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In this paper we study adaptive £*) QN methods, involving
special matrix algebras of low complexity, to solve general
(non-structured) unconstrained minimization problems. These
methods, which generalize the classical BFGS method, are
based on an iterative formula which exploits, at each step,

MSC:
65K10
90C53
47J25

Keywords:

Unconstrained minimization
Quasi-Newton methods
Matrix algebras

Iterative procedures

an ad hoc chosen matrix algebra £*). A global convergence
result is obtained under suitable assumptions on f.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Quasi-Newton methods for the unconstrained minimization of a function f: R™ — R

are based on iterative schemes of the form xj.1 = xj + Ardg, where djy is a descent
direction in xj, i.e. Vf(xx)Tdg <0, and )y, is the steplength.
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Let us recall that any descent direction dj for f in the current guess xj solves the
equation Axdy = —gy for some real symmetric positive definite (pd) matrix Ay approx-
imating the Hessian of f in xj, where gy, is the first derivative vector V f(xy) (see [9]).

A good property that quasi-Newton methods should have, seems to be that Ay
satisfies the equation Agii1sy = yir (Secant equation), where sy = xp41 — X and
Yi = 8k+1 — k. Quasi-Newton methods with such property will be referred to as Secant.
Apparently, the secant equation is far to be a mere optional condition. In [12, p. 24] it is
observed that the equality Aj+18; = yx mimics the fundamental property of the Hessian
V2f(Xpi1)sk ~ yr, whereas in [4, p. 54] the same equality “is central for the develop-
ment of quasi-Newton methods, and therefore it has often been called the quasi-Newton
equation”. Also in [1, p. 223] the secant equation appears as a fundamental ingredient in
the definition of quasi-Newton methods.

In [7,10,8,9,6] it was introduced a new class of algorithms, named LQN, which includes
methods of Secant type, in particular the well known BFGS method, and, at the same
time, some methods which are not Secant but have relevant good properties (f.i. global
convergence). The main purpose consisted in saving the second order information of the
matrix By, produced by the BFGS method to approximate a full (not sparse) Hessian
of f, in a form that allows to reduce the high (O(n?)) computational cost per step of
BFGS. More in detail, a substantial generalization of the BFGS scheme has been therein
proposed by an updating Hessian approximation formula of the form

Bii1 = ®(By, sk, Yi) (1)

where By, is a suitable approximation of By, and @ is the BFGS-type rank-two correction
of B:
- 1

5 o1
&(B,s,y) =B —- ———DBss' B+ —yy’.
(B,s,y) T hs S5V

The BFGS method is retrieved if B, = By, for all k. Moreover, a suitable choice of B,
yields the important class of LQN methods, where the quasi-Newton matrix approx-
imating the Hessian is defined also in terms of a matrix algebra £. The matrices of
this algebra £ are simultaneously reduced to diagonal form by a unitary matrix U, i.e.
L =sdU = {L = Ud(z)U™} where d(z) denotes the diagonal matrix of the eigenvalues
z; of L. In fact, if By, is the best approximation £ B, in L of By, in Frobenius norm, then
from (1) we obtain a simple single-array iteration to compute the eigenvalues of Lp, .,
from the eigenvalues of Lp, [7]. At least two choices are possible for the new descent
direction dg41:

-1 p—1
di+1 = =B 18k+1 or dit1 = —B; [ 8kt1-

The first choice yields a Secant (S) algorithm, because Bjy118; = y, whereas the second
choice yields a Non-Secant (NS) procedure, as Bk_Hsk is in general different from yy.



546 S. Cipolla et al. / Linear Algebra and its Applications 471 (2015) 544—568

If U is defined by a fast transform (Fourier, Hartley or others), then in both cases the
essential computation can be reduced to exactly two fast transforms at each step k, with
a total cost of O(nlogn) FLOPS per step and O(n) memory allocations.

The gain of efficiency with respect to BFGS and its variants is due, essentially, to the
simple fact that the matrix £p inherits from a matrix B its main spectral properties. In
particular we have that

de = Lp pd

(pd = real symmetric positive definite; £ spanned by real matrices), and, if v;(X),
j=1,...,n, denote the eigenvalues of X in non-decreasing order, then [14]

i i n

> vi(B) <Y vi(Lp), E:wﬂb)éizwﬂﬂ

i=1 i=1 j=i

Thus in LQN algorithms the information given by the single array zp, of the eigen-
values of Lp, captures the essential of the second order information that Bj inherits
from V2f(xy). Moreover, a global convergent result has been obtained for NSLQN
algorithms [7]. However, one may expect that their secant version SLQN, with more
cumbersome formulas but roughly with the same cost per step, are more efficient than
NSLQN, even if no proof of convergence of SLQN has been found. In fact, numerical
experiments have shown a better efficiency of Secant with respect to Non-Secant LQN
procedures, and especially for large scale minimization problems, as in the case of neural
networks learning [2] or impulse noise removal from images [3], SCQN methods can be
extremely competitive, even with L-BFGS (limited memory BFGS [12]).

In this paper we improve the idea, preliminarily investigated in [6] and [8], to change
at each step the structure of the pd matrix By, involved in the Hessian approximation
updating formula (1), or, equivalently, the matrix algebra £ = sd U where to choose By,.
We do this in a way that appears nearly optimal.

In particular, we are interested in £(¥)QN algorithms where, at each step, as soon as
the (efficient) secant search direction dgy1 = —B,;_&lgkﬂ is computed, a matrix algebra
LKD) = gd Uk+1 and a pd matrix Bk+1 e L&D are chosen so that the Non-Secant
search direction —B,; _ilgk-+1 achieves the same aim and the same effect of diy1. So, our
L*QN algorithms, should satisfy, in principle, the following fundamental conditions:

e At each step of LFQN, even if Bk+1 does not satisfy the secant equation, its inverse
B,;_&l produces the same effect of the updated matrix B];_&l = @(Bk,sk,yk)*l on the
vector gi11. Precisely, given the secant search direction dg41 = ka_ilng, the matrix
Bj,41 satisfies the equality

—Bk_ilgk-u = og41dr41 (2)

for a real og41 > 0.
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o L(F)QN methods have a linear computational cost per step, in terms of FLOPS and
memory allocations.
o LI QN methods are globally convergent.

We will prove that the equality (2) can be obtained if and only if a special condition
on the minimal and maximal eigenvalues of Bk+1 is verified. In particular, if such condi-
tion holds, then (2) is obtained by choosing By in a suitable algebra £L*+1) = sd U1,
where Uy is defined as the product of two Householder unitary matrices, and the effect
of this choice is to reduce to O(n) both computational cost per step and memory alloca-
tions. Moreover, the £*)QN methods obtained by forcing at each step equality (2) turn
out to be globally convergent, and this is not surprising since the sequence of approxi-
mations {xy}ren they yield can be seen as produced by the corresponding Non-Secant
L*) QN methods defined in terms of the search directions —Bk_ilg;cﬂ (it is known that
Non-Secant £*)QN methods are globally convergent [7,8]).

In conclusion, with the £*) QN methods introduced in this paper, it is solved implicitly
the degree of freedom, and thus of uncertainty, in choosing the space £ of the LQN
algorithms, and, simultaneously, it is nullified the difference between the classes of Secant
and Non-Secant algorithms since, eventually, the search directions produced by the new
L*QN methods are simultaneously of Secant and of Non-Secant type.

2. Notation and preliminaries

We will freely use familiar properties of symmetric positive definite matrices and
fundamental results concerning algebras of matrices simultaneously diagonalized by a
given unitary transform.

We use the shorthand pd to denote a real symmetric positive definite matrix. Given
a vector z € R™ we write z > 0 to denote entrywise positivity. We let d(z) be the
diagonal matrix whose diagonal entries are the components of z, analogously the symbol
diag(x;, i = 1,...,n) denotes the diagonal matrix whose diagonal entries are the z;,
writing briefly diag(z;) when no ambiguity may occur. Thus for instance d(z) = diag(z;).

Let M,,(C) be the set of all n x n matrices with complex entries. Given a unitary
matrix U € M, (C) (i.e. U¥ =U™1), set

L£:=sdU = {Ud(z)U" : z € C"}
The space L is a closed subspace of M, (C) which is a Hilbert space with respect
to the inner product (X,Y) = >7I'._, #;;y;;. Note that the norm induced by (-,-) is

the Frobenius norm || X||p = (327, |z:;]2)2. Thus, by the Hilbert projection theorem,
given a matrix B € M, (C) there exists a unique element Lp € £ such that

H‘CB - B”F < HX _BHF’ VX €L, (3)
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or, equivalently, such that
(X,B—Lp)=0, VX elL

For the sake of completeness we recall hereafter few important results on pd matrices
and on the projection Lp. For further details see [15,11,7].

Lemma 1 (Kantorovich inequality). Let A be a hermitian positive definite matriz and
z € C". If Aax and Amin denote the maximum and the minimum eigenvalue of A,
respectively, then

(ZHAZ)(ZHAilz) (Amax + /\min)2 _ (1 + :U(A))Q
= (ZHZ)2 = 4 A maxAmin B 4:“‘("4) (4)

where p(A) = Amax/Amin S the condition number of A in the spectral norm.
Lemma 2.

1. Lp = Ud(zp)U" where [zg]; = [U¥BU);;, i = 1,...,n; in particular z,yr =
d(UHx)UTy, where x,y € C".

2. If B= B then Lp = LY and minv(B) < v(Lp) < maxv(B) where v(X) denotes
the generic eigenvalue of X. Therefore Lp is hermitian positive definite whenever B
s hermitian positive definite.

3. If B € R™™" then Lp € R™*"™ provided that L is spanned by real matrices or more
generally whenever L C L (i.e. L is closed under conjugation).

Lemma 3. Let £ =sdU and let B € M,,(C). Then

1. tr(Lp) = tr(B)
2. det(B) < det(Lp).

Proof. Use Lemma 2 and Hadamard’s inequality for the determinant of a matrix. O
For a more exhaustive treatment of the contents of Lemma 2 and Lemma 3, and their

relevance for LQN minimizations algorithms and optimal preconditioning, one can see

[11] and [7].

3. The Secant scheme

Let f: R™ — R and consider the minimum problem

find x, such that f(x,) = m]iRn f(x). (5)
xeR™
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In [7] it is proposed a Secant BFGS-type algorithm for the solution of (5), whose main
instructions are summarized in Algorithm 3.1 here below:

Algorithm 3.1: Secant BFGS-type.

Data: xo € R™, go = Vf(x0), Bo pd, do € R" s.t. d¥'go < 0;
1 while g # 0 do
Xk4+1 = Xg + Apdy; /* A\, verifies (36) x/
Sk = Xk41 — Xk, Bkt+1 = Vf(Xpt1);
Yk = 8k+1 — 8k;
Biy1 = ®(Bi, sk, yk);
ditr = =B} 8k+1;
Construct Bk+1 pd;

2
3
4
5
6
7

where

e By, is chosen for all k as a suitable, step-by-step approximation of By, such that, if
B, is pd, then By, is pd;
o &(B,s,y) = B + —+yy? — -2—Bss” B is a Hessian approximation BFGS-type

yTs sT Bs

updating formula.
Observe that the matrix

Bys1 = (B, sk, yk)

verifies the secant equation Byyis = yi. For this reason we refer to Algorithm 3.1 as
Secant BFGS-type. For B, = Bj, one has the BFGS method, which is a well known
secant quasi-Newton minimization algorithm [5,12].

Moreover, observe that, by the Sherman—Morrison—-Woodbury formula, we have

Bl =W (B; " sk y) (6)
where
1 r 1 1
7 _ T 7 T T
W(H,S,y) = (I — ﬁys > H(I — ﬁys > + ﬁss . (7)

Identities (6), (7) assure that the new search direction

—1
di+1 = =B 18k+1

can be computed with at most O(n?) FLOPS (the cost of computing a general matrix-
vector product B’k_ l2, z € R™), which turns out to be an estimation of the total
computational cost per step (as it will be clear afterwards, we assume that less than
O(n?) FLOPS are sufficient to compute the matrix Bk_l from By).
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An important property of the Hessian approximation updating formula @, used in the
definition of the Secant BFGS-type Algorithm 3.1, is that, assuming B pd, the matrix
@(B ,8,¥y) is a well defined pd matrix iff y7's > 0. If f is continuously differentiable and
lower bounded, whenever the positive parameter Ay is chosen, at each step, so that the
two Armijo—Goldstein conditions are satisfied — briefly A, € AG — we have that the value
of f(xk+1) is less than f(xx) — ng, with nx > 0, and yi'sy > 0 (see Section 5 for a more
precise definition of ny). Thus Bj41 is pd and Secant BFGS-type yields a well defined,
strictly decreasing sequence {f(xx)}ren-

Of course, we have an analogous result if, in the above Algorithm 3.1, the matrix Bk+1
is constructed immediately after the definition of By41, and the secant search direction
dii1 = —Bkjilgkﬂ is replaced by the alternative

dit1 = *Bk—ilgkﬂ, (8)
which may be called Non-Secant search direction.
Remark 1. Note that any pd matrix By, we use in BFGS-type algorithms has the structure
B, = de(zk)U,fI, Uy unitary, [zx]; > 0.

If for each step the eigenvalues of By — i.e. the [zx]; of Remark 1 — are such that

det(By) < det(By) = [ [lze)i,  tr(Bi) > tx(Bi) = > _[zls, (9)

7 i

then the NS BFGS-type algorithms (where dy.+; is defined as in (8)) are convergent [7]
without any assumption on the matrix which diagonalizes By — i.e. on the Ui of Re-
mark 1 — In particular, it is easy to check that such conditions (9) are satisfied when
[z1]; = (UF BxUg)ii, i = 1,...,n (Hadamard inequality is used for the first of (9)). But
these [z1]; are nothing else than the eigenvalues of the best approximation in Frobenius
norm of By in the space

£*) =sdU, = {de(z)U,f : zeC"}.

In [7,8] this approximation of By is denoted by Egk), so the choice [zg]; = (UkHBkUk)ii
corresponds to the choice By, = £§3kk).

On the other hand numerical experiments, performed mainly with £*) equal to a fixed

L for all k, show that the NSL*)QN algorithms, defined by the search direction dj41 =
_(L(Bf;j;ll))_lgk+17 have a slow convergence rate, whereas the SC*)QN algorithms, with
diy1 = @(Egk), Sk,Yk) '8k+1, appear competitive, even with methods like L-BFGS [2].

Now the crucial question is the following: is it possible to design a BFGS-type algo-
rithm with minimum cost per step which combines the convergence of Non-Secant with

the efficiency of the Secant L& QN methods? We will see that this approach, where
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the adaptive character of the L®)QN algorithm is exploited, will yield a Non-Secant
algorithm with the same efficiency of a Secant one in solving minimization problems or,
equivalently, to a Secant algorithm which is convergent as a Non-Secant one.

In particular, one could impose directly that the NS algorithm yields the same search
direction of the S one. In this case Bk+1 should be chosen such that

Bl i8k+1 = k1 By 8t Bii1 = Up1d(zi1) Uy, opg1 > 0. (10)

Notice that (10) is equivalent to say that

By y18k+1 = Okt 1 Brr1Sk41, (11)
that is Bg41 and Bk+1 act as the same operator on the vector syy1.

Remark 2. Every Secant BFGS-type algorithm satisfying (9) and (10) (or (11)), turns
out to be at least convergent (see Section 5). Recall that any convergent quasi-Newton
method xXgi9 = Xp41 — /\k+1A,:i1gk+1, with Ax4+1 pd and satisfying the Dennis—Moré
condition

i MR = V2F())skall _
k— o0 IIsk+1]]

0, (12)

has a superlinear rate of convergence. Thus, in our context, assuming that Uyy, and
Z+1 solving (9) and (10) (or (11)) depend on a set of free parameters, one may try,
at least in principle, to use these parameters to impose (12) with Uk+1Bk+1 replacing
Ak11 = Bi1, in order to obtain a secant BEFGS-type superlinearly convergent method.

In the following we investigate in two different cases if (10) or (11) can be effectively
verified (note that in both cases the conditions (9) automatically hold):

o LQN
The matrix Bk+1 is the best approximation of By41 in LEHD e,

By = £ — Uky1 diag((Uzﬁ1Bk+1Uk+1)ii)Uig-1. (13)

Bpi1

« Hybrid £L*QN
The matrix Bk+1 is chosen in £F+1) as follows:

Bii1 = Ukt diag((VkﬁlBk+1Vk+1)“)Uﬁla (14)

where Vj 41 is an arbitrary unitary matrix; in other words [zx4+1]; = (V,ﬁ_lBkH Viet1)ii
(k+1)

are free and are not forced to be the eigenvalues of £ Bryr -
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Concerning the first choice of By, one could formulate the problem of calculating
Uk as follows:

Problem 1 (Totally Non-Linear Problem (TNLP)).
Given g1 € R", Bpy1 = @(Bk,sk,yk) pd and dy41 = _Bkjilgk+1
find a unitary Ugyq € R™*", such that, if L£EHD) = ¢q Ugt1,

k41)7-1
then — [553,;:1)] gk+1 = Ok+1dg41 for some op 1 > 0.
. (k+1) (k+1) H
For the sake of clarity, let us remember, once more, that EBMI = Uk+1d(sz+1 Wil
where

[z, )] = (U BraaUii)

Byt

a0 =100 (15)
If for each step Problem 1 has a solution, then the following £*)QN method (Algo-
rithm 3.1 with By, = Lg}j for all k) is well defined and turns out to be globally convergent
(see Theorem 3 and Remark 5 in Section 5).

Algorithm 3.2: LF)QN.

Data: xg € R", go = Vf(x0), Bo pd, dp € R" s.t. dggo < 0, define C(O);
1 while g # 0 do

2 Xpt1 = Xk + Apdy; /* X\ verifies (36) %/
3 Sk = Xkt1 — Xk, 8kt1 = VI (Xkg1);
4 Yk = 8k+1 — 8k}

k
5 By :@(ﬁ(Bk)7Sk7)'k’)§
6 diy1 = —B;:ilgkﬁ»l;

kt1)y—

7 Construct £F+1) st —[553::1)] 'grt1 = ory1drst, Oug1 > 05

g}:rll) in identity (15) from the

unknown operator Uy1, gives rise to a four degree non-linear problem for each entry of

Observe, however, that the dependence of the vector z

the matrix Uy41 we are looking for. At the moment, no low complexity solution has been
found for Problem 1 (we don’t know even if such solution exists) and thus Algorithm 3.2
has a theoretical interest.!

So, in the next section we shall deal with the second case (hybrid L QN), i.e. we will
calculate suitable matrices Uy 1 and Vi1 to define By, as in (14) and satisfying (10)

(or (11)).
4. Existence of solution of PNLP

In this section, for the sake of simplicity, the index k + 1 will be dropped. We now
give necessary and sufficient conditions for the existence of a solution of the following

L Obviously Problem 1 is solved by the space L£F+D such that Egk:l) = Bpg41, but such LD g in
general not of low complexity and, of course, is not cheaply computable.
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Problem 2 (Partially Non-Linear Problem (PNLP)).

Given g € R",d = —B~!g, where B pd (:> gld < 0),
andz €R", z; >04i=1,...,n, find a unitary U € R™*", such that

—[Ud(z)U"] lg=o0d, 0 R (16)
Given z > 0 let us write:

Zm = min 2z, Zy = max z;.
= ,n = n

1=1,..., 1=1,...,

Lemma 4. If there exists a unitary matriz U solution of Problem 2 then:

ar (-
o= Isll _ (—8) ’ (17)
ld(z)UHd|| dTUd(z)UHd
dT(-g))? 4z
WCOF [ ] -
[d17Tgl” < (Gt =)
Proof. To prove (17) observe that from Problem 2 we have
g=—-oUd(z)U%d = dTg=—-0d"Ud(z)U"d. (19)

As dTg < 0 and dTUd(z)U*d > 0, we obtain o > 0. Moreover, being U unitary, we
obtain

lgll = o[|Ud(z)U"d|| = of|d(z)U"d

)

thus (17). Regarding (18), observe that from (17) and (19) we have:

(@ (-g)? (@ Udautap o0
[dPlel? ~ @ Ud@)20md)(dTd)
Setting
y=d2):U"d (= d="Ud) *y)
we obtain
e = TR © e 2!

where the inclusion statement follows from the Kantorovich inequality. O
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Lemma 5. Given z > 0 and a real number ¢ such that 0 < ¢ < 1, if there exists a pair
of indexes (h,k) such that

4
ZhRk _ < 02
(zn + 21)

then there exists a vector y € R™ such that
T\2
(y y) — C2. (22)
(y"d(z)y)(y"d(z)~'y)

Proof. Set y = aej, + Ser. We will show that there exists «, f € R for which identity
(22) holds. Substituting the expression for y, and requiring that ||y|| = 1 we obtain:

{O‘2+ﬂ2:1 (23)

at + B+ a?B2mpy = ¢ 2

where

Zh 2k zi + z,%
My = —+ —=——.
2k Zh Zh 2k

From the first row of (23) we get 2 = 1 — a? and substituting in the second one:
a2 —mpp) — 22 —mpp) +1—c 2 =0.

Setting ¢ = o and solving we obtain:

ty=-+VA, A=-_-— 24
D) ’ 4 mpn—2 (24)
Thus a real ¢4 exists only if § > 75;1:12, ie.
(zn+21)° o
Azp 2k -

which is true by hypothesis. So A > 0 and, moreover, VA < % We conclude that

ty €[0,1] (t+ € (0,1) if ¢ < 1) and the solutions of the system (23) are:
0[2:t+, 52:1*15_,_ or 012:1*15_,_, ﬂ2:t+. O

Theorem 1. If the z; are such that

oo _ (d7(-g))?

< ; (25)
(zm +200)? — [|d]?] g

then there exists a unitary matriz U solution of Problem 2. In particular, U can be
effectively constructed in O(n) FLOPS as the product of two Householder matrices.
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Proof. Solution will be built explicitly. To this end set

U=H(w)H(v),

555

where H(x) = (I — %xxH) = (I —xxM) with ||x|| = V2. Substituting the expression

Ix
of U in Problem 2 we obtain:

(v H(w)g)I + o(vTH(w)d)d(z)]v = H(w)g + od(z)H(w)d

where the unknowns are the vectors w, v. Suppose to choose w such that
VIH(wW)d =0, [w] =2
(we will show later that this choice is possible). The identity (26) becomes:
(v H(w)g)v = H(w)g + od(z)H(w)d,
Let us search a solution of the form:
v = a(H(wg +od(z)H(w)d), [[v]l = V2.
Using the identity
vl H(w)g = a(gg + od H(w)d(z) H (w)g),

by (28) we obtain

2 1
“ T lel? + odP H(w)d(z) H(w)g

and, forcing ||v|| = v/2,

o2 = [
d"H(w)d(z)?H(w)d’

The identity (27) becomes, substituting in v the expressions (31) found for o:

u . lglld” H(w)d(z)H(w)d
d —0,
& AT H(w)d(z) H(w)d

from which

(dH(—g)>2 _ _ (d"H(w)d(z)H(w)d)*
Islldl (d" H(w)d(z)*H(w)d)(d"d)’

(28)

(29)
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By setting
y=d(z):H(w)d (=d=H(w)d(z) 2y) (34)
in the right hand side of the above identity (33), we obtain

(dH(—g>>2 _ yy)?
lellldll )~ (y7d(z)y)(y"d(z)y)’

Since

(y"y)? [ 4zmzm :|
(yHd(z)y)(y?d(z)"'y) ~ L(zm +2m)*" ]
it is possible to find y such that equality (35) holds only if (25) holds. But (25) is also

sufficient for the existence of y solving (35). In fact due to Lemma 5 we know that there
exists, and it is easy to compute, a vector y such that

(dH(—g))2 _ y"y)?
lllfldll (yHd(z)y)(y"d(z)~"1y)

Observe moreover that if y satisfies the above identity, then ky satisfies the above identity

for all k € R, so it is possible to choose y such that
1
|d(z) "2y | = [ld].-
This assures that (34) has a solution w, precisely given by

V2

w=— 3" [d—d(z)?
A d) Ty 41O

(see [8] where it is displayed the Householder transform mapping a vector into another
one of the same norm). We have proved the existence of a matrix H(w) which sat-
isfies condition (27), and thus the existence of a matrix U = H(w)H(v) solution of
Problem 2. O

Using the above results the following theorem can be stated

Theorem 2. Given z > 0 and d,g, € R" such that dTg < 0, the inequality (25) is a
necessary and sufficient condition for the existence of a solution of Problem 2.

Remark 3 (On Totally Non-Linear Problem). Given the pd matrix B (B = Bjy; =
&(By, sk, yr)) and d = —B~!g, suppose there exists a unitary matrix U such that, if
L =sdU, then

—Eglg =od, o>0,
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i.e. U is a solution of Problem 1. Reasoning exactly in the same way of Lemma 4, and

setting
[zg]; = (U"BU),, ie{l,...,n},
we obtain:
el
ld(zp)UHd|’
(@"(-g)? _ [ Alzobnlzsly
IdlI”llgli* ~ L([zBlm + [2B]ar)?’

It follows that, in some sense, the PNLP (Problem 2) mimics quite closely the TNLP
(Problem 1).

Remark 4. Note that we have written a solution of Problem 2 as a product of two
Householder matrices. As a matter of fact, it is not yet clear if one Householder matrix
is sufficient to solve Problem 2. It is easy to prove that Problem 2 is solvable by U = H (w)
(i.e. with one Householder matrix) at least for n = 2.

5. Convergence analysis

The known result of Powell [13] on the global convergence of the BFGS method and
the known result [7] of global convergence of NS BFGS-type algorithms are now extended
to the Secant BFGS-type Algorithms 3.1, by adding few simple hypotheses on Bj,. We
first recall the following

Proposition 1. (See [5].) Let By, be a pd n x n matriz and let s, y, € R™. Then the
matriz ®(By, s, yr) is a well defined pd matriz iff ytsi > 0.

By Proposition 1 it is possible to state that, if the positive parameters Ay are prop-
erly chosen, then Algorithm 3.1 yields a well defined and strictly decreasing sequence
{f(%k)}ken- In particular, for a continuously differentiable and lower bounded function f,
such a sequence is obtained if the step length Ay satisfies the Armijo—Goldstein (AG)
prescriptions (see [5]), that is, A\x belongs to the set A defined here below.

Definition 1. Fix two constants c¢j, ¢2, 0 < ¢1 < ¢g < 1, and set xx(A) = f(xr + Ady).
Then the AG set A;, is the set of all A € RT such that

{ Xk (A) < x(0) + Aerx, (0), (36)

X5 (A) = eaxz(0).

In fact, since dj, is a descent direction in xx (x,(0) = glFdx < 0), the set Ay is
nonempty, and the choice Ay € Ay, yields the inequalities f(xx4+1) < f(xr) —nx < f(xk),
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me = —Akc1xk(0) > 0, and slyr = M\(Xp(A) — x4(0)) > Ai(ca — 1)x4(0) > 0. So, by
Proposition 1, Bg41 in Algorithm 3.1 is a well defined pd matrix and

X;c+1(0) = g£+1dk+1 = _g£+1Bkj1gk+1 <0

(unless gr+1 = 0), i.e. dg41 is a well defined descent direction in xj11.
Denote by Z the level set {x : f(x) < f(xo)}. As a consequence of Proposition 1 and
the subsequent considerations, we have

Proposition 2. Assume that the step-lengths \i. satisfy the AG conditions in (36). Then
Algorithm 3.1 yields a sequence of points X1, k =0,1,..., such that

f(xg41) < f(x) and yfsk > 0.

Therefore, Xi41 belongs to the set Ty and the matriz Byy1 = (P(Bk, Sk, Yk) is well defined
and pd, until g = 0.

Now assume that gy, # 0, Vk (otherwise the algorithm terminates in a finite number of
steps at a stationary point for f). Since { f(xx) }ren is a lower bounded strictly decreasing
sequence, obviously limy o f(xx) > inf f(x).

In the following fundamental theorem we prove that under special prescriptions on
By, and suitable analytical properties of f, a subsequence of {gy}ren converges to the
null vector. For the sake of completeness we recall all the steps of the proof of global
convergence of NS BFGS-type algorithms in [7]. The present proof is different only for
the last part, where it is shown the role of the third further condition in (37) in proving
the convergence of S BFGS-type methods.

Theorem 3. Let By, in Algorithm 3.1 satisfy the conditions:

tr By > tr By, (37a)
det By, < det By, (37h)
Bysy|? Bysy|?
HT kSk|| < ||T ksk | . (37¢)
(Sk Bysy) (Sk Bisy)
If AM > 0 such that
2
Yi Sk

then

liminf ||gx|| = 0. (39)
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Proof. The points x;41 are in the level set Zy and satisfy conditions (36):
AGy: f(xpy1) < f(xk) + Aecrgh
AGy : giydi > cogldy
Applying AG; for kK =0,...,j we have:
J
1 Zkk(*gfdk) < f(xo0) = f(xj41) < f(x0) —inf f(x) < o0.
k=0
From the convergence of /%% Ay (—g} dx) we have:
Mo (—gidy) = —gise = |lgk|ll[skll cos . — 0 (40)

—

where 0, = (—gy)dg. On the other hand, by (37) for k =0,...,3:

~ 1 1 - -
tr Byp1 = tr By + ——Yi VK — —= Bysi) (Bsy,
" yisi " s{Bksk( )" (Brs)
<t By + —p— yell® — ——— | Bysil? (41)
S Ur Dy Yel™ — = kSk||”-
Yi sk st Bysi
Hence:
iy Lo 1
tr By <trBy+ Hka — = HBksk” . (42)

Thus, by (38)
trBjy1 <trBo+M(j+1) <c3(j+1).

Let us remember that, given n real positive numbers a;, it holds:

n n n
o< (S0t e
, n
=1
from which we obtain:

det B4y = f[lyi(BjH) < <—ZZL1 ”i(Bj“))n < <M>n (44)

n n

Let us remember moreover that from (42), since Bj41 is positive definite, we have:

J

1 1
—— || Brsk||* < tr By — tr Bj1 + Iy
l;) SZBkSk ! l;) zs
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<trBo+Z el < s +1) (45)
k=0 Yis
and applying once more (43) we have:
1 i 2 j+1
T SkHBkSkH <a . (46)

From (37) and from direct calculation of the determinant it holds:

T T
det Byiy = —E2% det By, > 25 det By, k=0,...,J,
Sy Bksk S;. Bksk
from which we obtain:
d t B,
H Sk Yk < et o+t (47)
k=0 Si Bksk det Bo

Let us observe that AG5 implies

Yisk > (2 — D)glsi = (1 —c2)(—gisk).

From Egs. (44), (46), (47) and the third in (37), we have:

)i+ H ||g1c||2 H I —)\kngz Sk Yk
o Sk (= igk) si (= igk)

_ H |[Brsell®> siyr
E—0 Bksk S Bksk

H |IBrskll* siyr

Bksk S;. T Bise 3 n det By
and hence
L el 1
T lel o (19)
P |Isk]| cos 6

where ¢4 is a suitable constant. Since identities (40) and (49) hold simultaneously, a sub-
sequence of {||gk||}ken must be convergent to zero. 0O

Corollary 1. Let (37) and (38) hold and let Ty be bounded. Then a sub-sequence of
{X1}ren converges to a stationary point X, of the function f and f(xr) — f(xx).
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Proof. See [7]. O

A sufficient condition to fulfill the inequality (38) is shown in the next Proposition 3.
It consists in a suitable convexity assumption on f.

Proposition 3. (See [13].) Assume that f is convexr and has continuous and bounded
second derivatives in a convexr set T C R™. Then, for all x,y € T,

V60 = VI < M (V) = VI) (- )
where |[V2f(x)|| < M in Z.

Corollary 2. Let f be a twice continuously differentiable function in the level set Iy.
Assume Ty convex and bounded. Let By, satisfy the conditions (37). Then {f(xx)}ren
converges to the least value of f.

Remark 5. It is important to notice that a sufficient condition for the third inequality in
(37) to be verified is that

Bksk = O'kBkSk.

In the previous section we have proved that this condition can be imposed or, more
precisely, we have proved that the equivalent condition

B, 'gr = 0By, g
can be forced to hold.

The above Remark 5 shows how trying to force the global convergence for the Secant
method can be done by forcing that the Non-Secant method produces the same search
direction of the Secant one.

6. Convergent algorithm construction

In this section we will show how the three convergence conditions (37) of Theorem 3
can be verified by Bj1. For the sake of simplicity, we will drop the index k + 1 in all
symbols B, g, A\, s, y, d, z, x, L, whereas “—" and “+” will denote the k-th and (k+2)-th
indexes, respectively.

Let x € R™ be the current guess of a stationary point of f. Let g = Vf(x) € R”
be a non-null vector, and let B € R™*™ be the real symmetric positive definite matrix,
depending on g,

B=&(B_,s_.y_),
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where B_ = U_d(z_)U! € £~ := sdU_, U_ is a unitary matrix and s_ = x — x_,
y-=g8—-¢8-.
In Algorithm 3.1, at Line 7, once the computation of d = —B~'g has been performed

— i.e. it is available the search direction we are going to use in the next step of the
algorithm to obtain x; = x + Ad —, it is required to define the new unitary matrix U
(the structure of B), the new vector z > 0 (the information content of B), and thus the
new matrix B = Ud(z)U" € £ = sdU which satisfies the conditions in (37) to ensure
convergence of the Secant BFGS-type algorithm (see Remark 1). The new matrix B we
are going to define will be used in the next step of the algorithm in order to produce
a Hessian approximation of the form

B-‘r = Q(B7SaY)a
and finally a new descent direction
d; =—Bi'g:

in the computed guess x,. The matrix B will be different from Lz, but B will be a
matrix of £ whose eigenvalues are the eigenvalues of Mp where M =sdV and V is a
suitable unitary matrix (possibly V = U_).

We now indicate a procedure which yields z > 0, U unitary, B = Ud(z)U"
satisfying (37). Start from an arbitrary unitary matrix V and M = sdV, and set
2z = (VEBV);; = \i(Mp). Observe that

o the z; = (VEBV);; depend on the eigenvalues of B_ and can be computed from
them by the updating formula:

_ 1 9 1 N
— H H H
5= [VIBV], + s |(VHy-)il" - EKV B-s-)I, (50)
for all @ € {1,...,n}, at a cost clearly dependent on the cost of the transforms
involving U_ and V. In particular, for V = U_ we have the simpler formula
zi=lz_]; + ! |(UHy,).|2 — ;‘(d(z,)UHs,),‘Z (51)
yls V70 2 |UHs_|2 T
(see [7]).
o the z; = (VH BV),; satisfy the following inequalities (see Section 2):
0 <min\;(B) < z; <max\;(B), forallie{l,...,n},
J J
1< uMp) = =22 < p(B), (52)

Inll’lj Zj
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det(B) < det(Mp) = sz, (53)

tr(B) > tr(Mp) = Zz (54)

If, moreover, the z; satisfy the following inequality

d(-g)? _  (g"B7'g)® _  4p(Mp) (55)
Idl*lgl* (8B ?g)(g"g) ~ (1+ u(Mp))?*’
then, by Theorem 1, there exist a unitary U and o > 0 such that
— (U diag(z)U") 'g = —oB g, (56)

i.e. Problem 2 has a solution. Observe that, using Theorem 1, the matrix U can be
constructed with O(n) FLOPS. Thus, setting £ := sdU and B = U diag(z)U" € L,
and noting that u(B) = u(Mp), det(B) = det(Mp), tr(B) = tr(Mp), from (53), (54),
(55) it follows that the three convergence conditions (37) on B, in the Secant BFGS-type
algorithm, are satisfied (by (56) and by Remark 5 we have that Bs is a multiple of Bs
when B = U diag(z;)U¥, and thus (37c) holds). As a consequence of the two remarks
here below, we shall see that, when (55) does not hold, the z; can be corrected, without
compromising (53), (54), until (55) is verified.

Remark 6. If V' is the matrix which diagonalizes B (i.e. B = Mp with M =sd V), since
B is pd, the inequality (55) is satisfied, i.e. we have

B g)? 4(B
1> ;g B g)T ) (57)
(g"Bg)(g"g) — (1+u(B))?
(the inequality on the left becomes an equality if g is eigenvector of B). In fact
(&"B7'g)” _ v"y) y= B g
("B %g)(g"g) (Y'B 'y)(y"By)’ ’
and
4p(B)  _ Awin(B)Amax(B)
(1+u(B))? (Amin(B) + Amax(B))?
Then (57) follows from the Kantorovich inequality.
Remark 7. For any V we have
4 4u(B
U(MB) > /JJ( ) (58)

~ (T4 pMp))? — (1+u(B))?
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because the function

(@) 4z
)=
L

is decreasing for x > 1 and takes values in (0, 1] (see inequality (52)).

From the last two remarks it follows that if (55) is not verified, i.e. if

uMp) _ _ (g"B'g)?
(1+p(Mp))? ~ (g7B2g)(g”g)’

we can change M (or, directly, the z;) until (53), (54), (55) are all fulfilled. More specif-
ically, we can set V := V@ for a suitable unitary matrix @ (and hence M = sd V'), until
the corrected z; := (VEBV);; = \;(Mp) satisfy (55) (observe that (53) and (54) are
automatically satisfied by such z;).

Eventually, besides the good z;, we also obtain the unitary matrix V such that z; =
(VHBV);;, and B turns out to be the matrix

B =Udiag((V#BV),,)U".
So B is not equal to Lp = U diag((U¥ BU))U™. In fact, B is the matrix of £ = sdU
whose eigenvalues are the eigenvalues of Mp = Vdiag((VEBV); )V, M = sdV
(compare with (14)).

Remark 8. In case (55) is not satisfied by the first z; proposed, instead of changing
the z; one may try to give up the equality Bs = oBs and impose on B the weaker
condition (37c).

Remark 9. We know, from a theorem due to Zoutendijk (see [12, p. 43]), that any iteration
Xp+1 = Xk +Ardg where dy, is a descent direction in x, Ay satisfies the Armijo—Goldstein
conditions, f is bounded below, and V f(x) satisfies the Lipschitz condition, is globally
convergent whenever

cos(—/g;Hk) > 4§ >0, forinfinite k. (59)

Thus, since the weak convexity assumption (38) implies a (discrete) Lipschitz inequality
for gy, that is, ||yx|| < M]||sk||, we would have convergence of Secant BFGS-type algo-
rithms provided that (59) holds, or, equivalently, u(By) < Ms for all k (without requiring
the three convergence conditions (37) on By, ). Tt is interesting to compare the general
convergence condition (59) with our convergence condition (55), which regards, instead
of general iterative schemes x;11 = X1, + A\pd, a special class of adaptive methods that
combine the advantages of Secant and Non-Secant £ QN algorithms. Our algorithms
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automatically satisfy (37a), (37b), and their adaptive character seem to require, in order
to reach convergence (via (37¢)), a condition (55), different from (59), that relates the

condition numbers p(B) and u(B), and may require, in order to be verified, to change

M so that u(Mp) = p(B) approaches the condition numbers p(B); note that no fixed

lower bound § for cos(—E;Hk) is required.
7. The convergent algorithm

In this section, we exhibit the convergent hybrid £L*) QN algorithm whose basic step
has been explained in Section 6. We will write K(z) = T or K(z) = F to denote that
a vector z > 0 does or does not satisfy the inequality (25). Let us give the following
definitions.

Definition 2. Given z > 0 such that K(z) = T' we will use the notation
U = dHc(z) (60)

(double Householder construction), to denote the unitary matrix constructed in The-
orem 1. Let us underline, once more, that U is constructed as the product of two
Householder matrices.

Definition 3. Given a vector z > 0 such that > . z; < trB and []_, z; > det B, if
K(z) = F, we will designate with SC (Spectrum Correction) a correction strategy such
that, for

z = SC(z)
we have
K(z) =T, ZzlgtrB, sz>detB
i=1 i=1
Moreover, set
[2Ho|®) = sd Uy, where Uy, = H(wy)H(vy). (61)

Below we illustrate in detail the algorithm, where V41 is, at each step, initially set
equal to Uy (see Algorithm 7.1).

We emphasize that, by taking into account the crucial steps of Algorithm 7.1 (for-
mula (50) and the construction of Uy1), apart from possible corrections of [Zx11]min
and [Zx+1]max, the computational cost per step is O(n) FLOPS and O(n) memory allo-
cations.
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Algorithm 7.1: The hybrid L) QN convergent algorithm.

Data: xo € R", go = V f(x0), Bo pd, do = —B; 'go,
define Uy = H(wo)H (vo), £ = [2H0]® = sd Uy, By = Upd(z0)UL € £© pd, k := 0.

1 while g # 0 do

2 Xp4+1 = Xk + Apdy; /* A verifies (36) */
3 Sk = Xk+1 — Xk, 8k+1 = V f(Xk41);

4 Yk = 8k+1 — 8k

5 Bry1 = ®(Br, sk, yr) ;

6 digq1 = —B;:_;lgkdrl?

7 Define Eg?ﬂ = [2H0] 33]?“;

8 Compute zj41 = A([QHO}%LJ = ((UF B4 1Ur)ii) 1 /* see identity (50) with V = Uy */
9 if K(Zk+1) = F then

10 Vk+1 =UrQ, M =sd Vk+1;

1 i1 = SC(zk11) = AMETD) = (VI Beya Viey) i)y

12 Ziil = Zki1;

13 Uky1 = dHc(zg41) = HWit+1)H (Vi41);

14 BIH»I = Uk+1d(zk+1)U)f£r1;

15 LEED = [2H0)* D = sd Up1;

16 /* Note: 7Bk_~&lgk+1 = 7Uk+1Bk:_«&1gk+1 = O’)c+1dk+1 >k/

7| k=k+1

8. Preliminary experimental results

In this section we show some preliminary experimental results. Further deeper numer-
ical experiences will be collected in a paper in preparation. The experiments shown in the
following are obtained by applying methods defined from weaker requirements compared
to those used to construct Algorithm 7.1. In fact, we require that the condition

—B;;ilgk--u = 0pp1dp1 where diy1 = — B 8rt1, (62)

sufficient to ensure inequality (37¢), is fulfilled for
Bk+1 = Uk+1d(z(3!€:+l)UlgL1v Ok+1 > O7 and Uk+1 = H(uk+1) (63)

(Eg?ﬂ = de(zgz+l)U,f), i.e. we require that the vector ug41 satisfies

k k
[(uf 1 gev1) ] + Uk:Jrl(u§+1dk+1)d(zggk)+1)]uk+l =gk+1 + 0k+1d(Z§32+1)dk+17 (64)
and, moreover, we set, in (64), ox+1 = 1 and in the square brackets in (64), we replace
Uj41 with an arbitrary wy41 chosen in order to make (64) linear and uniquely solvable
in ug41. This way we have the following condition:
k k
(Wil 1) I+ (WkH+1dk+1>d(Z532+1)}uk+1 =8k+1 + d(zgg,fﬂ)dkﬂ. (65)
Here below we present numerical results obtained with ugy; (in (63)) defined by (65),
where
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d
Wil = a<dk+1 + | k+1”gk+1>, (66)
llgr+1ll
Wil = 04<gk+1 - Mdkﬂ) (67)
derlgk-i-l

and « is such that [|ug,1]|? = 2. Observe that the complexity of the methods obtained
in this way is O(n) in time and space. The methods are applied to four known test func-
tions f (see [5]). In the table are reported the numbers of iterations required by the meth-
ods corresponding to (66) and (67) to ensure that the inequality f(xz) < 10~% is fulfilled.

Problem size Rosenbrock Powell Wood n =4 Helical n = 3
(66) n=12x10° it =15 it = 32
n=12x 10" it = 16 it = 62 it = 48 it = 42
n=12x 102 it =11 it = 41
n=12x 10° it =15 it = 60
(67) n=12x10" it =12 it =19
n =12 x 10! it =17 it = 28 it = 53 it =39
n =12 x 102 it =14 it = 80
n=12x 10° it =11 it = 291
HQN  n=12x10° it = 68 it = 59
n=12x 10! it = 82 it = 142 it =44 it =35
n =12 x 102 it = 169 it = 289
n=12x10® - -

These first experiments, enough encouraging, show that the £*)QN methods consid-
ered in this paper, even in the weaker form described above, can be competitors of the
LQN methods (HQN method in the table is LQN where £ is Hartley matrix algebra,
see [2] and [7]), which in turn have been shown to be competitors of L-BFGS (see [2]).
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