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Classical dynamical entropy is an important tool to analyse the efficiency of
information transmission in communication processes. Quantum dynamical entropy
was first studied by Connes, Stgrmer and Emch. Since then, there have been many
attempts to formulate or compute the dynamical entropy for some models. Here we
review four formulations due to (a) Connes, Narnhofer and Thirring, (b) Ohya, (c)
Accardi, Ohya and Watanabe, (d) Alicki and Fannes. We consider mutual relations
between these formulations and we show some concrete computations for a model.

Introduction

The classical dynamical (or Kolmogorov—Sinai) entropy S(T) [13, 26| for a measure
preserving transformation T was defined on a message space through finite partitions of
the measurable space. The classical coding theorems of Shannon are important tools to
analyse communication processes which have been formulated by the mean dynamical
entropy and the mean dynamical mutual entropy. The mean dynamical entropy repre-
sents the amount of information per one letter of a signal sequence sent from an input
source, and the mean dynamical mutual entropy does the amount of information per one
letter of the signal received in an output system.

The quantum dynamical entropy (QDE) has been studied by Connes and Stermer
[10], Emch [11], Connes, Narnhofer and Thirring [9], Alicki and Fannes [5], and others
[7, 22]. Their dynamical entropies were defined in the observable spaces.

Recently, the quantum dynamical entropy and the quantum dynamical mutual en-
tropy were studied by one of the present authors [14, 23]. They are formulated in the
state spaces through the complexity of Information Dynamics [21, 23]. Furthermore, an-
other formulation of the dynamical entropy through the quantum Markov chain (QMC)
was done in [4].

In Section 1 we briefly review the formulation by Connes, Narnhofer and Thirring
(CNT). In Section 2 we explain the formulation by complexity [23, 24]. In Section 3 we
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review the formulation by QMC, and in Section 4 we briefly explain the formulation by
Alicki and Fannes (AF). Mutual relations among these four formulations are discussed
in Section 4, and in Section 6 we compute the mean dynamical entropies in quantum
communication processes.

1. The CNT formulation

Let A be a unital C*-algebra, € be an automorphism of A, and ¢ be a stationary
state over A with respect to 8; ¢ 08 = . Let B be a finite dimensional C*-subalgebra
of A.

The CNT entropy [9] for a subalgebra B is given by

H,(B) = sup{z AeS (we|B, 0|B); o= Z)\kwk finite decomposition ofgo},
k k

where ¢|B is the restriction of the state ¢ to B and S(-, -) is the relative entropy for
C*-algebra [6, 27, 28].
The CNT dynamical entropy with respect to # and B is given by

pr(ﬁ,B) = lim sup %Hw(B VOBV -V 9&—13) ,

N—oo

and the dynamical entropy for 8 is defined by

H,(6) = sup H,(6, B).
B

2. Formulation by complexity

In this section, we first review the concepts of channel and complexity, which are the
key concepts of ID (Information Dynamics) introduced by Ohya [21, 23].

Let (A, Z(A), a(G)), (A, Z(A),a (G)) be an input (initial) and an output (final) C*-
systems, respectively, where A (resp. \A) is a unital C*-algebra, X(A) (resp. X(A)) is the
set of all states on A (resp. A) and a(G) (resp. @ (G)) is the group of automorphisms
of A (resp. A) indexed by a group G (resp. G).

The channel is a map A* from ¥ (A) to X (A). If the dual map A from A to A of
A* satisfies the complete positivity, the channel A* is called a complete positive channel
(CP channel).

For a weak * compact convex subset S of X, there exists a maximum measure gy with
the barycenter ¢ such that

@ = / wdp .
s

The compound state, introduced in {17, 18], which exhibits the correlation between the
initial ¢ and final A*p states is given by

5;<p:/sw®/l*wd,u.
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In the sequel, we use a CP channel A* and the compound state to formulate the dynamical
entropy.

There are two types of complexities in ID. One of them is the complexity C% (@)
of the system itself, the other is the transmitted complexity 7' (¢ ; A*) from an initial
system to a final system. These complexities should satisfy the following conditions:

(i) Forany p € S C X,
CS(p) >0, TS(p:;A*)>0.

(ii) If there exists an orthogonal bijection j : exX — exX: the set of all extremal points
in ¥, then

I

IS (i(p)) C3(p),
TIO (j(p);47) = T2 (p:47).

(ili) For astate ¥ = ¢ ® 9% € S¢, with p € 5, ¥ € S,
CS () = C(p) + C(4).

(iv) 0 < TS (p;4%) < C5(p).
(v) TS ( ;id) = CS().

Next we review the definitions of the three types of entropic complexities introduced
in [23].

Let (A, Z(A), a(G)), (A, Z(A), @(G)) and S be as above. Let My(S) be the set
of all maximal measures u on S with the fixed barycenter ¢, and let F,(S) be the set of
all measures having finite support with the fixed barycenter . Then the three pairs of
complexities are

TS (p;A*) = Sup{LS(A*w,A*¢)du; ueMﬂS)},
CP(p) = T3(p;id),

S(piaY) = sup{susw@mwd#,go@mp); ueA@(S)}.,
Cile) = IPlp;id),

Peia) = sl [ S(hwto dug iy € FolS)
Ci(p) = Jo(pid).

Based on the above complexities, we explain the quantum dynamical complexity (QDC)
(17].

Let 6 (resp. ) be a stationary automorphism of A (resp. /1); pof =¢,and A be a
covariant CP map (i.e., Aof =80 A) from A to A. By (resp. By) is a finite subalgebra
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of A (resp. A). Moreover, let oy (resp. @) be a CP unital map from By, (resp. By) to
A (resp. A) and o™ and &Y are given by

aM = (a1, @z, ..., ap),

C_Y% = (Aodl,AOO—lg, ...,AO@N) .

Two compound states for o™ and 6//}’ , with respect to p € M,(S), are defined as

M
&5 (™) = /®a:nwd,u,
S m=1
M N
S M ~N _ * -
& (Muay) = /S®amwn§>1an/lwd,u.

m=1

Using the above compound states, the three transmitted complexities [23] are defined by

TS (o™, af) Esup{/ (@a w® nA*w, 85 (o )®¢ﬁ(&ﬁv)>du; pE MLP(S)},
If(on7 al) = sup{S (@S(aM uay), sﬁs(aM) ®¢S(dﬁv)) ;o HEM (8)},

Jf(aM, a%)zsup{/s (®a w®a Aw, 955( M)®¢s(a,1))d,uf ue € F, (S)}

m=1
When By =B, =B, A=A, 8 = 9, ar = 01 o o = @y, where « is a unital CP map
from Ay to A, the mean transmitted complexities are

AS *y  — S N
Tcp (07aa A ) - hIIVn—?;lop NT ( A) H
TS (6, 4") = supTj (0,0, A*),

and the same for fg and jg . These quantities have properties similar to those of the
CNT entropy [14, 23].

3. Formulation by QMC

A construction of dynamical entropy is due to the quantum Markov chain [4].
Let A be a von Neumann algebra acting on a Hilbert space H and let ¢ be a state on
A and Ag = My (d x d matrix algebra). Take the transition expectation £, : 4g®.4 — A
of Accardi [1, 2] such that
= Z YidiYi

where A = > i€ ® Ay € Ag® A and v = {v;} is a finite partition of unity I € A.
Quantum Markov chain is defined by ¢ = {9,£,¢} € X (813?./40) such that

$(71(A1) -+ Jn(An)) = 0 (E1,6(A1 @ Ex0(A2 @ -+ ® An1850(A4n ® 1) -+ 1)))
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where £, 9 = 80 &,, 8 € Aut(A), and j; is an embedding of Ap into S??Ao such that
Jk(A) = I®"'®I®kf‘3h®1""

Suppose that for ¢ there exists a unique density operator p such that o(4) = TrpA
for any A € A. Let us define a state ¥, on t%}.AO expressed as

wn(Al 8 -Q An) = ¢(.71(A1) o ]n(An)) :
The density operator £, for %, is given by
En= Y o D Tra(™ (1) ¥ e 07 (1,)))eni, @ - e,
Put

Pipiy = Tra(0™ (i) - i oviy - 0" (0:,))) -
The dynamical entropy through QMC is defined by

S (6:7) = limsup — ( ’IY{,llogfn)—hmsup ( Z P, i logPi, .., )

n—oo n—oc

If P, ..., satisfies the Markov property, then the above equality is written by
S o(8:7) Z P(i2|t1) P (%)) log P(i2li;1) .
11 12

The dynamical entropy through QMC with respect to  and a von Neumann subalgebra
B of A is given by

8,(6:8) = sup {3,(6:7): v B}.

4. Formulation by AF

Let A be a C*-algebra, 8 be an automorphism on .4 and ¢ be a stationary state with
respect to 8 and B be a unital *-subalgebra of A. A set v = {v1,72,...,7} of elements
of B is called a finite operational partition of unity of size k if v satisfies the following

condition: R
Z'yi"yizl. (4.1)
i=1

The operation o is defined by

yob={m&: i=12,...,k j=12,..., i}

for any partitions v = {v1,72,...,%} and £ = {&,&2,....&}. For any partition vy of
size k, a k x k density matrix p[y] = (p[vy]: ;) is given by

Pl = o %) -
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Then the dynamical entropy IL,(B, B, v} with respect to the partition v and shift € is
defined by von Neumann entropy S( - );

1,(8,B,7) = limsup = S(p[6" () o -0 6(y) 0 7)) . (4.2)

n—oo N

The dynamical entropy EP(G, B) is given by taking the supremum over operational par-
tition of unity in B as

A,(0,B) = sup{fipw, B,y);v C B}. (4.3)

5. Relations among the four formulations

In this section we discuss relations among the above four formulations. The S-mixing
entropy in GQS introduced in [20] is

S8 (p) =inf {H (p); peM,;(S)},

where H () is given by

() =swl- ¥ wldiogudn : dcPs)},

ArcA

and P(S) is the set of all finite partitions of S.
The following theorem [14, 23] shows the relation between the formulation by CNT
and that by complexity.

THEOREM 5.1. Under the above settings, we have the following relations:
(1) 0<S I8 (p; 4%) S TS (95 4%) < J® (95 4%),
(2) CF(9) = CF (p) = CF (9) = S (¢) = H, (A),
(3) A= A= B(H), for any density operator p, and
0<I%(p; A%) =T% (p;4%) < J® (p; A7) .

Since there exists a model showing that ST (*)(¢) > H,(A.), S5(p) distinguishes
states more sharply than H,(A), where A, = {4 € A; a(4) = A}.
Furthermore, we have the following results [24].

(1) When A,, A are abelian C*-algebras and a;, is an embedding map, then

M
TE(///; aM) — Szlassical( v Am) ,
ot N
IE(;J,;QM,QN) — Iﬁlasswal( V Am7 V Bn)
m=1 n=1

are satisfied for any finite partitions A,,, B, on the probability space (£2 = spec(.A4),
F, p)-
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(2) When A is the restriction of A to a subalgebra M of A; A =
Hy(M) = J%(p;IM) = I (id; | M) .
Moreover, when

N
Nca, A=QA, 0¢cAut(A);

aNE(a,Goa,...;()N’loa);
a=a; Ag - A an embedding;
N
NNE®N,
1

we have

H, (0;N) = JE(G N)—hmsupNJE( NN) .

N—o00
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We show the relation between the formulation by complexity and that by QMC.
Under the same settings in Section 3, we define a map E(nﬁ) from X (H), the set of all

density operators in H, to E((% CY) @ H) by

E,'(n 7) Z Z Z €ii, @ "€ i, R€,; ®

in—1 in

®0n I(Vin)o(n 2)(’71:71—1) Y Py 6(n~2)(7inA1)6n_1(’7in)7

for any density operator p € T(H). Let us take a map Ef,, from Z((%) ¢! ® H) to

2(619 C%) such that

Bly(o)=Trno, voez((Qe!)on).
1
Then a map I, _, from Z(H) to Z((%) C%) is given by

F(*n)(p) = Ez‘n) (g(*n,'y) (p)) ’ Vp € E(H) ’

so that Fn 7)(p) &n and
- ) 1 .
S,(6; ) = limsup ES(F(n‘w)(p)) .

From Theorem 5.1, we have CF (I, .y(p)) = S(I, ,(p)). Hence

] o R P
50(0:7) = OF (I () ( = imsup LOF (TG (o))
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Now we briefly show the relation between the formulation by complexity and that by
AF.
Under the same settings in Section 4, for any partitions v = {y1,---, &} of size k,
the k x k density matrix p[y] = (p[v];,;) is defined by
Pl = (Vi)
which is acting on the k-dimensional Hilbert space Hy. We define a map E(mm
Z(Hy) to Z(Hgm) by

Elmmy (D)) = p[0™ " (7) 0+ 0 6(7) 0]

for any partitions v = {v1,- -,y } of size k and any density matrices p[y] € X (Hx). The
dynamical entropy by AF is given by

H,(6,B,7) = limsup ~ S(u(m,y)( 1) -

m—0o0

from

Since CIE(E(*mﬂ)(p['y])) = S(E(*mﬁ)(p['y])), we have
H,(0,8,7) = CF(5(,)(pl])-

In any case, the formulation by the entropic complexities contains other formulations.
Moreover it opens other possibilities to classify dynamical systems more fine [5].

6. Computation of quantum dynamical complexity for a model

Let X = {ai,...,ap} be an alphabet used to construct the input signals and let § =
{E1,...,Enm} be a set of one-dimensional projections on a Hilbert space Hq satisfying
(1) E,LE, (n# m)and (2) E, corresponds to the character a,.

By Xy we denote the set of density operators generated by S

M M
ZOE{U:ZA,,En; Yd=1, ,\zo}.
n=1 n=1

Suppose that the input quantum state is an element of Xj. To send the information
effectively, the state is first transmitted through a quantum modulator; the transmitted

state is called the quantum modulated state. Let 7(" M) be a map from Xy to Z(gM) such
that () is a completely positive unital map from A to .4 induced by the modulator

(M). For any E, € 8, the modulated state EM) s given by
EM = ytpgy(Bn) .

By Z‘éM) we denote the set of modulated states

2(M>_{(M>_Z,\E(M> Z,\ =1, ,\20}.

n=1

In this paper, we consider the modulated states constructed by the photon number states.
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(1) For any E, € 5o, the modulated state ES” *™) for PAM (Pulse Amplitude Modu-
lator) is defined by

E(PAM) _ ‘/(PAM)(E ) = n)(n],
where |n)(n| is the n photon number state on H.

(2) For any E, € Xy, the modulated state EEFM) gor PPM (Pulse Position Modula-
tor) is defined by

EﬁlPPM) = VZ‘PPM)(En)
n-th
PAM PAM PAM PAM PAM
= Eé )®...®E(() )®E¢(i )®Eé )®...®E(() ),
M
where E[()PAM) is the vacuum state and E(EPAM) = |d){d] (d is fixed).

The transmission efficiency using the MER (mutual entropy — entropy ratio) [29] is
calculated for some modulators.

Now we compute the mean dynamical mutual entropy for PAM and PPM expressed
by the photon number state {as above).

Let B(Ho) (resp. B(Hy)) be the set of all bounded linear operators on a Hilbert
space Ho (resp. Ho), and let By (resp. Bp) be a finite subset in B(Hg) (resp. B(Hp)).
Let A (resp. A) be an infinite tensor product space of B(Hg) (resp. B(Hp)) denoted by

A= ) BHo), A= Q) B(Ho).

i=—00 1=—00

Moreover, let 8 (resp. 6) be a shift transformations on A (resp. .A) defined by

0({_@ Ai) = § Ay (=i-1) for any § A; €

z’——oo

5( § /ij)z ® A (j'=j-1) for any

j=—00 j=— J

¥
|

X3

Aje./‘i.

i
|

Let a (resp. &) be the embedding map from By into A (resp. By to A) given by

(A)=---IQI®ARI®---c A, for any A€ By,
a(A)=-IQIQAQI® --€ A, forany A€ By.

The set of all density operators on Hy (resp. Hg) we denote by Xy (resp. Xg), and let
X (resp. X) be the set of all density operators on A (resp. 5 on A).
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The maps af\/’m and &% Ay are given by
ag\/() = (ao&(M)aeoaofy(M)a“~79N-1an’?(M))7
d.{ly(M) = (’?(M) OA‘OC_!,"?(M)O/‘I-OéO(_X,...,’S’(M) o/ioe_N_l O@),
where we took a special channel and modulator such that A = ® A and yay =
0o i=—00
O Ty
1=—00

(I) PAM. Let us take a stationary initial state p € ¥
p= Z'u’ ® m (Z Bm =1, fm # pmr, (M # m/)) (61)
i=—00 m

with the unique Schatten decomposmon o) = Zn L MME,, € 5 (Zn _ A =
(m) # /\(m), (n; # ki) of pm . Then we have

rtba) = 3 3 (S D) (@ BEH), (62
= i=0

= anlm

) = D Y (T [0 (@ 4EL™). (09
no=1 ny-1=1 m =0

When A* is an attenuation channel, we obtain [17]

A*E(PAM) _ Z ICmt (PAM)
3i=0

b

where F(PAM) |7:)(ji| is the j;-photon number state in the output space X and
n;! . ,
C’{l,‘ 2 — 1 i 1 _ (ni_]i) ,
CR = s (=)

where 7 is the transmission rate of the channel [17, 19]. The compound states related to
the channel A* become
N ~N
Pe(a(parm Y &gpanry)

nN-1

-5 5 ebe £ ¥ (M-

Jjo=0  jn_1=0 k'=0

x (® E{AM) (@ Framy, (6.4)
i=0

i'=0
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éE(aé\;’Al\l)) ®¢E(&Aj PAM))
M N-1 M M N-1
=2 (Z#mHA%’Z")Z > (I

ng=1 ny-1=1 m k=0 n'g=1 n'N_1=1 m’' k'=0
n'o n'N_ - N-1 N-1

« Z Z (H |Cn - )( E(PAM)) (® F;,I_D,AM)) . (6.5)
7o=0  n_1=0 k”=0 i=0 ir= '

For an initial state p in (6.1), we have
I (p; O‘g’AM)’ dA]y(PAM))
M M M M
=y % (Z“ HA("‘))(HIC;?S' )
Jo=0 jn-1=0n¢=Jo ny_1=Jnv_1
=_O 'C;lk 2

x log

M M N 14 (m") N-1 )
Z"IO':JO - 'Zn’N—1=JN‘1 (Zm’ Hm! -0 )‘n’k/ ) ( k” =0 C" k" ‘ )

Having the above equality, we obtain the following theorem.

THEOREM 6.1. (1) For an initial state p in (6.1), we have the lower bound of Cp(ﬁ,
a(pAM)) such that

Co0,aparn) 2 Y i S(pl)) -

(2) Let po = 1,0, = 0 (VEk > 1) and AD =\, in (6.1). When A= A, 6 =6 and

a = @&, we obtain the following equalities:

M
C’p(eaa(PAM)) = 'Z)\nk’g)\n:
=1
- M M , n'2
L (8, aparn, A7) = ZZA 1O log g~
: : Zn’ =J "tC '

(II) PPM. For an initial state p in (6.1), we obtain the following compound states:

N-1
vt = 35 35 (S TH0) @ (@) 00
np=1 ny-1=1 m 7=0
M M N-1
Pu(@ ppar) = D O (Z“m 1 /\%T))X
ng=1 ny-1=1 m k=0

d61,ng dpnpy N-1

x 3 S oot (é Fni?)) . (6m)

£o=0 En—1=0 i=0 j=1
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N =N
ZACHITNE a/i(PPM))

dél nq d‘SM NN -1

- Y (S HA‘“’}) DD DI e A At

np=1 nyx-1=1 m £y=0 n_1=0
N-1 M ’ N—1
* (Q (@~ f”))(@(@ FIA)). (65)
i=0 j=1 i'=0
SISE("(P:"MQ®¢E( /I(PPM))
M N-1
Z > Z Z (3 [T 2)
no=1 ny_1=1n'g=1 No1=1 m k=0
@i ,ng ddatmp_ ¢ 5 45
X Z Z ‘C[’l,no|2, KNMlnN 1‘2 Z Z (z”m H An’k:)
£,=0 n-_1=0 n'o=1 n'N_1=1 m’
N-1 M N-1 M
(D ()R (R ). (6.9)
=0 j= i'=0 j'=1

For an initial state p in {6.1), we have

IE(P> PPM) Aly(ppM))

N-1 N
Sy (SwlDE)Y T
ng=1 ny-1=1 m k=0 p=1{q1,9p}C{1,2,--,N}
< Z Z ICEI? - |CE P(L—m)N P ”log(Zu 11 Y.
£=1 k=0

THEOREM 6.2. (1) For an initial state p in (6.1), we have the lower bound of C,(8,
Q(ppM)) such that

Co(8, c(ppan) > Z#mS(PSS)) ‘

(2) Let pro = 1, = 0 (Vk > 1) and MY = A, in (6.1). When A=A, 6 = § and
a = &, we obtain the following equalities:

M
Cp(gva(PPM)) = - Z Anlog An ,
n=1
7,72(‘9, appa), %) = (-1 -nC0, ppin)).

3)IfA=A,0=8 a=aandd> N, then
.If(ova(PPM), A%) > f(ﬂ apamy A7)
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