolds equation is more reasonable and frequently used in estimating oil
film pressure distribution. According to the theory of Reynolds boundary condition, oil
film land should exceed the position where minimal clearances between solid parts of
bearings are situated until both pressure and pressure derivatives are equal to zero
simultaneously.
In this paper Reynolds boundary condition has been introduced in the algorithm of
pressure estimation. Following oil film pressure distribution estimation hydrodynamic
oil film forces could be calculated by integrating numerically oil film pressure over the
oil film land estimated.
2.4 Rub impact
y

n
VC _ y

VR _ y

VC _ x

θ

x
VR _ x

t

Figure 5. Physics model of the two dimensional completely elastic collision
Once rotor imbalance exceeds the permissible value that centrifugal forces would be too
large to be overcome by hydrodynamic oil film forces, rub impact of the turbocharger
core and floating ring bearing might happen. This process is very complex involving
many influences, a simplified dynamic model for it is derived for extruding the main
problems.
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Since the bending stiffness of the materials of bearings is fairly high and rub impact
happens instantaneously in general, a two dimensional completely elastic collision
physics model is able to describe this collision process. This model is based on the
theory that tangential velocities will be keeping constant during collision period whilst
normal velocities obey the rules of momentum conservation theory and kinetic energy
theory simultaneously.
The scheme of the two dimensional completely elastic collision between a ring and a
cylinder is illustrated in figure 5. VC _ x, VC _ y are velocities of the cylinder and
VR _ x, VR _ y are velocities of the ring. θ stands for the angle from y axis to n axis.
According to figure 5, the tangential velocities and normal velocities of the cylinder as
well as ring are expressed as follows:
VC _ n  sin θ

=
VC _ t  cos θ
VR _ n   sin θ

=
VR _ t  cos θ

cos θ  VC _ x 


− sin θ  VC _ y 

(6)

cos θ  VR _ x 


− sin θ  VR _ y 

(7)

The normal velocities during collision follow momentum conservation theory and
kinetic energy theory.


mcVC _ n + m RVR _ n = mcVC _ n ' + m RVR _ n '

1
1
1
1
2
2
'2
'2
 2 mcVC _ n + 2 m RVR _ n = 2 mcVC _ n + 2 m RVR _ n

(8)

where VC _ n ' , VR _ n ' represent the instantaneous normal velocities of the cylinder and
ring after collision, mc , m R are mass of the cylinder and ring respectively. Following
coordinate transformation, the new velocities on the x and y directions could be
obtained.
The model of the collision could be divided to such three circumstances to discuss.
While collision happening between journal and floating ring without the influence of
bearing, new velocities of journal and floating ring could be estimated according to two
dimensional completely elastic collision model mentioned above. While collision
happening between bearing and floating ring, as bearing here is assumed to be fixed,
normal velocities of the floating ring will be reversed after collision while tangential
velocities keep constant. As for the contemporary collision between journal, floating
ring and bearing, the analysis of this process could be viewed as two stages. The first
stage is that journal and floating ring reach the common normal speed and then in the
second stage both of them collide with the fixed bearing. The first common normal
speed could be calculated by momentum conservation theory. Normal velocities of the
floating ring as well as the journal will be reserved after colliding with the bearing.

2.5 Solution of differential equations
Bending vibration of a turbocharger could be estimated by solving rotor sytem motion
differential equation (1) and floating ring equation (2). Equations solution is fairly
complicated, however, because of nonlinear characteristics of hydrodynamic fluid
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forces. Infinite short or long bearings theories could make solution much easier, but
obviously the simulation results would deviate from reality inevitably. In this paper
Newmark integration method is introduced, therefore, to deal with it due to its robust
algorithm and unconditional stability. Although the accuracy of it appears to be lower
compared to Runga-kutta method, it could save computing time to a large degree that is
more suited to the multi-degree freedom vibration simulation.
It should be added that conventional Newmark integration method is developed for
linear system. To extend it to nonlinear dynamic analysis, it requires that iteration must
be performed at each time in order to satisfy equilibrium. Also, the incremental stiffness
matrix must be formed and triangularized at each iteration or at selective points in time.

3. Predicted bending vibration of an automotive turbocharger
The mathematical model is implemented in MATLAB and the relevant parameters have
been chosen based on J90 automotive turbocharger. Lubricating oil is fed into the
floating ring bearing through the oil supply holes with supplying pressure 1.38 × 10 5 Pa .
Apart from pressure inside bearing, pressure distribution at the other places inside
turbocharger casing is assumed to be 1.01 × 10 5 Pa . Table 1 lists the parameters of the
automotive turbocharger and lubricating oil for simulation(14).

Table 1. Parameters of the turbocharger and lubricating oil in simulation
Outer clearance of bearing
Inner clearance of bearing
Outer radius of floating ring
Inner radius of floating ring
Length of bearing
Viscosity of lubricating oil
Density of lubricating oil

8 × 10 −5 m
2 × 10 −5 m
11 × 10 −3 m
7 × 10 −3 m
11 × 10 −3 m
8cP
0.78 × 10 3 kg / m 3

Thermal conductivity of lubricating oil
Ambient oil pressure
Supply oil pressure
Mass of turbocharger core
Mass of floating ring

0.15W / m⋅o C
1.01 × 10 5 Pa
1.38 × 10 5 Pa
2.5kg
0.1kg

Supposing turbocharger rotating at 2000rad/s and imbalance moment 1 × 10 −6 kg ⋅ m
imposed on the turbine impeller, rotational speed of the floating ring could be estimated
at about 830rad/s considering the thermal effects to the oil fluid clearances(4). Bending
vibrations of all nodes as well as floating ring have also been predicted. Figure 6 and 7
display the vibration of journal node and floating ring in the steady state respectively.
These results are derived based on the ‘zero’ boundary conditions which mean that
either journal or floating ring vibrates from the origin of the coordinate system at the
beginning. The boundary conditions are not reasonable, of course, which cause
vibration curves not stable until 0.5s in the simulation and after that, results converge to
a stable vibration curve gradually.
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Figure 6. Bending vibration of journal: (a) on X direction (b) on Y direction
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Figure 7. Bending vibration of floating ring: (a) on X direction (b) on Y direction
These results are derived based on the ‘zero’ boundary conditions which mean that
either journal or floating ring vibrates from the origin of the coordinate system at the
beginning. The boundary conditions are not reasonable, of course, which cause
vibration curves not stable until 0.5s in the simulation and after that, results converge to
a stable vibration curve gradually.
The spectra of the steady state vibration of journal and floating ring can be seen in
figure 8. Bending vibration of journal mainly occurs at the rotational speed around
400rad/s, approximately half of the rotational speed of floating ring, which appear more
obvious than the synchronous vibration. Vibration with approximately the same
frequency is appeared in the floating ring. In similar with the ordinary journal bearings,
predicted results also demonstrate the existence of such nonlinear behaviours as half
speed oil whirl for the floating ring bearing of turbocharger.
It is centrifugal forces that mainly stimulate bending vibration of rotor system. Once it
exceeds a permissible value, bearing of course might be worn which affects seriously
service life of the whole turbocharger. According to the knowledge of rotordynamics,
centrifugal forces are proportional to imbalance moment as well as the square of
rotational velocity. Consequently to obtain high centrifugal forces, a higher imbalance
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moment 5 × 10 −6 kg ⋅ m is imposed on the turbine impeller of the model and set the
rotational speed at the value of 8000rad/s, while the speed of the floating ring is
estimated to be approximate 3000rad/s. Figure 9 show the predicted bending vibration
of journal and floating ring respectively.
Since imbalance centrifugal forces are too large for the hydrodynamic oil film forces,
the collision of the turbocharger core and the floating ring bearing will happen. It is
clear to see from bending vibration of floating ring, the vibration curve has touched the
lower and upper limits of bearing that indicates the collision of floating ring and bearing
happens. If turbocharger works in this condition for a long time, the floating ring
bearing would be destroyed and some serious faults might happen.
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Figure 8. Spectra of bending vibration on X direction:
(a) Spectra of journal (b) Spectra of floating ring
-4

1

-5

x 10

8

Displacement of floating ring on X direction [m]

Displacement of journal on X direction [m]

0.8
0.6
0.4
0.2
0
-0.2
-0.4
-0.6
-0.8
-1

0.5488

0.549

0.5492

0.5494

0.5496

Time [s]

(a)

0.5498

0.55

0.5502

0.5504

0.5506

x 10

6

4

2

0

-2

-4

-6

-8

0.5488

0.549

0.5492

0.5494

0.5496

0.5498

0.55

0.5502

0.5504

0.5506

Time [s]

(b)

Figure 9. Bending vibration of journal and floating ring on X direction:
(a) bending vibration of journal (b) bending vibration of floating ring

4. Conclusion
The present paper developed a comprehensive model for turbochargers. To simulate
bengding vibration, a finite element model with six mass nodes linked by five shaft
segments is used to describe the rotor system of turbocharger. After forming mass,
stiffness and damping matrices, system modtion differential equation and equation of
floating ring have established. Apart from gravity, another two major stimulating forces
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such as rotor imbalance and nonlinear hydrodynamic fluid forces have been studied
respectively. In the meantime, rub impact between solid parts of floating ring bearings
have also been concerned. Newmark integration method is introduced here to deal with
the solution of nonlinear differential equations. Following model development, bending
vibration of an automotive turbocharger haben been prediceted under the influences of
rotor imbalance imposing on its impellers. After being validated in the future, this
mathematical model could be introduced for turbochargers monitoring.
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