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Birkhoff periodic orbits associated to spin-orbit resonances in Celestial Mechanics and in particular to the Moon—
Earth and Mercury—Sun systems are considered. A general method (based on a quantitative version of the Implicit
Function Theorem) for the construction of such orbits with particular attention to “effective estimates” on the
size of the perturbative parameters is presented and tested on the above mentioned systems. Lyapunov stability
of the periodic orbits (for small values of the perturbative parameters) is proved by constructing KAM librational
invariant surfaces trapping the periodic orbits.

1. Introduction and Results

The study of periodic orbits in Celestial Mechanics is strongly motivated by the abundance of
“resonant relations” existing in the solar system. In particular, in this paper, we are concerned
with commensurabilities between the revolutional and the rotational period, i. e., with the so-called
spin-orbit resonances (see, e. g., [2], [3], [4], [5], [8], [9], [11]). As is well known, most of the evolved
satellites of the solar system point always the same face toward the host planet (the most familiar
example being, of course, that of our Moon). In such a case one speaks of 1:1 or “synchronous”
spin-orbit resonance. The only exception to 1:1 spin-orbit resonances is provided by the Mercury—Sun
system, which moves in a 3:2 resonance (in fact, the ratio between the revolutional period of Mercury
around the Sun and its period of rotation amounts to 3/2 within a very good approximation).

In Section 2 we introduce a mathematical model describing an approximation of the spin-orbit
problem. In particular we reduce such a problem to the study of a Hamiltonian equation of the form

& —efy(z,t) =0, (1)

where = represents the librational angle, € is a positive “perturbative” parameter measuring the
equatorial oblateness of the satellite and f = f(z,t) is a smooth z- and ¢-periodic function, which
depends also on the eccentricity of the satellite’s orbit assumed to be Keplerian. A spin-orbit resonance
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of order p : ¢ is a Birkhoff periodic orbit with frequency w = b We present a (general) method
q

(Section 3), based on a quantitative version of the classical Implicit Function Theorem (applied to a
Poincaré map associated to (1), which allows to construct such periodic orbits. In particular we provide
explicit approximations to the initial conditions associated to the periodic orbit and we give explicit
“effective” estimate on the equatorial oblateness parameter € ensuring the existence of the periodic
orbit. Results for the 1:1, 3:2, 2:1 resonances in the Moon—Earth and the Mercury—Sun systems are
discussed in Section 4. In particular, we are able to prove the existence of a synchronous periodic
orbit for the observed parameters of the Moon. Instead we cannot establish an analogous result for
the 3:2 and 2:1 resonances: this suggests a greater robustness (and therefore a bigger probability of
capture) of the 1:1 resonance compared with other resonances.

The Mercury—Sun case appears to be different: the existence of the three main resonances cannot
be proved for “realistic” values of the parameters and a less pronounced discrepancy (compared with
the Moon—Earth case) is found between the 1:1 and 3:2 resonances.

A comparison with the observed data on the libration in longitude given in the Astronomical
Almanac is also provided.

Finally we consider the stability of the periodic orbits constructed in Section 4 and show that
Lyapunov stability can be obtained by proving the existence of librational KAM invariant surfaces
trapping the periodic orbits. In particular, in Section 5, we show that the “Siegel-Moser conditi-
ons” [10] for the existence of librational invariant surfaces are satisfied in our model-problem. Here,
however, we do not pay attention about optimal estimates on the parameters: such estimates will be
discussed in a future work.

Details on the results of Section 4 and Section 5 are provided, respectively, in Appendix A and B.

We close this introduction by mentioning that a further extension of this work might concern the
computation of the actual ephemeris of the Moon: in fact one might use our approximate periodic
orbit as a starting point to compute the effective lunar motion, using a strategy similar to that adopted
by Hill [7].

2. The spin-orbit model

In this section we discuss briefly the so-called “spin-orbit” model in Celestial Mechanics.

Let S be a triaxial ellipsoidal satellite moving around a central planet P. We denote by Tj,
and T;.,; the revolutional period of the satellite around P and the rotational period about an internal
spin-axis. A p: q spin-orbit resonance occurs whenever

T,
e — P forpgeN, q#£0.

Trot q

In particular, when p = ¢ = 1 we speak of 1:1 or synchronous spin-orbit resonance; in this case,
the satellite always points the same face to the host planet. As is well known, most of the evolved
satellites or planets of the solar system (like, e. g., the Moon) are trapped in a 1:1 resonance [12]. The
only exception is provided by Mercury which is observed in a nearly 3:2 resonance. We introduce a
mathematical model describing the spin-orbit coupling, assuming that
i) the center of mass of the satellite moves on a Keplerian orbit around P with semimajor axis

a and eccentricity e (secular perturbations on the orbital parameters are neglected);

i1) the spin-axis is perpendicular to the orbit plane (i. e., we neglect the so-called “obliquity”);

i11) the spin-axis coincides with the shortest physical axis (i. e., the axis whose moment of inertia
is largest);

iv) dissipative effects as well as perturbations due to other planets or satellites are neglected.

Let A < B < C be the principal moments of inertia of the satellite, let r and f be, respectively,
the instantaneous orbital radius and the true anomaly of the Keplerian orbit, finally let = be the angle
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between the longest axis of the ellipsoid and the periapsis line (see Figure 1). Under assumptions
i) —1iv), the equation of motion may be derived from the standard Euler’s equations for rigid body
and (in normalized units) takes the form
1
@+ e(=)%sin(2z — 2f) = 0, (2)
r
3B—A

—A
where e = — (and the dot denotes

time differentiation). The mean motion has been normalized to one, i. e. 27/T;, = 1. Notice that (2)

is trivially integrated when A = B or in the case of zero orbital eccentricity (since e = 0 implies
27
t).

rev
A “p: g periodic orbit” (or “Birkhoff periodic orbit of rotation number p/q”) is a solution of (2)
such that

is proportional to the equatorial oblateness coefficient

r = constant, f =

z(t + 2mq) = z(t) + 27p,
namely after ¢ orbital revolutions the satellite makes p rotations about the spin-axis.

Due to assumption 4), the quantities  and f are known Keplerian functions of the time; therefore
we can expand (2) in Fourier series as

oo
i+4e Z W(%,e) sin(2z — mt) = 0, (3)
m#0,m=—o00
where the coefficients W(%, e
for explicit expressions).

We simplify further the model as follows. According to iv), we neglected dissipative forces and
gravitational attractions beside that of the central planet; one of the most important contribution
comes from the non-rigidity of the satellite, which provokes a tidal torque due to the internal friction.
Following [9], we can write the tidal torque as

3 GM’R5 .
T = —§k27a6 sin(20),

) decay as powers of the orbital eccentricity as W(%, e) o el 2l (see [1],

where G is the gravitational constant, M is the mass of P, R is the satellite’s mean radius, a its
semimajor axis and ks, 0 are the so-called Love number and lag angle of high tide, which depends on
the internal structure of the satellite. Since the magnitude of the dissipative effects is small compared
to the gravitational term, we simplify further (3) retaining only those terms whose magnitude is of
the same order or bigger than the average effect of the tidal torque 7. Therefore we are led to an
equation of the form

z + EZm #0,m = NINQW(T,e) sin(2z — mt) =0,
2
where N7 and Ny are suitable integers and W(%, e) are truncations of the coefficients W (73, e), which

are power series in the eccentricity. For example, in the case of the Moon—Earth system we obtain the
following equation of motion:

E+e [(—g + f—Z) sin(2z — t)+
+(1—3e? + %64) sin(2z — 2t) + (Ze — %63) sin(2x — 3t)+

+(3fe? — et) sin(2z — 4t) + (B2e® — 32265 gin(22 — 5t)+

+538 et sin(2z — 6t) + Z2l-e¥ sin(2z — 7t) | =0,

having taken N; = 1 and Ny = 7 in (3). In the Mercury—Sun case the above criterion leads to the
values N = —17 and Ny = 6: however we shall make one more simplification taking again Ny =1
and Ny = 7.
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3. Construction of Birkhoff periodic orbits

Motivated by the model described in the previous section, here we show how to construct certain
periodic solutions of the second order equations

*;I}Zg.f:v(xat)a (5)

where f is a smooth (say C?) periodic function of x and ¢ (with period 27) and ¢ is a scalar
“perturbative parameter”.
Equation (5) is equivalent to the system

T =y, QZEfm(I,t), (6)

which forms the Hamilton equations associated to the time-dependent Hamiltonian H = %yQ + f(x,t).
Here y and z are standard symplectic variables; the cylinder R x T is the phase space (T being the
circle R/(27Z)), while R x T? is the so-called generalized phase space.

We are interested in “continuing” (and constructing) non-degenerate (and, in particular, elliptic)
equilibria of (5), for as large as possible values of the parameter €, so as to obtain “Birkhoff periodic
orbits” t — x(t) with rotation number (or “frequency”) w = p/q (for given positive integers p and q).

This means that z(t) is a periodic solution of (5) with period 7' = 27¢q which “winds around” the
cylinder R x T p times:

z(t + 2mq) = z(t) + 27p, y(t + 2mq) = y(t).

Since t — f(x,t) is 27 periodic, by uniqueness of the solution for the Cauchy problem for (6), one has
that t — (z(t),y(t)) is a Birkhoff periodic orbit with rotation number w = p/q of (6) if and only if
z(t) = z(t; z,y) and y(t) = y(t;z,y) form a solution of (6) with z(0;z,y) =z, y(0;z,y) =y and

2mq

2mq
| wterds —2ep =0, Fala(s), s)ds = 0. ™)
0 0
Our plan is therefore to solve problem (7) with the aid of a quantitative form of the Implicit
Function Theorem, which we proceed to formulate.

Theorem 1 (Implicit Function T}Leorem). Let p > 0, 0 < 0 <1, zp € R" and let A be a

compact set of RP. Let F : (z,a) € By(20) x A = F(z,a) € R" (B)(20) denoting the closed ball

of radius p and center zy) be a continuous function with continuous and invertible Jacobian matriz

OF OF -1

a—(zo,oz), for any a € A. Denote by M(a) = (—(zg, a)) and by m an upper bound on sup 4 || M|
z

0z
(| - || denoting the standard “operator norm” on matrices). If
oF
() _sw |[1-MZ-| <0, G) suwlF0,0) <(1-0)2
Ep(zo)XA 82 A m

then there exists a unique continuous function o € A — z(a) € B,(20) such that F(z(a),a) =0 for
any o € A.

The proof is standard: conditions (i) and (ii) are immediately seen to guarantee that the map
u € X = C(A, By(z)) — Pu defined by

(Pu)(a) = u(a) — M(a)F(u(a), a)

is a contraction from X (equipped with the supremum-norm) into itself (with contraction constant 6).
Thus, by the contraction mapping theorem, there is a unique fixed point in X which corresponds
to z(a) in the thesis of the Implicit Function Theorem.
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REMARK 1. If F is C? in z then, choosing § = 1/2 and

p = 2msup |F(z0,0)] ,
A

(and using the mean value theorem) one sees immediately that conditions (i) and (ii) above are
enforced by the requirement

5 O*F
4dm?* sup |F(zp, )]  sup H—QH <1. (8)
A Ep(zo)XA 82
This is the form we shall use below. The choice of # = 1/2 is the one that “optimizes” condition (8).
(ii) The above formulation is meaningful also in the case A is a singleton, A = {«ag}.

(iii) Notice that it is not required to have an initial solution of the equation F' = 0 but it is enough
to have an approzimate solution zy (uniformly in the parameter «).

To construct an initial approximation for (7) we proceed as follows. Considering ¢ as a small
parameter we write explicitely the first e-order of the general solution of (6) with initial data (x,y):

1(t) = o1 (g, 2) = / (s)ds,
() =iy, ) /fmeryss

and let £(¢) and 7(t) be the solution of

0= [falw +yt +em(t) + (1), 8) = folw +yt,1)], n(0) = 0.

Then, as one readily verifies,

z(t) =z +yt +ex () + €26(t), y(t) =y +eyi(t) +e2n(t) (10)

solve (6) with initial data z(0) = z and y(0) = y. Notice that ¢ and n are well defined and bounded
also in € at ¢ = 0 (interprete the right-hand-side of the second equation in (9) as fy.(z + yt, t)).

The initial data (z,y) has now to be fixed so as to meet (7) (and will, of course, depend on ¢).
We shall take

T =0+ Ex, Yy=Yo+eyr, (11)

with z; and y; independent of €. The choice of x; and y; will be made in the natural fashion: the
problem (7) may be formally solved expanding in power series of ¢ and equating coefficients and 1z,
z1, Yo, y1 will be taken as the first orders of such formal series. Keeping this in mind, one finds that

Yo=—, (12)

and that x( has to be a nondegenerate critical point of the (periodic) function

2mq
p— ; f2(B+ yos, s)ds

i. e., o is such that
2mq 2mq

fe(zo + yos,8)ds =0, T= faz(zo + yos, 8)ds #0 . (13)
0 0
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In fact we shall see in Appendix B that the sign of 7 determines the type of the solution: 7 > 0
corresponds to hyperbolic periodic solutions while 7 < 0 to elliptic ones. The next “orders” x; and y;
are given by

1 27rq t
v =5 fo(zo + yos, s)dsdt | (14)
T™q Jo 0
1 2mq 0 2mq 0
YT <y1/0 0+ | fm(t)xl(t;yo,mo)dt> , (15)

where fO (t) = fez(zo + yot,t).

Having fixed such approzimate initial data, the function £(¢) and 7(¢) in (9) are determined and
hence the whole solution z(¢) and y(¢) in (6) is also uniquely determined and one can proceed to apply
the Implicit Function Theorem performing the necessary “a-priori estimates” on the solution z(t), y(¢)
(see Appendix A for detailed estimates).

We remark that the word “approximate” refers to the equation (7) and not to equations (6) of
which z(t) and y(t) give an ezact solution with initial data (11). We also notice that having choosen
the first two nontrivial orders in ¢ is of course rather arbitrary (for example one could take higher
e-order approximations).

4. Periodic solutions for the spin-orbit problem

Here we apply the theory described in the previous section to the spin-orbit model discussed in
Section 2.

We consider the two most significative examples of spin-orbit coupling, namely the Moon—-Earth
and Mercury—Sun systems. As everybody looking up in the sky knows, the Moon—Earth system lies in
a 1:1 spin-orbit resonance. The Mercury—Sun system lies instead in a 3:2 resonance. Here, besides the
1:1 and 3:2 resonances, we shall consider also the 2:1 resonance since numerical computations show
that the 2:1 is surrounded, in phase space, by a “librational region” which appears to be larger than
the ones associated to the remaining resonances.

In applying the theory of Section 3 we shall fiz
the value of the eccentricity equal to the astronomically
observed one. For the astronomical observed values of
the parameters for the Moon-Earth and Mercury—Sun
systems see Table 1.

The mathematical results are listed in Table 2,
which shows the maximum value of the perturbing
parameter ¢ for which we can establish the existence

Fig. 1. The spin-orbit geometry. of a periodic orbit with frequency p/q, associated to a

p : q spin-orbit resonance. We stress that the results

are obtained for the true values of the eccentricities, i. e. ¢ = 0.0549 for the Moon and e = 0.2056 for
Mercury.

Table 2 shows that the existence of a synchronous periodic orbit close to the actual motion of the
Moon can be proved for values of the perturbing parameter bigger than the corresponding physical
value. Instead a stable 3:2 or 2:1 periodic orbit for the Moon cannot be established for values of the
parameter consistent with the observations. This remark suggests that the most likely ending state for
the Moon is toward the synchronous resonance, validating previous results ([9], [6]) on probablities of
capture into a resonance. Less evident is the situation for Mercury, for which the discrepancy between
the theoretical results on resonance’s stability is less pronounced.
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X, Xp
0.0014 0.0001
x XXXy
x x
x x
0.0005 . N
° o x
o ° o4 . x
° x
01 x x x x x x x x X x x x x R x xx
° [ x x
x x
o o X x X
-0.00051 ° o o ©° -0.0001 1
©000000000000000000000000
-0.001 T T —> T v T >
0 5 10 15 t 0 2 4 6 t

Fig. 2. Values of the libration angle x  Fig. 3. The difference between the theoretical
over 1 year, computed every lunar month. value of the libration angle x and the
Theoretical predictions (x) and astronomical  revolutional mean motion. The total period
observations (o). corresponds to 1 lunar month. Theoretical
predictions (x) and the average over one solar
year of the astronomical observations (o).

In Figure 2 we compare our theoretical results with the actual motion of the Moon as it can
be found in the [12]. More precisely, we plot the value of the z-coordinate over a year every lunar
month (~ 27%). These values are obtained by integrating (with a leap-frog method) the equation of
motion (4) with initial data & = z¢+ex1, § = yo+ey1, where xg, 1, Yo, y1 can be explicitely computed
through eq.s (3.8)—(3.11) of Section 3. Since (%,¢) provide a good approximation of the theoretical
location of the 1:1 periodic orbit, the successive z-values are almost the same every lunar month. We
compare these results with the libration in longitude provided by the [12]. The small oscillations of the
observed data are due to the physical librations of the Moon. We remark that the difference between
our theoretical periodic orbit and the astronomical variation amounts to some thousandths of degree.

In Figure 3 we compare the values obtained plotting over one lunar month the theoretical solution

z(t) = xy +yst +e x1(t)

where o(t) = ic (sin((2y* — J)t + 2z,) — sin(2z,) cos(2:1:*)t>

R 2 — )2 2y — )
(here z, and y,. are the values z and y given in (11)). More precisely, the value of the angle x(t) was
decreased by the revolutional mean motion and compared to the average over one solar year of the
librational values provided by the [12].

As is well known, periodic orbits are often used as the starting points for computing the effective
motion of solar system objects. For example, concerning the Moon, Hill [7] found an exact special orbit
and computed neighboring trajectories. More precisely, the idea is to solve the variational equations
around a suitable periodic orbit and to recover the actual ephemeris within a good precision. We
suggest that a similar method might be implemented, using as a starting point the orbits constructed
above, to derive a semi-analytical theory of the Moon’s physical librations.
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5. KAM stability for the elliptic case

Lyapunov stability of the periodic orbits constructed in Section 3 can be obtained by proving the
existence of surrounding librational invariant surfaces. More precisely, according to [10], we consider
the 2-dimensional area-preserving Poincaré map associated to (4), having the origin as a fixed point.
We reduce ourselves to study the stability of the origin, which implies the stability of the periodic orbit
for the system (4). As an example, we study the synchronous periodic orbit having period T' = 27.

We outline the sketch of the proof, referring to the Appendix B for further details. Following [10],
we reduce the Poincaré map for (6) to the form

n = am +bna +p(m,me),  nh = cm + dna + q(m, ), (16)

b\ . . . . .
where S = ( Z d ) is the matrix associated to the linear part and p(n1,72), ¢(n1,72) are higher order

polynomials (with degree greater or equal than 3) in n;,72. Since, in the elliptic case, the matrix S
has complex conjugated eigenvalues (A, \), we proceed by reducing (16) to a diagonal form through a
symplectic coordinate change (n1,172) — (Z,7)

=i+ p(E, ), § =N+ d(E9), (17)

for some complex polynomials p(Z,7), ¢(Z,7). Next we perform a symplectic transformation which
conjugates (17) to the form

¢=¢ ei(70+71§77+72(§77)2+...), q=n efi(70+71§q7+72(§W)2+m)’

where the coefficients ; depend on € and e. According to Siegel and Moser the existence of an invariant
curve around the origin is guaranteed by the condition that at least one of the coefficients vy;, for j > 1,
is non-zero. In particular, an explicit computation shows that the leading order in € is given by

(3 +eT?)T 2
- \J2eT? — 2o
T OB ger? oty VU T3

which implies that the origin of the Poincaré map is a stable fixed point, providing the stability of the
above periodic orbits of the differential system (4).

Appendix A

In this appendix we perform the main estimates in order to prove the results of Section 4, using the Implicit
Function Theorem of Section 3. We denote by z. = ¢ = xo+ex1, Yy« =y = yo+ey1 asin (11) and zg = (z«, y«).
In particular we provide explicit estimates to check condition (8), i. e.

0’F
4 M 57—z llo IF (@ y)ll < 1,
a(x,y)? "’
with
p = 2||M| |F (@)l ;
here the parameter vector « is replaced by e varying in the interval A = [0,e]. For simplicity we have denoted
-1l =supal-],[I-1lp = supg, () xall- I From (7), (10) the function F(z,y) = (Fi(z,y), F2(z,y)) is explicitely
given by
T T
Fi(z,y) =yT +eo |, fot fo(x +ys, s)dsdt + &5 [, n(t;y,x)dt — 2mp,
T
F2 (1‘, y) = fo fm(m + yt + €021 (t) Y, 1‘) + Ezg(t; Y, :L’), t)dt
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Let f.(x,t) be as in (4-6); the norm of F(z.,y.) is obtained as
1F (@, ye; )|l = sup{[|Fi(ze, yu; )], 1P (@, ya; )},
2
1By @erywi)l <22 [Ifeell [lon)+ lonl 5] 5+ lnliT],
1Pyl < &3 IFacl TUEN + Bl e | THEIRS3)
(having choosen in R? the sup-norm) where
7 . . .
sin((2y« — j)T + 2z,) —sin(2z,)  cos(2z,)T
lea (B e y)ll < ) lesl | . - E (4.1)
]z:; ! (2. — 5)? (2y. — 4)
and )
— 2 Y
2 1- 5OTT||fzz|| (A-Q)
Il < Tllfaall (21 (50,2l + 0ll€]]).
e Estimate of the norm of M: let
_ (OF(zs ys38)\ 7!
M= ( )
A(z,y)
Let us explicit the derivatives as follows. If we denote by
Gi(v,y) =Ty—2mp+e fOT y1(t;y, x)dt,
Ga(z,y) = [y fola+yt+em(ty, ), 0)dt,
then, omitting the arguments of the functions, we obtain:
T T
AR T S e
G =8y [0 omydt, G =584 [0 f, ¢ dt
Denoting by
aG *y Yk
He = ( (z+,y ))
I(z,y)
we can write M ! = Hg + ¢2H, where
i - fOT Ne dt fOT ny dt
= 7 7 .
Therefore an estimate on M can be obtained through the above quantities as
12|
[ s—= —
—&ollHg |l [1H]]
Now we provide estimates on Hal and H. Let
T\ 0wy /Ty )
then 1
H = ||——1| - ) .
gl = 15— ﬂv” sup{[[B1l + [I01l, [leel] + [|7[}
Denoting by a = 2z, and by b; = 2y, — j, one has
T2
a = 5||fm||_
2 T 2
B =T+¢ Zc] 2 cos a+b;T)+ b3 sin(a + b;T) — E cos(a) — @ sin(a)},
v =T 1+ 6||fm||—)
T
0 = |lfaellT (5 + 6||fm|| )
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Concerning the estimate on H we have:
IH]| = sup{||Hus|| + [[Huizll, [[Holl +[[H22ll}

and
IHull <Tlnell,  1Hall < feellTllEN,

[Huall < Tlingll,  [[Haall < |l fzallTlIE ],
where ||z, [|nyll, 1€1], 11€y]] may be estimated as follows:

rell < Tl faall (I + ollée ) + Tl feaall (lln Il + ollél) (1 + 2ol 52111 + 2311
ll < Tl el (12221 + ollEl) + Tl fewall (a1l + ollel]) (5 + eoll 221 + BlIE, ),
WW@W“W+¢W@MKWH+%MD@+%P%M
2(1= B ferlleo = Bl fawelled (1]l + eoll€l) )
WW@W“W+TNHMKWM+%M®(4wﬂ%ﬂ)
2(1= il fealleo — Bl frwelled (lo1ll + <oliEl))

v =

1Ml <

161l <

The estimates for the derivatives of ||z1(t;x,y)|| (computed at the point (z.,y.)) are derived similarly as in
(A.1).
e Estimate on || -2 e y) [|:

In order to give the estimate on ||-2 e y) || we need to provide the norms of the second derivatives of the
functions &, n (the estimates on &, n and their first derivatives were already given in (A4.2), (4.3)). We find:

ooll < [t = ol fuelleo = Tl fasall(lerll + olle)ed] 3 [T20 feall 220
-HWOPWHfN&DHﬁmHO+meH+%MM
T2 Franell (llea | + collel) (2 + <ol 22 + 3l )
20T 2 | fowal (1o 11 + lo i) ]

recll < Tl feell (123 + 2oleall) + 27 (122211 + 201l ) 1 v
0+@Wmu+%mm)+ﬂmmmnmn+mmm
(14 colt 22t + eBliéall)” + (Il + <olil)
Tl frselleo (| 52 + eollacl).

sl < Z[t = Bl fualler — B W haeall (1 + eollel)ed] [Tl Al 22t
+ﬂ@MW+mm®wmm(-mmww+mmm
Hmmmmmwmﬂm)
(%5 + T=300%2 11 + eollgy )2 + o T (1922 + eoll&y ) )
+20T1G5 N ezl (111 + soliél) .

ol < Tl ol [1 551+ olléyll] + 27 152 + 2ol ]| fowel
(% +eoll 2211+ 23l l1) + I foweell (2l + =o€l ) (57 + T3 %221 + 2ol 1)
+eoT2(| 2411+ eolléyl) ) + Tl fewall(lz1ll + 20ll€11) (152 + 2ollégul)

5 —1
legall < 5[1= Tl fualleo — Sl fewall(llanll + 2oll€e] [ T2 uall 32
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+72( )| 5211 + sonsyn)ufmn (14 coll %21l + 2BllEa ) + ezl (ll2 | + 2ol
(1+50<||8“||+so||§m||) (T + ol 351 + Bl )
20T G2 [ e (11211 + oI
ol (1921 + eolle 1) T2 (% + 2ol 5211 + <3l .
Igell < Tl feall (122511 + collége ) + T (1220 + ollEy )1 e
(1 coll 221+ BlIEel) + el (Il + 2o l€N) (1 + eoll 222
+e3liea)) T (% +eoll 2221 + £31& 1) + 2ol fael (llzn | + =o€
(1522 1+ 2o ligyell) + ||fm||(||8“ 1+ 2oll&l )T (5 + 2ol 211 + <3l ).

8%F _ 8% F,
|25 ] = sue (52 )

IG5 +IGE |+ 201 5
3 lmaall + llnysll + 2||nw||],

NZEI HINGE N + 2 EE2I < ol [ (5 + Goll B2 + Bl IDT? + (20| 52
+e3 1€, 1)°T) + T(1 + eol| 92| + €3 llEal)? + 2(5- + (eoll 22|
+e311€INT) (1 + 2o/l 21| + Bl D]
+||fm||T[EO||82“ I+ 3llEyyll + eoll G2 + €3l1€zl
+220/| 211 + 23116y -

Thus,
5 F1 8%F,
Oydx

T3 T4
F+5+ 5]

82F2 82F2

v

+2‘

v

(9 Fy
+2 H Oydx

)

and

In the above formulae, the function x;(¢;x,y) and its derivatives are estimated on the domain of radius p,
rather then being computed on the point (z.,y.). Let us remark that the function 1 (¢;x,y) involves a term
which dominates due to the resonance relation; therefore, we evidentiate this term labelling it with the index
k. In particular it is k = 2 for the 1:1 resonance, k = 3 for the 3:2, k = 4 for the 2:1. More precisely, we write
z1(t) = z1(t; x,y) as

. ! rsin((2y — j)t + 2z) —sin(2z)  cos(2x)t sin((2y — k)t + 2z) —sin(2z)  cos(2x)t
e _jlz,j:yékcj[ (2y —j)? - (2y—j)] k[ (2y — k) - (2y—k)]

Denoting by M =T (2p+ |2y« — k|), b = 2(Jz«| + p), Ni = |2p— |2y« — || for I = 1,...,7, we obtain the following
estimates:

lz1 ()| < 12';&1@ |cj|[% + Nlj] + ek [ 2sinh(AA442)—M +bT2coSh(M) 1],
j=1,j !
z .
||8z1(t)|| < 2 |C]||:% + NL:I +2|Ck| I:T2coshj(v[1\/éf)*1 +bT2smh(]{\4/f2)fM:|’
j=1j#k r
7
15500 < 4 S el [+ ] + dlen] [72 GRS b et
j=1,j#k g
. .
||8z1(t)|| < > |cj|[ﬁ83 + WTE] + 2|ex |:2T351nh(]{4\/13)*M T3coshj(\/11\/2[)
i=1,j#k ! !
2pT3 b Ly s sinh(M )] :
2 7 —
1220 < 3 oI [ 4 5] + dleg] [2pesmGON | pecontin s
j=1,j#k ’ ’
49273 COShJ(\/[A/al) + T3 sin]l\}(é\/f)] ,
. .
||8 :t1(t)|| < 4 Z |c]||:%+16\f_1;+17\;_22j| +4|Ck| |:T4(651nh(1\4#

Jj=1,j#k
+4cosh](w]\/3[)fl + cos]\h4(2]\/l)) + bT4 (6coshj(w]\if)fl + 4sin]}\14(;\/1) + cosj\l;[(;\/[))] )
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Appendix B

In this appendix, following [10] we provide details about the existence of KAM librational invariant surfaces
around the synchronous periodic orbit. We do not claim to obtain optimal estimates on the parameters ensuring
the stability of the periodic orbit, but just to prove that there exist invariant surfaces around the periodic orbit
for suitably small values of the parameters. Therefore we consider the simpler problem with zero eccentricity.

t=y y=—esin(x —2t) =eg(z,t), (B.1)

and perform all computations to first order in €. Under suitable coordinate transformations, we reduce (B.1)

to the form
é“’ =¢ ei(’Yo+71577+’Yz(E77)2+---), n’ =7 e—i(70+715U+’Yz(577)2+---) (B.2)

)

and we show that the first coefficient 1 = 71 |c—o of the normal form is different from zero. Since this coefficient
depends analytically on €, e, we can conclude that the condition v (g,€) # 0 is satisfied for sufficiently small
values of the parameters €, e. We postpone to a later work the problem of proving the existence of invariant
surfaces for realistic values of the parameters.

B.1 Linerization of (B.1)

Let (%, ) be initial conditions on the periodic orbit and let P(z,y) = (z(T),y(T)) = («',y") be the Poincaré
map at time T' = 27q. By (B.1) we can rewrite the Poincaré map as

T
'=T+ yT+5/ / z(r;Z,y), 7)drds, y' :§+8/ g(z(s;T,7), s)ds, (B.3)
0

which has (Z,7) as a fixed point. We shift the fixed point to the origin by means of the canonical transformation

m=r—T Mn=Y—Y
so that (B.3) becomes
Ul —m+nzT+yT+€f0 I3 9(x(rsm + T, m2 +7), 7)drds (B.4)
0} —772+5f0 z(s;m +T,m2 +7), s)ds.

We recall that (Z,7) are power series in €:

T =29 +er +52x2+..., Y=y tey1 —|—52y2+...,

where, in particular, g = 0, yg = 1. Since

(1T, Y) =T+ y7'+5// z(t;T,7),t) dtds
up to first order in € we have
(T, T,7) = xo + yor + O(e) .
Therefore, disregarding O(g?), (B.4) reduces to

Ui —771+772T+y0T+5y1T+5f0 Js 9(m + o + (12 + yo)7, T)drds,

/ (B.5)
Ny =12+ 5f0 g(m + zo + (N2 + Yo)s, s)ds.

The development of the r.h.s. of (B.5) in power series of 7, 72 is performed using the periodicity conditions

T s T
nT = —/ / g(xo + yor,7) drds, / g(xo + yos,s) ds = 0. (B.6)
o Jo 0
By means of (B.6) we obtain

nT +fo Jo 9(m + 2o + (2 + yo)7, 7)drds
= fo fo g(m + 2o + (M2 + y0)7,7) — g(o + yoT, 7)|dTds

= fo fo 9z(To + Yo7, 7) (M1 + M27) + Egzz (o + yo7,7) (1 + M27)
+%gmmm(x0 + YoT, T) (771 + 7727-)3] drds
3
T2 — Loy + 27203 + 213030, + LT3 + L7593

2
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In a similar way, we obtain

fOT g(m + o + (m2 + yo)s, s)ds = fOT[g(m +z0 + (M2 + ¥0)s,5) — g(xo + yos, 5)]ds
= foT[gz(l’o +y05) (m + 12 8) + 3922 (T0 + yos) (m + 12 5)?
+§Graz(To +Yos) (m + 12 5)°]ds
= —=2Tm — T?nz + gTnf + 2T°ninz + 5T°mn3 + 5703

Therefore neglecting O(g?) and polynomial terms of order higher than 3 in 7y, 772, we rewrite (B.5) as

m = am +bna +p(n,m)  my = com +da + g, m2), (B.7)
where
TS
a=1-¢eT? b:T—s?, c= —2T¢, d=1-¢eT?,

pn,m) = e[3T°n8 + 2T%nine + 3T mn3 + =T°n3],
a(n,m) = el3Tni +2T%nin + 3T3mn3 + 03l

3 _
Provided e < —, the eigenvalues (A, p) of the linear part are complex conjugated, u = A, and precisely A =

)\1 +i>\2, n = )\1 — 7:)\2, with
2
M =1—¢T?, )\2:\/25T2—§52T4.

REMARK 1. Notice that the solution is of elliptic type if the eigenvalues of the linear part of eq. (B.7) are
complex conjugate. Such eigenvalues are determined as the solution of the secular equation

M —(a+d)XA +ad—be=0.

The eigenvalues are complex conjugate, if the discriminant is negative, i. e. A = (a + d)? — 4 < 0, namely
—2 < a+d < 2. Using the definition of d in terms of the function g = g(x,t) and integrating by parts, one
obtains

T T
dzl-{—s/ gz (x0 +y08,8)8d822+6T/ 9z (o + yos,s)ds —a ,
0 0

namely a +d =2+ T fOT 9z (o + yos, s)ds, so that the condition for ellipticity becomes
T
—4 < 5T/ 9z (o + yos,s)ds <0 .
0

B.2 Reduction to diagonal form

Next step is to reduce (B.7) to the form

F=Xi+pE,79), ¥ =MN+qz7). (B.8)

Let ( = < zl ), z = < Cg; > and S = (cl Z > Retaining only linear terms, we have that (' = S¢ and we
2

want to look for a coordinate change ( = Cz, such that

2 =C"18Cz=T= with T = < 3

> o
——

Setting C' = ( : g ), the change of variables is provided by

m=ar+ By n =yt + 07,

with inverse transformation
T=06m—Pn §=—ym+an,
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15} (&
Moon-Earth 3.45-107%  0.0549
Mercury-Sun 1.5-107%  0.2056

Table 1. Astronomically oberved values for oblateness (¢) and eccentricity (e).

1:1 3:2 2:1
Moon-Earth gg="71-107% g =78-10% g =11-10"°
Mercury—Sun €0=28.8-10" g, =57-107% ¢ =2.8-107°

Table 2. Theoretical values for the existence of periodic orbits for ¢ < gq.

under the area-preserving requirement
ad—pFBy = 1.

Therefore we obtain _
by bo A—a)A—a) 1

a:/\—a’ ﬂ:X—a’ Y= X—A %7

while § is a free parameter. Under such transformation (B.2) is reduced to

=Xz +p(E,5), § =N+q&7),

where ~ o . R o .
) = dplaz + BY,vZ + 09) — Bq(a® + BY,vT + 69),
z,9) = —yplaZ + By, vx + 69) + aq(aZ + By, 7T + 67).

Notice that ¢(z,y) = p(%, 7).

B.3 Normal form and computation of ~,

We look for a near-to-identity canonical transformation of the form

where ®;(¢,n) and ¥;(£,n) are polynomial functions in &, n of degree j. For elliptic normal forms [10], the
functions ®; and ¥; are aimed to transform (B.8) to (B.2), which we rewrite as

E=uf = €M, p=wp = ey,
where w = vy + 711 + 72(&n)? + ... The functional equations for ® and ¥ are

(I)(U,g, U’?) = ﬁ(q)(ga 77)7 ‘P(é.v 77))7 ‘P(U'ga U’?) = (j(@(f, 77)7 ‘P(é.v 77))

Since p and ¢ are third-degree polynomials, we easily obtain ®5(£,n) = ¥2(&,n) = 0, while ®3(&,n), ¥3(&,n)
must satisfy the relations

D3 (A An) + i &Pn = A3 (&,m) +B(Em),  Ws(AE ) — idyén® = AWs(E,n) +G(€,n). (B.9)
Let
D6, ) = P30 + o1 €20 + pra&n” + posn®, ®3(&,m) = P306% + @21 &% + @12&n” + Poan®
and similarly for ¢(¢,n) and ¥3(&, 7). From (B.9) we obtain

A1 = pai, iA1= qia,

namely
_ par+qi2
N 2iN
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which provides

(34eT*HT

7=

2(3 — 4eT? + 2T

2
\/2eT? — -2T* .
) 3

According to Siegel and Moser, since vy, # 0 we can conclude that for € and e sufficiently small there exists an
invariant curve around the elliptic fixed point of the Poincaré map associated to (2.3). This result implies the
stability of the periodic orbit for the differential system (2.3).
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PAXOMIEPUE YCTOMUYUBBIX PEPUOJUYECKUX OPPUT
IJIA CPUP-OPPUTAJIBP O PPOPJEMEI PEPECP Oif MEXAP UKU

Ilocmynuaa e pedakyuto 2 cenmsabpa 1998 e.

PaccmaTpuBaloTcss 6UpKroBcKUe MepruoinvYeckre OpOUTHI, CBA3aHHbIE CO CIUH-OPOUTANLHBIMU pe30oHaHCaMHU B He-
GecHoli MexaHMKe, B yacTHOCcTH, ¢ cucremamu Jlyna—3emus u Meprypuii—-Coanne. O6muii MeTon (OCHOBaHHBIN
Ha KOIMYECTBEHHOI BEepCHUU TeOPeMbl 0 HEfIBHON (YHKINM) IPUMEHEeH NI HaXOKIEHUS 3TUX OpOUT U, B 4YacT-
HOCTH, MONYYeHUs «3((PEKTUBHBIX OLEHOK» BEIUYUHBI BO3MYIIAIONIEro napaMerpa (3T pe3ylnbTaThl NIPOBEPEHbI Ha
yKazaHHbIX cucTeMax). [JokazaHa yCTONYMBOCTD 10 JIANYHOBY MEepUOAMYECKUX OPOUT (I MalblX 3HAUEHUI BO3-
MyLIQIoOUero napamerpa) MpyU MOMOLIM HaXOJeHUs ITUOpalMOHHBIX WHBAapUAHTHBIX NOBepxHocTei (cuywait KAM

TEOPUM), OKPYKAIOUINX MEePUOINUECKIEe OPOUTHI.
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