EXTENSIONS OF LINE BUNDLES AND BRILL-NOETHER LOCI OF RANK-TWO
VECTOR BUNDLES ON A GENERAL CURVE

CIRO CILIBERTO AND FLAMINIO FLAMINI

ABSTRACT. In this paper we study Brill-Noether loci for rank-two, (semi)stable vector bundles on a general
curve C. Our aim is to describe the general member F of some of its components just in terms of extensions of
line bundles with suitable minimality properties, providing information both on families of irreducible, unisecant
curves of the ruled surface P(F) and on the birational geometry of the component of the Brill-Noether locus to
which F belongs.
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INTRODUCTION

Let C be a smooth, irreducible projective curve of genus g and U (d) be the moduli space of (semi)stable,
degree d, rank-two vector bundles on C. In this paper we will be mainly concerned with C' of general moduli.

Our aim is to study the Brill-Noether loci B (d) C Uc(d) parametrizing (classes of) vector bundles
[F] € Uc(d) having h°(C,F) > k, with k a non-negative integer.

The classical Brill-Noether theory for line bundles on a general curve is very important and well established
(cf., e.g., [1]). Brill-Noether theory for higher-rank vector bundles is a very active research area (see References,
for some results in the subject), but several basic questions concerning Brill-Noether loci, like non-emptiness,
dimension, irreducibility, local structure, etc., are still open in general. Contrary to the rank-one case, the
Brill-Noether loci for C' general do not always behave as expected (cf. e.g. [7] and §7.1).
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Apart from its intrinsic interest, Brill-Noether theory is important in view of applications to other areas, like
birational geometry to mention just one (cf. e.g. [4, 6, 7, 22, 33)]).
The most general existence result in the rank-two case is the following;:

Theorem 0.1. (see [53]) Let C be a curve with general moduli of genus g > 1. Letk > 2 and i := k+2g—2—d >
2 be integers. Let p% := 4g — 3 — ik and assume

p’j > 1 when d odd, pZ > 5 when d even.

Then Bé(d) is not empty and it contains a component B of the expected dimension ps.

This previous result is proved with a quite delicate degeneration argument (cf. also [13]); in some particular
cases, one has improvements of it (cf., e.g., [45, 27, 50, 51, 47, 15, 52, 26]).

The degeneration technique used in [53], though powerful, does not provide a geometric description of the
(isomorphism classes of) bundles F in B (d), in particular of the general one in a component. By “geometric
description” we mean a description of families of curves on the ruled surface P(F), in particular of unisecant
curves to its fibres. This translates in turn to exhibiting F as an extension of line bundles

(*) 0>N—-F—-L—-0

(cf. (2.2)), which we call a presentation of F. Of particular interest is a presentation (x) with suitable minimality
properties on the quotient line bundle L, which translate into minimality properties for families of irreducible
unisecant curves on the surface P(F) (cf. § 2 below).

This approach provides basic information about the vector bundle F, which can be useful in a field in which
so little is known and which has not been given so far: indeed, the description of such a minimal presentation
is not known in general and, in particular, has not been provided in Theorem 0.1.

One of the main objective of this paper is to shed some light on this subject. As a consequence of our
analysis, we provide explicit parametric representations (and so information about the birational geometry) of
some components of BE(d) (cf.§'s6,7).

Viewing rank two vector bundles as extensions of line bundles is very classical: by suitably interpreting the
classical language, this goes back to C. Segre [42]. In recent times, it has been exploited, e.g., in [7, §2,3],
[33, §8], where the case of canonical determinant and g < 12 has been treated. As noted in [7], this approach
“works well enough in low genera.... but seems difficult to implement in general ”. However, we tried to follow
this route, with no upper-bounds on the genus but, as we will see, by bounding the speciality i := h*(C, F).

Our approach is as follows. We construct (semi)stable vector bundles F in Brill-Noether loci, as extensions of
line bundles L and N: the Brill-Noether loci we hit in this way depend on the cohomology of L and N and on

the behaviour of the coboundary map H°(C, L) o, H(C, N) associated to (x), cf.§’s4,5; we exhibit explicit
constructions of such vector bundles in Theorems 5.1, 5.4, 5.10, 5.13. These theorems provide existence results
for B (d) which are comparable to, though slightly worse but easier to prove than, Theorem 0.1 (cf. Remark. 5.5—
(3)). At the same time, they imply non-emptiness for fibres of the determinant map B (d) — Pic?(C), i.e. for
Brill-Noether loci with fixed determinant det(¥) := L ® N, for any possible L and N as in the assumptions
therein; this is in the same spirit of [25], where however only the case with fixed determinant of odd degree has
been considered.

In any event, as we said, the main purpose of this paper is not the one of constructing new components of
Brill-Noether loci, but of providing a minimal presentation for the general element of components of B’é(d), for
C with general moduli. To do this, we take line bundles L and N with assumptions as in Theorems 5.1-5.13
and let them vary in their own Brill-Noether loci of their Picard schemes. Accordingly, we let the constructed
bundles F vary in suitable degeneracy loci A C Ext!(L, N), defined in such a way that ¥ € A general has the
desired speciality ¢ (cf. §6). In this way we obtain irreducible varieties parametrizing triples (L, N, ¥), i.e.
any such variety is endowed with a morphism 7 to Uc(d), whose image is contained in a component B of a
Brill-Noether locus. To find a minimal presentation (x) for a general member F of B, we are reduced to find
conditions on L, N and on the coboundary map 9 ensuring the morphism 7 to be dominant onto B. We achieve
this goal by using results in § 2, which deal with the study of some families of irreducible unisecants of given
speciality on the ruled surface P(F) (cf. Lemmas 6.2, 6.8, Corollaries 6.5,6.7,6.9,6.12 and Remarks 6.16,6.17).

As is clear from the foregoing description, to find a presentation of F general in a component of a Brill-Noether
locus is a difficult problem in general. We are able to solve it here for i < 3.

Our main results for Brill-Noether loci Bé(d) are Theorems 7.1, 7.5, 7.11, which respectively deal with cases
i=1,2,3and k =d—2g+2+i. A first fact we prove therein is that (a component of) BE(d) is filled-up by
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vector bundles F having a minimal special presentation as
0> N—=>F—>wec(—D;—1) — 0,

where D;_; € Symi_l(C), N € Pic?™29717% and F € A,;_; are general, where A;_1 is a good component of the
degeneracy locus

{ff € Ext' (we(—Di_1), N) | dim Coker (HO(C, L) -2 H\(C, N)) >i- 1} C Ext'(we(—Di_1), N)

(cf. Def. 2.10, for precise definitions of special presentation and minimality, Rem.5.7 and Defs. 5.12, 6.13, for
goodness, and Thms. 5.8,5.17, for existence of good components). The case i = 1 was already treated in [3]
with different methods (cf. Remark 7.2); in cases ¢ = 2,3 our results are new.

Statements of our main results, to which the reader is referred, contain even more. Indeed they also describe
families of special, irreducible unisecants of P(F) which are of minimal degree with respect to its tautological
line bundle. Apart from its intrinsic interest, this description plays a fundamental role when one tries to
construct components of the Hilbert scheme parametrizing linearly normal, genus g and degree d special scrolls
in projective spaces and whose general point parametrizes a stable scroll (cf. e.g.[14]).

Finally, the proofs of Theorems 7.1, 7.5, 7.11 show in particular that the map 7 from the parameter space
of triples (L, N, F) to (the dominated component of) BE(d) is generically finite, sometimes even birational (cf.
Rmk. 7.2—(3)), giving therefore information about the birational geometry of the Brill-Noether locus.

Other main results of the paper are given by Theorems 7.3, 7.10, 7.19 which deal with the canonical deter-
minant case.

In principle, there is no obstruction in pushing further the ideas in this paper, to treat higher speciality
cases. However, this is increasingly complicated and therefore we limited ourselves to expose at the end of the
paper a few suggestions on how to proceed in general and propose a conjecture (see §7.5).

The paper is organized as follows. Section 2 is devoted to preliminaries about families of special, irreducible
unisecants on ruled surfaces P(¥) and the corresponding special presentation of the bundle F. Sections 3 and
4 are devoted to recalling basic facts on (semi)stable, rank—two vector bundles of degree d, extensions of line
bundles, and useful results of Lange-Narashiman and Maruyama (cf. Proposition 4.4 and Lemma 4.5). Section
5 is the technical one, which contains our constructions of vector bundles in Brill-Noether loci as extensions
of line bundles L and N. Section 6 is where we deal with parameter spaces of triples and maps from them to
Uc(d), landing in Brill-Noether loci. The general machinery developed in the previous sections is then used in
§7, in order to prove our main results mentioned above.

1. NOTATION AND TERMINOLOGY

In this paper we work over C. All schemes will be endowed with the Zariski topology. We will interchangeably
use the terms rank-r vector bundle on a scheme X and rank-r locally free sheaf.

We denote by ~ the linear equivalence of divisors, by ~g4 their algebraic equivalence and by = their
numerical equivalence. We may abuse notation and identify divisor classes with the corresponding line bundles,
interchangeably using additive and multiplicative notation.

If P is the parameter space of a flat family of subschemes of X and if Y is an element of the family, we denote
by Y € P the point corresponding to Y. If M is a moduli space, parametrizing geometric objects modulo a
given equivalence relation, we denote by [Z] € M the moduli point corresponding to the equivalence class of Z.

Let
e C be a smooth, irreducible, projective curve of genus g, and
e F be a rank-two vector bundle on C.

Then, F := P(F) & C will denote the (geometrically) ruled surface (or the scroll) associated to (F,C); f will
denote the general p-fibre and Op(1) the tautological line bundle. A divisor in |[Op(1)] will be usually denoted
by H. If [ is a divisor on F, we will set deg(f) .= T'H.

We will use the notation

d := deg(F) = deg(det(F)) = H? = deg(H);
i(F) := h}(F) is called the speciality of F and will be denoted by 4, if there is no danger of confusion. F (and
F) is non-special if i = 0, special otherwise.

As customary, W7 (C) will denote the Brill-Noether locus, parametrizing line bundles A € Pic*(C') such that

hO(A) 2 r—+ 17
plg,r,a) i= g — (r +1)(r +g — a)
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the Brill-Noether number and
po(A) : HY(C, A) @ H(we ® AY) — H°(C,we) (1.1)

the Petri map. As for the rest, we will use standard terminology and notation as in e.g. [1], [21], etc.

2. SCROLLS UNISECANTS

We recall some basic facts on unisecant curves of the scroll F' (cf. [17, 19] and [21, V-2]).
One has Pic(F) = Z[Op(1)] @ p*(Pic(C)) (cf. [21, §5, Prop.2.3]). Let Divy be the scheme (not of finite
type) of effective divisors on F', which is a sub-monoid of Div(F). For any k € N, let Div’fw be the subscheme

(not of finite type) of Divg formed by all divisors I' such that Op(T') 2 Op(k) ® p*(NV), for some N € Pic(C)
(this N is uniquely determined); then one has a natural morphism
Uy, : Divk, - Pic(C), T & N.
If D € Div(C), then p*(D) will be denoted by fp. Then I' € Divk if and only if I' ~ kH — fp, for some
D € Div(C), and deg(T") = kdeg(F) — deg(D).
The curves in Divy are called unisecants of F. Trreducible unisecants are isomorphic to C' and called sections
of F. For any positive integer §, we consider (cf. [19, § 5])

Divy’ := {T € Divk | deg(T") = 6},
which is the Hilbert scheme of unisecants of degree 6 of F' (w.r.t. H).

Remark 2.1. Let [ =T + fa be a unisecant, with I' a section and A effective. Equivalently, we have an exact
sequence

0>N(-A) -F—->Lp04s4—0 (2.1)
(cf. [10, 12]); in particular if A =0, i.e. [=Tisa section, F fits in the exact sequence
0>N—->F—-L—-0 (2.2)
and
Nrjp 2 LN, so I'” =deg(L) — deg(N) = 26 — d, (2.3)

(cf. [21, § V, Prop. 2.6, 2.9]). Accordingly ¥ s : Div},’(S — Pic?79(C), the restriction of ¥y, endows Div}"s
with a structure of Quot scheme: with notation as in [43, §4.4], one has

D5 Div},’j = Quotg75+t7g+1 (2.4)
r — {F——La04}.
From standard results (cf. e.g. [43, §4.4]), (2.4) gives identifications between tangent and obstruction spaces:

H(Ng o) = Ty (Divy’) = Hom(N(—A), L& 04) and H'(Ng ) = Ext'(N(=A),L ® O0,4) (2.5)

Finally, if [ ~H-— fp, then one easily checks that
|0p(T)| = P(H(F(-D))). (2.6)
Definition 2.2. T' € Div},’é is said to be:
(a) linearly isolated (1i) if dim(|Og(T)|) =0,
(b) algebraically isolated (ai) if dim(Div};é) =0.
Remark 2.3. (1) If T is ai, then it is also li but the converse is false (c.f. e.g. Example 2.9, Corollary 6.12).

(2) When Div};é is of pure dimension, a sufficient condition for I to be ai is hO(NI:/F) = 0 (cf. e.g. Theorem
5.4, Corollary 6.7 and §7.1 below).

2.1. The Segre-invariant.

Definition 2.4. The Segre invariant of F is defined as
s(F) := deg(F) — 2(max {deg(N)}),
where the maximum is taken among all sub-line bundles N of F (cf. e.g. [24]). The bundle F is stable [resp.
semi-stable], if s(F) > 0 [resp. if s(F) > 0].
Equivalently ¥ is stable [resp. semistable] if for every sub-line bundle N C F one has u(N) < u(F) [resp.
w(N) < u(F)], where p(€) = deg(&)/rk(€) is the slope of a vector bundle €.
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Note that, for any A € Pic(C), one has
s(F)=s(Fe A). (2.7)

Remark 2.5. From (2.3), s(F) coincides with the minimum self-intersection of sections of F. In particular, if

I'e Div},"(S is a section s.t. I'2 = s(F), then s(F) = 20 —d and T is a section of minimal degree of F, i.e. for any
section IV C F one has deg(I"”) > deg(T").

We recall the following fundamental result.
Proposition 2.6. Let C be of genus g > 1 and let F be indecomposable. Then, 2 —2g < s(F) < g.

Proof. The lower-bound follows from F being indecomposable (see e.g. [21, V, Thm. 2.12(b)]). The upper-
bound is Nagata’s Theorem (see [34]). O

2.2. Special scrolls unisecants. In the paper we will be mainly concerned about the speciality of unisecants
of a (necessarily special) scroll F.

Definition 2.7. For I' € Divy, we set Ox(1) := Op(1) ® Og. The speciality of Tis i(T) := h'(Oz(1)). T is
special if i(T') > 0.

If T is given by (2.1), then by (2.6) one has I’ € |Op(1) ® p*(NV(A))|. Applying p, to the exact sequence
0— Op(1)®Op(-T) = Op(1) — Oz(1) =0
and using p. (05 (1) ® Op(—T)) = N(—A), R!p.(Op (0" (N(—A))) = 0, we get
i(T) = h* (L ® 04) = h* (L) = i(T), (2.8)

where I' the unique section in L.
The following examples show that, in general, speciality is not constant either in linear systems or in algebraic
families.

Example 2.8. Take g =3, i = 1 and d = 9 = 4g — 3. There are smooth, linearly normal, special scrolls S C P?
of degree 9, speciality 1, sectional genus 3 with general moduli containing a unique special section I" which is
a genus 3 canonical curve (cf. [11, Thm. 6.1]). Moreover, T" is the unique section of minimal degree 4 (cf. also
[42]). There are lines fi,..., f5 of the ruling, such that =T+ fi+...+ fs € |H|, where H the hyperplane
section of S. These curves I vary in a sub-linear system of dimension 2 contained in |H|, whose movable part
is the complete linear system |f; 4+ -+ + f5|. The curves as [ are the only special unisecants in |H|.

Example 2.9. Let C be a non—hyperelhptlc curve of genus g > 3, d = 3g—4 and N € Pic? ?(C) general. N is
non-effective with h'(N) = 1. Consider Ext'(we, N). It has dimension 2¢g — 1 and its general point gives rise to
a rank-two vector bundle F of degree d, fitting in an exact sequence like (2.2), with L = we. By generality, the
coboundary map 9 : H%(w¢) — HY(N) = C is surjective (cf. Corollary 5.9 below); therefore i(F,) = 1. Since
F is of rank-two with det(F) = we ® N, by Riemann-Roch one has h°(F @ NV) = 1. From (2.6), the canonical
section I' C F, corresponding to F —— we, is li. From (2.3), Np/p = we @ NV hence W (Npjp) = 1 —14,
for i = 0,1. Let D be the irreducible, one-dimensional component of the Hilbert scheme containing the point
corresponding to T' (which is smooth for the Hilbert scheme). Therefore D is an algebraic (non-linear) family
whose general member is a li section. As a consequence of Proposition 2.12 below, I' is the only special section
in D. In particular, if all curves in D are irreducible, then T is the only special curve in D (see Lemma 2.11).

Note that F is indecomposable. Indeed, assume F = A @ B, with A, B line bundles. Since h°(F@ NV) =1,
we may assume h’(A— N) =1 and h°(B — N) = 0. By the genericity of N, A— N and B — N are both general
of their degrees. Therefore deg(A — N) = g, hence deg(A) = 2g — 2 and deg(B) = g — 2. The image of A4 in
the surjection F —— wc is zero, otherwise A = we hence B = N which is impossible, because h’(B — N) = 0.
Then we would have an injection A < N which is impossible by degree reasons.

Since Diviﬂ"s is a Quot-scheme, there is the universal quotient Q; s — Div}p’é. Taking Proj(Q; 5) > Div},"s7
we can consider
83’ :=={T € Divy’ | R'p(Opa, ,)(1)z #0} and ap(6) := dim(83°), (2.9)
ie. 8}56 is the support of Rlp*((‘)p(glwé)( )). Tt parametrizes degree ¢, special unisecants of F'.
Definition 2.10. Let I be a special unisecant of F'. Assume le §, where § C Div},"S is a subscheme.

e We will say that [ is: B
(i) specially unique (su)in §, if T' is the only special unisecant in §, or
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(ii) specially isolated (si) in §, if dimg (8;’5 N S) =0.

e In particular:

(a) when § = |Op(T')|, T is said to be linearly specially unique (Isu) in case (i) and linearly specially isolated
(Ist) in case (ii);

(b) when § = Div};‘s, [ is said to be algebraically specially unique (asu) in case (i) and algebraically specially
isolated (asi) in case (ii).

e When a section I' C F is asi, we will say that F is rigidly specially presented (rsp) as F —— L or by the
sequence (2.2) corresponding to I'. When T is ai (cf. Def. 2.2), we will say that F is rigidly presented (rp) via
F —— L or (2.2).

For examples, c.f. e.g. §7 below.

Lemma 2.11. Let T' C F be a section corresponding to a sequence as in (2.2). A section TV, corresponding to
F L, is s.t. T ~T if and only if L = L'. In particular

(a) (') = i(I");

(b) T is lsu if and only if it is lsi if and only if it is li.

Proof. The first assertion follows from (2.6). Then, (a) and (b) are both clear. O

Proposition 2.12. Let F' be indecomposable and let I' € § C 8},’6 be a section, where § is an irreducible,
projective scheme of dimension k. Assume:
(a) k=1, if § is a linear system;
(b) either k > 2, or k =1 and § with base points, if § is not linear.
Then, § contains reducible unisecants T with

i(T) = i(T). (2.10)
Proof. If k > 2, let t be the unique integer such that 0 < k' := k — 2t < 1. Let f1,..., f; be t general p-fibres
of F. Since k¥’ > 0, by imposing to the curves in § to contain fixed general pairs of points on f1,..., f;, we see

that ,
§ :-3(2}2) cs
=1

is non-empty, all components of it have dimension k', and they all parametrize unisecants I'' ~q;, I' — 22:1 fi.
Then § contains reducible elements 1~“, and they verify (2.10) by upper-semicontinuity. This proves the assertion
when k& > 2.

So we are left with the case k = 1. Assume first that § is a linear pencil. Since § C |Or(T')|, from the exact
sequence 0 — O — Op(T') — Op(T') — 0, the line bundle Or(T) is effective so I'? > 0. Let Bs(JF) be the base
locus of §. If I'? > 0, take p € Bs(F). We can clearly split off the fibre through p with one condition, thus
proving the result.

If I'? = 0, § is a base-point-free pencil. So F contains two disjoint sections and this implies that JF is
decomposable, a contradiction.

Finally, if § is non-linear, then Bs(F) # ) and we can argue as in the linear case with I'2 > 0. O

3. BRILL-NOETHER LOCI

As usual, Ugx(d) denotes the moduli space of (semi)stable, degree d, rank-two vector bundles on C. The
subset Ug(d) C Uc(d) parametrizing (isomorphism classes of) stable bundles, is an open subset. The points in
Uc®¥(d) := Uc(d) \U&(d) correspond to (S-equivalence classes of) strictly semistable bundles (cf. e.g. [41, 44]).

Proposition 3.1. Let C be a smooth curve of genus g > 1 and let d be an integer.
(i) If d > 4g — 3, then for any [F] € Uc(d), one has i(F) = 0.
(i) If g =2 2 and d > 2g — 2, for [F] € Uc(d) general, one has i(F) = 0.

Proof. For (i), see [36, Lemma 5.2]; for (ii) see [27, p. 100] or [2, Rem. 3]. O

Thus, from Proposition 3.1, Serre duality and invariance of stability under operations like tensoring with a
line bundle or passing to the dual bundle, for g > 2 it makes sense to consider the proper sub-loci of Ug(d)
parametrizing classes [F] such that ¢(F) > 0 for

29 —2< d< 4g — 4. (3.1)



EXTENSIONS OF LINE BUNDLES AND BRILL-NOETHER LOCI 7

Definition 3.2. Given non-negative integers d, g and ¢, we set
ki=d—2g9+2+i. (3.2)
Given a curve C' of genus g, we define
={[F] € Uc(d) | R°(F) > k;} = {[F] € Uc(d) | k' (F) > i}
which we call the kfh—Bmll—Noether locus.

Remark 3.3. The Brill-Noether loci Bé (d) have a natural structure of closed subschemes of Ug(d):

(a) When d is odd, Uc(d) = U&(d), then Uc(d) is a fine moduli space and the existence of a universal bundle
on C x Ucx(d) allows one to construct Bé (d) as the degeneracy locus of a morphism between suitable vector
bundles on Uc(d) (see, e.g. 20, 30]). Accordingly, the expected dimension of BEi (d) is max{—1, pk}, where

pht =49 — 3 —ik; (3.3)
is the Brill-Noether number. If § # Bri(d) # Uc(d), then BET(d) C Sing(BEi (d)). Since any [F] € BE (d)
is stable it is a smooth point of Uc(d) and Ti51(Uc(d)) can be identified with HO(we @ F @ FY)V. If [F] €
BE(d)\ Bk T1(d), the tangent space to Bei(d) at [F] is the annihilator of the image of the cup-product, Petri
map of F (see7 e.g. [61])

Py : HY(C,F) @ H(C,wc @ FY) — H°(C,wc @ F @ F). (3.4)

If [F] € BE (d) \ BE ™ (d), then

phi = N C, T2 FY) — h'(C,F)h(C, T)

and Bg’"(d) is non-singular, of the expected dimension at [F] if and only if Py is injective.
(b) When d is even, Uc(d) is not a fine moduli space (because U&*(d) # (). There is a suitable open, non-empty
subscheme Q% C Q of a certain Quot scheme Q defining Uc(d) via the GIT-quotient sequence

0 — PGL(q) — Q°* " Uc(d) — 0

(cf. e.g. [46] for details); one can define Bé (d) as the image via 7 of the degeneracy locus of a morphism between
suitable vector bundles on Q%®. The fibres of 7 over strictly semistable bundle classes are not isomorphic to
PGL(g). It may happen for a component B of a Brill-Noether locus to be totally contained in UZ’(d); in this
case the lower bound ps" for the expected dimension of B is no longer valid (cf. Corollary 6.9 below and [8,
Remark 7.4]). The lower bound p%i is still valid if B N UE(d) # 0.

Definition 3.4. Assume Bgi (d) #0. A component B C Bg‘(d) such that BNUE(d) # 0 will be called regular,
if dim(B) = pfl", superabundant, if dim(B) > p’:li.

4. (SEMI)STABLE VECTOR BUNDLES AND EXTENSIONS

In this section we discuss how to easily produce special, (semi)stable vector bundles F as extensions of line
bundles L and N as in (2.2). This is the same as considering vector bundles F, with a sub-line bundle N s.t.
F ® NV has a nowhere vanishing section.

If g =2, in the range (3.1) one has bundles F with slope 1 < u(F) < 2 on a hyperelliptic curve, which have
been studied in [8, 9, 29, 31]. Thus, we will assume C' non-hyperelliptic of genus g > 3, with d as in (3.1).

4.1. Extensions and a result of Lange-Narashiman. Let § < d be a positive integer. Consider L € Pic’ ()
and N € Pic?~°(C); Ext!(L, N) parametrizes (strong) isomorphism classes of extensions (cf. [16, p. 31]). Any
u € Ext*(L,N) gives rise to a degree d, rank-two vector bundle ¥ = J, as in (2.2). In order to get F,
(semi)stable, a necessary condition is (cf. Remark 2.5)

25 —d>0. (4.1)

Therefore, by Riemann-Roch theorem, we have

m := dim(Ext! (L, N)) =

{26—d+g—1 if L N (12)

if L= N.

Lemma 4.1. Let F be a (semi)stable, special, rank-two vector bundle on C of degree d > 2g —2. Then F = F,,,
for a special, effective line bundle L on C, N = det(F) ® LV as in (2.2) and u € Ext'(L, N).

Proof. By Serre duality, i(¥) > 0 gives a non-zero morphism F g—v> we. The line bundle L := Im(c") C we is
special. Set § = deg(L). Since F is (semi)stable, then (4.1) holds hence § > ¢ > g — 1, therefore x(L) > 0, so
L is effective. |
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Remark 4.2. In the setting of Lemma 4.1, consider the scroll F' = P(F) and let I' C F be the section corre-
sponding to L, with L € Pic’ (C) a special, effective quotient of minimal degree of F. Suppose F indecomposable.

From Proposition 2.12, one has
I' C F isliwith ap(d) <1, (4.3)

where ap(9) as in (2.9). Then F is rsp via L if ap(d) = 0, and even rp if T is ai.

Fix L special, effective of degree § and N of degree d — §, where d satisfies (3.1) and (4.1) (so deg(L) >
deg(N) > 0). We fix once and for all the following notation:

ji=h(L)>0, :=h(L)=0-g+1+j>0,

F=BU(N) 20, ni=hO(N)=d—5—g+1+4r>0. (44)
Any u € Ext!(L, N) gives rise to the following diagram
(wu): 0 N — F, —- L —0
de d—9 d 0
o . ’ (4.5)
h! r J

Let

du : HY(L) — H'(N)
be the coboundary map (simply denoted by 0 if there is no danger of confusion) and let cork(d,) := dim(Coker(d,,)).
Then

i(Fy) = J + cork(d,,).
As for (semi)stability of F,, information can be obtained by using [24, Prop. 1.1] (see Proposition 4.4 below)
and the projection technique from [14] (see Theorem 5.4 below).

For the reader’s convenience, we recall [24, Prop. 1.1] (cf. also [6, §'s3,4], [7, §3]). Take u € Ext'(L, N).
Tensor by NV and consider &, := F, ® NV, which is an extension
(e): 0—=0c—& —LNY =0,

where e € Ext'(L® NV, 0¢). Then deg(€.) = 26 —d. From (2.7), one has s(F,,) = s(&.) and, by Serre duality,
u and e define the same point in
P:=P(H(Kc+L— N)Y). (4.6)
Remark 4.3. If deg(L — N) = 20 —d > 2, then dim(PP) > g > 3 and the map ¢ := g 4r-n| : C = Pis
a morphism. Set X := ¢(C) C P. For any positive integer h denote by Secy,(X) the ht"-secant variety of X,
defined as the closure of the union of all linear subspaces (¢(D)) C P, for all effective general divisors of degree
h. One has
dim(Secy (X)) = min{dim(PP), 2h — 1}. (4.7

Proposition 4.4. (see [24, Prop. 1.1]) Let 26 —d > 2. For any integer
c=20—d (mod?2) and 4+d—25 <o <20—d,
one has
s(€) 2o ed Sec%(Q(;_d+a_2) (X).
To end this section, we remark that later on we will need the following technical result.

Lemma 4.5. Let L and N be as in (4.5) and such that h°(N — L) = 0. Take u,u’ € Ext*(L, N) such that:
(i) the corresponding rank-two vector bundles F,, and F,, are stable, and
(i) there exists an isomorphism ¢

0> N % F, —» L —0
e
0 N =& 5, - L =0
such that ¢ o 11 = Aig, for some A € C*.
Then F, = Fur, i.e. u,u’ are proportional vectors in Ext* (L, N).

Proof. The proof is similar to that in [28, Lemma 1] so it can be left to the reader. O

5. STABLE BUNDLES AS EXTENSIONS OF LINE BUNDLES

In this section we start with line bundles L and N on C as in §4, and consider rank—two vector bundles F
on C arising as extensions as in (2.2). We give conditions under which F is stable, with a given speciality, and
L is a quotient with suitable minimality properties.
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5.1. The case N non-special. Here we focus on the case N non-special. Notation as in (4.4), (4.5), with
therefore r = 0 (by the non-speciality assumption).

Theorem 5.1. Let j > 1 and g > 3 be integers. Let C be of genus g with general moduli. Let 6 and d be
integers such that

s<g-1+2% -3 (5.1)
J

S+g—1<d<25—2. (5.2)
Let N € Pic?=9(C) be general and L € Wg_gﬂ(C) be a smooth point (i.e. L of speciality j and so h°(L) = { as
in (4.4)). Then, for u € Ext'(L, N) general, the corresponding rank-two vector bundles F,, is indecomposable
with:
(i) s(Fu) = 20 — d. In particular 2 < s(Fu) < 4 —j, hence Fy, is also stable;
(i) i(Fu) = j;
(#ii) L is a quotient of minimal degree of F,.
Remark 5.2. (1) Inequality in (5.1) is equivalent to p(g,£ — 1,4) > 0, where p(g,¢ — 1,0) is the Brill-Noether
number as in §1 for line bundles L € Pic?(C) of speciality j; this is a necessary and sufficient condition for C' of
genus g with general moduli to admit such a line bundle L (cf. [1]). For what concerns (5.2), the upper-bound
on d reads 26 — d > 2, which is required to apply Proposition 4.4, whereas the lower-bound is equivalent to
deg(N) =d — & > g — 1, hence the general N € Pic?™°(C), for C general, is non-special.
(2) Notice that (5.2) implies 6 > g + 1. Thus, together with (5.1), one has g > j2+2jie. 1 <j<Vg+1—1.
Proof of Theorem 5.1. By Remark 5.2-(1) N is non-special, so (ii) holds. Moreover, always by Remark 5.2-(1),
we can use Proposition 4.4 with o := 2§ — d. One has dim(P) = 2§ —d + g — 2. From (4.7), we have

&m(%%@@%QQﬂXﬂ:ﬂmﬂ&mmxﬂ%—d%%§:2@5—®—&
since (5.1) and (5.2) yield 26 — d < § — j which implies 2(26 — d) — 3 < 26 —d + g — 2. In particular,
dim (SGCI (2(26—d)— 2)(X)) < dim(P). From Proposition 4.4, u € Ext!(L, N) general is such that s(J,) > 26 —d.
If T is the section corresponding to F,, — L, one has I'> = 2§ — d as in (2.3) so s(F,) = 26 — d, hence (i) and
(iii) are also proved. O

Corollary 5.3. Assumptions as in Theorem 5.1. Let T be the section ofF = P(F,) corresponding to F,, —— L.
Then T is of minimal degree. In particular, T is li and 0 < dlm(DlVF )< 1.

Proof. The fact that T' is of minimal degree follows from (i) of Theorem 5.1. The rest is a consequence of
minimality and Proposition 2.12. |

Theorem 5.4. Let j > 1 and g > 3 be integers. Let C be of genus g with general moduli. Let § and d be
integers such that (5.1) holds and moreover

S+g+3<d<2s. (5.3)

Let N € Pic?°(C) and L € Wg_gﬂ (C) be general points. Then, for any u € Ext*(L, N), the corresponding
rank-two vector bundle F, is very-ample, with i(F,) = j. Moreover, for u € Ext'(L, N) general
(i) L is the quotient of minimal degree of F,,, thus

_ -2
0<s(F)=20—d< I —F

so F, is stable when 20 — d > 0, strictly semistable when d = 26;
(i) if T is the section of F, = P(F,) corresponding to F,, — L, then Div?f ={T} and F, is rp via L.

Proof. The proof is as in [14, Theorem 2.1], and it works also in the case d = 24, not considered there. |

Remark 5.5. (1) The lower-bound in (5.3) reads deg(N) = d — 8§ > g+ 3, hence N € Pic?°(C) general is
non-special and 6 > g + 3.

(2) From (5.1) and § > g+ 3, one has g > j2 +4jie 1 <j<Vg+4—

(3) The bounds on d in (5.2) and (5.3) are in general slightly worse than those in Theorem 0.1 (cf. [14, Remark
1.7]). For j close to the upper-bound (see Remark 5.2-(2), respectively (2) above), the difference is of the order
of \/g. However our approach gives the additional information of the description of vector bundles in irreducible

components of Bg (d) (see also §7) simply as line bundle extensions, with no use of either limit linear series or
degeneration techniques.
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5.2. The case N special. In this section N € Pic?™(C) is assumed to be special. Hence, in (4.4), we have
£,7,7 > 0 whereas n > 0 (according to the fact that IV is either effective or not). For any integer ¢ > 0, consider

Wy := {u € Ext'(L,N) | cork(d,) >t} C Ext'(L, N), (5.4)
which has a natural structure of determinantal scheme; as such, W, has expected codimension
c(lyr,t) :=t(f — 7 +1) (5.5)

As in (4.2), put m = dim(Ext'(L, N)). Thus, if m > 0 and W; # (), then any irreducible component A, C W,
is such that

dim(A¢) > min{m,m — c(¢,r,t)}, (5.6)
where the right-hand-side is the expected dimension of W,;. These loci have been considered also in [7, §2, 3],
[33, § 6, 8] for low genus and for vector bundles with canonical determinant.

Remark 5.6. One has dim(Ker(9,)) = 1+ dim((T")), where T" is the section corresponding to the quotient
F —— L. Note that dim((I')) = —1 if and only if dim(Ker(9,)) = 0, i.e. H°(F) = H(N). This happens if
and only if T is a fixed component of |Og(1)], i.e. if and only if the image of the map Q‘OF( 1)| has dimension
smaller than 2. If d > 2g — 2 and this happens, then one must have n > i > j > 1, where i = i(F).

Remark 5.7. The coboundary map 9,, can be interpreted in terms of multiplication maps among global sections
of suitable line bundles on C. Indeed, consider r > ¢ and ¢ > max{1,r — t}. Denote by

U: H'(L)® H'(N — L) — H'(N),

the cup-product: for any v € HY(N — L) = Ext*(L,N), one has d,(—) = — U u. By Serre duality, the
consideration of U is equivalent to the one of the multiplication map
pe=prren:HY(L)® H (Ko — N) — H(Kc + L — N) (5.7)
(when N = L, p coincides with po(L) as in (1.1)). For any subspace W C HY(Kc — N), we set
pw = plw : HY (L)@ W — H°(Kc + L — N). (5.8)

Imposing cork(d,) > t is equivalent to
V; :=Im(d,)* € H(K¢ — N)
having dimension at least ¢. Therefore
={ue H'(Kc+L—N)" |3V, C H* (K¢ — N), s.t. dim(V;) > t and Im(py,) € {u=0}},
where {u =0} C HY(K + L — N) is the hyperplane defined by u € H(Kc + L — N)V.
Theorem 5.8. Let C' be a smooth curve of genus g > 3. Let
rzl, £zmax{l,r—1}, m>/(+1
be integers as in (4.2), (4.4). Then (cf.(5.4),(5.5)):
(i) cll,r,1)=0—r+1>0;
(i) W1 is irreducible of the expected dimension dim(W1) = m — c(¢,r,1) > r. In particular W, = Ext*(L, N)
if and only if ¢ =r — 1.
Proof. Part (i) and m — ¢(¢,r,1) > r are obvious. Let us prove (ii). Since ¢,7 > 1, both L and K¢ — N are

effective. One has an inclusion
0—-L—>Kc+L—-N

obtained by tensoring by L the injection O — K¢ — N given by a given non—zero section of Ko — N. Thus,
for any V; € P(HY(Kc — N)), pv, as in (5.8) is injective. Since m > ¢+ 1, one has dim(Im(uy,)) = ¢ <m — 1,
i.e. Im(py,) is contained in some hyperplane of H(K¢c + L — N). Let
Y:={o:=HL)® VS CH(L)® H'(Kc — N) | V{ e P(H°(Kc — N))}.
Thus ¥ = P(H°(K¢c — N)), so it is irreducible of dimension r — 1. Since P(H°(K¢ + L — N)¥) =P as in (4.6),
we can define the incidence variety
J:={(o,m) €S XP|pys(oc) S} CExP.
Let
IRALEY JRAL

be the two projections. As we saw, prl is surjective In particular J # @ and, for any o € X,
prit(o) ={m e P|uvy(0) S} = |Tgpv (1)),
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where 7 := P(uy¢ (0)). Since dim(c) = £ — 1, then dim(pry (o)) =m—1—-£>0.
This shows that J is irreducible and dim(J) = m — 1 — ¢(¢,r,1) < m — 1. Then, Wl = P(W1) = pra(9).
Recalling (5.6), Wy # 0 is irreducible, of the expected dimension m — c(¢,r,1). O

Corollary 5.9. Assumptions as in Theorem 5.8. If £ > r, then Wy ¢ Ext'(L, N) and

(i) for uw € Ext*(L,N) general, 9, is surjective, in which case the corresponding bundle T, is special with
i(32) = WM (L) = j;

(ii) for v € Wy general, cork(9,) = 1, hence the corresponding bundle F, is special with i(F,) =7+ 1.

5.2.1. Surjective coboundary. Take 0 # u € Ext'(L, N) and assume 0, is surjective (from Corollary 5.9,
this happens e.g. when £ > r, m > ¢ + 1 and u general).

Theorem 5.10. Let j > 1 and g > 3 be integers. Let C be of genus g with general moduli. Let § and d be
integers such that (5.1) holds and moreover

20—2<d<20—g. (5.9)

Let L € Wgs*gﬂ (C) be a smooth point and N € Picdf‘S(C’) be any point. Then, for u € Ext' (L, N) general, the
corresponding bundle F, is indecomposable with

(i) speciality i(F,) = j = h'(L).

(1) s(F,) =g —¢€, € € {0,1} such that e =d+ g (mod 2). In particular, F, is stable.

dt+g—e
(i) The minimal degree of a quotient of F,, is % and 1 — e < dim Div;’u 2 > <1;

(iv) L is a minimal degree quotient of F,, if and only if e =0 and d =2 — g.

Remark 5.11. (1) From (5.9) we get § > 3g — 1 hence from (5.1), j < 7”72—2169_g.
(2) Since L is special, then § < 2g — 2. Therefore, the upper-bound in (5.9) impliesd —§ <0 —g < g — 2, i.e.,
any N € Pic?=°(C) is special too.
(3) The inequalities (5.1), (5.9) imply £ > r, m > £+ 1 as in the assumptions of Corollary 5.9. Indeed:
e { > r reads

§>g—1+r—j (5.10)
Since r = § —d+ g — 1 +n, then (5.10) is equivalent to d > 29 — 2 — j +n. Thus (5.10) holds by (5.9), if n < 1.
If n > 2, C with general moduli implies r < £ < §sog—-1+7—-j < %g — 1 —j and (5.10) holds because
§=39-1
e We have d — 6 < § — g < & by (5.9). So from (4.2) we have m = 26 —d + g — 1. Thus m > £+ 1 reads
d <d+29—3—j. By (5.9), to prove this it suffices to prove 20 —g < 6 +2g — 3 — j. This in turn is a
consequence of (5.1).
(4) Notice that, under hypotheses of Theorem 5.10, when € = 1 L is not of minimal degree: from (iii), one
would have d = 2§ — g + 1 which is out of range in (5.9). Indeed, if d =26 — g+ 1 and e.g. § = 2g — 2, then
d=3g—3,deg(N)=d— 3§ =g—1, thus if N is general, it is non-special, which is a case already considered
in Theorem 5.1. From (1) above, to allow minimality for L also for € = 1, one should replace (5.1), (5.9) in the
statement of Theorem 5.10 with the more annoying conditions ¢ < min{g—1-+ % —7,2g—3}and d < 20 —g+e,
respectively.

Proof of Theorem 5.10. By Remark 5.11-(2), N is special. Moreover, by Remark 5.11-(3) and Corollary 5.9,
for u € Ext'(L, N) general, 9, is surjective. Hence (i) holds.

From the upper-bound in (5.9) and g > 3, we can apply Proposition 4.4 with the choice o := g — ¢, i.e., the
maximum for which ¢ = 2§ — d (mod 2), 0 < 2§ — d and one has a strict inclusion

Sec%(267d+97672) (X) - ]Pv

from (4.2) and (4.7).
If e = 0, (ii) follows from Propositions 2.6, 4.4. Let I" C F,, be a section of minimal degree, which we denote
d+g

by mg. Then, I'> = 2mg —d = g (cf. (2.3) and Remark 2.5). In particular, mo = <% and

d+g
1=T%2—g+1<x(Np/p,) < dim (Div}zu : ) <1,

where the upper-bound holds by the minimality condition (cf. proof of Proposition 2.12). This proves (iii) in
this case.

When € = 1, by Propositions 2.6, 4.4, one has g — 1 < s(F,) < g and, by parity, the leftmost equality holds.
As above, part (iii) holds also for e = 1.
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Finally, L is a minimal degree quotient if and only if 26 = d + g — ¢ which by (5.9) is only possible for € = 0,
proving (iv) (cf. Remark 5.11-(4)). O

5.2.2. Non-surjective coboundary. From Corollary 5.9, when ¢ > r and m > £+1, for v € W, € Ext'(L, N)
general, one has cork(d,) = 1.

Definition 5.12. Take ¢ > r >t > 1 integers. Assume

(1) there exists an irreducible component Ay C W, with the expected dimension dim(A;) = m — ¢(¢, r, t);
(2) for v € Ay general, cork(9,) = t.

Any such A; is called a good component of Wy.

By Theorem 5.8, A; = Wj is good. In §5.3 we shall give sufficient conditions for goodness when t > 2.
With notation as in (4.6), for any ¢ > 1 and any good component A;, we set

A :=P(Ay) CP (5.11)
(cf. notation as in the proof of Theorem 5.8 for Wy ).
Theorem 5.13. Let g >3,d>2g9—2,j>1,0>r >t >1 be integers. Take ¢ € {0,1} such that
d+g—cll,r,t)=¢ (mod 2).
Take 6 =0+ g—1—j and assume

g=c(lrt)+e, (5.12)
g+r—j—1<5<g—1+%—$ (5.13)
20 —d > max{2,9 — c({,r,t) — €}. (5.14)

Let C be a curve of genus g with general moduli. Let L € Wf_l(C) be a smooth point, N € Pic?™°(C) of
speciality r. Then, for any good component Ay and for v € Ay general, the corresponding bundle &, is

(i) special with i(F,) = j+t=h'(L) +t;

(ii) s(F,) = g —c(l,r,t) — e = 0; in particular, when g — c(¢,r,t) > 0, F, is stable, hence indecomposable.

(1ii) If 26 = d+ g — c(,1,t) — €, then L is a quotient of minimal degree of F,.

Remark 5.14. (1) As before, the upper-bound on 4 in (5.13) is equivalent to p(g,¢ — 1,0) > 0 whereas the
lower bound to ¢ > r.

(2) Condition 26 —d > 2 in (5.14) is as in Proposition 4.4; the other condition in (5.14) will be clear by reading
the proof of Theorem 5.13.

(3) Arguing as in Remark 5.11-(3), one shows that m > ¢ + 1.

Proof of Theorem 5.13. By (5.14) we may apply Proposition 4.4 choosing o := g — ¢(¢,r,t) — €, which is non-
negative by (5.12). This is the maximum integer such that ¢ < 26 — d, 0 = 2§ — d (mod 2) and such that
dim(A¢) > dim(Secy (55_445—2)(X)), as it follows from (5.14). Then, if v € A, general, the assertions hold. [

Remark 5.15. When N of degree d — § is non-effective of speciality 7, by Riemann-Roch r =6 —d + g — 1.
Thus, by (3.2), one simply has c¢(¢,7,t) =t (d—2g+2+j+1), i.e. c(¢,r,t) =1 kj;, and conditions in Theorem
5.13 can be replaced by more explicit numerical conditions on d and §

5<g—1+g.—j and d<g—1—t+min{6,g—1—j+gt_€},
J
where € € {0,1} such that d + g — tkyy; = € (mod 2), and
20 —d > max{2,g — thky+; — €}

Remark 5.16. When otherwise N, of degree d — 9, is effective and of speciality r one gets d > § + g — r.
Moreover, since its Brill-Noether number p(g,n — 1,d — §) has to be non negative (by the generality of C'), one
gets d < d+g — 1+ £ —r. Thus, conditions in Theorem 5.13 can be replaced by numerical conditions

g_l_j+T<5<9_1—j+min{g.,gt_6+r—t—1}7
J

g+6—r<d<6+g—1+g—r and 20 —d > max{2,g — c(¢,r,t) — €},
T
with e and ¢(¢,r,t) as in Theorem 5.13.
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5.3. Existence of good components. Recalling what defined in (4.2), (4.4), (5.4), (5.5) and in Remark 5.7,
one has

Theorem 5.17. Let C be a smooth curve of genus g > 3. Take integersm, £, v andt and assume { > 1 >t > 2.
Take any integer n such that

0<np<min{t(r—1),0t—1)} and m=+1—n. (5.15)
Suppose, in addition, that the subvariety ¥, C G(t, H(Kc — N)) := G, parametrizing V; € G s.t.
dim(Ker(py,)) = n, (5.16)

has pure codimension n in G and that, for the general point Vi in any irreducible component of X,), equality
holds in (5.16). Then:

(i) c(t,r,t) > 0;

(i) O # Wy € Wy C Ext!(L, N), where all the inclusions are strict;

(iii) there exists a good component Ay of W;.

Proof. By (5.15) one has m > £+ 1; moreover £ > r by assumption. Thus, from Corollary 5.9, § # Wy C
Ext'(L, N) and the inclusion is strict. By definition W, C ‘W, where the inclusion is strict by Corollary 5.9.
A similar argument as in the proof of Theorem 5.8 applies. |

Corollary 5.18. Let C be of genus g > 3 with general moduli. Let j > 1, £>r >t >2 and m > lt+1 be
integers. Let L € Wg_gH(C) be a smooth point.

Ifj>t, Ne Picdf‘s(C') is general and £ < 26 — d, then for V; € G(t, H*(Kc — N)) general, vy, is injective.
In particular, there exists a good component O # Ay C W;.
Proof. Set h := 2§ —d and let Ny := L — D € Pic?™(C), with D = 3> | p; € ") general. Since 0 < £ < h,
we have h%(Ng) = 0. Thus, N € Pic?°(C) general is also non-effective, so h'(N) = h'(Np).

Let p be as in (5.7). To prove injectivity of py, as in (5.8) for N and V; general, it suffices to prove a similar
condition for

p’: HY(L)® H* (K¢ — L+ D) — H° (K¢ + D).
Consider
W:=H"Kc—L)Cc H(Kc — L+ D).

One has dim(W) = j. We have the diagram

1.0
H(L) oW =H L)@ H* (K¢ - L) 2%  HY(K¢+ D)

\lﬂo(L) e
HO(KC)

where pfy, = p°|go(Lyew, po(L) is as in (1.1) and ¢ is the obvious inclusion.

By Gieseker—Petri theorem po(L) is injective. By composition with ¢, uf, is also injective. Since by as-
sumptions ¢ < j, then for any V; € G(t, W), u%t is also injective. By semicontinuity, for N € Picdf‘;(C’) and
V, € G(t, H°(K¢ — N)) general, py, is injective. Then, one can conclude by using Theorem 5.17. O

6. PARAMETER SPACES
Let C be a projective curve of genus g with general moduli. Given a sequence as in (4.5), for brevity we set
p(L) :=p(g,£ —1,6) and p(N):=p(g,n—1,d—9),

_ [ WEC) i p(D) >0 [ WIEHO) i p(N) >0
W= { iy itpm =0 NIV i =0
Both Wj, and Wy are irreducible, generically smooth, of dimensions p(L) and p(N) (cf. [1, p. 214]). Let
N — C x Pic?™°(C) and £ — C x Pic®(C)

be Poincaré line-bundles. With an abuse of notation, we will denote by £ (resp., by N) also the restriction of
Poincaré line-bundle to the Brill-Noether locus. Set

Y:=Pic’ (C)x Wy, and Z:=WyxW,CY.
They are both irreducible, of dimensions
dim(Y) =g+ p(L) and dim(Z) = p(N)+ p(L). (6.1)
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Consider the natural projections

CxPic’%(C) 2 oxy "y
\Lp"‘l,s
C x WL

Asin [1, p. 164-179]), we define
€5 1= R (pras)« (prioN) @ priz(£Y))

depending on the choices of d and §. By (4.2), when 20—d > 1, &; is a vector bundle of rank m = 2§—d+g—1 on
Y whereas, when d = 2§, &; is a vector bundle of rank g — 1 on Y\ Ay, where Ay = {(M, M) | M € W} 2 W.

We set
U e Y if20 —d>1
Tl Y\ Ay ifd=20

where v the projective bundle morphism: the y-fibre of y = (N, L) € U is P(Ext'(L, N)) = P, as in (4.6).
From (4.2) and (6.1), one has

dm(P(E;) =g+ p(L) +m—1 and  dim(P(€s)]2) = p(N) + p(L) + m — 1. (6.3)

Since (semi)stability is an open condition (cf. e.g. [44, Prop. 6-c, p. 17]), for any choice of integers g, d and
¢ satisfying numerical conditions as in the theorems and corollaries proved in §’s 5.1 and 5.2, there is an open,
dense subset P(€;)? C P(€;) and a morphism

Tas : P(€5)° — Uc(d). (6.4)

and P(¢;) — U, (6.2)

We set _ _ _
\73’] :=1Im(mgs) and 1/3"] = dim(\?g’]). (6.5)
6.1. Non-special N. We will put ourselves in the hypotheses either of Theorem 5.1 or of Theorem 5.4. In

either case, d — 8§ > g — 1 so N can be taken general in Pic?~°(C) and Véd’j C Béj (d), by what proved about
(semi)stability.

6.1.1. Case 20 — d > 1. In this case, by what proved in Theorems 5.1, 5.4, one has Vg’j - Béj(d) NU&(d).
Therefore any irreducible component of ng (d) intersected by Vg’j has at least dimension ij (cf. Remark 3.3
and Definition 3.4).

Proposition 6.1. Assumptions as in Theorem 5.4, with 26 —d > 1. Then, for any integers j, 6, d therein,
there exists an irreducible component B C ng (d) such that:

(i) ng C B;

(i) B is reqular and generically smooth;

(1) for [E] € B general, € is stable, with s(€) > 26 —d and i(€) = j.

Proof. Parts (i) and (iii) follow from Theorem 5.4 (note that the Segre invariant is lower-semicontinuous; cf.
also [24, § 3]). Assertion (ii) follows from the fact that, for [F] € \7‘;’] general, the Petri map Ps is injective (cf.
Remark 3.3 and [14, Lemma2.1]). O

Lemma 6.2. In the hypotheses of Theorem 5.4, with 26 —d > 1, the morphism 4 s is generically injective.

Proof. Let [F] € Vg’j be general; then F = 7, for u € Ext*(L, N) and y = (N, L) € U general. Then
Tos([Ful) = {(N', L'\ u') e P(€)°| For = F, } .

Assume by contradiction there exists (N', L', u") # (N, L,u) in wié([?u]). Then N L= N'® L'

(1) If L= L' € Wi, then N = N’ € Pic?™°(C). Thus, u,u’ € P. Let ¢ : F,,—F, be the isomorphism between

the two bundles. Since F, is stable, then u # «’' € P (notation as in (4.6)) and we have the diagram

0> N % F, - L =0
1

0 N & 5, —> L —0.

The maps ¢ o ¢ and t» determine two non-zero sections s; # so € H°(F, ® NV). They are linearly dependent,
otherwise the section I' C F,,, corresponding to F,, —— L, would not be li (cf. (2.6) and Theorem 5.4-(ii)). So
51 = Asy. But then Lemma 4.5 implies v = v/, a contradiction.

(2) f L £ L' € Wi, (in particular, p(L) > 0), sections I" # I, corresponding respectively to ¥, —— L and
Fu —— L', would be such that I ~g;4 IV on F,, contradicting Theorem 5.4-(ii). |
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Example 6.3. One can have loci Vg’j of the same dimension for different values of §. For instance, let j = 2,
g > 18 and d = 2g + 9 in Theorem 5.4. Then g+ 5 < § < g + 6 are admissible values in (5.1) and for both of

them one has 26 —d > 0. Now p(g,7,9+5) =g—16 > g—18 = p(g,8,9 + 6); by (6.5) and Lemma 6.2 one has

g+5,2 _  g+6,2
Vogty = Vagyy =39 — 17.

Remark 6.4. From (3.3), (6.5) and Lemma 6.2, for varieties Vg’j as in Proposition 6.1 (i.e. defined by integers
d, § and j as in Theorems 5.1, 5.4, with 2§ — d > 1) one has

Vi =l =G = 1) =5 -2~ (g - DG + ). (6:6)

(1) For j = 1, I/g - pgl = 4§ —29+2 < 0, since L special, and equality holds if and only if § reaches the
upper-bound in (5. 1)
(2) Otherwise, for j > 2, using the upper-bound in (5.1) and the fact d < 20, from (6.6) one gets
6J—pd <6j—gj—g+ji+1<1—42<0.
Thus, Vg’j can never be dense in a regular component of BC” (d) unless j = 1 and § = 2g — 2.

Corollary 6.5. Let C be of genus g > 5 with general moduli. For any integer d s.t. 3g+1 < d < 4g — 5, the

variety \739_2’1 s dense in a regular, generically smooth component B C Bgl(d). Moreover:

i) [Fu] € V22! general is stable and comes from u € Ext'(we, N) general, with N € Pic?=29+2(C general.
d

In particular, i(F,) = 1.

(#i) The minimal degree quotient of F,, is we, so s(F,) =49 —4—d > 0.

(iii) Dlv1 2972 — (T}, where I is the section of F, = P(F,) corresponding to F, — we (i.e. Fy is rp via we ).

Proof. Tt follows from Theorem 5.4, with 26 —d > 1 and j = 1, from Proposition 6.1 and from Remark 6.4. [

Remark 6.6. Using Theorem 5.1 and Corollary 5.3, one can prove results similar to Proposition 6.1 and
Corollary 6.5 with slightly different numerical bounds. As in Remark 6.4, Vg’j can never be dense in a regular
component of Béj (d), unless § = 2g — 2 and j = 1. The numerical bounds in this case are 3¢ —3 < d <4g—6
with g > 3, hence the cases not already covered by Corollary 6.5 are 3g — 3 < d < min{3g, 4g — 6}.

Corollary 6.7. Let C be of genus g > 6 with general moduli. For any integer d s.t. 3g —3 < d < 3g, the
variety 'V, 29-21 45 dense in a reqular, generically smooth component B C B(If}(d). Moreover:

(i) [Fu] € \73972’1 general is stable and comes from u € Ext'(wo, N) general, with N € Pic?™29%2(C)) general
(so non-special). In particular, i(F,) = 1.

(#i) The minimal degree quotient of F,, is we, thus s(Fy) =49 —4—d > g —

(iii) D1V1 2972 — (T}, where T the section of F, = P(F,) corresponding to F, — we (i.e. Fo is mp via we).
Proof. We need to prove that 74242 is generically injective. The proof of Lemma 6.2 shows that, for [F,] €
V29721 general, one has dlm(wdégiz([l}"u])) dlm(DlV};Qg ?). By construction of V2/~*! and by (2.3), Nr/p, =

K¢ — N. Since N is general of degree d — 2g + 2, one has h(NN) = 0. From Remark 2.3 we conclude. To prove
the injectivity of Py, one can argue as in [14, Lemma2.1] (we leave the easy details to the reader). O

6.1.2. Case d = 20. Fom what proved in Theorem 5.4, for any integers j > 1, g and § as in (5.1) and in Remark
5.5, we have ‘
V3I C B (26) N UE (26).

7726 )

Lemma 6.8. The morphism P(€5)° =% Uc(d) contracts the y-fibres, with v as in (6.2). Thus, l/g;;j < g+p(L).

Proof. For any y = (N,L) € U, v Y(y) = P as in (4.6). For any u € P, one has gr(F,) = L & N, where
gr(%F,) is the graded object associated to F, (cf. [44, Thm. 4]). Therefore, all elements in a 7y-fibre determine
S-equivalent bundles (cf. e.g. [30, 46]). This implies that 74 s contracts any ~-fibre. O

Corollary 6.9. Let C be of genus g > 5 with general moduli. One has
Be! (49— 4) = Vig i
Thus:
(i) Bé} (49 — 4) is irreducible, of dimension g < p’Z;_4 = 29 — 2. In particular, it is birational to Pic*9~*(C),
with B (4g — 4) = {|we ® wel};
(i) | u] € BE (49 — 4) general comes from u € Ext'(we, N) general, with N € Pic*9=2(C) general. Hence,
i(Fy) =1.
(iti) The minimal degree quotient of F,, is we, thus s(F,) =0 and F,, is strictly semistable.
(iv) Div}p’fg_2 = {T'}, where T the section of F,, = P(Fy,) corresponding to F,, = we (i.e. Fy is rp via we ).
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Proof. From Theorem 5.4, the only case for d =49 —4is j = 1 and § = 2¢g — 2. Since d = 26, from (6.2) we
have U 2 Pic?2(C) \ {wc} and € is a vector bundle of rank g — 1 on U. From Lemma 6.8, the moduli map
Ta,29—2 factors through a map from U to B(Ii} (49 — 4), which is injective by Chern class reasons.

Next we prove that By (4g — 4) is irreducible. Consider [F] general in a component of By (4g — 4); it can
be presented via an exact sequence as in (2.2), with L special and effective (¢f. Lemma 4.1). Since s(F) = 0,
then deg(L) = 2g — 2, i.e. L = we. Thus, we are in the image of U to Bél (49 — 4).

The remaining assertions are easy to check and can be left to the reader. |

Corollary 6.9 has been proved already in [8, Theorems 7.2, 7.3 and Remark 7.4], via different techniques.
Our proof is completely independent.

6.2. Special N. Under the numerical assumptions of Theorem 5.10, any N € Pic?~%(C) is special (cf. Remark
5.11-(2)) and, for u € Ext!(L, N) general, 9, is surjective (cf. Remark 5.11-(3)). Hence i(F,) = h*(L) = j. We
have:

Proposition 6.10. Assumptions as in Theorem 5.10. For any integers j, 6 and d therein, there exists an
irreducible component B C ng(d) such that:

(i) VoI C B;

(i) BNUE(d) # 0;

(iii) For [E] € B general, € is stable, with s(€) > g—€ and € as in Theorem 5.10. The minimal degree quotients
of € as well as the minimal degree sections of P(€) are as in (ii1) and (iv) of Theorem 5.10. In particular, L is
of minimal degree if and only if d =20 — g.

(iv) If moreover d > 6+ g—3 (so § = 29— 3), then B is also regular and generically smooth.

Proof. Assertions (i), (ii) and (iii) follow from Theorem 5.10, the map (6.4) and the fact that the Segre invariant
is lower-semicontinuous (cf. e.g. [24, § 3]).

To prove (iv), we argue as in [14, Lemma 2.1]. Take g = L @& N, with N € Pic?°(C) general. Then, N is
non-effective and 1 < h*(IN) < 2. The Petri map Py, decomposes as ig(L) @ p, where (L) is the Petri map
of L asin (1.1) and p is as in (5.7). Since C has general moduli, uo(L) is injective (cf. [1, (1.7), p. 215]). The
injectivity of u is immediate when h'(N) = 1 (cf. the proof of Theorem 5.8). When h'(NN) = 2, the generality
of N implies that |Kc — N| is a base-point-free pencil so the injectivity of u follows from the base-point-free
pencil trick, since h’(N — (K¢ — L)) = 0 (because K¢ — L is effective and N non-effective). By semicontinuity
on the elements of Extl(L, N) and the fact that Vg’j C B, the Petri map Pe is injective. One concludes by
Remark 3.3. O

Remark 6.11. Computing dim(P(&;)) — ij one finds the right-hand-side of (6.6). Since d < 2§ (see (5.9)),
as in Remark 6.4-(2) one sees that dim(P(€;)) — psj < 0, unless j = 1 and § = 2¢g — 2, in which case
dim(P(&;)) — ij = 0. As in Lemma 6.2, we see that mq24—2 is generically injective. Thus, with notation as in

(6.5), one has Vg’j > pflj only if j =1, =29 —2 and N € Pic?°(C) is general, in which case 1/39_2’1 = pzl.
Corollary 6.12. Let C be of genus g > 3 with general moduli. For any integer d such that 29 —2 < d < 39 —4,
one has V3972’1 = pgl =6g — 6 —d. Moreover:

(i) [Fu] € \739_2’1 general is stable and comes from u € Ext'(wo, N) general, with N € Pic*™29%2(C) general
(hence special, non-effective). In particular, i(F,) = 1.

(ii) If 3g — 5 < d < 3g — 4, then \739—2’1 is dense in a reqular, generically smooth component of B(Ji} (d).

(iii) s(Fu) = g — €, with € as in Theorem 5.10. Quotients of minimal degree of F,, (equivalently sections of
minimal degree on F,, = P(F,)) are those described in Theorem 5.10-(111) and (). In particular, they are li
sections.

(iv) The canonical section T' C F, is the only special section; it is lsu and asu but not ai. Moreover, it is of
minimal degree only when d = 3g — 4.

(v) Fy is rsp but not rp via we.

Proof. (i), (ii) and (iii) follow from Theorem 5.10, Proposition 6.10 and Remarks 3.3, 6.11. Sections of minimal
degree are li (see the proof of Proposition 2.12).

As for (iv) and (v), from Serre duality and the fact that F, is of rank-two with det(F,) = we ® N, one has

RY(F, @ NY) = W' (FY @ we ® N) = h'(F,). (6.7)

Since i(F,) = 1, from (2.6) I" is li. Since N is special and non-effective, from (2.3), Div}:’fg*g is smooth, of

dimension 3¢ —3 —d > 1 at I'. Thus, I" is not ai but, since ngilz(C’) = {wc}, it is asu (see the proof of

Proposition 2.12 and Remark 6.11). For the same reason, from Theorem 5.10-(iv), the only possibility for we
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to be a minimal quotient is d = 3g — 4. Finally, the fact that I' C F, is the only special section follows from
Remark 6.11. g

Recall that, when N € Picd_é(C) is special and L € W(?_ngj(C) is a smooth point, assumptions as in
Theorem 5.8 imply that 9, is surjective for u € Ext'(L, N) general (cf. Corollary 5.9), and so i(F,) = j.

Therefore, to have i(F,) > j, we are forced to use degeneracy loci described in (5.4). To do this let y = (N, L)
be general in U, respectively in Z, when N is non-effective, respectively when it is effective (recall notation as
in (6.2)). Set P(y) := v (y) = P. Take numerical assumptions as in Remark 5.15, respectively in Remark
5.16, according to N is respectively non-effective or effective. .

With notation as in (5.11), for any good component A(y) € W, (y) C P(y) we have

D # Wi C B(&s),
where a point in \/A\?tTOt corresponds to the datum of a pair (y,u), with y = (N,L) and u € Wt(y) Any

irreducible component of W?Ot has dimension at least dim(P(€&s)) — ¢(¢,7,t) (where c¢(¢,r,t) as in (5.5) and

where dim(P(€&;)) as in (6.3)). From the generality of y, for any good component A;(y), we have an irreducible
component

APt C WPt C P(&5)
such that
(i) ATt ‘dominates U (resp., Z);
(ii) dim(AFeY) :Adim(P(Qf(;)) —c(l,r,t);
(iii) for (y,u) € Af° general, cork(d,) = t;
(iv) if A := |5mor, for y general one has A7 (y) = A¢(y).

Definition 6.13. Any component Krtr"t satisfying (i)-(iv) above will be called a (total) good component of WtTOt.
We set ' 4 4
V‘;’J’t :=Im (ﬂ'dﬁh?m) C Bg“(d) and l/g’]’t = dim(Vi’j’t). (6.8)
Two cases have to be discussed, according to the effectivity of V.

6.2.1. N non-effective. With assumptions as in Remark 5.15, N can be taken general in Picd_‘s(C); the
general bundle in VZ’J " is stable (by Theorem 5.13 and by the open nature of stability). For brevity sake, set

0(6,5 ) = dim(RF*") — pit = d(j — 1) = 3 = 2) = (9 — ) +1) +jt, (6.9)
which therefore takes into account the expected dimension of the general fibre of g s Aot and the codimension
of its image in a regular component of Bé”t(d)).

One has ¢o(9,7,t) > Vg’j’t - psj“ with equality if and only if 7Td,5|KtT°t is generically finite. Thus, from

Remark 3.3, it is clear that Vi’j’t cannot fill up a dense subset of a component of Bg“ (d) if o(9, j,t) < 0; in
other words, the negativity of ¢o(d, j,t) gives numerical obstruction to describe the general point of a (regular)
component of Bé”” (d).

e For j =1, one has

wo(0,1,t) =86 — 29 +2+t. (6.10)
e When j > 2, from Remark 5.15 and arguing as in Remark 6.4, one gets
@o(d,4,) < j(t — 7). (6.11)

Thus, Vfi’j’t never fills up a dense subset of a component of Bg’“(d) assoon as j >t > 1.

6.2.2. N effective. With assumptions as in Remark 5.16, N is general in W),(). From the second equality in
(6.3), for any n > 1, one puts
) . To kit .

©n(0,4,t) == dim(AL") — pi’ ™" = ©o(6, 4, t) — n(r —t), (6.12)
where (9, j,t) as in (6.9) above.
Remark 6.14. For a total good component AT and for (L, N,u) € AT' general, one has n(r — t) =
h°(N) rk(d,). Hence, n(r — t) is non-negative and it is zero if and only if r = ¢, i.e. 9, is the zero map.
Therefore, ¢, (0,7,t) < po(d,7,t) and equality holds if and only if » = ¢. The possibility for a Vg’j’t to fill up a
dense subset of a component of Bg”‘ (d) can be discussed as in § 6.2.1.
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s 8, g, t ., - 8,5,t kj
By definition of v;7"", it is clear that v;7" — p,/™" < ¢,,(8, 4, t), for any n > 0. Thus a necessary condition for

yg’j’t > psj“, i.e. for Vg’j’t to have at least the dimension of a regular component of BCJ“ (d), is pn(d,4,t) = 0.
Next proposition easily follows.

Proposition 6.15. Assumptions as in Theorem 5.13 (more precisely, either as in Remark 5.15, when N is
non-effective, or as in Remark 5.16, when N is effective). Then for any integers j, § and d therein, there exists
an irreducible component B C B Ry (d) such that:

(i) V37 C B;

(i) For [E] € B general, s(€) = g — c({,r,t) — e = 0, where c({,r,t) as in (5.5) and € € {0,1} such that
d+g—cll,rt) =€ (mod 2);

(iii) BNUE(d) # 0, if g — c(€,7,t) — e > 0.

Remark 6.16. In order to estimate l/g’j7t, one has to estimate the dimension of the general fibre of the

map g5 restricted to a total good component KtT"t. Thus, if for [F] € Vg’j’t general we put for simplicity

fg = dim (ﬂ'd 5\ATM([&"])), a rough estimate is
[ < ap(9), (6.13)

where F' = P(F) and ap(d) the dimension of the scheme of special unisecants of degree § on F' as in (2.9).

Remark 6.17. Assume j = 1 in Proposition 6.15.

(1) When N € Picd_5(0) is general, assumptions as in Remark 5.15 give § < 2g — 2 and NN non-effective, for
any t > 1. The only case to consider is therefore ¢g(d,1,t). A necessary condition for Vg’l"t to have dimension
at least psj“ is po(d,1,t) = 0,1e. 6 >29—2—t (cf. (6.10)). Thus:

e when § = 29 — 2 — t, then L = we(—Dy), with D, € C®, t < g, imposing independent conditions to
lwe|. Since @o(d,1,t) = 0, for D; € C® general, the estimate (6.13) and a parameter count suggest that for

[F] € V39_2_t’1 " general one has ap(29 —2 —t) = 0, i.e. Fis rsp via wo(—D;), and B = V‘;’l’t is regular.
e to the opposite, when § = 2g — 2, then L = w¢. Let [F] € \739 >1! he general, and let I' © F = P(F) be
the canonical section corresponding to F —— w¢. By definition of \73972’1’t, F =9, forv e Ay C Ext'(N,we)
general in a good component. By (2.6) and (6.7), one has dim(|Or(T)|) = ¢t. Thus, [F] € Vig_g’l’t general is
not rsp via we, since the general fibre of mg 2425 Aot has dimension at least t.

It is therefore natural to expect that the Component B in Proposition 6.15 is such that

_ n2g—21% _ ~2g—31, _ N2g—2—t1t
B =V, =V, =---=V; ,

where [F] € B general is rsp only when [F] is considered as element in V3927517,

(2) One may expect something similar when j = 1 and N effective general in W, (). In this case, ¢, (d,1,t) = 0
gives § > 29 — 2 + rn — t(n + 1) whereas, from the first line of bounds on ¢ in Remark 5.16, we get § <
min{2g — 2,9 — 247 —t + £=}. A necessary condition for Vd’]t > psj“ is therefore

rn—t(n+1) <0, (6.14)

otherwise either L would be non special, contradicting Lemma 4.1, or L & w¢, so F, would be not rsp as in (1)
above. In the next section, we will discuss these questions.

7. LOW SPECIALITY, CANONICAL DETERMINANT

In this section we apply results in §’s 5.1, 5.2 and 6 to describe Brill-Noether loci of vector bundles with
canonical determinant and Brill-Noether loci of vector bundles of fixed degree d and low speciality i < 3 on
a curve C' with general moduli. In particular, the more general analysis discussed in the previous sections
allows us to determine rigidly specially presentation of the general point of irreducible components arising from
constructions in § 6,

From now on, for any integers ¢ > 3,7 > 1 and 29 — 2 < d < 4g — 4, we will set

BYi(d) if either d odd or d =4g — 4

B (d) = { B (d)NUg(d) otherwise (7.1)
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7.1. Vector bundles with canonical determinant. Given an integer d and any £ € Picd(C), there exists
the moduli space of (semi)stable, rank-two vector bundles with fized determinant €. Following [32, 33], we denote
it by Mo (2,€) (sometimes a different notation is used, see e.g. [44, 6, 7, 54, 39, 55, 5, 26]).

The scheme M (2,£) is defined as the fibre over ¢ € Pic?(C) of the determinantal map

Uc(d) 2% Pict(C). (7.2)

For any & € Picd(C)7 Me(2,€) is smooth, irreducible, of dimension 3g — 3 (cf. [35, 44]).

Brill-Noether loci can be considered in M (2,€). Recent results for arbitrary £ are given in [39, 40, 25]. A
case which has been particularly studied (for its connections with Fano varieties) is Mx(2,w¢). Seminal papers
on the subject are [7, 32]; other important results are contained in [54, 55, 23, 26]. If [F] € M¢(2,we), Serre
duality gives

i(F) = ki(F) = k. (7.3)
For [F] € M¢c(2,we) C Uc(2g — 2), the Petri map P in (3.4) splits as Py = Ay ® ug, where

Ag /Q\Ho(g) — H%we) and  pg : Sym?(HO(F)) — HO(Sym?(F));
the latter is called the symmetric Petri map.
For [F] € Mc(2,wc) general, one has k = 0 (cf. [33, §4], after formula (4.3)). For any k > 1, one sets
ME2,we) = {[F] € Mc(2,wc) | KO(F) = h1(T) > k}
which is called the k*"-Brill-Noether locus in Mc(2,wc). In analogy with (7.1), we set

ME(2,we) = ME(2,wc) NUE(2g — 2).
By [33, Prop. 1.4], [7, §2] and (7.3), one has

— k(k +1)

expeodim s o o) (ME(2,we)) = 5 <k = i(F)ki(F).

Similarly to BEi (d), if [F] € ME(2,we), then ME(2,we) is smooth and regular (i.e. of the expected dimension)
at [F] if and only if ug is injective (see [7, 32, 33]).

Several basic questions on M’C?(Q,wc), like non-emptiness, irreducibility, etc., are still open. A description
of these bundles in terms of extensions (as we do here) is available only for some k& on C' general of genus
g < 12 (cf. [33, §4], [7]). Further existence results are contained in [52, 26]. On the other hand, if one assumes
[F] € ME(2,wc), injectivity of ug on C general of genus g > 1 has been proved in [54] (cf. [5] for k& < 6 with a
different approach).

7.2. Case ¢ = 1. In this case psl = 6g — 6 — d. Using notation and results as in §6, we get:

Theorem 7.1. Let C be of genus g > 5, with general moduli. For any integer d s.t. 2g — 2 < d < 49 — 4,
ki 29—2.1
B (d) =V,
as z@vCorollam’es 6.5, 6.7, 6.9 and 6.12. In particular, -
(i) B (d) is non-empty, irreducible. For 2g —2 < d < 4g — 5 it is reqular, whereas dim(Bg} (4g — 4)) = g <
Py 4 =29 —2.
(ii) For 3g —5 < d < 4g —4, B(’i}(d) is generically smooth.
(1) [F] € Bgl (d) general is stable for 29 —2 < d < 4g — 5, and strictly semistable for d = 4g — 4, fitting in a
(unique) sequence
0=>N—->F > we—0,
where N € Pic?"272(C) is general, the coboundary map is surjective and i(F) = 1.
(iv) For 3g—4 < d < 4g—4 and [F] € BE!(d) general, one has s(F) = 49— 4 —d, the quotient of minimal degree
being we. The section T' C F = P(F) corresponding to F — we is the only special section of F. Moreover:
o ford>3g—3,T is ai,
o ford=3g—4, T islsu and asu but not ai.
(v) For2g—2 < d<3g—>5 and [F] € BE (d) general, one has s(F) = g — ¢, with e € {0,1} such that d+g =€
(mod 2). The section I' C F is the only special section; it is asu but not ai. Moreover, T is not of minimal
degree; indeed:

dtg
e when d+ g is even, minimal degree sections of F' are li sections of degree d% s.t. dim(Div;’ 2 ) =1;
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d+g—1
2

d+g—1
2

N
=

e when d+ g is odd, minimal degree sections are li of degree and dim(DiV;’

(vi) In particular, for 29 —2 < d < 4g — 4, [F] € BE(d) general is p via we .

Proof. All the assertions, except the irreducibility, follow from Corollaries 6.5, 6.7, 6.9 and 6.12. For d = 49 — 4
irreducibility has been proved in Corollary 6.9. Thus, we focus on cases 29 — 2 < d < 49 — 5.

Let us consider an irreducible component B C BE!'(d). From Lemma 4.1, [F] € B general is as in (2.2), with
h'(L) = j > 1 and L of minimal degree among special, effective quotient line bundles. Moreover dim(B) > psl
(cf. Remark 3.3). Two cases have to be considered.

(1) If i(F) = 1, then j = 1 (notation as in (4.4), (4.5)) and 9 : H°(L) — H'(N) is surjective. In particular
£ = r. If r =0 then we are in cases of Corollaries 6.5, 6.7, and B = \739_2’1. If » > 0, as in Remark 6.11 one
has

0 < dim(P(&;)) — dim(B) < 6 — 29 + 2
(cf. (6.6)). Hence § = 2g — 2 and B = V29~>" as in Corollary 6.12.
(2) Assume i(F) =i > 1. Asin Remarks 6.4, 6.6, 6.11 one has L = we. Thusi > 1 forces r > cork(9) =i—1 > 0.
Recalling (4.2) and (4.6), one has dim(P) = 59 — 6 — d. Therefore, B must be regular and F corresponds to

the general point of Ext'(we, N), with N € Pic? 2972((C) general, so non-effective. In particular, one has
2g—2<d<3g—4and r=3g—3—d. On the other hand, since

=g, 1<r<g—1,29g—1<m=59g—-5—-d<39g—3
we are in the hypotheses of Corollary 5.9, hence cork(d) = 0, a contradiction. O

Remark 7.2. (1) Theorem 7.1 gives alternative proofs of results in [45, 27, 8] for the rank-two case. It provides

in addition a description of the general point of Bél (d) = BL(4g—4—d), for any 2g—2 < d < 4g—4. The same
description is given in [3], with a different approach, i.e. using general negative elementary transformations as
in [27]. In terms of scrolls of speciality 1, partial classification are given also in [18, Theorem 3.9].

(2) As a consequence of Theorem 7.1, one observes that the Segre invariant s does not stay constant on a

component of the Brill-Noether locus. For example, the general element of Bél (49 — 7) has s = 3 and i = 1;

on the other hand, in Theorem 5.4, we constructed vector bundles in Vig:?l C Bél (49 — 7) with s = ¢ = 1.
The minimal special quotient of the latter vector bundles is the canonical bundle minus a point, whereas for

the general vector bundle in Bél (49 — 7) is the canonical bundle.

(3) From the proof of Theorem 7.1, for d < 4g — 3, the map mq 242 is birational onto Bé}(d) = Bé}(d), ie.
Bgl (d) is uniruled.

Theorem 7.3. Let C be of genus g > 5, with general moduli. Then ]\’4\3(2,0«;) # (). Moreover, there exists an
irreducible component which is
(i) generically smooth
(i) regular (i.e. of dimension 3g —4), and
(i) its general point [F,] comes from u € P(Ext'(we, O¢)) general. In particular, s(F,) = g — €, where
e € {0,1} such that g = € (mod 2).
Proof. Take u € P(Ext!(we, O¢)) general. With notation as in (4.4), (4.5) one has
{=r=g,andm=39g—3>/¢+1.
Thus, from Corollary 5.9 and from (7.3), h%(F,) = h*(F,) = 1. From (4.2), dim(P(Ext' (we, O¢)) = 3g — 4.
Thus, F, stable with s(F,) = g— e follows from Proposition 4.4, with o = g—e. This shows that ML(2,wc) # 0.
Since \> HY(F,,) = (0), pg, is injective if and only if Py, is. On the other hand, one has H°(F,) ® H(wc
F)) = C. Therefore, one needs to show that Py, is not the zero-map. This follows by limit of Py, when u
tends to 0, so that Fy = Oc @ we: then the limit of Py, is the map H°(O¢) ® H°(O¢) — H°(O¢).
To get (i)-(iii) at once, one observes that mag 224 2|pExt! (we,00)) 15 generically injective, since the exact
sequence

(we,

0—-0c—F, >wec—0
is unique: indeed, the surjection F, — wc is unique and h%(F,) = 1 (cf. (2.6) and computations as in (6.7)),
moreover, by Lemma 4.5, two general vector bundles in P(Ext!(we, O¢)) cannot be isomorphic. O
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Remark 7.4. (1) For a similar description, cf. [7]. Generic smoothness for components of ]\//.}E.(Z, wc) follows
also from results in [54, 5].

(2) From Theorem 7.1, [F] € BE' (29 — 2) general fits in a sequence 0 — 1 — F — we — 0, with 7 € Pic(0)

) is dominant. Since Pic*®~%(C) and Bf' (2g — 2) are irreducible and

general. Hence the map d := det] B (292
generically smooth, then d~*(n) = ML(2,wc®n) is equidimensional and each component is generically smooth.

Theorem 7.3 yields that in this situation each component of @(2, we ® 1) has dimension 3g — 4 (equal to the
expected dimension). This agrees with [39, Theorem 1.1].

7.3. Case ¢ = 2. In this case, p’f =8¢ — 11 —2d.

Theorem 7.5. Let C' be of genus g > 3, with general moduli. For any integer d s.t. 29 —2 < d < 3g — 6, one
has /B%?(d) #0.

(i) \75973’1’1 is the unique component of B? (d), whose general point corresponds to a vector bundle F with
i(F) = 2. Moreover, V?lg_?”l’l = Vzg—z,m and it is a reqular component ofglg}(d).

(ii) For [F] € V?lg*&l’l general, one has s(F) 23¢9 —4—d—e€>0 and F fits in an exact sequence

0—>N—->3F—>wc(—p) —0,

with

e p e C general,

o N € Pic?29"3(C) general, and

e F =39, and v is general in the good locus W1 C Ext!(wa(—p), N).
(iii) A section T C F, corresponding to a quotient F —— we(—p), is not of minimal degree. However, it is of
minimal degree among special sections and it is asi but not ai (i.e. F is rsp but not rp via we(—p)).
(iv) For g 213 and 29+ 6 < d < 3g—7, \73973’1’1 is generically smooth.

Proof. Once part (i) has been proved, parts (ii)—(iii) follow from Theorem 5.13 and Proposition 6.15, with
0=2g—3,j=t=1, whereas part (iv) follows from Proposition 6.1-(ii), with j = 2.
The proof of part (i) consists of four steps.

Step 1. In this step, we show that if B is an irreducible component of Blé? (d) such that, for [F] € B general,
i(F) = 2, then B comes from a total good component W}bt C IP(&;), for some ¢ (cf. Thm. 5.8 and Def. 5.12).
Indeed, let (2.2) be a special presentation of F with L a quotient of minimal degree. Then, from Remarks 6.4,
6.6, 6.11, one has h!(L) = j = 1 as B is a component. Hence, with notation as in (4.4), (4.5) and (5.4), one must
havet =1and ¢ > r—1. Moreover, d < 3g—6,§ > g—1 and j = 1 imply that m = 20—d+g—1 > 6—g+3 = {+1
(recall notation as in (4.2)). Therefore, we can apply Theorem 5.8, finishing the proof of this step.
Step 2. In this step we determine which of the constructed loci either Vg’j, as in (6.5), or Vg’j’t, as in (6.8), has
general point [F] such that i(F) = 2 and dimension at least pgz = 8g — 11 — 2d (hence, it can be conjecturally
dense in a component of Bé? (d)). We will prove that this only happens for 29 —3 < d <29 —2and j =t =1.
Moreover, we will show that the presentation of F is specially rigid only if 6 = 2g — 3.

Let V be any such locus, and let F be its general point which is presented as in (2.2) with special quotient L.
As in Step 1, one finds j = 1 hence N has to be special and ¢ = 1, so V has to be necessarily of the form Vg’l’l
(i.e. loci of the form Vg’j are excluded). We have two cases to consider: (a) N non-effective, (b) N effective.
Case (a). Asin Remark 6.17-(1), recall that a necessary condition for dim(\?éd’l’l) = 1/3’1’1 > ph2 s g(6,1,1) >
0,ie 29g—3<9d<29—2.

In case § = 2g — 2, [F] € V2?7>"" general is not rsp via we (it follows from the fact that i = 2 and
computation as in (6.7)).

In case 6 = 2g — 3, the hypotheses 2g — 2 < d < 3g — 6 ensure stability for F (cf. Theorems 5.8, 5.13 and
Proposition 6.15). By definition, \7(21973’1’1 = Im(wd’2973|W1TDt), where VAV;FOt C P(€94_3) is the good locus for
t = 1. To accomplish the proof, we need to show that the fibre of 7Td72g_3|w1rot over [F] € \73973’1’1 general is

finite. As in (6.13) in Remark 6.16, it suffices to prove the following:
Claim 7.6. ap(2g —3) = 0.

Proof of the Claim. Assume by contradiction this is not zero. Since F is stable, hence unsplit, from ¢g(2g —
3,1,1) = 0 and Remark 4.2, ap(2g — 3) must be 1 (cf. Proposition 2.12).
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Let § be the corresponding one-dimensional family of sections of F = P(F), which has positive self-
intersection, since F is stable. From Proposition 2.12 and Step 1, the system § cannot be contained in a
linear system, otherwise we would have sections of degree lower than 2g — 3.

Thus, from the proof of Proposition 2.12, there is an open, dense subset C° C C such that, for any ¢ € C©,
one has F = F, with v = v, € Ext'(wc(—q), Ny)), where {N,},cco is a 1-dimensional family of non-isomorphic
line bundles of degree d —2g+ 3, whose general member is general in Picd—29+3 (C) . Let 'y C F, be the section
corresponding to F, = wc(—¢q); so the one-dimensional family is § = {I'q},ec0.

We set fq =Ty + fy, for ¢ € C°. From (2.1), fq corresponds to F, = we(—q) @ 04, whose kernel we denote

by N;. Then § = {[';},cco is a one-dimensional family of unisecants of F, of degree 2g — 2 and speciality 1
(cf. (2.8)). For h,q € C°, we have

c1(Ny) = det(F,) @ wd = e (Ny).

Therefore, from (2.6), 3 is contained in a linear system |Op, (I')|. By Bertini’s theorem, the general member of
|OF, (T')] is a section of degree 2g — 2. In particular, dim(|Of, (I')]) > 2.

If Ly is the corresponding quotient line bundle, since I' ~ fq, then ¢ (Lr) = we, i.e. T is a canonical section.
This is a contradiction: indeed, if M, is the kernel of the surjection F, — w¢, we have (cf. (6.7))

2 < dim(|0p, (T))) =A°(Fo@ My,) —1=1i(F,) —1=1.
0

Case (b). As in Remark 6.17-(2), a necessary condition for 1/3’1’1 > p’:f is (6.14), i.e. nr —n —1 < 0. Since

n,r > 1, the only possibility is » = ¢t = 1. Taking into account (6.10), (6.12) and Proposition 6.15, one has
on(6,1,1) = ¢o(5,1,1) = 6 — 29+ 3 > 0. In any case we would have d > 3g — 5, which is out of our range.
Thus, case (b) cannot occur.

11

Step 3. In this step we prove that \73973 is actually a component of Bé? (d).

Let B C B(kf (d) be a component containing v29—3,1,1 and let [F] € B general. By semicontinuity, F has
speciality ¢ = 2. It has also a special presentation as in (2.2), with 29 — 3 < deg(L) = 0 < 2g — 2. Since C has
general moduli, then h!(L) = j = 1 so the corank of the coboundary map is t = 1. If § = 2g — 3, from Step 2
we are done.

Assume therefore § = 29—2, so L = we. Notice that:(i) » = h'(N) < g; (i) m = dim(Ext'(N,we)) > g+1.
Indeed, (i) is trivial if N is effective. On the other hand, if h%(N) = 0, then h'(N) = 3g — 3 — d < g since
d > 2g—2. As for (ii), m = 5g — 5 — d (cf. (4.2)), hence (ii) follows since d < 3g — 6. So we are in position
to apply Theorem 5.8 and Corollary 5.9, which yield that \/AV?‘“ C P(&y4_2) is irreducible and good. Hence
dim(WfOt) < 8¢9 — 10 — 2d (equality holds when N is general, i.e. non effective).

On the other hand, B is the image of VAVrlfOt via 74 2¢—2 (cf. Step 1) and the general fibre of this map has
dimension at least 1 because h!(F) =2 (cf. (2.6) and computation as in (6.7)). Thus

89 — 11 — 2d > dim(B) > dim(V5?~>"!) =8¢ — 11 — 2d = pk2.

This proves that B = Vig “3Lliga regular component.

The previous argument also shows that Vig AL Vzg ~2L1 (¢f. Remark 6.17) and that the dimension of

the general fibre of 7424 2|35rec ONtO \73972’1’1 has exactly dimension 1 (actually, it is a P!, cf. Lemma 2.11).
1

Step 4. Assume we have a component B C B(’f? (d), whose general point corresponds to a vector bundle F with
i(F) = 2. From Step 1, [F] € B general can be specially presented as in (2.2), with h'(L) = j = 1, so N is
special. The same discussion as in Steps 2 and 3 shows that B = \73973’1’1. |
Remark 7.7. (i) For [F] € V29"*"" general, one has £ =g — 1,7 =39 —4 —d and m = 59 — 7 — d (cf. (4.2),

(4.4)). So £ = r + 1 (because d > 2g — 2), moreover m > £ + g (because d < 3g — 6). Note that the inequality
m > [+ 1 is necessary to ensure () Z WT°' C P(€5,_2) (see the proof of Theorem 5.8).

(ii) Step 4 of Theorem 7.5 shows that, if B is a component of Bgz (d), different from \739_3’1’1, then B is a
component of Bé (d), for some i > 3, and as such it is not regular. Otherwise, we would have
8g—11—-2d < dim(B) =49 -3 —i(d—2g9+2+1i) < 10— 3d — 16,

i.e d < 29 — 7 which is out of our range for d.
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Remark 7.8. (1) Take fp as in the proof of Claim 7.6. Then, Ny . -is non special on the (reducible) unisecant

fp. Indeed, wy ® N%/ /7 Ir =2 Or(KF) whereas w © N% /F |5, = Op1(—2). Thus fp € Div}fgﬂ is a smooth

point. Moreover, hO(Nl: JF )=39g—2—d > 2for d < 3g —4. From the generality of v in the good locus

Wi, (2.6) and from computation as in (6.7), one has that fp C F, is a (reducible) unisecant, moving in a

complete linear pencil of special unisecants whose general member is a canonical section, and fp is algebraically
equivalent on F), to non-special sections of degree 2g — 2.

As soon as d < 3g — 6, there are in Div};fg ~2 unisecants containing two general fibres (cf. Proposition 2.12)
hence the ruled surface F), has (non special) sections of degree smaller than 2g — 3.
(2) Take N € Pick(C) general with 0 < k < g — 2. Since N is special, non-effective, from Corollary 5.9 and
Remark 5.15, v € A; C Ext'(we, N) general determines F := F, stable, with i(F) = 2. If T' denotes the
canonical section corresponding to ¥ — w¢, from (2.6) one has dim(|Op(T')|) = 1 and all unisecants in this
linear pencil are special (cf. Lemma 2.11). Since F is indecomposable, |Op(T")| has base-points (cf. the proof
of Proposition 2.12, from which we keep the notation). Thus, F is rsp via we(—p), for p = p(q) and g € F a
base point of the pencil (recall Remark 6.17).

Remark 7.9. In [50, 51] the locus Eé(b) is studied, for ¢ > 2 and 3 < b < 2g — 1. It is proved there

with different arguments that, when C has general moduli, then é\g(b) is not empty, irreducible, regular (with

pi = 2b — 3), generically smooth and [€] € Bf\g(b) general is stable, with h°(&) = 2, fitting in a sequence
0—-0c—&—=L—0. (7.4)

Considering the natural isomorphism Eg(b) = BgQ (49 — 4 —b), when d := 49 — 4 — b is as in Theorem 7.5
we recover Teixidor’s results (without irreducibility) via a different approach. Thus, Teixidor’s results and our

analysis imply that, for any 29 —2 < d < 49 — 7, B(k? (d) = Vig_s’l’l. Theorem 7.5 provides in addition the

rigidly special presentation of the general element of Béz (d).
Theorem 7.10. Let C be of genus g > 3, with general moduli. Then, Z\’ig(Z,wc) # () and irreducible. Moreover,
it is reqular (i.e. of dimension 3g — 6), and its general point [F,] fits into an exact sequence
0— O0¢c(p) = Fp = we(—p) = 0,
where

e pc C is general, and
e v €Al =W, C Ext!(we(—p),Oc(p)) is general.

Proof. Irreducibility follows from [40, Thm. 1.3]. With notation as in (4.4), (4.5), one has
l=r=g—1,m=h02p—Kc)=3g—-5>¢g=1{+1;

from Corollary 5.9, Wy is good and v € W; general is such that cork(9,) = 1. In particular, dim(W;) = 3g — 6.
Stability of F,, with 1 < s(F,) = 0 < g, follows from Proposition 4.4. Finally one uses the same approach
as in Claim 7.6 to deduce that 7T2972’2973|W1Fot is generically finite (cf. (6.4)), since F, is rsp via we(—p). O

Generic smoothness of the components of ]\A/[g(?,wc) follows from results in [54, 5]. Theorem 7.10 can be
interpreted in the setting of [7] as saying that, for a curve C' of general moduli of genus g > 3, P(Ext'(we, O¢))
is not contained in the divisor Dy considered in that paper.

7.4. Case i = 3. One has plf = 10g — 18 — 3d. We have the following:
Theorem 7.11. Let C be of genus g > 8, with general moduli. For any integer d s.t. 29 —2 < d < gg — 6,
one has BE (d) # 0. Moreover:

(i) \73974’1’2 is the unique component of Bé?(d) of types either (6.5) or (6.8), whose general point corresponds
12 _ \29-3.1.2 _ y29-2,12
= Vq =Va :

to a vector bundle F with i(F) = 3. Furthermore, it is reqular and V39_4’

(ii) For [F] € \73974’1’2 general, one has s(F) =59 — 10 —2d — € > 2 — € and F fits into an exact sequence
0> N—=>F—wc(—Dy) =0,

where

e Dy € C? s general,
o N € Pic?=2974() is general (special, non-effective),
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o F =19, with v general in a good component Ay C Ext' (N, we(—Ds)) (cf. Definition 5.12).
(iii) Any section T C F = P(F), corresponding to a quotient F —— we(—Ds), is not of minimal degree.
However, it is minimal amonyg special sections of F'; moreover, T is asi but not ai (i.e., F is rsp via we(—D3) ).

Proof. Asin Theorem 7.5, once (i) has been proved, parts (ii)-(iii) follow from results proved in previous sections.
Precisely, by definition of V39_4’1’2 one has L = we(—Dy), with Dy € C®, t = 2 and N € Pic?" 297 (C) of
speciality r > 2. From regularity of the component, Proposition 6.15 and (6.9), (6.10), (6.12) give

0 =wg7 % — phs <dim(A3*) — pf? = 00 (20— 4,1,2) = o(29 — 4,1,2) — n(r — 2) = —n(r — 2).

Thus, n(r —2) = 0. This implies that the general fibre of 7Td729—4|K§°t is finite, i.e. [F,] € Vig_‘l’m general is
rsp via we(—Ds) (correspondingly I' C F, = P(&F,) is asi as in (iii)).

Since n(r — 2) = 0, then either n = 0 or r = 2. The latter case cannot occur otherwise we would have
n=d—39+7<—%+41<0, by the assumptions on d.

Thus n = 0 and r = 3g—5—d. Moreover, from (4.2), (5.5), one has m = 5g—10—d and ¢(¢, r, 2) = 2d+10—4g,
so a good component Ay C P(Ext! (we(—Ds), N)) has dimension 9g — 20 — 3d. If we add up to this quantity g,
for the parameters of N, we get 10g — 20 — 3d. Thus, regularity forces Dy to be general in C'(2).

Now, Nr/p, & K¢ — Dy — N (cf. (2.3)) so h*(Np/p,) = h' /(N + D3) for 0 < i < 1. By the assumptions on
d, deg(N + D3) = d — 29+ 6 < £, thus generality of N implies that N + D5 is also general, so h°(N + D) = 0
and h'(N 4+ D3) =39 —7—d > $ — 1. This implies that I is not ai and not of minimal degree among quotient
line bundles of F.

Numerical conditions of Theorem 5.13 (see also Remark 5.15) are satisfied for j =1, ¢t =2 and § = 29 — 4,
under the assumptions d < gg — 6.

Finally, the fact that I" is of minimal degree among special, quotient line bundles of F follows from the proof
of part (i) below, which consists of the following steps.

Step 1. In this step we determine which of the loci of the form Vg’j, as in (6.5), or Vg’j’t, as in (6.8):
(a) has the general point [F] with i(F) = 3,
(b) is the image, via 745, of a parameter space in P(€s) of dimension at least ps?’ = 10g — 18 — 3d.

Let V be such locus and use notation as in (4.4), (4.5). From Remarks 6.4, 6.6, 6.11, conditions (a) and (b)
are both satisfied only if the presentation of [F] € V general as in (2.2) with L special and effective, is such that
N e Pic?™%(C) is special and the coboundary map 8 : HO(L) — H*(N) is not surjective. Possibilities are:

(1) 5 =1 and t = cork(d) = 2;
(i) j=2and t = 1.

In any event, one has ¢ > r (in particular, we will be in position to apply Theorems 5.8, 5.17; cf. e.g the
proof of Claim 7.13 below). Indeed:

e in case (i), the only possibilities for £ < 7 are 7 —2 < £ < r — 1. Then, dim(P(Ext'(L,N)) =25 —d +g — 2,
p(L) =g— (0 —g+2), p(N) = g — rn, so the number of parameters is § +4(g — 1) —d —rn < pZ‘”’ since
d < g g — 6.

e in case (i%), the only possibility for ¢ < r is £ = r —1. The same argument as above applies, the only difference
is that p(L) =g —2(6 — g+ 3).

Since ¢ > r, we see that case (i7) cannot occur by (6.11) and (6.12). Thus, we focus on \72’1’2, investigating
for which ¢ it satisfies (b). We will prove that this only happens for 29 —4 < § < 2¢g — 2.

We have two cases: (1) N effective, (2) N non-effective. We will show that only case (2) occurs.

Case (1). When N is effective, from Remark 6.17, a necessary condition for (b) to hold is (6.14), which reads
(r —2)n —2 < 0. This gives 2 < r < 3, since r > t = 2. We can apply Theorem 5.13 (more precisely, Remark
5.16): the first line of bounds on ¢ in Remark 5.16 gives § < 392_5 + r — 4. In particular, one must have
§< 31

On the other hand, another necessary condition for (b) to hold is ¢,(d,1,2)
From Remark 6.14, ¢,,(6,1,2) < 0(9,1,2) =6 — 29 + 4 (cf. (6.10)) and ¢o(d, 1,2)
contradicts § < 392_6 — 1, since g > 8.

Case (2). When N is non-effective, we apply Theorem 5.13 (more precisely, Remark 5.15), with j = 1 and
t = 2. By the same argument as in case (1), we see that 2g —4 < 0 < 2g — 2.

Step 2. In this step we prove that the loci \73’1’2, with 2g — 4 < § < 2g — 2, are not empty. Precisely, we will

0 (cf. Proposition 6.15).

P
> 0 gives 0 > 2g — 4 which

exhibit components Vg’l’Q which are the image, via mq 5, of a total good component K%m C P(&;5), of dimension
pk* £ § — 29 + 4 (cf. Definition 6.13 and (6.8)).

We will treat only the case § = 2g — 4, i.e. L =wc(—Ds), with Dy € C® since the cases L = we, we(=p)
can be dealt with similar arguments and can be left to the reader.
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Claim 7.12. Let N € Pic?"29™(C) be general. For Vi € G(2, H*(Kc — N)) general, the map uy, as in (5.8)
1s injective.

Proof of Claim 7.12. The general Vo € G(2, H'(Kc — N)) determines a base point free linear pencil on C.
Indeed, h°(Kc — N) = 3g —5—d > 5. Take 01,00 € H°(Kc — N) general sections. If p € C is such that
oi(p) = 0, for i = 1,2, by the generality of the sections we would have p € Bs(|Kc — N|) so h°(N +p) = 1.
This is a contradiction because N is general and deg(N) < g — 1. The injectivity of puy, follows from the
base-point-free pencil trick: indeed, Ker(uy,) = H°(N(—D3)) which is zero since N is non-effective. O

Claim 7.13. Let N € Picd_2g+4(0) and Dy € C® be general. Then, there exists a unique good component
Ay C Ext!(wo(=Dy), N) whose general point v is such that Coker(d,)Y is general in G(2, H*(Ko — N)) (cf.
Remark 5.7).

Proof of Claim 7.13. With notation as in (4.2), (4.4), we have { = g—2, m=5g—9—dand r =3g — 5 —d.
Then assumptions on d and g imply

m>220+1 and £>2r>t=2 (7.5)

(cf. Step 1 for £ > r). From (7.5) and Claim 7.12, we are in position to apply Theorem 5.17, with = 0 and
¥, =G(2,H°(Kc — N)).

This yields the existence of a good component Ay € Wy C Ext!(we(—D )7 N). Actually, Ay is the only good
component whose general point v gives Coker(d,)" = V5 general in G(2, H°(K, c N)).

Indeed any component of Wo, whose general point v is such dlm(Coker( 0y)) = 2, is obtained in the following
way (cf. the proofs of Theorems 5.8, 5.17):
e take any ¥ C G(2, H'(K¢ — N)) irreducible, of codimension 1 > 0;
e for V3 general in ¥, consider H®(we(—D )) ® V5 and the map uy, as in (5.8);
e let 7 := dim(Ker(uy,)) > 0 and P := P(Ext! (wo(—Dz), N)) = P(H(2K¢ — Dy — N)V) (cf. (4.6));
e consider the incidence variety

s i ={(o,m) € X x P | Im(uy,) C 7}.

Since m > 20+ 1 — 7, one has Js, # 0 (cf. the proofs of Theorems 5.8, 5.17);
e consider the projections X 2 g5 23 p
e the fibre of pry over any point V2 in the image is {m € P|Im(uy,) C 7}, i.e. it is isomorphic to the linear
system of hyperplanes of P passing through the linear subspace P(Im(uy,)). For Vo € X general, this fibre is
irreducible of dimension m — 1 —2¢+ 71 = 39 — 6 —d + 7. In particular, there exists a unique component J C Jx.
dominating ¥ via pry;
e since r = 3g — 5 — d, one has

dim(J) = 9g — 20 — 3d + 7 — 5 = expdim(Ws) + 7 — 1,

where W, = P(W3) C P (notation as in the proof of Theorem 5.8). By construction, pra(d) C W,. Moreover,
if € denotes the dimension of the general fibre of pra|y, then pro(d) can fill up a component X of Wg only if
7T —1n—¢€ > 0: the component X is good when equality holds.

When ¥ = G(2, H(K¢c — N)), then = 0 and, by Claim 7.12, also 7 = 0. Since J C HG 2, HO(Ko—nN)) 15 the
unique component dominating G(2, H(K¢ — N)), then pry(J) fills up a component Ay of Ws, i.e. e =0. Thus
A is good. O

By the generality of N € Picd72g+4(C) and of Dy € C?), Claim 7.13 ensures the existence of a total good
component ATt ¢ P(Eag_4).

For 2g — 4 < § < 29 — 2, we will denote by Vd‘s the total good component we constructed in this step. To
ease notation, we will denote by Vg its image in Bé?‘ (d) via 74, which is a \7‘;’1’2 as in Step 1.
Step 3. In this step, we prove that Vig ~2 has dimension p’;?’.

From Step 2, one has dim(VdQ'q_Q) = p§3 4+ 2 =109 — 16 — 3d. We want to show that the general fibre of
Td,2g— Q\Vzg 2 has dimension two. To do this, we use similar arguments as in the proof of Lemma 6.2.

Let [F] € V272 be general; by Step 2, F = F,,, foru € Ay C P(H*(2K¢—N)V) general and N € Pic?~29+2(C)
general, where Ay = pro (d) and J € G(2, H(Kc — N)) x P(H°(2K¢c — N)V) the unique component dominating
G(2, H°(Kc — N)) (cf. the proof of Claim 7.13). Then

(Ta20-2lyzo-2) " ([Fu]) = { (N we,u') € VP2 | 5 2 5, )

In particular, one has N = N’ so u,u’ € As C P(H°(2Kc — N)V).



26 CIRO CILIBERTO AND FLAMINIO FLAMINI

Let ¢ : Fyu = F, be the isomorphism between the two bundles and consider the diagram

0= N & F, = we —0
1%
0—- N 2 F, — we —0.

If u =1/, then ¢ = A € C* (since F, is simple) and the maps A¢; and to determine two non-zero sections
s1 # 89 € H(F, ® NV). Similar computation as in (6.7) shows that h?(F, ® NV) = i(F,) = 3, since u € Ay
general. Therefore, if I' C F), denotes the section corresponding to F, —— we, (Ta,2g—2|y20-2) " ([Fu]) contains

d
a P? isomorphic to |0, (T')| (cf. (2.6) and Lemma 2.11).

The case u # u' cannot occur. Indeed, for any inclusion 1 as above, there exist an inclusion to and a
A = A(t1,t2) € C* such that ¢ o1 = Aig, otherwise we would have dim(|Of, (I')|) > 2, a contradiction. One
concludes by Lemma 4.5.

In conclusion, the general fibre of 7Td72972|v2972 has dimension two (actually, this fibre is a P?).

d

Step 4. In this step we prove that V37~2 = V2973 = v297% .= V. In particular, the presentation of [J] € V
general will be specially rigid only for § = 2g — 4.

From Step 2 one has dim(Vj) = p’:ﬁ +d—2g+4, for 2g —4 < § < 29 — 2. Moreover, the general element
of V¥ can be identified with a pair (F,T'), where F' = P(F), T' C F a section corresponding to F —— wc(—D),
where D € C(297279) and, for § = 2g — 2, one has D = 0 and dim(|Ox(T)|) = 2.

We will now prove that there exist dominant, rational maps:

(a) r : Vng_Q x C --» deg_g, such that ri((F,T"),p) = (F,T}), where I, C F' is a section corresponding to
F— wq(—p), N _

(b) 7y 2 V7972 5 V2971 where V972 is a finite cover ¢ : V972 — V7972 endowed with a rational map
¢ VT2 0@ if € € V2972 is general and ¢(€) = (F,T), then r5(6) = (F,I’), with I" a section
corresponding to F —— we (—1(£)).

The existence of these maps clearly proves that \739_2 = Vzg 3= V?lg -4
(a) Take (F,T') general in de 972 and p € C general. Then, the restriction map
C* = H(Op(T)) — H°(0y,(I)) = C?

is surjective, because the general member of |Op(I')| is irreducible. Hence there is a unique I'y € |Op (" — f,)].

We claim that T, is irreducible, i.e. it is a section. If not, I, would be a section plus a number n > 1 of
fibres. As we saw, n < 1 (cf. Step 1) so n = 1. This determines an automorphism of C and, since C' has general
moduli, this automorphism must be the identity. This is impossible because the map ®p : F --» P2, given by
|Op(T)]|, is dominant hence it is ramified only in codimension one.

In conclusion, I', corresponds to F —— we(—p) and (F,T,) belongs to Vd2'q_3, and this defines ;. The proof
that (F,I',) belongs to deg*?’ is postponed for a moment (cf. Claim 7.14).
(b) Given (F,T') general in Vng_z, we can consider the map ®r as in Case (a). Since @ maps the rulings of F to
lines, it determines a morphism ¥ : C' — C’ C (P?)V. From Step 1, no (scheme-theoretical) fibre of ¥ can have
length bigger than two. Therefore, since C' has general moduli, ¥ : C — C” is birational and moreover, since
g > 8, C’ has a certain number n of double points, corresponding to curves of type I'p + fp, with D € C(®
fibre of ¥ over a double point of C”.

Then the general point £ of ‘N/d2972 corresponds to a triple (F,T', D) (with D € C® as above), the pair
(F,Tp) belongs to V29~ (cf. Claim 7.14) and ro(F,T, D) = (F,T'p), ¢:(F,T, D) = D.
Claim 7.14. With the above notation, (F,T',) belongs to Vd2973 and (F,T'p) belongs to Vd2974.
Proof of Claim 7.14. We prove the claim for (F,I'p), since the proof is similar in the other case. Take (F,T")
general in Vd2 g _2; this determines a sequence

0=-N—=>F>wec—0, (7.6)

where N is general of degree d — 2g + 2 and the corresponding extension is general in the unique (good)
component Ay C P(Ext!(we, N)) dominating G(2, H*(K¢ — N)) (cf. the proof of Step 2); thus, if @ is the
coboundary map, then Coker(9) is a general two-dimensional quotient of H!(N).

On the other hand, (F,T'p) determines a sequence

0— N(D) —»F - wc(—D) —0.
Since deg(N(D)) =d—2g+4< 4 —2 < g—1and N(D) is general of its degree, then h®(N(D)) = 0. In view
of
0—-N—=ND)—0p—0,
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one has the exact sequence
0— H°(Op)=C? - H'(N) % HY(N(D)) — 0.
The existence of the unisecant I'p + fp on F' gives rise to the sequence
0-N—->F—>we(-D)®0O0p =0 (7.7)

(cf. (2.1)). This sequence corresponds to an element ¢ € Ext'(we(—D) @ Op, N), which by Serre duality,
is isomorphic to H°(Op)Y @ Ext'(wa(—D),N) (cf. [21, Prop. IIL6.7, Thm. IIL.7.6]). So & = (o,n), with
o€ H°(Op)Vand 5 € Ext'(we(—D),N) = H'(N(D) ® wy,).

We have the following diagram

H(Op) @ H(we(—-D)) -2 HYN)
1 I
H(we(—D)) 2 HY(N(D))
0 {
0 0

where 9y, &' are the coboundary maps. The action of £ on {0} & H?(wc(—D)) coincides with the action of 7
on H(we(—D)) via cup-product. This yields an isomorphism Coker(d’) —+ Coker(dy).

Notice that (7.7) can be seen as a limit of (7.6). Since Coker(9) is a general two-dimensional quotient of
H(N), then also Coker(dp) is general. The above argument implies that Coker(9’) is also general, proving the
assertion (cf. the proof of Claim 7.13). O

Finally, to prove that r1, ro are dominant, it suffices to prove the following;:
Claim 7.15. The general fibre of r; has dimension two, for 1 <i < 2.

Proof of Claim 7.15. Tt suffices to prove that there are fibres of dimension two. For ry, take (F,T',p) general
in Vng_z x C. The fibre of 71 containing this triple consists of all triples (F,I",p), with I” € |Op(T')| so it has
dimension two since i(F) = 3 (cf. computation as in (6.7)). The same argument works for rs. O

Step 5. In this step we prove that V is an irreducible component of B(’f?(d).

Claim 7.16. Let (F,T'p) € degf%i be general, with 1 < i < 2 and D € CY. Then |T'p + fp| has dimen-
sion two, its general member I' is smooth and it corresponds to a sequence 0 — N(—D) — F — we — 0.
Consequently, the pair (F,T'p) is in the image of r;.

Proof of Claim 7.16. Given the first part of the statement, the conclusion is clear. To prove the first part, note
that the existence of I' C F' gives an exact sequence

0—>N—=>F—we(—D)—0, (7.8)
hence h’(Or(T'p + fp)) = h2(F @ NV (D)) = h°(F @ we @ det(F)V) = h'(F) = 3 (cf. (2.6)). This implies the
assertion. 0

Let now B C BE(d) be a component containing V. From Step 4, [F] € B general has speciality i = 3 and a
special presentation as in (2.2) with L of minimal degree §. Thus 2g —4 < ¢ < 2g — 2, since the Segre invariant
is lower semi-continuous (cf. Remark 2.5 and also [24, § 3]).

By Claim 7.16, 2g — 3 < ¢ < 2g — 2 does not occur under the minimality assumption on L. Indeed, in
both cases we have a two-dimensional linear system |T'|, whose general member is a section, corresponding to
a surjection F —— we and we proved that there would be curves in this linear system containing two rulings.

If § = 29 — 4, we have an exact sequence as in (7.8). By specializing to a general point of V = V29-4.1.2,
because of Claim 7.16, we see that in (7.8) one has h°(IN) = 0. Hence, h!(V) is constant. Since for the general
element of V, Ker(py;,) = (0) the same happens for the general element of B i.e., with notation as in the proof
of Claim 7.13, 7 is constant equal to zero. Therefore, also n = ¢ = 0 for the general point of B (see l.c.), which
implies the assertion. O

With our approach, we cannot conclude that Vig 412 i Theorem 7.11 is the unique regular component,

whose general point [F] is such that i(F) = 3, because we do not know if Ay C Wy is the only good component

when N € Pic?2%4(C) and Dy € C? general. However, results in [47, 51] imply that BE (d) is irreducible for
d< % g — 7, though they say nothing on rigid special presentation of the general element. Putting all together,

we have:
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Corollary 7.17. Under the assumptions of Theorem 7.11, one has B(]f? (d) = V39_4’1’2.

Remark 7.18. (1) Theorem 5.4, for j = 3, shows the existence of elements of Bé (d) with injective Petri map
in the range g > 21, g + 3 <6< 3g 4,29g4+6 <d< 3g 9. This gives a proof, alternative to the one in [51],

of generic smoothness of BC (d) in the above range.

(2)If3g-5<d< ¥g-7, Bk‘ (d) is, as we saw, irreducible but in general it is no longer true that it is
determlned by a (total) good component To see this, we consider a specific example.

Take B’€3 (3g—4), which is non-empty, irreducible, generically smooth, of dimension g—6 and [F] € Bl’c3 (3g—4)
general is such that i(F) = 3 by [47, 51]. By Lemma 4.1, F can be rigidly presented as in (2. 2) where
LeW 9 (C)and 1< j<3.

The cases j = 2, 3 cannot occur: the stability condition (4.1) imposes 6 > %g —2,butif j =3, p(L) >0
forces 0 < %g — 3 whereas if j =2, p(L) > 0 implies ¢ < %g — 3; in both cases we get a contradiction.

The only possible case is therefore j = 1, so the corank of the coboundary map is ¢ = 2, which implies that
N is of speciality r > 2. Since x(N) = 2g — 3 — §, the case N non-effective would give § > 2g — 3, i.e. L = we.
But in this case, ap(2g — 2) > 2 (usual computations as in (6.7)) against the rigidity assumptions.

Therefore N must be effective, with n = h%(N) = 2g — 3 — § + r. We want to show that the hypotheses of
Corollary 5.9 hold. Assume by contradiction £ < r; then

d<g—2+r. (7.9)
From stability 3g —4 < 26 < 2g —4+ 2r, i.e. g—2r < 0. Since C has general moduli, one has p(N) > 0, hence
hO(N)=1.Sod—3d=g—r and (7.9) yields d = 6 + d — § < 29 — 2 a contradiction. Thus, ¢ > r.

Now, from (4.2), m = 2§ — 2g + 3 since N is not isomorphic to L. Thus, m > ¢+ 1: this is equivalent to
6 > g, which holds by stability.

In conclusion, by Corollary 5.9, WI° is irreducible, of the expected dimension. Assume that WT°! contains
a total good component KQTOt, whose image via 7344, is Bé? (3¢ — 4). Thus, r > 2. On the other hand r = 2
cannot occur since

c(0,2,2) =2(8 — g +2) > 25 — 29 +2 =m — 1 = dim(P(Ext' (L, N))),
a contradiction. Therefore, one has r > 3.
From the second equality in (6.3)
dim(P(€s)|z) = (r+1)0 — (2r — 1)g — r(r — 3)
and the codimension of AT°t is
c(lyr,2) =2(0—g+4—r).
Set a := ap,(4). From Remark 4.2 we can assume o < 1. Therefore,
dim(]:m(ﬂ'dvé‘xg‘ot)) =g—6

gives (r —1)d =2rg — 29 + 12 —5r +2 +a, i.e.
-2
d0=2g9+r—4+ 71
This yields a contradiction. Indeed, since 0 < a < 1, r > 3 and J is an integer, the only possibility is r = 3,
a =0, § = 2g — 2 which we already saw to contradict the rigidity assumption.

Theorem 7.19. Let C be of genus g > 4, with general moduli. Then, MC(Q we) # 0. Moreover, there exists
an irreductble component which is regular (z e. of dimension 3g —9), whose general point [F] fits in a sequence
0= 0c(p+a) > F = we(-p—q) =0, (7.10)
where
e p+qeC? general, and

e F =F, withv € A C Wy C Ext'(we(—p),0c(p)) general in A, which is a component of Wy of
dimension 3g — 10 (hence, not good).

Proof. With notation as in (4.4), (4.5), for ¥ = F, as in (7.10), we have
(=r=g—2,t=2 m=h'(2p+2¢— Kc)=3g—T.
Consider the map (notation as in (5.7) and (5.8))
p: H(wo(—p —q)) ® H(wo(—p — ) = H(w&?(—2p — 2q)).
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For Vo € G(2, H(wo(—p — q))) general, uy, has kernel of dimension 1 (cf. computations as in Claim 7.13).
Arguing as in the proofs of Theorem 5.17 and Claim 7.13, there is a component A € Wy C Ext'(we(—p —
q),0c(p+ q)) (dominating G(2, H(we(—p — q)), hence not good) of dimension 3g — 10.

Stability of F follows from Proposition 4.4. This shows that Mg(2,wc) # (). Regularity and generic
smoothness follow from the injectivity of the symmetric Petri map as in [54, 5].

The fact that [F] general has a presentation as in (7.10) follows from an obvious parameter computation. O

By [23, §4.3], M2,(2,wc) contains a unique regular component; Theorem 7.19 provides in addition a rigidly
special presentation of its general element.

7.5. A conjecture for ¢ > 4. For any integers ¢ > 4 and d as in Theorems 5.1, 5.4, 5.10, 5.13, one has
Bgi (d) # 0. In particular, when d is as in Theorem 5.4, with j = 7, one deduces that Bé’i (d) contains a regular,
generically smooth component. This gives existence results in the same flavour as Theorem 0.1.

One may wish to give a special, rigid presentation of the general point of all components of Béﬁ (d). The
following less ambitious conjecture is inspired by the results in this paper.

Conjecture 7.20. Leti >4 and g > i2 — i+ 1 be integers. Let C be of genus g, with general moduli. Let d be
an integer such that

2 — 2 < d<29—2—z+g 16
with € € {0,1} such that d+ g — (i — 1)k; = € (mod 2). Then, there exists an irreducible, reqular component
B C BE(d), s.t.
2g—1—i,1,i—1
B=V/7 .
In particular, [F] € B general is stable, with i(F) =i, s(F) = g — (i — 1)k; — e > 0 and it is rigidly specially
presented as
0—-N—->F—wc(—D;—1)—0,
where
e DeCli—l s general,
o N € Pict™ 29T () is general (i.e. special, non-effective),
o F =5, withv € Aj_; C Ext'(N,we(—D)) general in a good component;
The bounds on g and d in Conjecture 7.20 ensure the following:
(1) p5* > 0 which is equivalent to d < 2g —2 — i + # (cf. (3.3)).
(2) N 6 PlCd 20141 () general is special, non-effective; indeed r =3g —2 —i —d > 0.
(3) r 21— 1= cork(9,), which is equivalent to d < 3g — 1 — 2i.
(4) There are no obstructions for a good component A;_; C Ext'(we(—D), N) to exist; indeed, one has
dim(P)=m—-1=5¢9g—-4—-2i—d
from (4.2), and from (5.5), Remark 5.15, we have
c(lyrt)=(i— Dk; = (i — 1)(d— 29+ 2+ 1),
since t =7 — 1 and NN non-effective. Therefore
dim(Aj—1)=m—1—c(l,r,t)=3g—2—i—i(d—29+2+1)
is non-negative as soon as d < 29 —3 — i + 39-2
(5) From Remark 5.15, v € A;_; general is such that s(F,) > g — (i — 1)k; — ¢, which is positive because
of the upper-bound on d. Thus F, is stable
(6) The interval 2g —2 < d <29 —2—i+ =

From Remark 4.2 and (6.9), to prove ConJecture 7.20 it would suffice to prove the following two facts:

(a) Fori>4, D e CU Y general and L = wc(—D), there exists a good component
A1 CW;4 C Eth(CUC(—D), N)

(b) For v e Aj_1 general, F, is rsp via we(—D).
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Concerning (a), notice that for no V;_; € G(i — 1, H*(K¢ — N)) the map py,_, can be injective. Indeed,
d>2g—2andi>4imply

dim(H (K¢ — D)@ V;_1) = (i —1)g— (i — 1)> > 59 —3 —d — 2i = h°(2Kc — N — D).

Hence, according to Theorem 5.17, one should find an irreducible subvariety ¥, C G(i — 1, HY(K¢c — D)) of
codimension 1 :=d + (i — 6)g + 7 — (i — 2)? such that dim(Ker(uy, ,)) =n for V;_; € ¥, general.

Concerning (b), the minimality assumption implies ap, (29—1—1) < 1, for v € A;_; general and F,, = P(F,).
To prove rigidity, one has to show that ap, (29 —1—1¢) = 0. This is equivalent to prove a regularity statement for
a Severi variety of nodal curves on F,. Indeed, for any section I'p corresponding to a quotient F,, = we(—D)
as above, the linear system |I'p + fp| has dimension ¢ — 1, it is independent on D and its general member
I" is a section corresponding to a quotient ¥, - we. The curve I'p 4+ fp belongs to the Severi variety of
(i — 1)-nodal curves in |T'|. So rigidity is equivalent to show that this Severi variety has the expected dimension
zero. Proving this is equivalent to prove that D, considered as a divisor on I'p, imposes independent condition
to |T'|. Unfortunately, the known results on regularity of Severi varieties (see [38, 48, 49]) do not apply in this
situation.
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